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Abstract

The abstractnatureof Dung’s seminaltheoryof argumentationaccountsfor
its widespreadapplicationas a generalframework for various speciesof non-
monotonicreasoning,and,moregenerally, reasoningin the presenceof conflict,
whethersuchconflict arisesgivenuncertainor incompleteinformationor asa re-
sult of differing opinionsor preferences. In this paperwe formalisereasoning
aboutargumentationwithin theDungargumentationparadigmitself. A metalevel
Dungargumentationframework is itself instantiatedby argumentsthatmakestate-
mentsaboutarguments,their interactions,andtheir evaluationin an object-level
argumentationframework. We show how Dung’s theory, andobject level exten-
sionsof Dung’s theory, suchasthoseintendedto accommodatepreferences,can
thenbeuniformly characterisedby metalevel argumentationin aDungframework.
We thereforeformalisea rangeof extensionsto Dung’s theory, within the Dung
paradigmitself,andshow how thisthenprovidesfor applicationof thefull rangeof
theoreticaland practicaldevelopmentsof Dung’s theory, to extensionsof Dung’s
theory, andcombinationandfurther augmentationof theseextensions.Further-
more,in thespirit of Dung’soriginal theory, metalevel frameworksadoptalevel of
abstractionthatmakeslimited commitmentsto theinstantiatinglogics. Metalevel
frameworksthusprovide principledmeansfor instantiationby, andintegrationof
argumentsconstructedfrom differentunderlyinglogics,whereonelogic mayen-
codemetalevel reasoningabouttheargumentsandattacksdefinedby a theoryin
anotherlogic.
Keywords: Argumentation,Dung,Metalevel,Preferences,Values,Non-monotonic
reasoning,ConflictResolution

1 Intr oduction

1.1 Background

The formal studyof argumentationhascometo be a corestudywithin Artificial In-
telligence[14]. Logic basedmodelsof argumentationhave beenappliedto formal-
isation of conflict resolutionin propositionaland first order classicallogics [2, 17],
non-monotoniclogics[21, 27,31], to defeasiblereasoningandconflict resolutionover
the full gamut of agents’ mentalattitudes[1, 37], and to decisionmaking over ac-
tions[7, 34]. Theinherently dialecticalnatureof thesemodelshave beenexploitedin
thedevelopmentof argumentgameproof theoriesfor argumentation[24, 28, 42,53],
andfoundationsfor formalisationof argumentation-baseddialogues[4, 32, 47]. Fur-
thermore,recentmajor researchprojects[5, 6, 30] have developedgeneralmodelsof
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argumentationbasedinference,decisionmakinganddialogue,andimplementationsof
thesemodelsfor deploymentin agentandsemanticgrid applications.

Many of theabove theoreticalandpracticaldevelopmentsbuild onDung’sseminal
theoryof argumentation [27]. A Dung argumentationframework is a directedgraph
consistingof a setof argumentsA anda binary conflict basedattack relationR on
A. The extensions,and so justified argumentsof a framework are thendefinedun-
derdifferentsemantics,wherethechoiceof semanticsequateswith varyingdegreesof
scepticismor credulity. Extensionsaredefinedthroughapplicationof an‘acceptability
calculus’,wherebyanargumentx ∈ A is saidto beacceptablewith respectto S ⊆ A,
if f any argumenty thatattacksx is itself attackedby someargumentz in S. For ex-
ample,if S is amaximal(undersetinclusion)setsuchthatall its contained arguments
areacceptablewith respectto S, thenS is saidto be anextensionunderthepreferred
semantics.

Dung’s theoryhasbeendevelopedin a numberof directions. Someworks have
motivatedandformalisedcollective attacksbetweensetsof, ratherthan single,argu-
ments[18, 44]. Otherworks formalisethe role of preferences,so thatanargumentx
successfullyattacksy if f y is not preferredto x accordingto somegiven preference
relationonA [2], or thevaluepromotedby y is not rankedhigherthanthevaluepro-
motedby x, accordingto a given orderingon values[12]. More recently, [38, 40]’s
ExtendedArgumentation Framework (EAF ) extendsDung’s framework to includear-
gumentsthat attack attacks. Thus, if x andy attackeachother, thenan argumentz
justifying a preferencefor y over x, attacks the attack from x to y. In this way, the
extendedargumentationframework allows for argumentationbasedreasoningabout
possiblyconflictingpreferenceinformationto beaccommodatedwithin theargumen-
tation framework itself. In [8], this ideahasbeenfurthergeneralisedso thatnot only
canargumentsattackattacks,but theseattackson attackscanthemselvesbeattacked.
Finally, a numberof works augmentDung’s framework to includea supportrelation
onarguments[3, 45].

Thecontinuingdevelopment andwidespreadinfluenceandapplicationof Dung’s
ideascanbeattributedto theabstractnatureof a Dungargumentationframework, and
to the encodingof intuitive genericprinciplesof commonsensereasoningin the ac-
ceptabilitycalculus,embodyingthekey insight thatanargumentis not acceptableor
unacceptablein itself, but relative to thecontext of otheravailablearguments,notonly
thosewhich attackit, but also those which attackthoseattackers. Its abstractnature
allows for instantiationby variouslogical formalisms;oneis free to choosea logic L
anddefinewhat constitutesan argumentandattackbetweenargumentsdefinedby a
theory in L. Thus, a theory’s inferencescan thenbe definedin termsof the claims
of the justifiedargumentsconstructedfrom the theory(anargumentessentiallybeing
a proof of a candidateinference— theargument’s claim — in theunderlyinglogic).
Indeed,many logic programmingformalismsandnon-monotonic logics(e.g. default,
auto-epistemic,non-monotonicmodallogics,certaininstancesof circumscription, and
defeasiblelogic) have beenshown to conformto Dung’s semantics[21, 26, 27,31],
thustestifying to thegeneralapplicability of theprinciplesencodedin theacceptability
calculus.Dung’s theory canthereforebeunderstoodasasemanticsfor non-monotonic
reasoning.In thisview, whatappropriatelyaccountsfor thecorrectnessof aninference
is thatanargumentfor the inferencecanbeshown to rationallyprevail in the faceof
argumentsfor opposinginferences,where,onecanclaim that: it is applicationof the
acceptabilitycalculusthat encodeslogic neutral, rational meansfor establishingsuch
standardsof correctness.
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1.2 Overview of Paper

In this paperwe furthersubstantiatetheabove claim, by formalisingreasoningabout
argumentationwithin theDungargumentationparadigmitself. Thebasicideais that
given anobject-level argumentationframework, onecanconsidermetalevel arguments
that canbe explicitly categorisedaccordingto the typesof claim madeaboutthe ar-
gumentsandtheir relationsin the objectlevel framework. Thesemetalevel arguments
canthenthemselvesberelatedby anattackrelationin a Dungframework, wherethis
metalevel attack relationsatisfiesconstraintsimposedby the claim basedcategorisa-
tion. Onecanthenshow a correspondencebetweenthe objectlevel framework andits
metalevel formulation,suchthat thejustifiedargumentsof the objectlevel framework
canbecomputeddirectly from its metalevel formulation.

For example, given anobjectlevel Dungframework (A,R) onecanconsidermet-
alevel argumentsthatmakeclaimssuchas‘x is justified’, ‘x is rejected’, ‘x attacksy’,
aboutargumentsx, y ∈ A. Thesemetalevel argumentscanthemselvesbe organised
into a Dung framework suchthat an argumentclaiming ‘x is justified’ is a justified
argumentof themetalevel framework, if f x is a justifiedargument of the objectlevel
framework. Thus,theacceptabilitycalculusappliedat themetalevel characterisesthe
useof theacceptabilitycalculusat the objectlevel.

The remainderof this paperis organisedas follows. Section2 reviews Dung’s
abstractargumentationtheory, andthevariousdevelopmentsof the theoryreferredto
above. In Section3 weaugmentaDungargumentationframework (A,R) to obtaina5
tupleStructuredArgumentationFramework (SAF ) thatincludesafunction,alanguage
anda setof constraints,suchthat the function mapsargumentsin A to claimsin the
language,andgiven this claim basedcategorisationof arguments,a setof constraints
onR is specified.We thendefinea specificlanguagein which onecanexpressclaims
aboutobjectlevel frameworks,andso identify Metalevel ArgumentationFrameworks
(MAFs)asaspecialclassof SAFs. We thenshow how Dungframeworks,theirgen-
eralisationto accommodatecollectiveattacks,theirextensionsto accommodateprefer-
ences[2] and values[12], andaspecial,but widely applicable,classof [38]’sextended
framework, canall beformulatedasinstancesof metalevel argumentation.

In Section4 we discusssomeimplicationsandapplicationsof metalevel argumen-
tation. Firstly, sinceMAFs formaliseDungargumentationandmany of its develop-
ments,within theDungparadigmitself, onecantransitionthefull rangeof theoretical
resultsandtechniquesfor Dung argumentaton,to developments of Dung argumenta-
tion. We illustrateby showing how standardargumentgameproof theoriesdeveloped
for Dungframeworkscannow beappliedto themetalevel formulationof valuebased
argumentation[12], andcontrasttheuseof suchgameswith themorecomplex games
specificallydevelopedfor valuebasedargumentation[11, 13].Secondly, in thespirit of
Dung’soriginal theory,MAFsadopta level of abstractionthatmakeslimited commit-
mentsto the instantiatinglogics. Thusmetalevel argumentscanbe instantiatedbased
on theexistenceof argumentsin differentobjectlevel frameworks,which in turn may
be constructedfrom differentunderlyinglogics. This not only allows for integration
andfurther extensionof different forms of abstractargumentation,but alsoprovides
principledmeans for instantiationby, andintegrationof argumentsconstructedfrom
different underlyinglogics, where one logic may encodemetalevel reasoningabout
the arguments andattacksdefinedby a theory in anotherlogic. Section4 illustrates
theseapplicationsby discussinghow valuebasedargumentationcanbeextendedto ac-
commodateargumentationoverdifferentrankingsof values,andhow onecanintegrate
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argumentsexpressing preferencesandvalues,andhow theargumentsinstantiatingsuch
anintegrationcanbeconstructedfrom differentunderlyinglogical theories.In Section
5 we discussrelatedwork, andconcludein Section6 in which we alsopoint to future
work.

To summarise,thecontributionsof thispaperareasfollows 1:

1. We formaliseabstractmetalevel argumentationframeworksthatadoptthesame
basicmachineryof a Dung framework, but overlay more structureby identi-
fying classesof claims aboutargumentsin object level frameworks, and thus
constraintson theattackrelation.

2. Dung’s abstractargumentationtheorycanbesaidto identify generaldialectical
principlesthatunderpincommon-sensereasoningasencodedin a rangeof non-
monotonicreasoningformalisms. This paperpromotesand substantiatesthis
view by showing how a numberof developmentsof Dungargumentation canbe
uniformly characterisedin termsof thesedialecticalprinciples.

3. We show how by formalising Dungargumentationandits developments,within
theDungparadigmitself, the full rangeof theoreticalandpracticalresultsand
techniquesfor Dung’s work can beappliedto its developments.

4. We show how metalevel argumentationframeworksprovide a unifying formal-
ism in which to integrateandfurtherextendthevariousdevelopmentsof Dung
argumentation,andprovideprincipledmeansfor instantiationby, andintegration
of argumentsconstructedfrom differentunderlyinglogics andtheories,where
onetheorymayencodemetalevel reasoningabouttheargumentsdefinedby an-
othertheoryin anotherlogic.

2 Abstract Ar gumentationTheories

2.1 Dung’s Theory of Abstract Ar gumentation

Wereview Dung’sextension-basedapproachto evaluatingthestatusof arguments[27],
andthenreview themorerecentlabellingapproach[22, 23, 51,52]. We then review a
recentgeneralisationof Dung’s theoryto accommodatecollectiveattacks.

2.1.1 Dung’s Extension-basedAr gumentationSemantics

Definition 1 [Dung Ar gumentationFramework] A Dungargumentationframework
is a tuple(A,R), whereA is a setof arguments,andR ⊆ (A ×A) is a binaryattack
relationonA.

Figure1 shows a Dungargumentationframework (AF ) in which anarrow from x
to y denotesthatxRy.

Thenotionof anargumentbeingacceptablewith respectto (w.r.t.) a setof argu-
mentsis thendefined:

Definition 2 [Acceptability for Dung Frameworks] Let (A,R) be anAF , andS ⊆
A. Thenx ∈ A is acceptablew.r.t. S if f for all y ∈ A suchthatyRx, thereexistsa
z ∈ S suchthatzRy

1Thispaperbuildsonandsubstantiallyextendswork first presentedin [41]. Thiswork is briefly reviewed
in Section5

4



A

B

C D

Figure1: A Dungargumentation framework

The acceptabilityof argumentsunderpins evaluationof the statusof arguments.
If S is conflict free (no argumentsin S attackeachother), and all argumentsin S
are acceptablew.r.t. S, thenS is said to be admissible. The statusof arguments,
undereitheracredulousor scepticalperspective, is thenevaluatedw.r.t. theextensions
of a framework defined underdifferent semantics.Thesesemantics‘globalise’ the
essentiallylocal notionof admissibility, by specifyingpropertiesthatidentify a subset
of all theadmissibleextensions.

Definition 3 [Extensionsof a Dung Framework ] Let ∆ = (A,R). Let S ⊆ A such
that∀x, y ∈ S, it is not thecasethatxRy, in which caseS is saidto beconflict free.
Then:

1. S is anadmissibleextensionof ∆ if f eachargumentin S is acceptablew.r.t. S

2. S is acompleteextensionof ∆ if f S is admissible, andeveryargumentin A that
is acceptablew.r.t. S, is in S

3. S is the groundedextensionof ∆ if f S is the minimal (w.r.t. set inclusion)
completeextension

4. S is apreferredextensionof ∆ if f S is amaximal (w.r.t. setinclusion)complete
extension

5. S is a stableextensionof ∆ if f S is an admissibleextensionsuchthat every
argumentnot in S is attackedby anargumentin S

Definition 4 [Status of arguments in a Dung Framework ] Let ∆ = (A,R). For
s ∈ {complete,preferred,stable, grounded}:

• If x ∈ A is in at leastones extensionof ∆ thenx is said to be credulously
justifiedunderthes semantics.

• If x ∈ A is in all s extensionsof ∆ thenx is saidto bescepticallyjustifiedunder
thes semantics.

• If x ∈ A is not in any s extensionof ∆ thenx is saidto berejectedunderthes
semantics.

The admissibleextensionsof Figure1’sAF are: ∅, {a}, {b}, {a, d}, and{b, d}.
Thecompleteextensionsare∅, {a, d}, and{b, d}. Thepreferredandstableextensions
are {a, d}, and {b, d}, and ∅ is the groundedextension. Note that d is sceptically
justifiedunderthepreferred,but notunderthegrounded,semantics.All argumentsare
rejectedunderthegrounded semantics,whereasonly c is rejectedunderthepreferred
andstablesemantics.

We introducesomenotationthatwill beof usein theremainderof thispaper:
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Notation 1 Let (A,R) beanAF , andE ⊆ A.

•
−−→
E+ denotesthesetof attacksoriginating fromargumentsin E:
−−→
E+ = {(x, y) | x ∈ E, xRy }

• E+ denotesthesetof arguments attacked byargumentsin E:
E+ = {y | x ∈ E, xRy }

• E− denotesthesetof arguments thatattack argumentsin E:
E− = {y | yRx, x ∈ E }

2.1.2 Labellings for Ar gumentation Frameworks

Theextensionsandstatusof argumentsin a Dungframework canbedefinedin terms
of labellings[22, 23, 51,52]. Here, we review the labelling approachpresented in
[22, 23].

Definition 5 [Labelling function] A labellingis a total functionL thatassignsa label
IN, OUT or UNDEC to eachargumentx ∈ A in anargumentationframework (A,R).
Henceforth,wesaythat:

• in(L) = {x|L(x) = IN}

• out(L) = {x|L(x) = OUT}

• undec(L) = {x|L(x) = UNDEC}

Legal labellingsof argumentsarethendefined,andusedasa basisfor characteris-
ing theextensionsof anAF .

Definition 6 [Legal labellings] LetL bea labellingfor (A,R) andx ∈ A.

• x is legally IN if f x is labelledIN andeveryy thatattacksx is labelledOUT

• x is legally OUT if f x is labelledOUT andthereis at leastoney that attacksx
andy is labelledIN

• x is legally UNDEC if f thereis noy thatattacksx suchthaty is labelledIN, and
it is not thecasethat: for all y ∈ A if y attacksx, theny is labelledOUT2

Definition 7 [Labellings for Extensions] For l ∈ {IN,OUT,UNDEC} anargument x
is saidto beillegally l if f x is labelledl, andit is not legally l.

• An admissiblelabellingL is a labellingwithout argumentsthatareillegally IN
andwithoutargumentsthatareillegally OUT.

• A completelabelling L is an admissiblelabelling without argumentsthat are
illegally UNDEC

LetL beacompletelabelling.Then:

• L is a groundedlabelling iff there theredoesnot exist a completelabellingL′

suchthatin(L′) ⊂ in(L)

2In otherwords,x is legally UNDEC if f it hasat leastoneattacker thatis labelledUNDEC andnoattacker
thatis labelledIN
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• L is a preferredlabelling iff there theredoesnot exist a completelabellingL′

suchthatin(L′) ⊃ in(L)

• L is astablelabellingiff undec(L) = ∅

In [23], thefollowing theoremis shown to hold:

Theorem1 Let ∆ = (A,R). For s ∈ {admissible,complete,grounded,preferred,
stable}: E is ans extensionof ∆ if f thereexistsans labellingL with in(L) = E.

Noticetheextraexpressivity comparedwith theextension basedapproach. An s la-
bellingL notonly identifiestheargumentsin ans extensionE (theargumentslabelled
IN), but also the argumentsin E+ andE− (the union of which are the arguments
labelledOUT). Notethatsinceeachs extensionis admissible,it thenfollows that it is
alwaysthecasethatE− ⊆ E+. Also notethat thoseargumentslabelledUNDEC are
neitherin E, E+ or E−, andsoaretheargumentsthatareneitherin thes extension
E identifiedby theIN arguments,or attackedby (anargumentin) E. Observe thatthe
following followsstraightforwardly from Definition6 andTheorem1.

Proposition 1 Let ∆ = (A,R), andfor s ∈ {admissible,complete,grounded,pre-
ferred,stable}, let E be ans extensionof ∆. Thenthereexistsans labellingL of ∆
suchthatin(L) = E, andout(L) = (E+) ∪ (E−).

Note also,that we cansaythat the argumentslabelledOUT or UNDEC arepoten-
tially rejectedargumentsin thesensethat if theseargumentsareOUT or UNDEC in all
others labellings,thenthey aresaidto berejectedasdefinedin Definition4.

2.1.3 GeneralisingDung’sTheory with CollectiveAttacks

Recentworksgeneralisebinaryattacksto allow for attacksbetweensetsof arguments
[18, 44].Wereferthereader to theseworksfor motivationof thisgeneralisation. Here,
webriefly review [44], in whichtheattackrelationis definedfrom setsof argumentsto
singlearguments.

Definition 8 [DungC Framework with CollectiveAttacks] A DungCargumentation
framework is a tuple(A,R), whereA is asetof arguments,andR ⊆ (2A\{∅}) ×A.

• x ∈ A is acceptablew.r.t. S ⊆ A if f for all B ⊆ A suchthatBRx, thereexists
aC ⊆ S suchthatCRy for somey ∈ B.

• S ⊆ A is conflict freeiff ∀S′ ⊆ S, ∀x ∈ S it is not thecasethatS′Rx

Given the above definitionsof conflict free and acceptability for DungC frame-
works,theextension-basedsemanticsandstatusof argumentsare definedin thesame
way asfor a standardDung framework (i.e., as in Definitions3 and4). Hence,one
canstraightforwardlysee thatastandardDungframework is simply aspecialcaseof a
DungCframework. If eachattackoriginatesfrom asingletonsetof arguments,thenthe
definitionsof acceptabilityandconflict-freein Definition 8 coincidewith thosegiven
in Definitions 2 and3. As onewould thereforeexpect, the fundamentalresultsthat
hold for Dungframeworksarealsoshown to hold for DungCframeworks[44].
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2.2 Distinguishing Attack fr om Defeat

Dung’s extensionalsemanticsmay yield multiple extensions, so that one may then
be facedwith theproblemof how to choosebetweenconflicting credulouslyjustified
argumentsthat belongto at leastone,but not all extensions.This of courseequates
with the familiar multiple extensionproblemin non-monotonicreasoning,illustrated
by thewell known flyingor not flyingTweetyandNixondiamondexamples[49].

Onesolution is to prioritisethe objectlevel rulesthatyield conflictingconclusions,
wherethe rationalefor prioritisationmayor maynot beexplicit. For example,given
that penguinsarea subclassof birds, thespecificityprinciple is usedto prioritise the
penguinsdon’t fly ruleoverthebirdsfly rule,soyielding thesingleextensioncontaining
the conclusionTweetydoesn’t fly. Hence,works suchas[46] and[48] apply priori-
ties to conflicting rules in the underlyinglogical formalismsthat instantiatea Dung
framework.

In whatfollows,wereview approaches[2, 12,38] thataugmentDung’s framework
soasto formalisethe role of the relative strengthsof argumentsat theabstract level.
Thebasicideain all theseworksis thatanattack by x ony succeedsasadefeatonly if
y is not strongerthanx. Thejustifiedargumentsarethenevaluatedon thebasisof the
deriveddefeatrelation,rather thantheoriginalattackrelation.For example,giventwo
symmetricallyattackingarguments,x claiming Tweetyflies, andy claiming Tweety
doesnot fly (constructedin someinstantiatinglogical formalism),thenthespecificity
principledeterminesthaty is strongerthanx, sothatx’s attackon y doesnot succeed
asadefeat,andweareleft with only y defeatingx; only y is a justifiedargument.

Consideralsodomainsin which argumentsmay not be of the form premisesand
premisesimply conclusion,so conclusionbut ratherresult from the instantiation of
someotherargumentschemes[54] thatarestereotypicalpatternsof reasonsthatpro-
vide presumptive reasons for acceptingthe conclusions. One classof examplesis
wherewe have areasonto believe somethingon thebasisof beingtold that it is true.
Examplesof thisclassof argumentschemeincludeArgumentfromExpertOpinionand
ArgumentfromWitnessTestimony. SupposethatTweedledumsaysthathesaw Alice
playingcroquet. This is anargumentthatAlice wasplayingcroquet,whichwebelieve
to betruegivennoreasonto discountit. Suppose,however, TweedledeesaysAlice was
not playing croquet. The TweedledumandTweedledeeargumentsattackeachother,
but given that we know Tweedledumis an entirely reliablewitness,and that Twee-
dledeeinvariablydisagreeswith hisbrotheronprinciple,withoutany realregardto the
facts,wewill deny thatTweedledee’sargumentis strongenoughto successfullyattack
andso defeatthe argumentbasedon Tweedledum’s evidence. This situationis very
common:theargumentsconsideredwill oftencomefrom avariety of sources,andit is
theperceivedrelative reliability of thesourcesthatdetermineswhich attackssucceed
asdefeats(for examplemany courtcasesarepresentedwith conflictingtestimony, and
turnonwhich thejury choosesto believe).

Thusfarwehaveconsideredexamplesin which therelativestrengthsof arguments
is usedto ‘resolve’ symmetricattacksin orderto obtain asymmetricdefeats.In practi-
cal reasoningcontexts, it mayoftenbethecasethatasymmetricattacksfail, sothat if
x attacksy (but not vice versa)andy is deemedstrongerthanx, thentheattackfails,
andneitherargumentdefeatseachother. This meansthatbasedon thedefeatrelation,
x andy mayboth beevaluatedasjustified. This would clearlybe inappropriateif ac-
ceptingargumentsx andy wouldallow usto concludelogically incompatiblestatesof
affairs aswhenarguing aboutwhat is believed to be the case.However, this may be
appropriatewhenapplyingargumentationto practicalreasoning.Considervaluebased
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argumentationover action [7] in which an argumenty justifying a courseof action,
suchasgoingto a restaurant,is asymmetricallyattackedby x claimingthattherestau-
rant is prohibitively expensive. If the value promotedby y (gastronomicpleasure)is
ranked higher thanthat promotedby x (reducingexpenditure),thenthe attackis re-
movedandbothargumentsmaythenbejustified.Oneacceptsthatthe actionof going
to therestaurantis expensive,while still pursuingthecourseof action.Notetoothatthe
resolutionis not forcedoneway or theother:whetherI chooseto go to therestaurant
dependson my view of the relative importanceof money andgastronomicpleasure,
anddifferent individualsmay legitimately make differentchoices. Equally with dif-
ferentsources:somemay trustTweedledummore,someTweedledeeandothersmay
believe thereis nothingto choosebetweenthem.

In orderto accommodatethe ideathat in many domainsof argumentationthereis
somesubjective elementof choicein decidingwhetheror not an attacksucceeds,at-
temptshavebeenmadeto extendDung’s framework by addingsomeadditionalmech-
anismby which an attackmay fail, even thoughthe attacking argumentcannotbe
rejected.Wenow briefly review threesuchefforts.

2.3 PreferencebasedAr gumentation

In PreferencebasedArgumentation[2], a Dungframework is augmentedwith a pref-
erenceorderingonA, sothatanattackby x on y succeedsasa defeat,only if y is not
strictly preferredto x.

Definition 9 [PreferenceBasedAr gumentation] A PreferencebasedArgumentation
Framework (PAF) is a tuple (A,R,P), whereA is a setof arguments,R ⊆ A × A,
andP is apreorderingonA×A.

Let ≫P denotethestrict orderingassociatedwith P, i.e.,y ≫P x if f (y, x) ∈ P and
(x, y) /∈ P. Then:

• ∀x, y ∈ A, x defeatsy if f xRy andnot (y ≫P x)3.

• For s ∈ {admissible,complete,preferred,stable,grounded},E is ans extension
of (A,R,P) if f E is ans extensionof theDungframework (A, defeat).

The justified argumentsof a PAF (A,R,P) arethereforethe justifiedarguments
of the Dung framework (A, defeat). For example,considertwo individualsP andO
exchangingargumentsa, b abouttheweatherforecast:

P1 : “Todaywill bedry in LondonsincetheBBC forecastsunshine”= a
O1 : “Todaywill bewet in London sinceCNN forecastrain” = b

a andb claim contradictoryconclusionsandsoattackeachother. UnderDung’s pre-
ferredsemantics,therearetwo extensions:{a} and{b}. Supposethata is preferredto
b becausetheBBC aredeemedmoretrustworthy thanCNN. Wehave thePAF:

(A = {a, b}, R = {(a, b), (b, a)}, P = {(a, b)})

Sincea≫P b, thenonly a defeatsb. Wethusobtainthesinglepreferredextension{a}
of theDungframework (A = {a, b}, defeat= {(a, b)}).

3Noticethatcontraryto recentconvention,[2] adopttheterminologyin reverse,sothatR is referredto
asadefeatrelation,andx attacksy if f xRy andnot (y ≫P x).
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2.4 ValuebasedAr gumentation

Thepreferencerelationin PAFs is entirelyabstract.ValuebasedArgumentation[12]
give morecontentto the notion of preferences,by relatingthe strengthof arguments
to the valuespromotedby acceptingthem; for examplean argument to raisetaxesis
that it would promoteequality, andanargumentto cut taxesis that it would promote
enterprise.Notethatpreferencesover valuesaresubjective,anddependon theperson
or persons, i.e., the audience, to whom the argumentis addressed.Which argument
is acceptedwill dependon whethera givenaudienceprefersequalityto enterprise,or
vice versa. Hence,a ValuebasedArgumentationFramework (VAF) extendsDung’s
framework to includea setof values,a function mappingargumentsto thesevalues
anda setof audiences(i.e., a setof total orderingson thesevalues). An argumentx
defeatsy w.r.t. anaudiencea, if x attacksy, anda doesnotrankthevaluepromotedby
y higherthanthevaluepromotedbyx. Theextensionsof aVAF arethentheextensions
of theDungframework definedby thedefeatrelation.

Definition 10 [ValueBasedAr gumentation]

• A ValuebasedArgumentationFramework is a5-tuple(A,R,V ,val,P ) whereval
is afunctionfromA to anon-emptysetof valuesV , andP is aset {a1, . . . ,an},
whereeachai namesa total ordering(audience)>ai

onV × V .

• An audiencespecificVAF (aVAF) is a5-tuple(A,R,V ,val,a) wherea ∈ P .

• Given anaVAF (A,R,V ,val,a), ∀x, y ∈ A:
x defeatsa y if f xRy, andit is not thecasethatval(y) >a val(x).

• For s ∈ {admissible,complete,preferred,stable,grounded},E is ans extension
of (A,R,V ,val,a) if f E is ans extensionof theDungframework (A, defeata).

Thejustified argumentsof anaVAF (A,R,V ,val,a) arethereforethejustifiedargu-
mentsof theDungframework (A, defeata). For example,considertheaVAF consisting
of argumentsy andx, wherexRy, val(y) = ‘gastronomicpleasure’,val(x) = ‘finan-
cial prudence’,andaudiencea orderstheformervaluehigherthanthelatter(recallthe
examplein Section2.2). Thenneitherargumentdefeata eachother, andso both are
scepticallyjustifiedargumentsof (A, defeata) (underall of theDungsemantics).

2.5 ExtendedAr gumentation

In PAFs andVAFs, preferenceorderingsandvaluesareappliedto generatea defeat
relationwhich is a subsetof theattackrelationcontainingonly thoseattacksthatare
successful.In ExtendedArgumentation[38], this is achievedby directly attackingat-
tackswith arguments,sothatif x attacksy, andz attackstheattackfrom x to y, thenz
is interpretedasclaimingthaty is strongerthanx. Therationalefor concludingthaty
is stronger thanx is thusitself now partof thedomainof discourse,andis encodedas
anargumentz in theobject-level framework,wheretherationalemaybebasedonpref-
erences,values,sources,or any otherreason.Onecanalsotherefore accountfor the
fact thatpreferencesmayvary accordingto context, andbecauseinformationsources
maydisagreeasto thecriteriaby which thestrengthsof argumentsshouldbevaluated,
or thevaluationsassignedfor agivencriterion. In otherwords,onecanaccountfor rea-
soningandindeedarguingabout, aswell aswith, defeasibleandpossiblyconflicting
informationabouttherelativestrengthsof arguments.ConsiderSection2.3’sextended
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dialogueabouttheweather:

P1 : “Todaywill bedry in LondonsincetheBBC forecastsunshine”= a
O1 : “Todaywill bewet in London sinceCNN forecastrain” = b
P2 : “But theBBC aremoretrustworthy thanCNN” = c
O2 : “However, statisticsshow thatCNN aremoreaccuratethantheBBC” = d
O3 : “And a statisticalcomparisonis morerational thana comparisonbasedon in-
stinctsaboutrelative trustworthiness”= e

b a

a)

c

b a

b)

c

d

b a

c)

c

d

e

a b

c d

e

d)

Figure2: MotivatingExtendedArgumentationFrameworks

In anExtendedArgumentationFramework (EAF), c is anargumentclaimingthata
is strongerthanb, andsoattacksb’sattackona. Hence,b’sattackona doesnot succeed
asadefeat,andweareleft only with a successfullyattacking(defeating) b (seeFigure
2a in which we introducethenotationy ⇀ x for anattack, andz ։ (y ⇀ x) for an
attackon anattack).Now {c, a} is theonly preferredextensionandsoa is sceptically
justified. d claimsb is preferredto a andso attacksa’s attackon b. Now {c, a} and
{d, b} arepreferredsincethechoicebetweena andb is unresolved.Noticethatsincec
andd make contradictoryclaimsabouttherelative strengthsof a andb, c andd attack
eachother(Figure2b)). Howevere thenattackstheattackfrom c to d (Figure2c)),and
sod defeatsc, b defeatsa, andthediscussionconcludesin favour of b ({e, d, b} is the
singlepreferredextension).EAFs thusextendDungframeworkswith a secondattack
relationD from argumentsto attacks:

Definition 11 [Extended Ar gumentation Framework] An ExtendedArgumentation
Framework is a tuple(A, R, D), whereA is asetof arguments,R ⊆ A×A, and:

• D ⊆ A×R

• If (z, (x, y)), (z′, (y, x)) ∈ D then(z, z′), (z′, z) ∈ R
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Thenotionof asuccessfulattack,henceforthreferredto asadefeat, is thenparam-
eterisedw.r.t. preferencesspecifiedby somegivensetS of arguments:

Definition 12 [Defeat for EAFs] y defeatsS x, denotedy →S x, if f (y, x) ∈ R and
¬∃z ∈ S s.t. (z,(y, x)) ∈ S.

In theweatherexample,a defeats∅ b but a doesnot defeat{d} b. A conflict freesetof
argumentsis thendefinedto accountfor the casewherey asymmetricallyattacksx,
but given a preferencefor x over y, both may appearin a conflict free setandhence
anextension(asin [12]). Noticethata conflict freesetdoesnot admitargumentsthat
symmetricallyattack,irrespectiveof thepreferenceargumentscontained.

Definition 13 [Conflict fr eefor EAFs] S is conflict freeiff ∀x, y ∈ S: if (y, x) ∈ R
then(x, y) /∈ R, and∃z ∈ S s.t. (z,(y, x)) ∈ D.

Theacceptabilityof anargumentx w.r.t. a setS is now definedfor anEAF. The
basicideais that for any attacker y of x, a reinstatingattackz ⇀ y from z ∈ S must
itself be reinstatedagainstD attackson z ⇀ y. The definition is motivatedin more
detail in [38] andrequiresthenotionof a reinstatementsetfor adefeat4.

Definition 14 [Reinstatement set] Let S ⊆ A in (A, R, D). Let RS = {x1 →S

y1, . . . , xn →S yn} wherefor i = 1 . . . n, xi ∈ S. ThenRS is a reinstatementsetfor
a→S b, if f

• a→S b ∈ RS , and

• ∀x→S y ∈ RS , ∀y′ s.t. (y′,(x, y)) ∈ D, ∃x′ →S y′ ∈ RS

Definition 15 [Acceptability for EAFs] x is acceptablew.r.t. S ⊆ A if f ∀y s.t.y →S

x, ∃z ∈ S s.t. z →S y andthereis a reinstatementsetfor z →S y.

In Figure2d), a is acceptablew.r.t. S. We have b →S a, c →S b, andthereis a
reinstatementset{c →S b, d →S e} for c →S b. Note that if we hadf ։ (d ⇀ e),
andno argumentin S defeatingf , therewould be no reinstatementset,anda would
notbeacceptablew.r.t. S.

Giventhedefinitionsof conflict freeandacceptabilityfor EAFs,admissible,com-
plete,preferredandstablesemanticsfor EAFs arenow defined asfor Dungargumen-
tation frameworks in Definition 3 (except that x defeatsS y replaces(x, y) ∈ R in
thedefinition of stableextensions).In [38] it is shown thatEAFs inherit many of the
resultsthat hold for Dung frameworks (e.g.,Dung’s fundamentallemma). However,
anEAF’s characteristicfunctionis not in generalmonotonic.Recallthatthegrounded
extensionof a Dung framework is its minimal (underset inclusion)complete exten-
sion. A completeextensioncanequivalentlybecharacterisedasa fix point of a Dung
framework’s characteristicfunctionF which given a setof argumentsS returnsthe
argumentsS′ acceptablew.r.t. S (S′ = F (S)). SinceF is monotonic(S ⊆ S′ implies
F (S) ⊆ F (S′)) a leastfixedpoint characterisingthegroundedextensioncanbeguar-
anteed.However, the characteristic functionF of an EAF is not monotonic, so that
thegroundedextensionof afinitary EAF (in whichargumentsandattacksareattacked
by at mosta finite numberof arguments)is definedby iterationof the function, that
startingwith theemptyset,doesyield a monotonicallyincreasingsequence.LetG0 =
∅,Gi+1 = F (Gi). Thegroundedextensionof anEAF is definedas

⋃∞
i=0

Gi.

4Thisensuressatisfactionof anintuitiverequirement(Dung’s fundamentallemma[27]) onwhatit means
for anargumentto beacceptablew.r.t. anadmissiblesetS, viz. thatif x is acceptablewith respectto S, then
S ∪ {x} is admissible
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3 Formalising Abstract Ar gumentationin MetalevelAr -
gumentationFrameworks

In thissectionweformaliseMetalevel Argumentation Frameworksthatessentiallyaug-
menta Dung framework (A,R) with a languagefor representingtheclaimsof argu-
mentsin A, andconstraintson the attackrelationR that accountfor the arguments’
claims.The argumentsin A areargumentsclaimingstatementsaboutobjectlevel ab-
stractargumentation frameworks,andtheconstraintsonR essentiallycharacterisethe
reasoningby whichoneevaluatesthejustifiedargumentsof the objectlevel framework.
Wethenshow how thevarietiesof abstractargumentation reviewedin Section2 canbe
formalisedasinstancesof metalevel argumentation.

3.1 Intr oducingMetalevel Ar gumentation

Section2’s review of abstract argumentationdescribedhow, in general,establishing
that an argument x is justified undera semanticss is basedon evaluationof the ac-
ceptabilityof x w.r.t. setsof arguments.The acceptabilityof x w.r.t. somesubsetS
of A, hingeson whetherattacksof theform yRx succeedasdefeats.If for eachsuch
yRx, y is successfullyattacked (defeated) by somez ∈ S, thenz effectively under-
minesthe successof the attackfrom y to x; z canbe said to reinstatex. The rules
defininglegal labellingassignmentsfor Dungframeworkscorrespondintuitively to the
extension-baseduseof this reinstatementprinciple:

R1 x is legally IN (i.e.,x is in anadmissibleextension)in ans labelling(credulously
justifiedunderthesemanticss) if f everyattackyRx onx fails.

R2 An attackyRx fails if y is OUT (i.e.,y is attackedby a reinstating z thatis IN)

R3 x is legally OUT (potentiallyrejectedunderthesemanticss) if at leastoneattack
yRx succeeds(i.e.,y in IN)

Given a Dung framework ∆ = (A,R), a statementassertingthe existenceof an
argumentx ∈ A, and its purportedmembershipof an admissibleextensionof ∆,
constitutesa metalevel argumentξ claiming ‘x is justified’. That is to say, ξ is an
argumentof theform ‘thereis anx ∈ A thatis anadmissibleextensionof ∆, andsox
is justified’. Notethat logics for assertingstatementsof this kind have beenproposed
in [19, 35,55] andwill bebriefly reviewedin Section5.

MR1 Theexistenceof anattackyRx, constitutesa metalevel argumentα, thatclaims
that ‘y successfullyattacks andso defeatsx’. Sincethe justified statusof x is
challengedby a defeaton x, we thereforehave ametalevel attackfrom α to ξ.
Hence,a metalevel attackonα, challengingy’s defeatof x andsoreinstatingξ,
characterisesthe objectlevel reinstatementof x.

MR2 y doesnot defeatx if y is rejected(i.e., R2). Hence,in the metalevel, α is
attackedby anargumentτ claimingthat‘y is rejected’.Thusτ reinstatesξ.

MR3 y defeatsx if y is justified. Thus,in themetalevel, theargumentψ claimingthat
‘y is justified’ attackstheargumentτ claimingthat‘y is rejected’,soreinstating
theargumentα, thatclaimsthat‘y defeatsx’.
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The metalevel argumentsandtheir attacksareillustratedin Figure3a. Figure3b
shows the metalevel argumentationcorrespondingto the objectlevel reinstatementof
x, by somez thatattacksy. At themetalevel, we have anargumentclaiming‘z is jus-
tified’ that reinstatesthe metalevel argumentclaiming z defeatsy, in turn reinstating
τ claiming ‘y is rejected’,which in turn reinstatesξ claiming ‘x is justified’. Finally,
Figure3c shows the metalevel argumentationcorrespondingto an object level sym-
metricattackbetweenargumentsx andy (xRy andyRx). In this casethemetalevel
argumentationcharacterisesthe objectlevel reinstatementof x by x itself.

! "# $

y is justified y is rejected

%

y defeats x x is justified x is rejected

! "# $

y is justified y is rejected

%

y defeats x x is justified x is rejected

&

x defeats y

! "# $

y is justified y is rejected

%

y defeats x x is justified x is rejected

&

z defeats y

'

z is rejected

(

z is justified

a)

b)

c)

Figure3: Meta-level argumentsandtheir attacks

In our descriptionof metalevel arguments,wehaveassumedtheirclassificationac-
cording to the natureof the claimsthey make aboutan object level framework, and
basedon this classificationtheattacksamongstthesemetalevel arguments.This sug-
geststhemoregeneralnotionof a structuredargumentationframework, wherebyone
augmentsa Dungframework (A,R) to includea mappingC from argumentsin A to
claimsspecifiedin somelanguageL, andbasedontheseclaimsasetof constraintsthat
arethusimposedonR.

Definition 16 [Structur ed Ar gumentation Frameworks] A StructuredArgumenta-
tion Framework (SAF ) is a tuple∆ = (A, R, C, L,D), where:

• (A, R) is aDungargumentationframework

• L is aclaim language

• C is aclaim functionmappingargumentsin A to setsof wff in L
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• D is asetof constraintrulesonR of theform:

if l ∈ C(α) andl′ ∈ C(β) then(α, β) ∈ R

whereα, β ∈ A, andl, l′ arewff of L.

In general,wesaythatanattack relationR is definedbyD if whenever(α, β) ∈
R thentheclaimsof α andβ satisfytheantecedentof someconstraintrule in D.

For s ∈ {admissible,complete,grounded,preferred,stable}, we say thatE is an s
extensionof ∆ if f E is ans extensionof (A, R), andα ∈ A is a justifiedargumentof
∆ if f α is a justifiedargumentof (A, R).

Wenow identify aspecial classof SAFs— Metalevel ArgumentationFrameworks
(MAFs) — by specifyinga languageL whosewff arebuilt from constants,setsof
constants,setsof pairsof constants(wheretheseconstantsmaynameargumentsand
or values),andpredicatesof the form justified, rejected, defeat e.t.c. Claims in
this languagewill thusrefer to thepropertiesof arguments,valuesandpreferencesin
anobjectlevel framework.

Definition 17 [Metalevel Ar gumentation Frameworks] A Metalevel Argumentation
Framework (MAF ) is a SAF ∆M = (A, R, C, LM,D), whereLM consistsof a
countablesetof constantsymbolsandthesetof predicates:

{justified, defeat, rejected, preferred, val, val pref, audience}.
Thesetof wff of LM is definedby thefollowing BNF:

LM : X ::= x, {x1, . . . , xn}, {(x1, x2), . . . , (xm, xn)} | justified(X) |
rejected(X) | defeat(X,X ′) | preferred(X,X ′) | val(X,X ′) | val pref(X,X ′)
| audience(X)

wherex, xi rangesover theconstantsymbols.

In the following sectionswe show how thevarietiesof abstractargumentationre-
viewed in Section2 canbe formalisedasinstancesof argumentationin aMAF . In
eachcase,theconstraintsin D characteriseevaluation of thejustifiedargumentsin the
objectlevel framework.

3.2 Formalising Dung’sabstractargumentationtheory in Metalevel
Ar gumentationFrameworks

A MAF’s formalisationof Dung argumentation consistsof: i) metalevel arguments
whoseconstructionis basedon theexistenceof objectlevel attacks,andsoclaim de-
featsbetweenobject level arguments;ii) metalevel argumentswhoseconstructionis
basedon the existenceof object level argumentsandtheir purportedmembershipor
non-membershipof admissibleextensions,andthat claim that the objectlevel argu-
mentsarejustified, respectively rejected;iii) constraintson themetalevel attackrela-
tion thatcaptureMR1 – MR3 in Section3.1:

Definition 18 [Metalevel Dung Ar gumentation] A Dung MAF is a tuple (AM,
RM, C, LM ,Dd), where:Dd = {

{D1 : if C(α) = defeat(Y,X) andC(β) = justified(X) then(α, β) ∈ RM

D2 : if C(α) = defeat(Y,X) andC(β) = rejected(Y ) then(β, α) ∈ RM
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D3 : if C(α) = justified(X) andC(β) = rejected(X) then(α, β) ∈ RM}

Definition 19 [Mapping Dung Frameworks to Metalevel Frameworks] A Dung
MAF ∆M = (AM, RM, C, LM,Dd) is said to be a metalevel formulation of the
DungAF ∆ = (A,R) iff:

• ⌈x⌉ is aconstantin LM if f x ∈ A 5

• AM is theunionof thedisjoint setsAM1, AM2, AM3, where:

1. α ∈ AM1, C(α) = justified(⌈x⌉) if f x ∈ A

2. β ∈ AM2, C(β) = rejected(⌈x⌉) if f x ∈ A

3. γ ∈ AM3, C(γ) = defeat(⌈y⌉, ⌈x⌉) if f (y, x) ∈ R

• RM is definedbyDd.

Notation 2 Henceforth,we mayasan abuseof notationreferto a metalevel argument
α by ashorthandreferenceto theclaim thatα makes:

• If C(α) = justified(⌈x⌉) wewrite (j − x) to referto α.

• If C(α) = rejected(⌈x⌉) wewrite (r − x) to referto α.

• If C(α) = defeat(⌈y⌉, ⌈x⌉) wewrite (y defx) to referto α.

Givena Dungframework ∆ = (A,R), onecanevaluatethe justifiedargumentsof
∆ by evaluatingthejustifiedargumentsof theDungMAF ∆M .

Theorem 2 Let ∆M = (AM, RM, C, LM,Dd) be theMAF of a Dung framework
(A,R). Thenfor s ∈ {complete,grounded,preferred,stable}, (j − x) ∈ AM is a
credulously, respectively sceptically, justifiedargumentof ∆M underthes semantics,
if f x ∈ A is acredulously, respectively sceptically, justifiedargumentof ∆ underthes
semantics.

Note the extra expressivity that resultsfrom the metalevel formulationof a Dung
framework. Given anextensionE of ∆, thecorrespondingextensionof ∆M identifies
theargumentslabelledIN andOUT by acorrespondinglabelling for E.

Proposition2 Let ∆M = (AM, RM, C, LM,Dd) betheMAF of aDungframework
∆ = (A,R). For s ∈ {admissible,complete,grounded,preferred,stable}:
Thereexistsans labellingL of ∆ if f thereexistsans extensionE of ∆M suchthat:

1. x ∈ in(L) if f (j − x) ∈ E

2. y ∈ out(L) if f (r − y) ∈ E

To illustrate,considerFigure4’sobjectlevel Dungframework ∆, andits metalevel
formulation∆M . Observethat{d, c, b} is thegrounded,preferredandstableextension
of ∆, correspondingto {(d def e), (j − d), (r − e), (c def e), (j − c), (r − a), (b def
a), (j − b)} beingthegrounded,preferredand stableextensionof ∆M .

5It is standardpracticeto usesensequotes⌈ ⌉ (alsocalledFregeor Gödelquotes)to abbreviatemetalevel
representationsof objectlevel formulae.
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Figure4: A Dungargumentation framework andits metalevel formulation

Metalevelargumentationallowsusto formalisethevariousdevelopmentsof Dung’s
argumentationtheory described in Section2, within Dung frameworks themselves,
so that onecanthenapply the considerablebody of resultsandtechniquesfor Dung
frameworks, to theseextensions.In the following section we describethe metalevel
formulationof [44]’s generalisationof Dungframeworksto includecollectiveattacks.

3.3 Formalising Collective Attacks in Meta-level Ar gumentation
Frameworks

As onewouldexpect,theexistenceof acollectiveattackBRx constitutesanargument
α claiming ‘B defeatsx’, andfor eachy ∈ B, an argumentclaiming ‘y is rejected’
attacksα.

Definition 20 [Metalevel Dung Ar gumentation with Collective Attacks] A DungC
MAF is a tuple(AM, RM, C, LM,Ddc) , whereDdc =

{D1 : if C(α) = defeat(Y,X) andC(β) = justified(X) then(α, β) ∈ RM

D2 : if C(α) = defeat(Y,X), C(β) = rejected(Z), andZ ∈ Y , then(β, α) ∈ RM

D3 : if C(α) = justified(X) andC(β) = rejected(X) then(α, β) ∈ RM}

Definition 21 [Mapping DungC Frameworks to Metalevel Frameworks] A DungC
MAF ∆M = (AM, RM, C, LM,Ddc) is said to be a metalevel formulationof the
DungCframework ∆ = (A,R) iff:

• ⌈x⌉ is aconstantin Ldc if f x ∈ A

• AM is theunionof thedisjoint setsAM1, AM2, AM3, where:

1. α ∈ AM1, CM(α) = justified(⌈x⌉) if f x ∈ A

2. β ∈ AM2, CM(β) = rejected(⌈x⌉) if f x ∈ A
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3. γ ∈ AM3, CM(γ) = defeat({⌈y1⌉, . . . , ⌈yn⌉}, ⌈x⌉) if f ({y1, . . . , yn}, {x})
∈ R

• RM is definedbyDdc.

Henceforth,weemploy asimilarabuseof notationasin Notation2, writing (j−x)
and(r − x) to referto argumentsα andβ thatrespectively claim justified(⌈x⌉) and
rejected(⌈x⌉), and({y1, . . . , yn} defx) to refertoanargumentclaimingdefeat({⌈y1⌉,
. . . , ⌈yn⌉}, ⌈x⌉).

e

a

d cb

 r-e

 j-d

 j-e

 r-d

 j-c

 r-a j-a

 r-b

 j-b

 {cd}

def e

 

 r-c
 {e}

 def d

 {db}

def a

 {ab}

def c

Figure5: A DungCframework with collectiveattacks,andits metalevel formulation

ConsiderFigure5’s objectlevel DungCframework with thefollowing attacks:

{a, b} → c, {d, b} → a, {e} → d, {d, c} → e,

Onecaneasily verify thatE1 = {d, b, c} (theencircledarguments)andE2 = {a, b, e}
arethepreferredandstableextensions,and{b} thegroundedextension.Figure5shows
the objectlevel framework’sMAF , andthearguments(shaded)in thepreferredand
stableextension E1′ correspondingto E1. In general,the following correspondence
holds:

Theorem 3 Let ∆M = (AM, RM, C, LM,Ddc) betheMAF of a DungCframework
∆ = (A,R). Thenfor s ∈ {complete,grounded,preferred,stable}, (j−x) ∈ AM is a
credulously, respectively sceptically, justifiedargumentof ∆M underthes semantics,
if f x ∈ A is acredulously, respectively sceptically, justifiedargumentof ∆ underthes
semantics.

3.4 Formalising PreferenceBasedAr gumentationin Meta-levelAr -
gumentationFrameworks

As discussedin Sections2.3, 2.4 and2.5, PAFs, VAFs andEAFs provide additional
informationwhich enable,whenevaluatingthe framework, to saythat anattackfails
to succeedasa defeat,even thoughthe attackingargumentis justified. In termsof
metalevel argumentation, this additionalinformationis thesourceof additionalargu-
mentswhichcanbeusedto attackargumentsof theform (x defy). In aPAF, thisextra
informationis simply apreferenceorderingon theargumentsin theframework.

Given anobjectlevel PAF, theexistenceof a strict preferencex ≫P y constitutes
a metalevel argumentclaiming that ‘x is strictly preferredto y’. In additionto MR2
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in Section 3.1,we thushave theadditional following metalevel characterisationof the
objectlevel reasoningthatdeterminesthejustifiedargumentsof aPAF :

MR2′ : y doesnot defeatx (i.e., y’s attackon x fails) if x is strictly pre-
ferredtoy. Hence,in themetalevel,α claiming‘y defeatsx’ is attackedby
anargumentρ claimingthat‘x is strictly preferredto y’. Thusρ reinstates
ξ claiming‘x is justified’.

Definition 22 [Metalevel PreferencebasedAr gumentation] A P -MAF is a tuple
(AM, RM, C, LM,Dp) , whereDp = Dd ∪
{ D4 : if C(α) = defeat(Y,X) andC(β) = s preferred(X,Y ) then(β, α) ∈ RM}

Definition 23 [Mapping PAFs to Metalevel Frameworks] A P -MAF ∆M = (AM,
RM, C, LM,Dp) is saidto beametalevel formulationof thePAF ∆ = (A,R,P) iff:

• ⌈x⌉ is aconstantin LM if f x ∈ A

• AM is the union of the disjoint setsAM1, AM2, AM3, AM4, whereAM1,
AM2 andAM3 aredefinedasin Definition19, and:

4. δ ∈ AM4, C(δ) = s preferred(⌈x⌉, ⌈y⌉) if f x≫P y
(from hereon,wemaywrite (xPy) to referto anargumentof theform δ).

• RM is definedbyDp.

j-a r-a
a 

def b
j-b r-b

aPb

b 

def a

Figure6: A PAF formulatedasametalevel framework

Themetalevel formulationof theweatherexamplePAF (A = {a, b},R = {(a, b), (b, a)},
P = {(a, b)}), is shown in Figure6. E′ = {(j − a), (a def b), (r − b), (aPb)} is the
singlegrounded/preferred/stableextensionof themetalevel framework, corresponding
to thesinglegrounded/preferred/stableextension{a} of the objectlevel PAF .

Theorem 4 Let ∆M = (AM, RM, C, LM,Dp) be the P -MAF of a PAF ∆ =
(A,R,P). Then for s ∈ {complete,grounded,preferred,stable}, (j − x) ∈ AM

is acredulously, respectively sceptically, justifiedargumentof ∆M underthes seman-
tics, if f x ∈ A is a credulously, respectively sceptically, justifiedargumentof ∆ under
thes semantics.

Note that our weatherforecastexampleillustratesresolutionof anargumentation
framework obtainedby replacingsymmetricattackswith asymmetricattacks.Proper-
ties relating frameworks andtheir resolutionshave beenstudiedin [9] and[35]. Our
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metalevel formulationof PAFs providesa generalsettingfor further formal studyof
resolutionsemantics[9], wherebythereasoningby whichanobject-level framework’s
resolutionsareobtainedis now modelledin termsof argumentationwithin its metalevel
formulation.

Secondly, note that sincethereis a single preferencerelation, argumentsof the
form aPb will not attackoneanother, nor be attacked by any otherargument. If the
preferencerelationsuppliesa total order, the correspondingP -MAF will containno
cyclesandsohave anon-emptygroundedextension, andauniquenonemptypreferred
andstableextension.If, however, thepreferenceorderis a partialorder, thepreferred
andgroundedextensionsmaynotcoincide:theremaybemultiplepreferredextensions,
correspondingto choicesbetweenmutually attackingargumentsbetweenwhich no
preferenceis expressedin the preferencerelation. Provided, however, that thereis a
preferencebetweenat leastonepair of argumentsin every cycle, the groundedand
preferredextensionswill benon-empty.

3.5 Formalising Value BasedAr gumentation in Meta-level Ar gu-
mentation Frameworks

In VAFs we have rathermoreadditionalinformation: a setof values,a functionmap-
pingargumentsto values,andasetof audiencesrepresentingtotally orderedpreference
relationson values.Themetalevel characterisationof the objectlevel reasoningapplied
to determinethe justified argumentsof an audiencespecificVAF (aVAF), augments
MR2 in Section3.1asfollows:

MR2.1 y doesnot defeatx (i.e., y’s attackon x fails) if x’s value is preferredto y’s
value. Hence,in themetalevel, α claiming ‘y defeatsx’ is attackedby a value
preferenceargumentν claimingthat‘x’svalueis preferredto y’svalue’. Thusν
reinstatesξ claiming‘x is justified’.

MR2.2 Thepreferenceof x’s valueover y’s valueis challengedby thecontraryprefer-
ence.Hence,in themetalevel eachν is symmetricallyattackedby themetalevel
argumentν′ claimingthat‘y’s valueis preferredto x’s value’.

MR2.3 TheaV AF ’schoiceof audience(totalorderingon values)endorsesthepairwise
valuepreferencesspecifiedby the total ordering. Thus,anaudienceconstitutes
a metalevel argumentthat claims a total ordering,and that attacksany value
preferenceargumentsthatcontradicttheendorsedvaluepreferences.Hence,if
val(x) >a val(y), thena constitutesanaudienceargumentthatattacksν′ and
thusreinstatesν.

We canalso representall audiencesin a V AF , wheregivenP = {a1, . . . ,an},
theneachai constitutesanaudienceargument thatsymmetrically attacksevery other
audienceargument,sinceby definition,for all i, j suchthati 6= j, ai andaj contradict
eachotheronat leastonevaluepreference.

Definition 24 [Metalevel Value basedAr gumentation] A V -MAF is a tuple(AM,
RM, C, LM,Dv) , whereDv = Dd ∪

{D4 : if C(α) = defeat(Y,X) andC(β) = val pref(val(X,V ), val(Y, V ′)) then
(β, α) ∈ RM
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D5 : if C(α) = val pref(val(Y, V ′), val(X,V )) andC(β) = val pref(val(X,V ),
val(Y, V ′)) then(β, α) ∈ RM

D6 : if C(α) = audience(Z) andC(β) = val pref(val(Y, V ′), val(X,V )), where
Z is asetof pairsof constants suchthat(V, V ′) ∈ Z, then(α, β) ∈ RM

D7 : if C(β) = audience(Z) andC(α) = audience(Z ′), whereZ andZ ′ aresetsof
pairsof constantssuchthat (V, V ′) ∈ Z, (V ′, V ) ∈ Z ′ then(β, α) ∈ RM}

Definition 25 [Mapping VAFs to Metalevel Frameworks] A V -MAF ∆M = (AM,
RM, C, LM,Dv) is saidto be a metalevel formulationof theV AF ∆ = (A, R, V ,
val, P ) iff:

• ⌈x⌉ is aconstantin LM if f x ∈ A or x ∈ V

• AM is the union of the disjoint setsAM1, AM2, AM3, AM4, AM5 where
AM1 . . .AM3 aredefinedasin Definition19, and:

4. ν ∈ AM4, C(ν) = val pref(val(⌈x⌉, ⌈v⌉), val(⌈y⌉, ⌈v′⌉)) if f val(x) = v,
val(y) = v′, andv 6= v′ (henceforthwe maywrite (xvPyv′) to refer to an
argumentof theform ν)

5. ǫ ∈ AM5, C(ǫ) = {(v1, v2) . . . (vm, vn))} if f a ∈ P ,a = v1 >a v2 . . . vm >a

vn (henceforthwemaywrite (>a) to referto anargumentof theform ǫ)

• RM is definedbyDv.

TheV -MAF of anaV AF (A,R,V ,val,a) is definedasabove,whereP = {a}.

Example1 Figure7a)shows theV -MAF formulationof theV AF :

A = {a, b}
R = {(a, b)}
V = {v1, v2}
val(a) = v1, val(b) = v2
P = {a1 = {(v1, v2)},a2 = {(v2, v1)}}

Wehave two preferredextensionsof theV -MAF formulation,onefor eachaudience:

E1 = {(>a1), (av1Pbv2), (j − a), (a def b), (r − b)}

E2 = {(>a2), (bv2Pav1), (j − a), (j − b)}

E2 is thenthesinglepreferredextensionof theV -MAF formulationof theaV AF for
audiencea2shown in Figure7b).

Theorem 5 Let ∆M = (AM, RM, C, LM,Dv) be theV -MAF of an aV AF ∆ =
(A,R,V ,val,a). Thenfor s ∈ {complete,grounded,preferred,stable}, (j − x) ∈ AM

is acredulously, respectively sceptically, justifiedargumentof ∆M underthes seman-
tics, if f x ∈ A is a credulously, respectively sceptically, justifiedargumentof ∆ under
thes semantics.

In [12], theargumentsthatappearin every preferredextensionfor every audience
in a V AF arereferredto asobjectivelyacceptable.The argumentsthat appearin at
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Figure7: A VAF (a))andaVAF (b) formulatedasmetalevel frameworks

leastone preferredextensionfor at leastone audiencein a V AF are referredto as
subjectivelyacceptable.Thesenotionscorrespondto thesceptically, respectively cred-
ulously justified arguments(underthe preferredsemantics)of the V AF ’s metalevel
formulation.

Definition 26 [Objectiveand SubjectiveAcceptance]
GivenaV AF ∆ = (A,R, V, val, P ), andanargumentx ∈ A:

• x is objectively acceptableiff ∀a ∈ P , x is a scepticallyjustified argumentof
theaV AF (A,R,V ,val,a) underthepreferredsemantics.

• x is subjectively acceptableiff ∃a ∈ P , x is a credulouslyjustifiedargumentof
theaV AF (A,R,V ,val,a) underthepreferredsemantics.

Theorem 6 Let ∆M = (AM, RM, C, LM,Dv) be the V -MAF of a V AF ∆ =
(A,R,V ,val,P ). Thenfor any x ∈ A, (j − x) ∈ AM:

1. x is anobjectively acceptableargumentof ∆ if f (j − x) is ascepticallyjustified
argumentof ∆M underthepreferredsemantics.

2. x is asubjectively acceptableargumentof ∆ if f (j−x) is acredulouslyjustified
argumentof ∆M underthepreferredsemantics.
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3.6 Formalising ExtendedAr gumentationin Meta-level Ar gumen-
tation Frameworks

In bothpreferenceandvaluebasedargumentation,informationassumedto be exoge-
nousto thedomainof argumentationbasedreasoningis usedto undermine thesuccess
of attackasdefeats.In EAFs, suchinformationis part of the objectlevel domainof
argumentation,andin keepingwith theabstractnatureof Dung’sapproachnocommit-
mentsaremadeto thenature of this information.Rather, theuseof theinformationto
underminethesuccessof attacksis abstractlycharacterised;by defininga new attack
relationthatoriginatesfrom anargument,andthatattacksanattack.

Intuitively, themetalevel characterisationof the objectlevel reasoningin anEAF,
extendsthatin aDungAF sothatargumentsof theform (j − x) andargumentsof the
form (q def r) areattackedrespectively by argumentsof theform (y defx) and(p def
(q def r)). Justas(y defx) is attackedby (r − y) and(r − y) is attackedby (j − y),
so(p def (q def r)) is attackedby (r − p) and(r − p) is attackedby (j − p).

! "# $

y is justified y is rejected

%

y defeats x x is justified x is rejected

$' z defeats y's 

defeat of x

#' z is rejected

!' z is justified

Figure8: Meta-level formulation of anattackonanattack

Hence,in additionto MR1, MR2andMR3 in Section3.1:

MR1′ Theexistenceof anattack(z, (y, x)), constitutesametalevel argumentα′ claim-
ing ‘z successfullyattacks andso defeatsy’s defeatof x’; henceα′ attacksα
(seeFigure8). Any metalevel attackonα′, challengingz’s defeatof y’s defeat
of x, reinstatesα, and characterisesthe objectlevel reinstatementof y’s attack
onx.

MR2′ If z is rejected,thenz doesnot defeaty’s defeatof x. Hence,α′ is attackedby
τ ′ claimingthat‘z is rejected’.Thusτ ′ reinstatesα.

MR3′ If z is justified, then z defeatsy’s defeatof x. Thus,ψ′ claiming that ‘z is
justified’ attacksτ ′ claiming‘z is rejected’,soreinstating α′.

Definition 27 [Extended Ar gumentation as a Meta-level Ar gumentation Frame-
work ] An E-MAF is a tuple(AM, RM, C, LM,De), where:
De = Dd ∪ { D4 : if C(α) = defeat(Z, (defeat(Y,X)) andC(β) = defeat(Y,X)
then(α, β) ∈ RM}.
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Definition 28 [Mapping EAFsto MetalevelFrameworks] AnE-MAF ∆M = (AM,
RM, C, LM,De) is saidto beametalevel formulation of theEAF ∆ = (A,R,D) iff:

• ⌈x⌉ is aconstantin LM if f x ∈ A

• AM is the union of the disjoint setsAM1, AM2, AM3, AM4, whereAM1,
AM2 andAM3 aredefinedasin Definition19,and:

4. δ ∈ AM4, C(γ) = defeat(⌈z⌉, (defeat(⌈y⌉, ⌈x⌉)) if f (z,(y, x)) ∈ D
(from hereon,wewrite (zD(yDx)) to referto anargumentof theform δ).

• RM is definedbyDe.

Figure9 shows the metalevel formulation of the weatherexampleEAF in Figure
2b).
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r-c

r-d

j-c

j-d

c

def d

d

def c

eD

(cDd)

r-e

j-e

Figure9: Meta-level formulationof theEAF in Figure2b)

In general,acorrespondencedoesnotholdbetweenthejustifiedargumentsof EAFs
andtheirmetalevel formulations.ConsidertheEAF ∆ in Figure10, in whicha attacks
b, andb itself attackstheattackfrom a 6. ∆’s singlepreferredextensionisE = {a, b},
sinceE is conflict freeaccording to Definition 13,a is obviously acceptablew.r.t. E,
andb is acceptablew.r.t. E sinceno argumentdefeatsE b. However, thereexist two
preferredextensionsof ∆’s metalevel formulation∆M :

{(j − a), (a def b), (r − b)} and{(j − a), (j − b), (bD(aDb))}

Hence,a and b are scepticallyjustified argumentsof ∆, whereasonly (j − a) is a
scepticallyjustifiedargument of ∆M .

6The exampledemonstratesthe kind of self-referenceexhibited by the liar paradox (“this sentenceis
false”)in thatb is interpretedasassertingaconclusionaboutitself, viz. that“b is preferredto a”
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Figure10: A non-hierarchicalEAF andits metalevel formulation∆M

The key thing to notein this exampleis that EAFs do not imposerestrictionson
theinteractionsbetweenarguments.Hence,informationappliedto underminethesuc-
cessof attacksas defeatsbetweenobject level arguments,can itself be part of the
object level domainof argumentation (in contrastwith PAFs andV AFs, in which
suchinformationis metato the objectlevel arguments). With referenceto the above
example,we now discusshow this ‘mixing’ of themetaandobjectlevel in EAFs re-
vealsa distinction betweentheontologicalstatusascribedto R attacksin EAFs and
their metalevel formulationasarguments,andthusresultsin the correspondencenot
holding.

If one were to ascribeto attacksthe samestatusas arguments,then one might
justifiably consider{a, b} and {a} as distinct preferredextensionsof theEAF ∆,
wherethe latter preferredextensionimplicitly containsthe attacka ⇀ b. However,
EAFs treatR attacksassecondclasscitizens,andwith somejustificationgiven that
theexistenceof anattackis contingentontheexistenceof argumentsbut notviceversa
(i.e., one can considerthe existenceof argumentsindependentlyof attacks,but not
vice versa). In this view it is legitimateto identify {a, b} asthesetinclusionmaximal
admissiblesetof arguments.

In our metalevel formulation,onedoesnot discriminatebetweenmetalevel argu-
mentsconstitutedby theexistenceof R attacksandargumentsin A; theseattacksand
argumentsareeffectively assumedto beonapar. This in turnmeansthatunlikeattacks
at the objectlevel, attacksformalisedasmetalevel argumentscanindirectly reinstate
themselves. This is illustratedin ∆M in Figure10 in which (a def b) is part of a 4
cycle, so that (a def b) reinstates(r − b), which in turn reinstates(a def b) (hence
we say(a def b) indirectlyreinstatesitself) in thepreferredextension{(j − a), (a def
b), (r − b)}. Now noticethatthis implicationof theontologicallydistincttreatmentof
attacksat the objectandmetalevel would not manifestitself if we focussedonEAFs
thatmaintain astrictseparationbetweenobjectlevel argumentsandtheargumentsthat
attackattacksbetweenobject level arguments. If suchaseparationwereimposed,then
anargumentof the form (a def b) would not beableto indirectly reinstateitself, and
wewould thusexpectacorrespondenceto hold.

Indeed,[38] studya specialclassof hierarchical EAF in which theargumentation
is ‘stratified’ into levels so that, intuitively, eachlevel is a Dung framework (A,R)
in which all R attacksare restrictedto arguments within the framework. TheseR
attacksare then attacked by D attacksthat exclusively originatefrom argumentsin
the immediatemetalevel 7. It is interestingto note that the characteristicfunctions
of hierarchicalEAFs are monotonic,so enablingcharacterisationof their grounded
extensionsastheleastfixedpoint of their characteristicfunctions.

7Althoughintuitively this couldbegeneralisedto any, ratherthanjust the immediatemetalevel.
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Definition 29 [Hierar chical EAFs] ∆ = (A,R,D) is a hierarchical EAF if f there
existsapartition∆H = ( ((A1,R1),D1), . . ., ((Aj ,Rj),Dj), . . . ) suchthat:

• A =
⋃∞

i=1
Ai, R =

⋃∞
i=1

Ri, D =
⋃∞

i=1
Di, andfor i = 1 . . .∞, (Ai,Ri) is a

Dungargumentationframework.

• (C,(A,B)) ∈ Di implies(A,B) ∈ Ri, C ∈ Ai+1

∆ is a boundedhierarchical EAF if f its partition∆H is of theform ( ((A1,R1),D1),
. . ., ((An,Rn),Dn) ), whereDn = ∅

A correspondencecanthenbeshown betweenboundedhierarchicalEAFsandtheir
metalevel formulations:

Theorem 7 Let ∆M = (AM, RM, C, LM,De) be theE-MAF of a boundedhier-
archicalEAF ∆ = (A,R,D). Thenfor s ∈ {complete,grounded,preferred,stable},
(j − x) ∈ AM is a credulously, respectively sceptically, justified argumentof ∆M

underthe s semantics,if f x ∈ A is a credulously, respectively sceptically, justified
argumentof ∆ underthes semantics.

TheEAF ∆ in Figure8 is nothierarchical.HowevertheweatherexampleEAF in
Figure2b) is boundedhierarchical.Its singlepreferredextension{e, d, b} corresponds
to thesinglepreferredextension

{(j − e), (eD(cDd)), (j − d), (d def c), (r − c), (dD(aDb)), (j − b), (b
defa), (r − a)}

of its metalevel formulationin Figure10.
Although[38] discussesandillustratesrequirementsforEAFsthatdonotconform

to thehierarchicalrestriction,weobservethatmany applicationsof extendedargumen-
tation canbe naturallyaccommodatedunderthe hierarchicalrestriction;in particular
applicationof extendedargumentationto agentreasoning over beliefs,goalsandac-
tions [43, 37]. Also, reinterpretingthe arguments basedon preferencesin PAFs and
on valuepreferencesin VAFs produceshierarchicalframeworks. Note that in Section
6 we commentfurtheron thelack of correspondencebetweennon-hierarchicalEAFs
andtheirmetalevel formulations.

4 Applications of Metalevel Ar gumentation

4.1 Applying Resultsand Techniquesfor Dung Ar gumentation to
Developmentsof Dung Ar gumentation

In the previous sectionwe describedmetalevel formulationsof variousobject level
developmentsof Dung’s abstractargumentationtheory, andshowed that the justified
argumentsof the objectlevel frameworks canbe characterisedin termsof the justi-
fied argumentsof their metalevel formulations. Thesecorrespondencesallow oneto
transitionthe full rangeof theoreticalandpracticalresultsandtechniques definedfor
Dung argumentation,to thesevariousdevelopments.For example,considerthe use
of labellingsfor characterisingtheextensionsof a Dungframework, reviewedin Sec-
tion 2.1.2. Algorithms for computinglabellings,andthereforeextensions,have also
beenproposed[23, 42, 51,52]. Given thecorrespondencesbetweenobjectlevel and
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metalavel extensions,onecannow make useof thelabellingapproachandalgorithms
at themetalevel in orderto characteriseandcomputetheobject level extensions.For
example,suppose∆ is an objectlevel hierarchicalEAF , andlet ∆M = (AM, RM,
C, LM,De) be its E-MAF asdefinedin Definition 28. We canthenapply labelling
algorithmsto computethe labellingsandsoextensionsof theDungframework (AM,
RM) underall of Dung’s semantics.GivenTheorem7, we thusobtaintheextensions
of ∆ 8.

Argumentgameproof theories for Dung frameworks have alsobeendefinedfor
establishingthejustifiedstatusof a givenargumentx undereachof Dung’s semantics
[24, 28, 42,53]. Given the correspondencesshown in the previous section,onecan
make useof these proof theories to establish the justified statusof argumentsof the
form (j − x) in order to establishthe statusof x in the correspondingobject level
framework. In what follows, we describegamesappliedto our metalevel formulation
of valuebasedargumentation[12], andcontrasttheuseof suchgameswith themore
complex gamesspecificallydevelopedfor valuebasedargumentation[11, 13].

4.1.1 Applying Ar gument Game Proof Theories to Metalevel Ar gumentation
Frameworks

Argumentgamestaketheform of dialoguesbetweenaproponentandanopponentof a
givenargument.The proponentstartswith anargumentto betested,afterwhich each
playermustattackthe otherplayer’s argumentswith a counterargument of sufficient
strength. The initial argument is provable if the proponenthasa winning strategy,
i.e., if he canmake the opponentrun out of moveshowever the opponentchoosesto
attack. Essentially the dialogueconstructsan admissibleset containing the desired
argument.Thepreciserulesof theargumentgamedependon thesemanticswhich the
proof theoryis meantto capture.Gamesfor demonstratingthe justified status under
credulouspreferredandscepticalpreferredsemantics, for coherent frameworks 9, are
givenin [53]. Thesegames,whichareTwoPlayerImmediateResponse(TPI)games,in
whichaplayermustaddresstheargumentlastplayed,wererefinedandtheirproperties
explored in [28]. In the latter work threemovesareused: COUNTER, BACKUP and
RETRACT.

COUNTER canbemadeby eitherplayer, andinvolvesplayinganargumentwhich
attacksthelastargumentplayed.BACKUP isonlyemployedbyopponent,andRETRACT
only by proponent.Thesetwo movesaredifferentfor thedifferentplayers,andarise
from theneedto allow back-tracking,whenthereis noargumentavailableto attackthe
argumentlastplayed.Firstly, BACKUP maybeseenasopponentinvoking a new line
of attack within the samedisputetree. On the otherhand,RETRACT representsthe
disputebeingstartedagain, this time, however, with theknowledgethat somelinesof
defencearenotavailable,i.e.,thosethatwouldresultin aknown inadmissiblesetbeing
constructed.In fact,aswasshown in [28], if theargumentis credulouslypreferredthen
a proponentemploying ‘bestplay’ will never needto make aretraction:RETRACT is
neededonly to allow for strategic mistakes. Making movescanaffect the arguments
availablefor subsequentuse.If anargumentis playedwhich attacksargumentsasyet
unplayed,theattackedargumentsceaseto beavailablefor theproponent(in asceptical

8Note that labellingshave recentlybeendefineddirectly on arbitraryEAFs for only the admissible,
preferredandstablesemantics[39]. In thiswork algorithmsfor computingtheseextensionsarenotdefined.

9Everypreferredextensionof acoherent framework is alsostable,and sincein generalstableextensions
arepreferred,thestableandpreferredextensionsof acoherentframework coincide.
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game)or theopponent(in a credulousgame).Similarly arguments attackinganargu-
mentplayedarenotavailable to theplayerwhoplayedthelatterattackedargument.

Thesegameshave beenshown to be soundandcomplete10 andwork very well
for Dung frameworks, andattemptshave beenmadeto extendthe gamesto accom-
modatepreferences.For example,a gamefor valuebasedframeworkswasproposed
in [11]. In that gamean additionalVALUE move is madeavailable to both players.
TheVALUE move is usedwhenthereis no argument availableto allow a COUNTER
move,andallowstheplayerto defendanargumentby claiminganaudienceadvocating
that its valueis preferredto its attacker. A recordof suchmovesmustbe kept so as
to block aVALUE move expressinganaudiencewhosevaluepreferencecontradictsa
previousVALUE move’s audienceadvocatedpreference. Althoughthis gameis effec-
tive for someframeworks, it is morecomplicatedthan the original TPI, in that it has
this additionalmove,andit requiresmaintenance of additionalstructuresto recordthe
currentlyexpressedvaluepreferences.Additionally certaintypesof framework present
problems.

We canillustratetheseproblemsby referenceto theVAF in Figure11a),in which
x5 is objectively acceptable(i.e. scepticallyjustified underthe preferredsemantics
irrespective of the relative ordering of the valuesproperty and life). If proponent
startsa gamewith x5, which is then attacked by opponent’s x6, proponentcannot
thenCOUNTER with x7, sincex7 is attackedby anargumentalreadymovedby propo-
nent,i.e.,x5 itself. HenceproponentusestheVALUE move to claim life > property.
While this will succeedin establishing theacceptabilityof x5, it shouldnot have been
necessaryto expressthisaudiencesincex5 is acceptableirrespectiveof theaudience.

Consider, however, that we can apply the standardTPI gamesto our metalevel
formulationsof VAFs. Given Theorem5, we canthenevaluatethe justified statusof
an argument(j − x) in the metalevel formulation, so evaluatingthe statusof x in
the objectlevel V AF . For example,we can play the standardscepticalTPI game
on the metalevel formulationof the VAF in Figure11b) in which (>a1) denotesthe
argumentclaiming audience({(property, life)}) and (>a2) the argumentclaiming
audience({(life, property)}). Note that in this scepticalgameopponent hasonly
to show that he is not compelledto accepta proponent’s proposedargument,andso
opponentcanplay arguments alreadyattackedby proponentarguments.Supposethat
whenopponentplays(x6 defx5), proponentchallengeswith (x5LPx6P ) (‘L’ denotes
life and ‘P’ denotesproperty). The opponentcan then continuealongeitherof two
linesof attackvisualisedin Figure11c). In eithercaseproponentcannotrepeat(>a2

) given that it is alreadyattacked by opponent. Hence,in either case,proponentis
forcedto RETRACT (>a1) andits endorsedvaluepreference(x5LPx6P ), andinitiate
a new line of defence, attacking(x6 defx5) with (r − x6). Thedisputecontinuesas
visualisedin Figure11d), eventuallyleadingto proponentplaying(j − x7) (notethat
(j − x7) is not directly attackedby proponent’s (j − x5)), opponentplaying (x5 def
x7), andthenproponent (x7PPx5L). Now, accordingto therulesof [28]’sTPI game,
opponentcanplay neitherof (x5LPx7P ) or (>a2), sincebothargumentsareattacked
by the argument(>a1) that opponenthas playedin whichever of the disputelines in
Figure11c) that hasled to proponent’s retraction.Proponenteffectively demonstrates
that the audienceopponentcommits to in order to undermineproponent’s defence,
also supportsproponent’s defence. Notice that if the proponent’s first attemptat a
defencehadbeento play (r − x6), this would have leadto eitherof thetwo opponent

10That is to saythereis a winning strategy for argumentx in a gameplayedunderthe rulesfor scepti-
cal, respectively credulouspreferredsemanticsiff x is justified underthe sceptical,respectively credulous
preferredsemantics.
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Figure11: a) a VAF (L standsfor life andP for property), andb) its metalevel for-
mulation. c) shows two winning TPI disputelinesfor opponentandd) a winning TPI
disputeline for proponentin which opponentcannot play argumentsattacked by the
argument(>a1 thatis has playedin bothlinesin c))

winning lines of attackin Figure11d), in which the prohibited movesshown would
havebeenallowed,andwherethe theright handline of attackwouldnow terminateby
opponentplaying (>a2) in responseto proponent’s (>a1). This would thensimilarly
forceproponentto RETRACT andthenplay (x5LPx6P ) asshown in Figure11c),and
opponentwould thenbeprohibitedfrom playingeither(x6PPx5L) or (>a1). Hence,
in eithercaseproponent is ableto establishtheobjectiveacceptabilityof (j−x5) (and
sox5 in the objectlevel framework) withoutcommittingto anyaudience.

Another desirablefeatureof V AFs is that ratherthan the audiencebeing fixed
in advance,it shouldemerge from the reasoningprocessitself. This view that value
preferencesare the productof reasoningratherthanan input to it wasexpressedby
Searleasfollows:

Thisanswer[thatwecanrankvaluesin advance]while acceptableasfaras
it goes[asanexpostexplanation],mistakenly impliesthatthepreferences
aregiven prior to practicalreasoning,whereas,it seemsto me, they are
typically theproductof practicalreasoning.And sinceorderedpreferences
are typically productsof practical reason,they cannotbe treatedas its
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universalpresupposition.[50]

This issueis exploredin [13], in which thesetup is thatgivenaV AF , thepropo-
nentwishesto defenda position in which the proponentwishescertainarguments to
beaccepted,certainotherargumentsto berejected,andis indifferentto the inclusion
or exclusionof the remainingarguments.[13] presentsa gamein which anaudience
for which thepositionis acceptableis determined, or it isshown thatnosuchaudience
exists. The movesof the gameare,however, rathercomplicated,and lack the clear
intuitions of the TPI gamemoves. In the metalevel framework, however, the value
preferencesandaudiencesappearaspartof theadmissiblesetconstructedduring the
courseof a TPI dispute,andso we canplay the TPI gameto identify the constraints
putupontheaudience.

To illustrate,consideragain theV -MAF of Figure11b),andsupposeproponent
wishesto accept(j − x7). Opponentchallengeswith (x5 def x7). Examiningthe
framework, we seethat it is futile for proponentto play (r − x5), sincethis will ulti-
matelyrequireproponentto play (r − x7), which hehasalreadyattacked. Therefore
proponentmustplay (x7PPx5L), andthen(>a1) in responseto eitherof opponent’s
possibleattacks.Sincein this gameproponentis only requiredto establishsubjective
acceptance(i.e., (j − x7) is credulouslyjustified), opponentcannotnow play argu-
mentsalreadyattacked by proponent arguments.Specifically, opponent cannotplay
(>a2), andso the gameterminates,with the audienceestablishedas(>a1) ordering
propertyover life.

We concludeby observingthata numberof efficiency gainscanbeobtainedwhen
applyingargumentgamesto metalevel frameworksin general.For example,onecould
allow a player to play morethanoneargumentin a singlemove. In particulara player
couldmove anargumentof the form (x def y), followed by anargumentof the form
(j − x), given that the player’s counterpartwill always be able to play (r − x) in
responseto (x def y), which in turn canalways becounteredby (j − x). If thesetwo
moveswereplayedtogetherthe counterpartwould then have the choiceof attacking
either(x def y) or (j − x). Changesof this sort would eliminatesomeunnecessary
rounds,but nototherwiseimpacton thegame.

We canseethenthatuseof standardTPI gamesplayedon a metalevel framework
improves greatly on the gamesplayeddirectly on VAFs. Unlike the gameof [11],
playersarenot obligedto make unnecessary commitmentsto audiences,andalthough
the game of [13] is soundand complete,the gameplayedon the metalevel frame-
work is simpler sincethe gamein [13] requiresconditionson moves to ensurethat
incompatiblevaluepreferencesarenotexpressed.Here,becausevaluepreferencesand
audiencesareargumentsin theframework, theseconsiderationsarehandleduniformly
throughthe attackmechanism,so that illegitimateargumentsareclearly seenasnot
availablebecauseattackedby anargumentto which theplayeris alreadycommitted.
Further, the requiredpreferencesandthe audiencesthemselvesappearin the admis-
siblesetconstructedby thedialogue, ratherthanbeing separately recoveredfrom the
historyof thedialogueasin [13]. Theseimprovementsstemfrom theability to usethe
cleanframework provided by abstractargumentationto accommodatethe preference
considerationsthat requireexternalmechanisms to expresspreferencesat the object
level.

Finally, noticethatwe canalsoapplyTPI games,or othergamesdefinedfor Dung
frameworks [42], to our metalevel formulationsof extendedargumentation.We will
returnto this topic in ourdiscussionof futurework in Section6.
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4.2 Extending and Integrating Abstract Ar gumentation in Met-
alevel Frameworks

In thespirit of Dung’s original theory, MAFs adopta level of abstractionthatmakes
limited commitmentsto the instantiating logics. Thus metalevel argumentscan be
built from statementsaboutthe existenceof arguments,preferences,attacksetc. in
different object level frameworks, which in turn may be constructed from different
underlyinglogics. This not only allows for integrationand further extensionof the
variousdevelopmentsof abstractargumentation,but alsoprovidesprincipledmeans
for instantiationby, andintegrationof argumentsconstructedfrom differenttheoriesin
differentunderlyinglogics,whereone theorymay encodemetalevel reasoningabout
theargumentsdefinedby another theory.

4.2.1 Extending Abstract Argumentation in Metalevel Frameworks

Recall that in VAFs audiencesserve asoraclesin that it is not possible to debatethe
meritsof belongingto oneaudienceratherthananother. At the metalevel, however,
theaudiencesareargumentswithin theframework, andassuchareopento attacklike
any otherargument,allowing oneto advanceargumentsfor andagainstparticularau-
diences.ConsiderDefinition24’smetalevel formulationof valuebasedargumentation.
Given anobjectlevel V AF we canconstructthe arguments andattacksinstantiating
a V -MAF , andadditionally includein theV -MAF metalevel argumentsthat refer
to objectlevel argumentsandattacksdefinedby argumentation-basedreasoningabout
whattheaudienceshouldbe.

Onepossiblesourceof suchargumentsmay be moral principles. In a debateon
fox hunting,for example,onemight find an argumentalongthe lines of fox hunting
is enjoyedby manypeoplein conflict with an argument suchas fox huntingcauses
animalsuffering. Resolvingthis conflict requireschoosingbetweentheaudiencepre-
ferring thevalueof humanenjoymentto thevalueof animalwelfare,andtheaudience
endorsingthe contrarypreference. Opponentsof huntingcould now appealto some
moralstandards,claimingthat it is not a legitimatechoiceto preferhumanenjoyment
to animal welfare,usinganargumentsuchasno rational personcouldpromoteenjoy-
mentat theexpenseof animalwelfare. Suchanargumentwould attackany audience
endorsingthepreferencefor humanenjoyment.In turn this argumentcouldbesubject
to attack,sothatthedebateshiftsto whatpreferencesarelegitimate.

This kind of argumentationis particularlycommonin thelegal domain,especially
when consideringcommonlaw and the role of precedentcases. Often a casewill
turn on how thecourtchoosesto resolve aconflict betweenpossiblepurposesthatthe
law canserve. Considerthewell known propertylaw caseof Piersonv Post thathas
beenthe subjectof muchdiscussionsinceits introductioninto AI andLaw [25]. In
this casethereis a conflict betweenthe valueof encouraginga sociallyusefulactivity,
andthe needto have clear law to minimisedisputes.While the minority opinion in
Pierson favouredthe first value,the majority preferredclear law to socialutility. In
subsequentcaseswherethis choiceis presented,Piersoncanbecitedasanargument
againstadoptingapreferencefor socialutility.

Thisadditionalexpressivenessis importantfor representingsuchdomains.Whereas
object level frameworks, suchasthat producedfor Piersonandrelatedcasesin [16]
couldidentify thechoicesconfrontingthecourts,they couldcaptureneitherthechoice
actuallymade,nor therationalefor thechoice,bothof whichareessentialfor aproper
representationof precedentialreasoning.For arecentrepresentationof caselaw which
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usesmetalevel frameworksto allow suchargumentation,see[15].

Consideralso that our definition of E-MAFs (Definition 27) admits(given the
BNF specificationof LM in Definition 17) argumentswith claimsof theform defeat
(Zn, defeat(Zn−1, defeat(Zn−2, . . .))), whereeachsuchargumentattacksanargu-
mentwith claim defeat(Zn−1, defeat(Zn−2, . . .)). That is to saywe canmodelre-
cursiveattacksonattacksonattackson . . . etc(seeFigure12). Indeed,suchametalevel
formulationmight evenprovide a basisfor defininganobjectlevel framework extend-
ing EAFs to accommodatesuchrecursive attacks,in thesensethatonemight verify
thecorrectnessof suchanobjectlevel formalisationby showing acorrespondencewith
the metalevel formulation. Recently, [8] have proposedjust suchan objectlevel for-
malisationof recursiveattacks,andwewill discussthiswork in Section5 11.

j-b r-b
b

def a r-aj-a

cD

(bDa)
r-cj-c

eD(cD

(bDa))
r-ej-e

Figure12: An E-MAF with metalevel formulations of recursiveattacksonattacks.

4.2.2 Integrating Abstract Argumentation in Metalevel Frameworks

A numberof works (e.g., [33, 36]) have described requirementsfor extendingvalue
basedargumentationso that criteria other thanthe audience basedrankingof values
canbe usedto underminethe successof attacks.For example,considerthat two ar-
gumentsa andb symmetricallyattack,wherea andb promotethe samevalue. One
maythenwishto arbitratebetweena andb basedon othercriteria,suchastherelative
trustworthinessof thedistinctadvocates(or sources)of eachargument,or thedegree
to which eachargumentpromotesa value. We canformalisea metalevel integration
of valueandpreferenceargumentationby straightforwardly combiningtheP -MAFs
andV -MAFs of Sections3.4 and3.5, by addingan additionalconstraintspecifying
attacksbetweencontrarypairwisevaluepreferencesandstrictpreferencesgivenby the
preferencerelation.

Definition 30 [Integrating Valueand PreferencebasedAr gumentation in a Meta-
level Ar gumentationFramework ]
A V P -MAF is a tuple(AM, RM, C, LM, Dvp), whereDvp = Dv ∪ Dp ∪

{D′ : if C(α) = val pref(val(Y, V ′), val(X,V )) andC(β) = s preferred(X,Y )
then(β, α), (α, β) ∈ RM}.

11Notethattheneedfor recursiveattackswouldalsoneedto becarefullymotivated.In thecaseof EAFs,
attackson attacks readilyadmit interpretationin termsof applyingpreferences,assubstantiatedin [38] by
provisionof EAF semanticsfor [48]’s logic programmingwith defeasiblepriorities
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Example2 Considerthe aV AF in Figure 13 wherethe single audiencea1 orders
valuev1 over v2. Consideralsoa separatelydefinedpreferenceorderingyielding the
strict preferencesc ≫P b, a ≫P b, wherethe latter strict preferenceresolves the
choicebetweenthesymmetricallyattackinga andb, eachof which promotethesame
value. Notice that therearetwo preferredextensionsof theV P -MAF ; theonecon-
taining theshadedargumentsasshown in Figure13b),andthesecondcontainingthe
sameargumentsexcept that bv1Pcv2 replaces(c def b) and (cPb). Both preferred
extensionscontainthesceptically justifiedarguments(j − a) and(j − c).

r-c

a)

b)

 a b    c

v1 v1 v2

j-b r-b b

def c
j-c

 >
a1

j-a

cPb

c

def b

c  Pb
V2 v1

b  Pc
V1 v2

r-a

aPb

b

def a

a

def b

Figure13: A VAF (a)andpreferenceorderingformalisedasaV P -MAF (b) in which
theargumentsin oneof its two extensionsareshaded

In the following example we illustrate the idea of metalevel integration of pref-
erenceandvaluebasedargumentsby referringto object level argumentsfor actions,
value preferences,audiencesand preferencesconstructed from different underlying
logicsandtheories.

Example3 Figure 14 shows the V P -MAF (AM, RM, C, LM, Dvp) illustrating
argumentation-basedreasoningaboutaction. The V P -MAF is instantiatedas fol-
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lows:

• Arguments(j−a1), (j−a2), (j−a3) ∈ AM aremetalevel argumentsclaimingthat
objectlevel argumentsaboutactionarejustified,wheretheseobjectlevel argumentsare
constructedin aBDI logic asdescribedin [7]. a1 anda2 areargumentsfor themedical
actions‘give aspirin’ and‘give chlopidogrel’respectively. Theseargumentsrelatethe
currentbeliefsthatwarrant(arepreconditionsfor) theactionsbringingaboutstatesof
affairsthatrealisea desiredgoal andsoappealto a value.a1 anda2 attackeachother
sincethey representalternativecoursesof medicalactionfor realisingagiventreatment
goal. a3 statesthatchlopidogrelis prohibitively expensive andsoasymmetricallyat-
tacksa2. Given a1, a2 anda3, Figure14 shows the metalevel arguments(j − a1),
(j − a2), (j − a3), (r − a1), (r − a2), (r − a3), (a1 defa2), (a2 defa1) and(a3 def
a2) relatedby metalevel attacks.

r-a2j-a1 r-a1 j-a2

j-a3

a2Pa1

r-a3

a2 def

    a1

 >
a1 a3 Pa2

c h
a2  Pa3

c

a1 def

    a2

a3 def

    a2

h

Figure14: V P -MAF for reasoningaboutmedicalactions

• In [36], constructionof first orderargumentsthatreferto thevaluationsof objectlevel
argumentsis described.Specifically, [36] describesargumentsbuilt from first order
theoriesconsistingof factsthat assignvaluesto constantsnamingthe above object
level argumentsfor action,and orderingson values:

val(a1, health), val(a2, health), val(a3, cost) and>(a1, health, cost)

Basedon thesefirst orderargumentswe constructthe metalevel valuepreference
andaudiencearguments:

((a2healthPa3cost)), ((a3costPa2health)) and(>a1) (C((>a1)) = {(health, cost)}).

• Finally, [36] alsodescribesfirst orderargumentsconstructedfrom first ordertheories
describingclinical trial valuationsof therelative efficacy of drugs.Here,theexistence
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of a clinical trial argumentin [36] concludingthat chlopidogrelis more efficacious
thanaspirinat preventingblood clotting, is usedto constructthe metalevel argument
(a2Pa1) (i.e.,C((a2Pa1)) = s preferred(⌈a2⌉, ⌈a1⌉)).

Thesinglepreferredextensionof theV P -MAF containstheargument(j−a2) claim-
ing that theargumentfor chlopidogrelis justified. It is moreefficaciousthanaspirin,
andtheincreasedcost is discountedgiventhatthevalueof healthis deemedmoreim-
portantthancost(although in practiceit is oftenthecaseendorsementof thecontrary
preferenceis arguedfor onutilitariangrounds).

5 RelatedWork

This paperbuilds on andsubstantiallyextendsprevious work of ours [41] in which
boundedhierarchicalEAFs arerewritten asDung frameworks. In [41] we ‘expand’
R attacksx ⇀ y in anEAF , to obtainattacksx → x → −→xy → y. A D attack
(z, (x, y)) is thenrewritten asan attack z → −→xy in the rewrite. We thenshow how
onecanformaliseandextendvaluebasedargumentationin ahierarchicalEAF , which
is thenrewritten asa Dung framework. The rewrites presentedin [41] have inspired
recentworksby otherauthors[8, 20]. Of particularinterestis [8]’sextensionof EAFs
to accommodaterecursiveattacksonattacks,andtheir rewrite asDungframeworks. It
is instructive to examinehow [8] accommodateattackson attacksandformalisethese
asan objectlevel Dung framework. Considerargumentsa, b, c, d, andattacks(a, b),
(c, d) and(b, (c, d)) ([8] alsoallow attackson attackson attacksetc.). Thenotionof
directandindirectdefeatsfrom attacksto argumentsandattacksis defined,sothatfor
thegivenexample:

(a, b) directlydefeatsb, (c, d) directlydefeatsd, (b, (c, d)) directlydefeats
(c, d) and(a, b) indirectlydefeats(b, (c, d))

Basedon thesenotionsof defeat,notionsof conflict free,acceptabilityandadmis-
sibleandpreferredextensionsaredefined.A Dungargumentationframework rewrite
is alsodefined. Figure15a)shows [8]’s rewrite for the above example,andby way
of comparisonthemetalevelE-MAF formulationis alsoshown in Figure15b). Intu-
itively, [8] effectively modelattacksasarguments,in amannersimilar to ourmetalevel
formulation. Given that [8]’s motivation is to obtaina rewrite ratherthan formalise
metalevel argumentation,therewrite doesnotincludeargumentscorrespondingto met-
alevel argumentsof the form (r − x). Intuitively, however, a correspondenceobtains
between[8]’s rewrite andourmetalevel formulation,sinceanargument(r− b) will be
acceptableiff (a def b) is acceptable,sothatonecanformulateanattackdirectly from
(a def b) to (bD(cDd)). Theseobservationssuggestthereforethat themetalevel for-
mulationof recursive attacksdescribedin Section 4.2.1canbeviewedasa metalevel
formulationof [8]’s objectlevel formalisationof recursiveattacks.

Finally, wementionworkswhichformalise logicsthatexplicitly referto arguments
andtheirrelationsandproperties[19,35,55]. In particular, [55] alsoadvocatetheview
that

“rationalargumentationalsoinvolvesputtingforwardargumentsaboutar-
guments,andit is in this sensethat they aremeta-logical. For example,a
statementthatserves asa justification of anargumentis astatementabout
anargument:theargumentfor which thejustification servesmustitself be
referredto in thejustification.”
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j-a r-a
a

def b r-bj-b

j-c r-c
c

def d r-dj-d

bD

(cDd)

b)

Figure15: Comparingrewrite in [8] (a)andthemetalevel formulationof anEAF (b)

Motivatedby theclaimthat“argumentationandformaldialogueis necessarilya meta-
logical process”, [55] fomalisemetalogicsin which onecanreasonaboutwhatconsti-
tutesan argumentin the objectlevel, attackanddefeatrelationsbetweentheseargu-
ments,their properties(e.g. the valuesthey promote),and their statusin the object
level.

While [55] (and[19, 35]) provide meta-logicsfor reasoningaboutarguments,and
argumentconstructionbasedon thesemeta-logical statements,they donot relatethese
to argumentationframeworks,andsotheargumentationat themetalevel is not consid-
eredusingthis singlepowerful abstraction.Indeed,onecanseehow thesemeta-logics
can be usedto definearguments,attacksand metalevel claims for instantiatingthe
metalevel argumentationframeworksdescribedin thispaper.

6 Conclusions

We concludewith a summaryof this paper’s contributionsanddiscussdirectionsfor
futurework.

In thispaperwedefinedaspecificlanguagein whichargumentsmakeclaimsabout
object level frameworks, thus identifying Metalevel ArgumentationFrameworks in
which the argumentsare constructedfrom statementsassertingthe existenceof ob-
ject level argumentsandtheir purportedmembershipof admissibleextensions,aswell
asstatementsassertingthe existenceof object level attacks,preferenceorderingson
arguments,pairwisevalue preferencesand audiences. The constraintson the met-
alevel attackrelations,basedon theclaimsaboutthe objectlevel frameworks, charac-
terisethe objectlevel reasoningapplied to evaluatethe justified arguments,in terms
of Dung’s acceptability calculus. We have shown correspondencesbetweenthe ob-
ject level frameworksandtheir metalevel formulations;correspondencesthatnot only
yield a numberof practical benefits,but also supporta rhetoricalaim of this paper
to supportthe view that Dung’s acceptabilitycalculusidentifiesgeneral and widely
applicableprinciplesof commonsensereasoning.We have shown how collective at-
tacks,preferencebased,valuebased, andhierarchicalextendedargumentationcanall
be formulatedasinstancesof Dungargumentation.The lack of correspondencewith
non-hierarhicalEAFsreflectsdifferingintuitionsabouttheontological statusof attack
in [38]. Futurework will look to morepreciselyidentify whenthecorrespondencedoes
hold, given that the hierarchicalrestrictionis overly prescriptive; intuitively, a corre-
spondenceshouldhold for any EAFs whosemetalevel formulationsdo not include
attacksthatdirectly, or indirectly, reinstatethemselves.As mentionedin Section4.2.1,

36



futurework will alsoinvestigatemetalevel formulationsof recursiveattacksonattacks,
andin particularinvestigatecorrespondenceswith the recursive attacksformalisedin
[8]. We will alsoinvestigatemetalevel formulationsof Dung frameworksaugmented
with supportrelations [3, 45]. For themoment,we observe that if x supportsy, then
anattackonx propagatesto y. At themetalevel thiswouldbeformalisedin termsof a
metalevel attackfrom (r − x) to (j − y), so that if theargument(r − x) claiming ‘x
is rejected’is in anadmissibleextensionE (andis thereforereinstatedby some(z def
x) ∈ E), thenit cannotbethat(j − y) ∈ E.

In Section4.1wediscussedhow thecorrespondencesshown in Section3 allow one
to transitionthefull rangeof theoreticalandpracticalresultsandtechniquesfor Dung
argumentaton,to developmentsof Dung argumentation. We illustratedby showing
how standardargumentgameproof theoriesfor Dung frameworks canbe beapplied
to valuebasedargumentationframeworks,greatly improving on gamesspecificallyde-
velopedfor the valuebasedframeworks. Futurework will further develop argument
gameproof theoriesfor metalevel frameworks. In particular, thegameswill beapplied
to metalevel formulationsof hierarchicalextendedargumentation,andwewill investi-
gaterelationshipswith a gamebasedproof theoryrecentlydefinedfor EAFs [39] for
thepreferredcreduloussemantics.As discussedin Section4.1, a key focuswill also
beon improving theefficiency of gamesfor metalevel frameworks. Futurework will
alsoaddressapplicationof otherdevelopmentsof Dung argumentation to metalevel
frameworks,includinglabellingsandlabellingalgorithmsfor computingmetalevel ex-
tensions.

Argumentgameproof theoriesfor Dungframeworkshave informedformalisation
of argumentation-baseddialogueswhere,for example,oneagent seeksto persuadean-
otherto adoptabelief it doesnotalreadyholdto betrue[47], or whenagentsdeliberate
aboutwhatactionsto execute[32], or negotiateover resources[4]. Anotherdirection
for futurework will be to formalisesimilar suchdialoguesfor metalevel frameworks,
allowing, for example, agentsto debatevaluepreferencesin valuebaseddeliberation
overactions,andpreferencesin negotiation.

In Section4.2 we describedhow MAFs canbe instantiatedby argumentsbuilt
from statementsaboutobjectlevel frameworks,thusfacilitatingextensionsto, andin-
tegrationsof variousforms of abstractargumentation.We describedhow argumen-
tation over audiencescan beincorporatedin metalevel formulations of V AFs, and
how recursive attackson attackscan be formulatedin E-MAFs, so providing se-
mantic guidelinesfor formalisationof object level Dung frameworks extendedwith
recursiveattacks.Wealsodescribedhow argumentsfor preferenceorderingsandvalue
preferences,built from differentunderlyingtheoriesencodedin different logics, can
be integratedin metalevel integrationsof valueandpreferencebased argumentation.
Theseexamplesby no meansexhaustthe possible extensionsand integrations, and
thereis muchscopefor future work in theseareas.For example,onemight look to
integratepreferenceswith collective attacks,or model the strengthof attacks[10] in
termsof weightsassignedto metalevel argumentsof the form (x def y), whereanat-
tack’s weight may needto exceeda certainthreshold(asrecently described in [29]),
andthefailureto dosomaybemodelledasametalevel attackon (x defy).

7 Appendix

Thefollowing lemmasareusedfor theproofsof themainresults in thispaper. Wefirst
definetheexpansionof DungCandDungframeworks,where,intuitively anexpansion

37



is obtainedby somesubstituting somesubsetof theattacks(X, y) in R (wherein the
caseof a Dung framework X is a singleargumentratherthana setof arguments)as
shown in Figure16.

Definition 31 [Expansion of a framework] Let ∆ = (A,R) bea DungCframework.
Then∆′ = (A′,R′) is saidto be anexpansionof ∆ iff:

• R′ is any setof attacks(R∗ ⊆ R) ∪ {expand((X, y))|(X, y) ∈ (R − R∗)}

whereexpand((X, y)) = {({x}, x), ({x},
−→
Xy)|x ∈ X} ∪ ({

−→
Xy}, y)}

• A′ = A ∪ {x,
−→
Xy|({x},

−→
Xy) ∈ R′)}

Let ∆ = (A,R) be a Dung framework. Then ∆′ = (A′,R′) is said to be anex-
pansionof ∆ if f ∆′ is the expansionof the DungCframework (A,Rs) whereRs =
{({x}, y)|(x, y) ∈ R}.

 x1

 x2

 x3

   y

 x1

 x2

 x3

 x1

 x2

 x3

{x1,x2,x3} y

Collective attack in DungC framework substituted by attacks in expansion

   y

 x    y

Attack in Dung framework substituted by attacks in expansion

 x   x  xy    y

Figure16: Expansionsof DungCcollectiveattacksandDungattacks

Lemmas1 and 2 prove an iff correspondencebetweenadmissibleextensionsof
DungCframeworksandtheir expansions.

Lemma 1 Let (A′,R′) be anexpansionof theDungCframework (A,R). LetE be an
admissibleextension of (A,R). ThenE′ is anadmissibleextensionof (A′,R′) such
that:

1. E′ = E ∪ {
−→
Xy|X ⊆ E, (X, y) ∈ R, expand((X, y)) ⊆ R′} ∪ {y|X ⊆

E, (X, y) ∈ R, y ∈ A′}

2. ∀α ∈ A, if α is acceptablew.r.t. E thenα is acceptablew.r.t. E′

Proof: Let α ∈ A be acceptablew.r.t. E. If ¬∃Ω ⊆ A s.t. ΩRα, thenα is not R′

attacked,andsoα is acceptablew.r.t. E′.
– Suppose∃Ω ⊆ A s.t. ΩRα. By admissibility of E, ∃Γ ⊆ E s.t. ΓRδ, δ ∈ Ω.
SupposeΩR′α andit is not the casethatΓ ⊆ E′, ΓR′δ. Then,ΓRδ is someR attack
(X, y) suchthat expand((X, y)) ⊆ R′. By definition of E′,

−→
Xy ∈ E′, andsince

{
−→
Xy}R′y, α is acceptablew.r.t. E′.
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– Suppose∃Ω ⊆ A′ s.t.ΩR′α, andit is not thecasethatΩRα. ThenΩ is some
−→
Y z, α

somez, where∀y ∈ Y , {y}R′y, {y}R′−→Y x. Since
−→
Y z is obtainedby expandingYRz,

andby admissibilityof E ∃X ⊆ E s.t.XRy′ for somey′ ∈ Y , thenby definition of
E′, y′ ∈ E′, andsoα (= z) is acceptablew.r.t E′.

To show E′ is admissibleit remainsto show thatarguments
−→
Xy, y ∈ E′ areacceptable

w.r.t. E′. If
−→
Xy ∈ E′ then∀x ∈ X, {x}R′−→Xy and{x}R′x, andsinceX ⊆ E and

soX ⊆ E′, then
−→
Xy is acceptable w.r.t. E′. If y ∈ E′ then(y, y) ∈ R′, (X, y) ∈ R

andX ⊆ E henceX ⊆ E′. If expand((X, y)) * R′ thenXR′y, and so y is

acceptablew.r.t. E′. If expand((X, y)) ⊆ R′, then
−→
Xy ∈ E′, where

−→
XyR′y, hencey

is acceptablew.r.t. E′.

Lemma 2 Let (A′,R′) be anexpansionof theDungCframework (A,R). Let E′ be
anadmissibleextensionof (A′,R′). ThenE = (E′ ∩A) is anadmissibleextensionof
(A,R) suchthat:

•
−→
Xy ∈ E′ impliesX ⊆ E, (X, y) ∈ R, andy ∈ E′ implies ∃X, X ⊆ E,
(X, y) ∈ R

• ∀α ∈ A, α is acceptablew.r.t. E′ impliesα is acceptablew.r.t. E

Proof: Let α ∈ A beacceptable w.r.t. E′. If ¬∃Ω ⊆ A′ s.t. ΩR′α, thenα is notR
attackedandsoα is acceptablew.r.t. E.
– Suppose∃Ω ⊆ A′ s.t. ΩR′α. By admissibilityof E′, ∃Γ ⊆ E′ s.t. ΓR′δ, δ ∈ Ω.
SupposeΩRα andit is not thecasethatΓ ⊆ E, ΓRδ. ThenΓ is of the form {

−→
Xy}

(andso (X, y) ∈ R), δ of the form y, and∀x ∈ X, {x}R′−→Xy, {x}R′x, andso by
theadmissibilityof E′, ∀x ∈ X, x ∈ E′. SinceE = (E′ ∩ A), X ⊆ E, andsince

(X, y) ∈ R thenα is acceptablew.r.t. E. Notethatwe have alsoshown that
−→
Xy ∈ E′

impliesX ⊆ E, (X, y) ∈ R.
– Suppose∃Ω ⊆ A s.t. ΩRα, and it is not the casethat ΩR′α. ThenΩ is some
Y , α somez, expand((Y, z)) ⊆ R′. Hence{

−→
Y z}R′z, andby admissibilityof E′,

∃y ∈ E′ s.t. {y}R′−→Y z, wherey ∈ Y . Since{y}R′y, thenby theadmissibilityof E′

either:1) ∃X ⊆ E′ s.t.XR′y, and(X, y) ∈ R, X ⊆ E, andsoα (= z) is acceptable

w.r.t. E or; 2) ∃
−→
Xy ∈ E′ s.t. {

−→
Xy}R′y, whereexpand((X, y)) ⊆ R′ and∀x ∈ X,

{x}R′−→Xy, {x}R′x, andsoby theadmissibilityof E′, X ⊆ E′, andsoX ⊆ E, α (=
z) is acceptablew.r.t. E. Notewe have alsoshown thaty ∈ E′ implies∃X, X ⊆ E,
(X, y) ∈ R.

Lemma 3 Let ∆′ = (A′,R′) be anexpansionof theDungCframework ∆ = (A,R).
Thenfor s ∈ {admissible,complete,preferred,grounded,stable},E is ans extension
of (A,R) if f E′ is ans extensionof (A′,R′), where:

1. ∀α ∈ A, α ∈ E if f α ∈ E′

2. ∃X ⊆ E, (X, y) ∈ R if f
−→
Xy ∈ E′, whereexpand((X, y)) ⊆ R′

3. ∃X ⊆ E, (X, y) ∈ R if f y ∈ E′, wherey ∈ A′

Proof:
1. s = admissible. 1.1Left to right half follows from Lemma1. 1.2. Right to left half
follows from Lemma2.

Let usdefinefunctionsf andg s.t.
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For any admissibleextensionE of ∆, E′ = h(E) asdefinedabove.
For any admissibleextensionE′ of ∆′, E = g(E′) asdefinedabove.

Weshow that:
a) h is monotonicallystrictly increasingin the sensethat ∀E,F s.t. E andF are
admissibleextensionsof ∆ andE ⊂ F , thenh(E) ⊂ h(F )
SupposeE andby 1.1 thecorrespondingadmissibleE′ = h(E). SupposeE ⊂ F and
by 1.1 thecorrespondingadmissibleF ′ = h(F ). It is obviousto seethatE′ ⊂ F ′

b) g is monotonicallystrictly increasingin the sense that∀E′, F ′ s.t. E′ andF ′ are
admissibleextensionsof ∆′ andE′ ⊂ F ′, theng(E′) ⊂ g(F ′)
SupposeE′ andby 1.2 thecorrespondingadmissibleE = g(E′). SupposeE′ ⊂ F ′.
Then:

∀α ∈ (F ′ − E′), if α ∈ A or α is of the form y or
−→
Xy, thenα /∈ E,

respectively ¬∃X ⊆ E s.t. (X, y) ∈ R, sinceotherwise,by application

of 1.1 toE, wewouldhaveα ∈ E′, respectively y or
−→
Xy ∈ E′. (i)

By 1.2, let F bethecorrespondingadmissibleextensionof ∆. Given i), E ⊂ F .

2 s = complete.
2.1 Left to right half: SupposeE is complete. Applying 1.1, E′ is an admissible
extensionof ∆′, whereE = g(E′). SupposeE′ is not complete. Then∃α /∈ E′, α
acceptablew.r.t. E′, andso by Dung’s fundamentallemma[27], F ′ = E′ ∪ {α} is
admissiblewhereF ′ ⊃ E′. Applying 1.2, F = g(F ′) is anadmissibleextensionof ∆,
whereby b), E ⊂ F , contradictingE is complete.
2.2 Right to left half: SupposeE′ is complete. Applying 1.2, E is an admissible
extensionof ∆, whereE′ = h(E). SupposeE is not complete. Then∃α /∈ E, α
acceptablew.r.t. E, andsoby Dung’s fundamental lemma,F = E ∪ {α} is admissible
whereF ⊃ E. Applying 1.1, F ′ = h(F ) is anadmissibleextension of ∆′, whereby
a), E′ ⊂ F ′, contradictingE′ is complete.

3 s = preferred.
3.1 Left to right half: SupposeE is preferred.The proof now proceedsin the same
way as2.1, exceptthatsupposingE′ is not preferredimmediately implies∃F ′ ⊃ E′

s.t.F ′ is admissible.
3.2 Right to left half: SupposeE′ is preferred.The proof now proceedsin the same
way as2.2, exceptthatsupposingE is not preferredimmediatelyimplies∃F ⊃ E s.t.
F is admissible.

3 s = grounded.
4.1Left to right half: SupposeE is grounded.Applying 2.1,E′ is acompleteextension
of ∆′, whereE = g(E′). SupposeE′ is notgrounded.Then∃F ′ ⊂ E′, F ′ is complete.
Applying 2.2, F = g(F ′) is acompleteandsoadmissibleextensionof ∆, whereby b),
F ⊂ E, contradictingE is grounded.
4.2Rightto left half: SupposeE′ is grounded.Applying 2.2,E is acompleteextension
of ∆, whereE′ = h(E). SupposeE is not grounded.Then∃F ⊂ E, F is complete.
Applying 2.1, F ′ = h(F ) is a completeandsoadmissibleextensionof ∆′, whereby
a), F ′ ⊂ E′, contradictingE′ is grounded.

5 s = stable:
5.1 Left to right half: SupposeE is stable. Applying 2.1, E′ is complete. Suppose
α ∈ A, α /∈ E′. Thenα /∈ E, ∃Γ ⊆ E s.t. (Γ, α) ∈ R. SinceE ⊆ E′, Γ ⊆ E′.

Suppose(Γ, α) /∈ R′. Then(Γ, α) = (X, y), expand((X, y)) ⊆ R′ andso
−→
Xy ∈ E′,
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(
−→
Xy, y) ∈ R′. Suppose∃α ∈ (A′ − A), α /∈ E′, ¬∃Γ ⊆ E′ s.t. (Γ, α) ∈ R′. Then

either:
α is of theform y, in whichcase{y}R′y, y /∈ E′. But thenwehavealreadyshown that
y ∈ A is attackedby somesubsetof E′, andsoy is acceptablew.r.t. E′, contradicting
E′ is complete;
α is of the form

−→
Xy, in which case∀x ∈ X, {x}R′−→Xy, x /∈ E′. For any such

x, x ∈ E′, andsince{x}R′x, then
−→
Xy is acceptablew.r.t. E′, contradictingE′ is

complete.
5.2 Right to left half: SupposeE′ is a stableextension.Applying 2.2, E is complete.
Supposesomeα ∈ A, α /∈ E. Thenα /∈ E′, ∃Γ ⊆ E′ s.t. (Γ, α) ∈ R′. Supposeit is

not thecasethatΓ ⊆ E and(Γ, α) ∈ R. ThenΓ is some{
−→
Xy}, α somey, andby 2.2,

∃X ⊆ E, (X, y) ∈ R.

Notice thatsincethedefinitionsof conflict free,acceptabilityandthe extensionsof a
standardDungframework areaspecialcaseof DungCframeworks(i.e.,thecasewhere
everyattackoriginatesfrom asingletonsetof arguments),thencorollariesof theabove
resultsestablishthesamecorrespondencesfor Dungframeworksand theirexpansions.

Corollary 1 Let ∆′ = (A′,R′) be anexpansionof theDungframework ∆ = (A,R).
Thenfor s ∈ {admissible,complete,preferred,grounded,stable}, E is ans extension
of (A,R) if f E′ is ans extensionof (A′,R′), where:

1. ∀α ∈ A, α ∈ E if f α ∈ E′

2. ∃x ∈ E, (x, y) ∈ R if f −→xy ∈ E′, whereexpand((x, y)) ∈ R′

3. ∃x ∈ E, (x, y) ∈ R if f y ∈ E′, wherey ∈ A′

7.1 Proofsfor Section2.1.2

Proposition1 Let ∆ = (A,R), andfor s ∈ {admissible,complete,grounded,pre-
ferred,stable}, let E be ans extensionof ∆. Thenthereexistsans labellingL of ∆
suchthatin(L) = E, andout(L) = (E+) ∪ (E−).

Proof: Obvious,givenTheorem1 andDefinition 6.

7.2 Proofsfor Sections3.2and 3.3

SinceDungCframeworkswith collectiveattacksareastraightforwardgeneralisationof
Dungframeworks,wewill establishaseriesof resultsfor DungCframeworks,andthen
stateSection3.2’s resultsascorollariesof the resultsshown for DungCframeworks.
In whatfollowswewill makeuseof thefollowing generalisationof Notation1.

Notation 3 Let (A,R) beaDungCframework, andE ⊆ A.

•
−−→
E+ denotesthesetof attacksoriginatingfrom setsof argumentsin E:
−−→
E+ = {(B, y) | B ⊆ E,BRy }

• E+ denotesthesetof arguments attackedby setsof argumentsB ⊆ E:
E+ = {y | B ⊆ E,BRy }

• E− denotesthesetof setsof argumentsthatattackarguments in E:
E− = {B | BRx, x ∈ E }
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Lemma 4 Let ∆M = (AM, RM, C, LM,Ddc) betheMAF of a DungCframework
∆ = (A,R). Thenfor s ∈ {admissible,complete,grounded,preferred,stable}, E is
ans extensionof ∆ if f E′ is ans extensionof ∆M , where:

1. XRy ∈
−−→
E+ if f (X defy) ∈ E′

2. y ∈ E+ if f (r − y) ∈ E′

3. x ∈ E if f (j − x) ∈ E′

Proof: Let ∆∗ = (A∗,R∗) be the expansionof ∆ = (A,R) suchthat∀(X, y) ∈ R,
expand((X, y)) ⊆ R∗. Let ∆∗∗ = (A∗∗,R∗∗) be ∆∗’s augmentation, definedas
follows:

A∗∗ = A∗ ∪ {y|y ∈ A} andR∗∗ = R∗ ∪ {({y}, y)|y ∈ A}

In otherwords∆∗∗ is definedby additionallyincludingattacks({y}, y) for those
y thatarenot a memberof somesetY s.t. (Y, x) ∈ R, andarethus arenot obtained
by expandingtheattacksin ∆. Thefollowing holds:

For s ∈ {admissible,complete,grounded,preferred,stable}, E∗ is an s
extensionof ∆∗ if f E∗∗ is ans extensionof ∆∗∗, whereE∗ ⊆ E∗∗, and
(E∗∗ − E∗) = {y|

−→
Xy ∈ E∗, y /∈ A∗} (i)

(i) follows given thatnoR∗∗ attacksoriginatefrom theextra y argumentsin (A∗∗ −
A∗), andso∀α ∈ E∗ ∩ E∗∗, α is acceptablew.r.t. E∗ if f α is acceptablew.r.t. E∗∗,

andsince
−→
Xy ∈ E∗ if f

−→
Xy ∈ E∗∗, {

−→
Xy}R∗y if f {

−→
Xy}R∗∗y, and∀y, {y}R∗∗y, then

eachy ∈ (E∗∗ − E∗) is acceptablew.r.t. E∗∗.

It shouldnow beobviousto seethattheargumentgraphs∆M and∆∗∗ areisomorphic,
wheref is abijective functionfromAM toA∗∗ s.t.

• f((j − x)) = x (wherex ∈ A,A∗,A∗∗)

• f((r − y)) = y

• f((X defy)) =
−→
Xy

andg is abijective functionfromRM toR∗∗ s.t. g(α, β) = (f(α), f(β)).

To seethat this is so, observe that (AM,RM) is effectively obtainedby replacing
every x ∈ A by (j − x), and then every attack (X, y) is expanded,interspersing
(j − x)RM(r − x), (r − x)RM(X def y) for all x ∈ X, and(X def y)RM(j − y),
andfor every(j − x), theattack(j − x)RM(r − x) is added.

Wenow prove themainresult:
• By lemma3,E is ans extensionof ∆ if f E∗ is ans extensionof theexpansion∆∗,
where∀α ∈ A, α ∈ E if f α ∈ E∗, X ⊆ E and(X, y) ∈ R if f

−→
Xy ∈ E∗ (recall that

everyattack(X, y) is expandedin ∆∗) andy ∈ E∗ s.t.y ∈ A∗.
• Given(i),E is ans extensionof ∆ if f E∗∗ is ans extensionof theaugmentation∆∗∗

of ∆∗, where∀α ∈ A, α ∈ E if f α ∈ E∗∗, X ⊆ E and(X, y) ∈ R if f
−→
Xy, y ∈ E∗∗,

(giventhat
−→
Xy ∈ E∗∗ impliesy ∈ E∗∗).

• By theisomorphismof ∆M and∆∗∗: E is ans extensionof ∆ if f E′ is ans extension
of ∆M , where∀x ∈ A, x ∈ E if f (j−x) ∈ E′,X ⊆ E, (X, y) ∈ R (i.e.,XRy ∈

−−→
E+

andy ∈ E+) if f ((X defy)), (r − y) ∈ E′.
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Corollary 2 Let ∆M = (AM, RM, C, LM,Dd) be theMAF of a Dung framework
∆ = (A,R). Thenfor s ∈ {admissible,complete,grounded,preferred,stable}, E is
ans extensionof ∆ if f E′ is ans extensionof ∆M , where:

1. xRy ∈
−−→
E+ if f (x defy) ∈ E′

2. y ∈ E+ if f (r − y) ∈ E′

3. x ∈ E if f (j − x) ∈ E′

Theorem2 Let ∆M = (AM, RM, C, LM,Dd) be theMAF of a Dung framework
(A,R). Thenfor s ∈ {complete,grounded,preferred,stable}, (j − x) ∈ AM is a
credulously, respectively sceptically, justifiedargumentof ∆M underthes semantics,
if f x ∈ A is acredulously, respectively sceptically, justifiedargumentof ∆ underthes
semantics.
Proof Follows from Corollary2.

Proposition2 Let ∆M = (AM, RM, C, LM,Dd) betheMAF of aDungframework
∆ = (A,R). For s ∈ {admissible,complete,grounded,preferred,stable}:
Thereexistsans labellingL of ∆ if f thereexistsans extensionE of ∆M suchthat:

1. x ∈ in(L) if f (j − x) ∈ E

2. y ∈ out(L) if f (r − y) ∈ E

Proof:
Left to right: LetL be ans labellingof ∆. By Theorem1,E′ = in(L) is ans extension
of ∆. By Corollary2, thereis ans extensionE of ∆M, whereE = {(j − x)|x ∈ E′}

∪ {(x def y)| xRy ∈
−−→
E′+} ∪ {(r − y)|y ∈ E′+}. Hence,x ∈ in(L) implies

(j − x) ∈ E, andsinceby Definition 6, y ∈ out(L) implies y ∈ E′+, theny ∈
out(L) implies(r − y) ∈ E.
Right to left: Let E be ans extensionof ∆M. Let E′ = {x|(j − x) ∈ E} be the s
extensionof ∆ asdefinedin Corollary 2, whereif (r − y) ∈ E theny ∈ E′+. By
Proposition1 thereis ans labellingL wherein(L) = E′, out(L) = E′+ (recall that
E′− ⊆ E′+).

Theorem3 Let ∆M = (AM, RM, C, LM,Ddc) betheMAF of aDungCframework
∆ = (A,R). Thenfor s ∈ {complete,grounded,preferred,stable}, (j−x) ∈ AM is a
credulously, respectively sceptically, justifiedargumentof ∆M underthes semantics,
if f x ∈ A is acredulously, respectively sceptically, justifiedargumentof ∆ underthes
semantics.

Proof: Follows from Lemma4.

7.3 Proofsfor Sections3.4and 3.5

In whatfollowswemakeuseof thefollowing notation:

Notation 4 Let (A, defeat) be definedon the basisof (A,R,P) asin Definition 9,
andletE ⊆ A.

•
−−→
E+ denotesthesetof defeatsfrom argumentsin E:
−−→
E+ = {(x, y) | (x, y) ∈ defeat , x ∈ E }
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• E+ denotesthesetof arguments defeatedby argumentsin E:
E+ = {y | (x, y) ∈ defeat, x ∈ E }

• E− denotesthesetof arguments thatdefeatargumentsin E:
E− = {y | (y, x) ∈ defeat, x ∈ E }

Lemma 5 Let (AP , RP , C, LM,Dp) be the P -MAF of a PAF (A,R,P). For
s ∈ {admissible,complete,preferred,stable,grounded}:
E is an s extensionof (A,R,P) if f E′ ∪ {(xPy)|x ≫P y} is an s extensionof
(AP ,RP), where:

1. (x, y) ∈
−−→
E+ if f (x defy) ∈ E′

2. y ∈ E+ if f (r − y) ∈ E′

3. x ∈ E if f (j − x) ∈ E′

Proof By Definition 9,E is ans extensionof (A,R,P) if f E is ans extensionof the
Dung framework (A, defeat), where(x, y) ∈ defeatif f (x, y) ∈ R and¬(y ≫P x).
Let ∆M = (AM, RM, C, LM,Dd) betheMAF of (A, defeat). By Corollary2,E is
ans extensionof (A, defeat) if f EM is ans extensionof (AM, RM), where:

1. (x, y) ∈
−−→
E+ if f (x defy) ∈ EM

2. y ∈ E+ if f (r − y) ∈ EM

3. x ∈ E if f (j − x) ∈ EM

Henceit sufficesto show thefollowing result:

EM is ans extensionof (AM, RM) if f EP =EM ∪ {(xPy)|x≫P y} is
ans extensionof (AP ,RP)

Firstly, notethatit is straightforwardto show that:

i) AM ⊆ AP , whereAP − AM = {(xPy)|x≫P y} ∪ {(y defx)|x≫P y, yRx}

ii) RM ⊆ RP , whereRP − RM =
{((xPy), (y defx)), ((r − y), (y defx)), ((y defx), (j − x))|x≫P y, yRx}

1.1 Left to right half for s = admissible: AssumeEM is an admissibleextensionof
(AM, RM) andEP definedasabove. Weshow thateveryα ∈ EP is acceptablew.r.t.
EP :

1.1.1 Sinceeach(xPy) ∈ AP is not attacked by any argument,theneach(xPy) ∈
AP is acceptablew.r.t. EP .

1.1.2 Supposeα ∈ EM andsoα ∈ EP .
– Suppose(β, α) ∈ RP and(β, α) ∈ RM. Hence,∃γ ∈ EM , (γ, β) ∈ RM,
andsinceRM ⊆ RP , (γ, β) ∈ RP , whereγ ∈ EP by definitionof EP .
– Suppose(β, α) ∈ RP and(β, α) /∈ RM. Sinceα ∈ EM , thenby i) andii)
it mustbethecasethatα is of theform (j − x), β is of theform (y defx), and
(xPy)RP(y defx), where(xPy) ∈ EP .

1.2 Right to left half for s = admissible: AssumeEP is an admissibleextensionof
(AP , RP ) andEM definedasabove. We show thateveryα ∈ EM is acceptablew.r.t.
EM . Supposesome(β, α) ∈ RM. Hence(β, α) ∈ RP and∃γ ∈ EP , γRPβ.
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1.2.1 Supposeγ ∈ EM , (γ, β) /∈ RM. By i) andii), γ mustbeof theform (r− y), β
of theform (y defx), and(y defx) /∈ AM, contradicting(β, α) ∈ RM.

1.2.2 Supposeγ /∈ EM , in which caseγ is of theform (xPy), β is of theform (y def
x), andby i), (y defx) /∈ AM, contradicting(β, α) ∈ RM.

• s ∈ {complete, grounded,preferred}. Wedefinefunctionsf andg s.t.

For any admissibleextensionEM of ∆M = (AM,RM),EP = h(EM ) as
definedabove.
For any admissibleextensionEP of ∆P = (AP , RP ), EM = g(EP ) as
definedabove.

Weshow that:
a) h is monotonicallystrictly increasingin thesensethat∀EM , FM s.t.EM andFM

areadmissibleextensionsof ∆M andEM ⊂ FM , thenh(EM ) ⊂ h(FM ).
SupposeEM andby 1.1 thecorrespondingadmissibleEP = h(EM ). SupposeEM ⊂
FM andby 1.1 thecorrespondingadmissibleFP = h(FM ). It is obvious to seethat
EP ⊂ FP

b) g is monotonicallystrictly increasingin thesensethat∀EP , FP s.t.EP andFP are
admissibleextensionsof ∆P andEP ⊂ FP , theng(EP ) ⊂ g(FP ).
SupposeEP andby 1.2 thecorrespondingadmissibleEM = g(EP ). SupposeEP ⊂
FP , whereby 1.1.1,∀α ∈ (FP − EP ), α is not of the form (xPy). Hence,by 1.2,
FM is thecorrespondingadmissible extensionof ∆, whereEM ⊂ FM .

Givena) andb), theresultis shown to hold for s ∈ {complete,grounded,preferred}
in exactly thesamewayasin Lemma3.

• Left to right half for s = stable: AssumeEM is stable,andEP definedasabove.
Suppose∃α /∈ EP s.t. no argumentin EP RP attacksα. Thenα ∈ AM, since
otherwiseα is of the form (xPy), contradicting(xPy) ∈ EP , or α is of the form
(ydefx), where(xPy)RP(y def x), contradictingno argumentin EP RP attacksα.
Hence,α /∈ EM (sinceotherwiseα ∈ EP by definitionofEP ), andsinceRM ⊆ RP ,
α is notRM attackedby any argumentin EM , contradictingEM is stable.

Right to left half for s = stable: AssumeEP is stable. If EM is not stablethen∃β ∈
AM, β /∈ EM s.t. no argumentin EM RM attacksβ. SinceAM ⊆ AP , then
β ∈ AP . SinceEM ⊆ EP , no argumentin EP − EM is in AM, andEP is stable,
thenβ /∈ EP andthereis anargumentα in EP thatRP attacksβ. α ∈ EP is either:
- anargumentof theform (xPy), in which caseβ is of theform (ydefx). But thenby
i) andii), (ydefx) /∈ AM, contradictingβ ∈ AM.
- not of theform (xPy), in which caseα ∈ EM . By assumptionthatno argumentin
EM RM attacksβ, andby i) andii), αRPβ = (ydefx)RP(j−x) or (r−x)RP(ydefx),
where(y defx) /∈ AM, contradictingα ∈ AM andβ ∈ AM respectively.

Theorem4 Let ∆M = (AM, RM, C, LM,Dp) be the P -MAF of a PAF ∆ =
(A,R,P). Then for s ∈ {complete,grounded,preferred,stable}, (j − x) ∈ AM

is acredulously, respectively sceptically, justifiedargumentof ∆M underthes seman-
tics, if f x ∈ A is a credulously, respectively sceptically, justifiedargument of ∆ under
thes semantics.

Proof Sinceeverycomplete(andsogrounded,preferredandstable)extensionof (AM,
RM) containstheset{(xPy)|x≫P y}, thenthetheoremfollows from Lemma5.
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Lemma 6 Let∆V = (AV ,RV , C,LM,Dv) betheV -MAF of anaV AF ∆ = (A,R,V ,
val,a). Let theextensionsof ∆ betheextensionsof (A, defeata), wherex defeatsa y if f

xRy, and¬(val(y) >a val(x)) (asdefinedin Definition10). Let
−−→
E+, E+ bedefined

asin Notation4. Then,for s ∈ {admissible,complete,preferred,stable,grounded}:

E is ans extensionof ∆ if f E′ ∪ {(xvPyv′)|v >a v
′} ∪ {(>a)} is ans extensionof

(AV ,RV), where:

1. (x, y) ∈
−−→
E+ if f (x defy) ∈ E′

2. y ∈ E+ if f (r − y) ∈ E′

3. x ∈ E if f (j − x) ∈ E′

Proof Let (AM, RM, C, LM,Dd) betheDungMAF of (A, defeata). By Corollary
2,E is ans extensionof (A, defeata) if f EM is ans extensionof (AM, RM), where:

1. (x, y) ∈
−−→
E+ if f (x defy) ∈ EM

2. y ∈ E+ if f (r − y) ∈ EM

3. x ∈ E if f (j − x) ∈ EM

Hence,lettingEM = E′, it sufficesto show thatEM is ans extensionof (AM, RM)
if f EV = EM ∪ {(xvPyv′)|v >a v

′} ∪ {(>a)} is ans extensionof (AV ,RV).

Firstly, it is straightforward to show that:

i) AM ⊆ AV , where:
AV − AM = {>a} ∪ {(xvPyv′)|(xvPyv′) ∈ AV} ∪ {(y defx)|val(x) >a val(y)}

i.e., the setof arguments AV extendsAM with the audienceargument>a, all value
preferencearguments,and thearguments(y defx) thatbydefinitionof ∆V areattacked
by valuepreferenceargumentsendorsedby a.

ii) RM ⊆ RV , whereRV − RM is thesetof attacks((xvPyv′), (yv′Pxv)) between
valuepreferencearguments,all attacks((>a), (yv′Pxv)) from theaudienceargument
to valuepreferencearguments,all attacks((xvPyv′), (y defx)) from valuepreference
to attackarguments,andincomingandoutgoingattacksto and from arguments(y def
x) thatdonotappearin AM giventhatval(x) >a val(y)), i.e.:

{((r − y), (y defx)), ((y defx), (j − x))|val(x) >a val(y)}

iii) EV containstheaudienceargument(>a) andpartitionsthevaluepreferenceargu-
ments,so that for every (yv′Pxv) /∈ EV , (yv′Pxv) is attackedby (>a) (it is not the
casethatv′ >a v ) thusreinstatingevery audienceendorsed(xvPyv′) ∈ EV against
theattackby (yv′Pxv).

Left to right half for s = admissible: AssumeEM is anadmissibleextensionof (AM,
RM) andEV definedasabove. Weshow thateveryα ∈ EV is acceptablew.r.t. EV :

• Let α = (>a). Then(>a) is acceptablew.r.t. EV since>a is not attacked by any
argument,andby iii), all (xvPyv′) ∈ EV areacceptablew.r.t. EV .

• Supposeα ∈ EM ∩ EV .
– Suppose(β, α) ∈ RV and(β, α) ∈ RM. Hence,∃γ ∈ EM , (γ, β) ∈ RM, and
sinceRM ⊆ RV , (γ, β) ∈ RV , whereγ ∈ EV by definitionof EV .
– Suppose(β, α) ∈ RV and(β, α) /∈ RM. Thenby i) andii) it mustbethecasethatα
is of theform (j−x), β is of theform (y defx), whereval(x) >a val(y), and(j−x)

46



is acceptablew.r.t. EV given(xvPyv′)RV(y defx), (xvPyv′) ∈ EV .

Right to left half for s = admissible: AssumeEV is anadmissible extensionof (AV ,
RV ) andEM definedasabove. We show thateveryα ∈ EM is acceptable w.r.t. EM .
Suppose(β, α) ∈ RM. HenceβRVα and∃γ ∈ EV , γRVβ.

• Supposeγ ∈ EM , (γ, β) /∈ RM. By i) andii), γ mustbe of theform (r − y), β of
theform (y defx), and(y defx) /∈ AM, contradicting(β, α) ∈ RM.

• Supposeγ /∈ EM . Thenγ is of the form (xvPyv′) or (>a), andβ is of the form
(y def x) or (yv′Pxv). By i), in eithercaseany suchβ is not in AM, contradicting
(β, α) ∈ RM.

Left to right and right to left half for s ∈ {complete, grounded,preferred}: Let us
definefunctionsf andg s.t. for any admissibleextensionEM of ∆M = (AM,RM),
EV = h(EM ) asdefinedabove, andfor any admissibleextensionEV of ∆V = (AV ,
RV ), EM = g(EV ) asdefinedabove.

We show that a) h is monotonicallystrictly increasing,and b) g is monotonically
strictly increasing,in the sameway as in Lemma5, substitutingthe superscript V
for P , andin theproof of b) noting that∀α ∈ (FV − EV ), by definitionof EV and
FV , α is not a valuepreferenceargument(xvPyv′) or the audienceargument(>a).
Givena) andb), theresultis shown to hold for s ∈ {complete,grounded,preferred}
in exactly thesamewayasin Lemma3.

Left to right half for s = stable: The proof proceedsin the sameway asfor the left
to right half for s = stablein Lemma5 (substitutingRV for RP ), exceptwe show
α ∈ AM asfollows. Supposeotherwise.Then:
– α is theaudienceargument(>a), contradictingα /∈ EV , or;
– byii i), α is avaluepreferenceargument(yv′Pxv) attackedby (>a), contradictingno
argumentin EV RV attacksα, orα is avaluepreferenceargument(xvPyv′) endorsed
by (>a), contradictingα /∈ EV , or;
– α is of the form (y def x) s.t. val(x) >a val(y), andso (y def x) is attacked by
some(xvPyv′) ∈ EV thatis endorsedby (>a), contradictingno argumentin EV RV

attacksα.

Right to left half for s = stable: AssumeEV is stableandEM definedasabove. By
theright to left for s = complete,EM is complete.If EM is notstablethen∃β ∈ AM,
β /∈ EM s.t. no argumentin EM RM attacksβ. SinceAM ⊆ AV , thenβ ∈ AV ,
andsinceEM ⊆ EV andEV is stable,thereis aα in EV thatRV attacksβ. Suppose
α ∈ EV − EM . Thenα is of theform (xvPyv′) or (>a), andβ is of theform (y def
x) or (yv′Pxv), in eithercasecontradictingβ ∈ AM. Supposeα ∈ EV , α ∈ EM ,
whereby assumptionthatnoargumentin EM RM attacksβ, andby i) andii), αRVβ
= (y defx)RV(j − x) or (r − x)RV(y defx), and(y defx) /∈ AM. Hence,thefirst
casecontradictsα ∈ AM, andthesecondcasecontradictsβ ∈ AM.

Theorem5 Let ∆M = (AM, RM, C, LM,Dv) be theV -MAF of an aV AF ∆ =
(A,R,V ,val,a). Then for s ∈ {complete,grounded,preferred,stable}, (j − x) ∈
AM is a credulously, respectively sceptically, justified argumentof ∆M underthe s
semantics,if f x ∈ A is a credulously, respectively sceptically, justified argumentof ∆
underthes semantics

Proof Giventhatevery complete(andsogrounded,preferredandstable)extensionof
(AM, RM) containstheset{(xvPyv′)|v >a v

′} ∪ {(>a)}, thenthetheoremfollows
immediatelyfrom Lemma6.
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Lemma 7 Let∆V = (AV ,RV , C,LM,Dv) betheV -MAF of aV AF ∆ = (A,R,V ,val,
P ). ThenE is a preferred extensionof (A,R,V ,val,a), wherea ∈ P , if f E′ ∪
{(xvPyv′)|v >a v

′} ∪ {(>a)} is apreferredextensionof ∆V , where:

1. (x, y) ∈
−−→
E+ if f (x defy) ∈ E′

2. y ∈ E+ if f (r − y) ∈ E′

3. x ∈ E if f (j − x) ∈ E′

Proof GivenLemma6 it sufficesto show that:

E∗ = E′ ∪ {(xvPyv′)|v >a v
′} ∪ {(>a)} is a preferredextensionof the metalevel

formulation∆a = (Aa, Ra, C,LM,Dv) of (A,R,V ,val,a), wherea ∈ P , if f E∗ is a
preferredextensionof ∆V .
Firstly, notethatit is straightforwardto show thatfor each∆a:

1. Aa ⊆ AV , whereAV − Aa = {(>a′)|a′ 6= a,a′ ∈ P}

2. Ra ⊆ RV , whereRV − Ra =
{((>a′), (xvPyv′)), ((>a′), (>a)), ((>a), (>a′)) |a′ 6= a,a′ ∈ P, v >a v

′}

a) LetE∗ be anadmissibleextensionof some∆a. We show thatE∗ is anadmissible
extensionof ∆V . Suppose(β, α) ∈ RV , α ∈ E∗, and:
– (β, α) ∈ Ra, in whichcase∃γ ∈ E∗, γRaβ, andby 2, γRV β;
– (β, α) /∈ Ra, in which caseby 1 and2, β mustbesome(>a′), a′ 6= a, α is either
some(xvPyv′) or (>a). But then(>a)RV (>a′) where(>a) ∈ E∗.

b) Let E∗ be anadmissibleextensionof ∆V . We show thatE∗ is an admissibleex-
tensionof ∆a. SupposeβRaα, α ∈ E∗. By 2), βRV α, andby the admissibilityof
E∗, ∃γ ∈ E∗, γRV β. Suppose¬(γRaβ). Sinceβ ∈ Aa, thenby 1 and2, it must
be thatγ is some(>a′) s.t. a′ 6= a, andβ is a valuepreferenceargument(xvPyv′).
But this contradictsE∗ is a conflict freesubsetof AV , given that (>a)RV (>a′) and
(>a) ∈ E∗

SupposeE∗ is apreferredextensionof some∆a. By a),E∗ is anadmissibleextension
of ∆V . SupposeE∗ is not a preferredextensionof ∆V . Then,∃E∗∗ ⊃ E∗ s.t. E∗∗

is anadmissibleextensionof ∆V . Supposeα ∈ (E∗∗ − E∗), whereα ∈ (AV −Aa).
But thenthis contradictsE∗∗ is conflict free,giventhatα is eithera valuepreference
or audienceargument,and(>a) ∈ E∗, (>a)RV (yv′Pxv) for every (yv′Pxv) /∈ E∗

(seeiii ) in Lemma6), and(>a)RV (>a′) for everya′ 6= a. Supposeα ∈ (E∗∗ −E∗),
whereα ∈ Aa. By b), E∗∗ is an admissibleextensionof ∆a, contradictingE∗ is a
preferredextensionof ∆a.

SupposeE∗ is a preferredextensionof ∆V . By b), E∗ is anadmissibleextensionof
∆a. SupposeE∗ is not a preferredextensionof ∆a. Then,∃E∗∗ ⊃ E∗ s.t. E∗∗ is
anadmissibleextensionof ∆a. But thenby a), E∗∗ is anadmissibleextensionof ∆V ,
contradictingE∗ is apreferredextensionof ∆V .

Theorem6 Let ∆M = (AM, RM, C, LM,Dv) be the V -MAF of a V AF ∆ =
(A,R,V ,val,P ). Thenfor any x ∈ A, (j − x) ∈ AM:

1. x is anobjectively acceptableargumentof ∆ if f (j − x) is ascepticallyjustified
argumentof ∆M underthepreferredsemantics.

2. x is asubjectively acceptableargumentof ∆ if f (j−x) is acredulouslyjustified
argumentof ∆M underthepreferredsemantics.
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Proof
1) Left to right: Let x be anobjectively acceptableargumentof ∆. Supposeany pre-
ferredextensionE′ of ∆M . SinceE′ is complete,it mustcontain someset{(xvPyv′)
| v >a v

′} ∪ {(>a)} where(>a) ∈ AM. Suppose(j − x) /∈ E′. But thenby the
right to left half of Lemma7, thereis a correspondingpreferredextensionE of some
(A,R,V ,val,a) that doesnot containx, contradictingx is an objectively acceptable
argumentof ∆.

Right to left: Let E′ be any preferredextensionof ∆M , whereE′ mustcontainsome
set{(xvPyv′)|v >a v

′} ∪ {(>a)}. Wehave (j − x) ∈ E′, andby theright to left half
of Lemma7, thereis a correspondingpreferredextensionE of some(A,R,V ,val,a)
thatcontainsx.

2) Left to right: LetE bethepreferredextensionof some(A,R,V ,val,a), x ∈ E. By
the left to right half of Lemma7, thereis a correspondingpreferredextensionE′ of
∆M s.t. (j − x) ∈ E′.

Right to left: Let E′ be any preferredextensionof ∆M , whereE′ mustcontainsome
set{(xvPyv′)|v >a v

′} ∪ {(>a)}. Let (j−x) ∈ E′. By theright to left half of Lemma
7, thereis acorrespondingpreferredextensionE of (A,R,V ,val,a) thatcontainsx.

7.4 Proofsfor Section3.6

Lemmas8, 9 and10areusedin theproofof Theorem7.

Lemma 8 Let ∆H = ( ((A1,R1),D1), . . ., ((An,Rn),Dn) ) be the partition of the
boundedhierarchical∆ = (A,R,D).
Let ∆M = (AM, RM, C, LM,De) be the metalevel formulationof ∆ asdefined in
Definition28.
Thenthereexistsapartition∆MH of ∆M suchthat:
∆MH = ( ((A′

1,R
′
1), (A

′
1−D,R

′
1−D)), . . ., ((A′

n,R
′
n), (A′

n−D,R
′
n−D)) ), where:

1. AM =
⋃n

i=1
(A′

i ∪ A′
i−D ) andRM =

⋃n

i=1
( R′

i ∪R′
i−D )

2. for i = 1 . . . n, (A′
i,R

′
i) aretheargumentsandattacksin theDungMAF for-

mulationof (Ai,Ri)

3. for i = 1 . . . n: (z, (y, x)) ∈ Di iff

({(j − z), (r − z), (zD(yDx)),(ydefx)} ⊆ A′
i−D,

{((j−z),(r−z)), ((r−z),(zD(yDx))), ((zD(yDx)),(ydefx)) ⊆ R′
i−D

4. (A′
n−D,R

′
n−D) = (∅, ∅), Dn = ∅

ProofProofisobvious.Intuitively, thepartition∆MH correspondsto thepartition∆H ,
whereeachDungframework (Ai,Ri) is formulatedasits DungMAF with arguments
and attacks(A′

i,R
′
i), and the Di attacksare formulatedas the metalevel attacksin

(A′
i−D,R

′
i−D). We illustratewith theexample in Figure17.

Lemma 9 Let ∆H , ∆M andits partition∆MH = ( ((A′
1,R

′
1), (A

′
1−D,R

′
1−D)), . . .,

((A′
n,R

′
n), (A′

n−D,R
′
n−D)) ) bedefinedasin Lemma8. Let usdefinethetuple:

( ((A′
1,R

′
1),R

′
1−Dr), . . ., ((A′

n,R
′
n),R′

n−Dr) )

wherefor i = 1 . . . n − 1, the Dung framework (A′
i−D,R

′
i−D)) with attacks((j −

z),(r− z)), ((r− z),(zD(yDx))), ((zD(yDx)),(ydefx)), is replacedby thesingleton
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setof attacksR′
i−Dr = {((j − z), (ydefx))} (noticethat for i = 1 . . . n − 1, (ydefx)

∈ A′
i and(j − z) ∈ A′

i+1)

Let thereduction∆MHr of ∆MH bedefinedas(AMHr,RMHr) where12:

AMHr =
⋃n

i=1
A′

i andRMHr =
⋃n

i=1
( R′

i ∪R′
i−Dr ).

Then∀α ∈ AMHr ∩ AM, for s ∈ {complete,grounded,preferred,stable}, α is a
credulously, respectively scepticallyjustified argumentof ∆MHr underthes seman-
tics, if f α is acredulously, respectively scepticallyjustifiedargumentof ∆M underthe
s semantics.

Proof: ∆MH is anexpansionof ∆MHr suchthateach((j − z), (ydefx)) ∈ RMHr is
expandedtoobtaintheset{((j−z),(r−z)), ((r−z),(zD(yDx))), ((zD(yDx)),(ydefx))}
in RMHr. Theresultthereforefollows from Corollary1.

y3

y2

!H

x1 y1

x2

x3

(A1 , R1 )

(A2 , R2 )

(A3 , R3 )

D1 

D2

D3 = u

!M H

x1

def y1j-x1 r-x1 j-y1 r-y1

x2D

(x1Dy1)

j-x2

r-x2

r-x2
x2

def y2 j-y2 r-y2

x3D

(x2Dy2)

j-x3

r-x3

r-x3
x3

def y3 j-y3 r-y3

(A'1 , R'1 )

(A'2 , R'2 )

(A'3 , R'3 )

(A'2-D , R'2-D )

(A'1-D , R'1-D )

!M Hr

j-x3 r-x3
x3

def y3 j-y3 r-y3

(A'3 , R'3 )

x1

def y1j-x1 r-x1 j-y1 r-y1

(A'1 , R'1 )

j-x2 r-x2
x2

def y2 j-y2 r-y2

(A'2 , R'2 )

  R'2-D 

R'1-D 

Figure17: ∆H is thehierarchicalpartitionof theEAF ∆, and∆MH is thehierarchical
partitionof ∆’s metalevel formulation∆M . ∆MHr is thereductionof ∆MH .

12SeeFigure17 for anexampleof ∆MH andits reduction∆MHr
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Lemma 10 Let E be anadmissibleextensionof a bounded hierarchicalEAF ∆ =
(A,R,D). Let x ∈ E, x →E y andRs a reinstatementset for x →E y. Then
∀F ⊃ E s.t.F is admissible,x→F y andRs is a reinstatementsetfor x→F y.

ProofGiventhepartition( ((A1,R1),D1), . . ., ((An,Rn),Dn) ) of ∆, wecanpartition
E into E1 ∪ · · · ∪ En wherex ∈ Ei if f x ∈ Ai and(y, x) ∈ R implies(y, x) ∈ Ri,
(x, y) ∈ R implies (x, y) ∈ Ri, and (y′, (x, y)) ∈ D implies (y′, (x, y)) ∈ Di,
y′ ∈ Ai+1. Wenow prove theresultby induction on i:

Basecase: Supposex ∈ En−1, x →E y, and y′1, . . . , y
′
m s.t. for k = 1 . . .m,

(y′k, (x, y)) ∈ Dn−1. SinceDn = ∅, thenthereinstatementsetRs for x→E y is of the
form {x →E y, x′1 →E y′1, . . . , x

′
m →E y′m}, sincefor k = 1 . . .m ¬∃(z, (x′k, y

′
k)) ∈

D. The latter also implies that for any admissibleF s.t. F ⊃ E, y′k /∈ F (since
otherwiseF would not be conflict free), x →F y andRs = {x →F y, x′1 →F

y′1, . . . , x
′
m →F y′m} is a reinstatementsetfor x→F y.

Inductivehypothesis: Theresultholdsfor x ∈ Ej , j > i.
General case: Supposex ∈ Ei, x →E y anda reinstatementsetRs for x →E y.
Suppose{y′1, . . . , y

′
m} = {y′|(y′, (x, y)) ∈ D}. By assumptionof Rs, for k = 1 . . .m,

∃x′k ∈ Ei+1 s.t. x′k →E y′k. Hence,Rs = {x →E y}∪
⋃m

k=1
Rsk whereRsk is a

reinstatementsetfor x′k →E y′k. By inductive hypothesis,for k = 1 . . .m, x′k →F y′k
andRsk is a reinstatementsetfor x′k →F y′k. Hence,x →F y (sincefor k = 1 . . .m,
y′k /∈ F , giventhatby Proposition2 in [38] no two argumentsdefeatF eachotherin a
conflict freeF ) and

⋃m

k=1
Rsk ∪ {x→F y} is a reinstatementsetfor x→F y.

Theorem7 Let ∆M = (AM, RM, C, LM,De) be theE-MAF of a boundedhier-
archicalEAF ∆ = (A,R,D). Thenfor s ∈ {complete,grounded,preferred,stable},
(j − x) ∈ AM is a credulously, respectively sceptically, justified argument of ∆M

underthe s semantics,if f x ∈ A is a credulously, respectively sceptically, justified
argumentof ∆ underthes semantics.

Proof Let ∆H = ( ((A1,R1),D1), . . ., ((An,Rn),Dn) ) be the partition of ∆. Let
∆MH be the partition of ∆M . Let ∆MHr = (AMHr,RMHr) be the reduction of
∆MH , asdefinedby Lemma9 onthebasisof

( ((A′
1,R

′
1),R

′
1−Dr), . . ., ((A′

n,R
′
n),R′

n−Dr) )

GivenLemmas8 and9, it sufficesto show that:

(j − x) ∈ AMHr is a credulously, respectively sceptically, justified argu-
mentof ∆MHr underthes semantics,if f x ∈ A is a credulously, respec-
tively sceptically, justified argumentof ∆ underthes semantics.

To show theabove we show that:E is ans extensionof ∆ if f E′ is ans extensionof
∆MHr, where:

1. x ∈ E, x defeatsE y andthere is a reinstatementsetfor thedefeatx →E y if f
(x defy), (r − y) ∈ E′

2. x ∈ E if f (j − x) ∈ E′

Observe that:

O1 Referringto theEAF∆ anditshierarchicalpartition∆H : ∀(β, α) ∈ R, ∀(γ, (β, α)) ∈
D, (β, α) ∈ Ri if f (γ, (β, α)) ∈ Di, γ ∈ Ai+1
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O2 For i = 1 . . . n: (A′
i,R

′
i) are the argumentsand attacksin the DungMAF

formulationof (Ai,Ri) in thepartition∆H of ∆

O3 For i = 1 . . . n − 1, (γ, δ) ∈ R′
i−Dr implies γ ∈ A′

i+1, δ ∈ A′
i, andγ is an

argumentof theform (j − z), δ is anargumentof theform (ydefx).

O4 For i = 1 . . . n, ((j − z), (ydefx)) ∈ R′
i−Dr if f (z, (y, x)) ∈ Di.

O1 − O4 imply thatE canbe partitionedinto E1, . . . , En, andE′ into E′
1, . . . , E

′
n,

andthatthetheoremis shown by proving by inductionon i, thefollowing result:

Ei = (Ei ∪ . . . ∪ En) is an s extensionof (Ai,Ri,Di) = (Ai ∪ · · · ∪ An,Ri ∪
· · · ∪ Rn,Di ∪ · · · ∪ Dn) if f Ei′ = (E′

i ∪ . . . ∪ E
′
n) is ans extensionof (Ai′ ,Ri′) =

(A′
i ∪ · · · ∪ A′

n,R
′
i ∪R′

i−Dr ∪ · · · ∪ R′
n ∪R′

n−Dr), where:

1. z ∈ Ei, z defeatsEi y andthereis a reinstatementsetfor thedefeatz →Ei y if f
(z defy), (r − y) ∈ Ei′

2. x ∈ Ei if f (j − x) ∈ Ei′

1) s = admissible. Firstly, notethat:

R1 Ei = (Ei ∪ . . .∪En) is anadmissibleextensionof (Ai,Ri,Di) implies∀j > i,
Ej = (Ej ∪ . . . ∪ En) is anadmissibleextension of (Aj ,Rj ,Dj).
To show theabove, assumeα ∈ Ej , β →Ej

α, wheregiven thepartitionof ∆,
if (γ, (β, α)) ∈ D then(γ, (β, α)) ∈ Dj , γ ∈ Aj+1. Henceβ →Ei

α, andby
theadmissibilityof Ei, ∃γ ∈ Ei, γ →Ei

β andthereis a reinstatementsetRSi

for γ →Ei

β. Given the partition of ∆, γ ∈ Aj andif (δ, (γ, β)) ∈ D then
(δ, (γ, β)) ∈ Dj , δ ∈ Aj+1. Hence,it is straightforwardto show thatγ →Ej

β

andthereis a reinstatement setRSj for γ →Ej

β.

R2 Ei′ is anadmissibleextensionof (Ai′ ,Ri′) implies∀j > i,Ej′

is an admissible
extensionof (Aj′

,Rj′

).
This follows given ∆’s partition, which implies that ∀j > i, no argumentin
(Ai′−Aj′

) Ri attacksanargumentin Aj′

, andsofor any α ∈ Ej′

, (β, α) ∈ Ri′

if f (β, α) ∈ Rj′

, and∃γ ∈ Ei′ s.t. (γ, β) ∈ Ri′ if f γ ∈ Ej′

and(γ, β) ∈ Rj′

.

Basecase(i = n): SinceDn = ∅, z defeatsEn y if f zRny, and trivially thereis a
reinstatementsetfor z →En

y. Also, Rn−Dr = ∅, and(A′
n,R

′
n) arethe arguments

andattacksin theDungMAF formulationof (An,Rn). Hence,for i = n, theresult
follows immediatelyfrom Corollary 2.

Inductivehypothesis(IH): Theresultholdsfor j > i.

General Case:

Left to right half : LetEi = (Ei∪. . .∪En) be anadmissibleextensionof (Ai,Ri,Di).
We show thatEi′ asdefinedabove is an admissibleextensionof (Ai′ ,Ri′). By R1,
Ei+1 = (Ei+1 ∪ . . . ∪ En) is anadmissibleextensionof (Ai+1,Ri+1,Di+1), andby
IH,Ei+1

′

= (E′
i+1∪ . . .∪E

′
n) is anadmissibleextensionof (Ai+1

′

,Ri+1
′

). Weshow
thatEi′ , whereEi′ ⊃ Ei+1

′

, is anadmissibleextensionof (Ai′Ri′).

Supposex ∈ Ei. Then(j − x) ∈ Ei′ . Weshow (j − x) is acceptablew.r.t. Ei′ :
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By definitionof ∆ and∆MHr, ∃(y, x) ∈ Ri if f ∃((ydefx), (j−x)) ∈ Ri′ .
SupposeyRix. By assumptionof x acceptablew.r.t. Ei, ∃z ∈ Ei s.t.
z →Ei

y andthereis a reinstatementsetfor z →Ei

y. By definition of
Ei′ , (j − z), (zdefy), (r − y) ∈ Ei′ , where(r − y)Ri′(ydefx), andso
(j − x) is acceptablew.r.t. Ei′ .

The result is shown in full by showing that (r − y) and(zdefy) areacceptablew.r.t.
Ei′ :

Firstly, (zdefy) ∈ E′
i reinstates(r−y) againsttheattack(j−y)Ri′(r−y).

Secondly, (j−z) ∈ E′
i reinstates(zdefy) againsttheattack(r−z)Ri′(zdefy).

However, suppose∃(j − y′) ∈ E′
i+1 s.t. ((j − y′), (zdefy)) ∈ R′

i−Dr.
Hence,(y′, (z, y)) ∈ Di, and by assumptionof a reinstatementset for
z →Ei

y, ∃z′ ∈ Ei+1, z′ →Ei

y′, andthereis a reinstatementset for
z′ →Ei

y′. By R1 andIH above, (j − z′), (z′defy′) ∈ E′
i+1, andgiven

(z′defy′)Ri+1
′

(j− y′) andso(z′defy′)Ri′(j− y′), (zdefy) is acceptable
w.r.t. Ei′ .

Rightto left half : LetEi′ = (E′
i ∪ . . .∪E

′
n) be anadmissibleextensionof (Ai′ ,Ri′).

We show thatEi asdefinedabove is anadmissibleextensionof (Ai,Ri,Di). By R2,
Ei+1

′

= (E′
i+1 ∪ . . . ∪ E

′
n) is anadmissibleextensionof (Ai+1

′

,Ri+1
′

), andby IH,
Ei+1 = (Ei+1 ∪ . . . ∪ En) is an admissibleextensionof (Ai+1,Ri+1,Di+1). We
show thatEi, whereEi ⊃ Ei+1, is anadmissibleextension of (Ai,Ri,Di).

Suppose(j − x) ∈ E′
i. Thenx ∈ Ei. Weshow x is acceptablew.r.t. Ei:

By definitionof ∆ and∆MHr, ∃(y, x) ∈ Ri if f ∃((ydefx), (j − x)) ∈ Ri′ . Suppose
((ydefx), (j − x)) ∈ Ri′ . SinceEi′ is admissible,either:
a)∃(j − x′) ∈ E′

i+1 s.t. (j − x′)R′
i−Dr(ydefx), andso(x′, (y, x)) ∈ Di. By R2 and

IH, x′ ∈ Ei+1, andsoy 9Ei

x,
or;
b) ∃(r− y) ∈ E′

i s.t. (r− y)Ri′(ydefx), andsince(j − y)Ri′(r− y), ∃(zdefy) ∈ E′
i

s.t. (zdefy)Ri′(j − y) (andsozRiy) andsince(r − z)Ri′(zdefy), ∃(j − z) ∈ E′
i s.t.

(j − z)Ri′(zdefy). By definition,z ∈ Ei.

Suppose(j − y′1) . . . (j − y′m) ∈ A′
i+1 s.t. for k = 1 . . .m, (j − y′k)Ri′(zdefy), in

whichcasefor k = 1 . . .m, (y′k, (z, y)) ∈ Di. For eachsuch(j−y′k), by admissibility
of Ei′ , ∃(z′defy′k) ∈ E′

i+1 s.t. (z′defy′k)Ri′(j − y′k), andsince(r − z′)Ri′(z′defy′k),

∃(j − z′) ∈ E′
i+1 s.t. (j − z′)Ri′(r − z′). By R2 andIH, z′ ∈ Ei+1, z′ →Ei+1

y′k,

andthereis a reinstatementsetRsk for z′ →Ei+1

y′k.
Hence,wehavez ∈ Ei, z →Ei

y, andthereis areinstatementset
⋃m

k=1
Rsk∪{z →Ei

y} for z →Ei

y. Hencex is acceptablew.r.t. Ei.

We have shown: 1.1= theleft to right half for s = admissible,and;1.2= theright to
left half for s = admissible.Wedefinefunctionsf andg s.t.

For any admissibleextensionE of ∆, E′ = h(E).
For any admissibleextensionE′ of ∆MHr, E = g(E′).

Fromhereon,wewill let ∆′ = (A′,R′) denote∆MHr. Weshow that:

a) h is monotonicallystrictly increasing.
SupposeE andby 1.1 the correspondingadmissible E′ = h(E). SupposeE ⊂ F
andby 1.1 the corresponding admissibleF ′ = h(F ). Suppose∃x ∈ E s.t. x →E y
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andthereis a reinstatementset for x →E y. By lemma10, x →F y andthereis a
reinstatementsetfor x→F y, andsoit mustbethatE′ ⊂ F ′.

b) g is monotonicallystrictly increasing.
SupposeE′ andby 1.2 thecorrespondingadmissibleE = g(E′). SupposeE′ ⊂ F ′,
where:

∀α ∈ (F ′ − E′), if α is of the form (j − x), or α is of the form (r − y)
or (xdefy), thenx /∈ E, respectively ¬∃x ∈ E s.t. x →E y andthereis
a reinstatementsetfor x →E y, sinceotherwise,by 1.1, we would have
(j − x) ∈ E′, respectively (r− y) or (xdefy) ∈ E′. (i)

By 1.2, letF bethecorrespondingadmissibleextensionof ∆. If ∃(j−x) ∈ (F ′−E′)
thenx ∈ F , andby i), E ⊂ F . If ∃(r − y) ∈ (F ′ − E′) or ∃(xdefy) ∈ (F ′ − E′),
then∃x ∈ F s.t. x →F y andthereis a reinstatementsetfor x →F y. Given i), there
arethreecasesto consider:1) Supposex ∈ E andx 9E y. ThengivenE ⊆ F it
cannotbethatx →F y; 2) Supposex ∈ E, x →E y andthereis no reinstatementset
for x →E y. But thensincethereis a reinstatementsetfor x →F y, it mustbe that
E ⊂ F ; 3) Supposex /∈ E. ThenE ⊂ F .

Left to right andright to left half for s ∈ {complete, grounded,preferred}. Givena)
andb), thetheoremis shown to hold in exactly thesamewayasin Lemma3.

Left to right half for s = stable: SupposeE is stable.HenceE is complete13. By the
left to right for s = complete,E′ is complete.Supposeα /∈ E′, α is notR′ attackedby
anargumentin E′. Therearethreecasesto consider:
a)α is some(j − x) /∈ E′. Thenx /∈ E, ∃y ∈ E s.t. y →E x. Noticethattheremust
be a reinstatementset for y →E x, sinceto supposeotherwisemeansthat for some
y′ ∈ E, x′ /∈ E s.t.y′ →E x′, then∃(x′′, (y′, x′)) ∈ D s.t.x′′ /∈ E, and¬∃y′′ ∈ E s.t.
y′′ →E x′′, contradictingE is stable.Hence,(ydefx) ∈ E′, where(ydefx)R′(j − x).
b) Supposesome(r − x) /∈ E′, andsogiven (j − x)R′(r − x), (j − x) /∈ E′. But
thenwehaveshown in a) that(ydefx) ∈ E′, where(ydefx)R′(j − x), andso(r − x)
is acceptablew.r.t. E′, contradictingE′ is complete.
c) Supposesome(ydefx) /∈ E′, andsogiven (r − y)R′(ydefx), (r − y) /∈ E′. But
thenwehaveshown in b) that(j − y) ∈ E′, (j − y)R′(r− y). Supposesome(j − x′)
s.t. (j − x′)R′(ydefx), (j − x′) /∈ E′. We have shown in a) that (y′defx′) ∈ E′,
where(y′defx′)R′(j − x′). Hence(ydefx) is acceptablew.r.t. E′, contradictingE′ is
complete.

Rightto left half for s = stable: SupposeE′ is astableextension.By theright to left for
s = complete,E is complete. Supposesomex /∈ E. Then(j−x) /∈ E′, ∃(ydefx) ∈ E′

s.t. (ydefx)R′(j − x), andby theright to left half for s = complete,y ∈ E, y →E x.
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