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Abstract

The abstractnatureof Dung’s seminaltheory of agumentationaccountsfor
its widespreadapplicationas a generalframevork for various speciesof non-
monotonicreasoningand, more generally reasoningn the presenceof conflict,
whethersuchconflict arisesgivenuncertainor incompleteinformationor asa re-
sult of differing opinionsor prefereaces. In this paperwe formalisereasoning
aboutargumentatiorwithin the Dungargumentatiorparadigmitself. A metalevel
Dungargumentatiorframevork is itself instantiatecdby agumentghatmake state-
mentsaboutargumentstheir interactions,andtheir evaluationin an object-level
argumentationframevork. We shav how Dung’s theory and objectlevel exten-
sionsof Dung’s theory suchasthoseintendedto accommodat@referencesgan
thenbeuniformly charactesedby metalerel agumentatiorin a Dungframework.
We thereforeformalisea rangeof extensionsto Dung’s theory within the Dung
paradigmitself, andshav how thisthenprovidesfor applicationof thefull rangeof
theoreticaland practicaldevelopmentsof Dung’s theory to extensionsof Dung’s
theory and combinationand further augmentatiorof theseextensions. Further
more,in thespirit of Dung’s originaltheory metalevel framevorksadoptalevel of
abstractiorthatmaleslimited commitmentgo theinstantiatingogics. Metalevel
frameworksthusprovide principledmeandor instantiationby, andintegrationof
amgumentsconstructedrom differentunderlyinglogics, whereonelogic may en-
codemetalevel ressoningaboutthe amgumentsandattacksdefinedby a theoryin
anotherogic.

Keywords: ArgumentationPung,Metalevel, Preferenes,Values Non-monotonic
reasoningConflict Resolution

1 Intr oduction

1.1 Background

The formal study of agumentatiorhas cometo be a core study within Artificial In-
telligence[14]. Logic basedmodelsof argumentatiorhave beenappliedto formal-
isation of conflict resolutionin propositionaland first order classicallogics [2, 17],
non-monotonidogics[21, 27, 31], to defeasibleeasoningandconflict resolutionover
the full gamut of agents’ mentalattitudes[1, 37], andto decisionmaking over ac-
tions[7, 34]. Theinherenly dialecticalnatureof thesemodelshave beenexploitedin
the developnent of algumentgameproof theoriesfor argumentation[24, 28, 42,53],
andfoundationsfor formalisationof agumenation-basedlialogueq4, 32,47]. Fur
thermore recentmajor researctprojects[5, 6, 30] have developedgeneralmodelsof
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amgumentatiorbasednference decisionmakinganddialogue andimplementationsf
thesemodelsfor deploymentin agentandsemantia@yrid applications.

Many of theabove theoreticabndpracticaldevelopmentsuild on Dung’s seminal
theoryof agumentéion [27]. A Dungargumentatiorframevork is a directedgraph
consistingof a setof agumentsA and a binary conflict basedattad relation R on
A. The extensions,and so justified argumentsof a framework are then definedun-
derdifferentsemanticswherethe choiceof semanticequatesvith varying degreesof
scepticisnor credulity Extensimsaredefinedthroughapplicationof an‘acceptability
calculus’,wherebyanamgumentz € A is saidto beacceptablewith respecto S C A,
iff any argumenty that attacksz is itself attacled by someargumentz in S. For ex-
ample,if S is amaximal(undersetinclusion)setsuchthatall its containel aguments
areacceptablavith respecto S, then S is saidto be anextensionunderthe preferred
semantics.

Dung’s theory hasbeendevelopedin a numberof directions. Someworks have
motivatedandformalisedcollective attackshetweensetsof, ratherthan single,argu-
ments[18, 44]. Otherworks formalisethe role of preferencessothatan argumentz
successfullyattacksy iff y is not preferredto = accordingto somegiven preference
relationon A [2], or thevaluepromotedby y is not ranked higherthanthe value pro-
motedby z, accordingto a given orderingon values[12]. More recently [38, 40]'s
ExtendedArgumentéion Framevork (£ A F') extendsDung's framevork to includear
gumentsthat attack attacks. Thus, if  andy attackeachother thenan agumentz
justifying a preferenceor y over x, attads the attack from z to y. In this way, the
extendedargumentationframevork allows for algumentatiornbasedreasoningabout
possiblyconflicting preferencenformationto be accommodtedwithin the argumen-
tationframework itself. In [8], this ideahasbeenfurthergeneralisedo thatnot only
canamgumentsattackattacks put theseattackson attackscanthemselesbe attacled.
Finally, a numberof works augmentDung’s framework to includea supportrelation
onargumentg3, 45].

The continuingdevelopment andwidespreadnfluenceandapplicationof Dung’s
ideascanbe attributedto the abstrachatureof a Dungargumentatiorframewvork, and
to the encodingof intuitive genericprinciplesof commonsenseeasoningn the ac-
ceptability calculus,embodyingthe key insightthat an argumentis not acceptabler
unacceptabl@ itself, but relative to the context of otheravailableargumentsnotonly
thosewhich attackit, but also those which attackthoseattaclers. Its abstractature
allows for instantiationby variouslogical formalisms;oneis free to choosea logic £
and definewhat constitutesan agumentand attackbetweenargumentsdefinedby a
theoryin £. Thus, a theorys inferencescanthenbe definedin termsof the claims
of thejustified agumentsconstructedrom the theory (an argumentessentiallybeing
a proof of a candidatanference— the aguments claim — in the underlyinglogic).
Indeed,mary logic programmingormalismsandnon-monaonic logics (e.g. default,
auto-epistemicnon-monotonignodallogics, certaininstance®f circumscrigion, and
defeasibldogic) have beenshowvn to conformto Dung’s semantic421, 26, 27,31],
thustestifying to the generahppicability of the principlesencodedn theacceptability
calculus.Dung’stheor canthereforebe understoodisa semantic§or non-monotonic
reasoningln this view, whatappropriatelyaccountgor thecorrectnessf aninference
is thatan argumentfor the inferencecanbe shavn to rationally prevail in the faceof
argumentdor opposinginferenes,where,one canclaim that: it is applicationof the
acceptabilitycalculusthat encodesogic neutral, rational meangor establishingsudh
standadsof correctness



1.2 Overview of Paper

In this paperwe further substantiatehe above claim, by formalisingreasoningabout
argumentatiorwithin the Dung argumentationparadigmitself. The basicideais that
given anobject-level agumentatiorframenork, onecanconsidemetaleel aguments
that canbe explicitly cateyorisedaccordingto the typesof claim madeaboutthe ar-
gumentsandtheir relationsin the objectevel framewvork. Thesemetaleel aguments
canthenthenselesberelatedby anattackrelationin a Dung framework, wherethis
metalevel attack relation satisfiesconstraintamposedby the claim basedcateyorisa-
tion. Onecanthenshaw a correspondenceetweerthe objectevel framevork andits
metalevel formulation,suchthat the justified agumentsof the objectievel frameawvork
canbecomputedirectly from its metalerel formulation.

For examge, given anobjectlevel Dungframework (A,R) onecanconsidemet-
alevel agumentghatmake claimssuchas' z is justified’, ‘ x is rejected’, ‘ x attacksy’,
aboutamgumentse, y € A. Thesemetaleel argumentscanthemselesbe organisel
into a Dung framewnork suchthat an agumentclaiming ‘z is justified’ is a justified
argumentof the metdevel framework, iff x is a justified agumen of the objectevel
framework. Thus,the acceptabilitycalculusappliedat the metalevel characterisethe
useof theacceptabilitycalculusat the objectevel.

The remainderof this paperis organisedas follows. Section2 reviews Dung’s
abstractargumentatiortheory, andthe variousdevelopmentsof the theoryreferredto
above. In Section3 we augmentaDungargumentatiorframeavork (A, R) to obtaina5
tupleStructuedArgumentatiorFramevork (S A F') thatincludesafunction,alanguage
anda setof constraintssuchthatthe function mapsargumentsin .4 to claimsin the
languageandgiventhis claim basedcategorisationof argumentsa setof constraints
on R is specified. We thendefinea specificlanguagen which onecanexpressclaims
aboutobjectlevel framewvorks, and so identify Metalevel ArgumentatiorFrameavorks
(M AF's)asaspecialclassof SAF's. We thenshav how Dung frameworks,their gen-
eralisationto accommodateollective attackstheir extensiondo accommodaterefer
enced?] and values[12], andaspecial but widely appicable,classof [38]'s extended
framawork, canall beformulatedasinstance®f metaleel agumentation.

In Section4 we discusssomeimplicationsandapplicationsof metalerel agumen-
tation. Firstly, since M AF's formaliseDung argumentatiorand mary of its develop-
ments,within the Dung paradigmitself, onecantransitionthe full rangeof theoretical
resultsandtechriquesfor Dung argumentatonto developmens of Dung algumenta-
tion. We illustrateby showing how standardargumentgameproof theoriesdeveloped
for Dungframevorks cannow be appliedto the metalevel formulationof valuebased
argumentatior{12], andcontrasthe useof suchgameswith the morecomplex games
specificallydevelopedfor valuebasedargumentatiorj11, 13]. Secondlyin thespirit of
Dung’soriginaltheory M AF'sadoptalevel of abstractiorthatmakeslimited commit-
mentsto the instantiatinglogics. Thusmetalerel agumentscanbe instartiatedbased
on the existenceof agumentsin differentobjectlevel framavorks, which in turn may
be constructedrom differentunderlyinglogics. This not only allows for integration
andfurther extensionof differentforms of abstractargumentationput alsoprovides
principled mears for instantiationby, andintegration of algumentsconstructedrom
differentunderlyinglogics, where one logic may encodemetalerel reasoningabout
the agumerns and attacksdefinedby a theoryin anotherlogic. Section4 illustrates
theseapplicationsuy discussindhow valuebasedargumentatiorcanbeextendedo ac-
commodateargumentatiorover differentrankingsof values, andhow onecanintegrate



argumentsxpressig preferenceandvalues andhow theargumensinstantiatingsuch
anintegrationcanbe constructedrom differentunderlyinglogical theories.In Section
5 we discussrelatedwork, andconcludein Section6 in which we alsopointto future
work.

To summarisethe contritutionsof this paperareasfollows *:

1. We formaliseabstracimetalerel agumentatiorframenorksthatadoptthe same
basicmachineryof a Dung framework, but overlay more structureby identi-
fying classef claims aboutargumentsin object level frameworks, and thus
constrainton the attackrelation.

2. Dung’s abstractagumentatiortheorycanbe saidto identify generaldialectical
principlesthatunderpincommon-senseasoningasencodedn arangeof non-
monotonicreasoningformalisms. This paperpromotesand substantiateshis
view by shaving how a numberof developmentof Dungargumentatbn canbe
uniformly characteriseth termsof thesedialecticalprinciples.

3. We show how by formdising Dungargumentatiorandits developmentswithin
the Dung paradigmitself, the full rangeof theoreticaland practicalresultsand
techniquegor Dung'swork can beappliedto its developments.

4. We shav how metalerel agumentatiorframenorks provide a unifying formal-
ismin which to integrateandfurther extendthe variousdevelopmentsf Dung
argumentationandprovide principledmeandor instantiatiorby, andintegration
of agumentsconstructedrom differentunderlyinglogics andtheories,where
onetheorymay encodemetalerel reasoningaboutthe agumentsdefinedby an-
othertheoryin anothedogic.

2 Abstract Argumentation Theories

2.1 Dung’s Theory of Abstract Argumentation

Wereview Dung’s extension-basedpproacho evaluatingthe statusof agumentg27],
andthenreview the morerecentlabellingapproacH22, 23, 51,52]. We then review a
recentgeneralisatiof Dung’s theoryto accommodateollective attacks.

2.1.1 Dung’s Extension-bagd Argumentation Semantics

Definition 1 [Dung Argumentation Framework] A Dungargumentatiorframenork
is atuple (A, R), whereA is asetof agumentsand R C (A x A) is abinaryattack
relationon A.

Figurel shavs a Dungargumentatiorframenork (AF") in which anarrow from z
to y denoteghataxRy.

The notion of anargumentbeingacceptablavith respecto (w.r.t.) a setof argu-
mentsis thendefined:

Definition 2 [Acceptability for Dung Frameworks] Let (A, R) be anAF, andS C
A. Thenz € Ais acceptablev.r.t. S iff for all y € A suchthatyRz, thereexistsa
z € S suchthatzRy

1This paperbuilds on andsubstantiallyextendswork first presentedh [41]. Thiswork is briefly reviewed
in Section5
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Figurel: A Dungargumentabn framewvork

The acceptabilityof agumentsundepins evaluationof the statusof aguments.
If S is conflict free (no aumentsin S attackeachother), and all algumentsin S
are acceptablev.r.t. S, then S is saidto be admissible The statusof amguments,
undereither a credulousor seepticalperspectie, is thenevaluatedw.r.t. theextensions
of a framework defined underdifferent semantics. Thesesemanticsglobalise’ the
essentiallylocal notion of admissibility by specifyingpropertieghatidentify a subset
of all theadmissibleaxtensons.

Definition 3 [Extensionsof a Dung Framework] Let A = (A, R). Let.S C A such
thatVa,y € S, it is notthe casethatx Ry, in which caseS is saidto be conflictfree
Then:

1. S isanadmissiblesxtensionof A iff eachargumentin S is acceptablev.r.t. S

2. Sisacompleteextensionof A iff S is admissibleandevery algumentin A that
is acceptablev.r.t. S,isin S

3. S is the groundedextensionof A iff S is the minimal (w.r.t. setinclusion)
completesxtension

4. S is apreferred extensionof A iff S is amaximal (w.r.t. setinclusion)complete
extension

5. S is a stableextensionof A iff S is an admissibleextensionsuchthat every
argumentnotin S is attackedby anagumentin S

Definition 4 [Status of argumentsin a Dung Framework] Let A = (A, R). For
s € {complete preferredstable grounded:

o If x € Aisin atleastone s extensionof A thenz is saidto be credulously
justifiedunderthe s semantics.

o If z € Aisin all s extensionf A thenz is saidto bescepticallyjustifiedunder
the s semantics.

e If x € Aisnotin ary s extensionof A thenx is saidto berejectedunderthe s
semantics.

The admissibleextensionsof Figurel's AF are: 0, {a}, {b}, {a,d}, and{b, d}.
Thecompleteextensionsaref), {a, d}, and{b, d}. Thepreferredandstableextensions
are {a,d}, and {b,d}, and () is the groundedextension. Note that d is sceptically
justifiedunderthe prefered, but notunderthegroundedsemanticsAll algumentsare
rejectedunderthe ground@ semanticswhereasonly c is rejectedunderthe preferred
andstablesemantics.

We introducesomenotationthatwill beof usein theremainderof this paper:



Notation 1 Let(A, R) bean AF,andE C A.

° E-+) denoteghe setof attadks originating fromargumentsn £
—
E+={(z,y) |z € E, 2Ry }

e FE+ denoteghesetof argumens attaded byargumentsn E:
E+={y|z € E, 2Ry}

e F— denoteghesetof argumens that attadk argumentsn E:
E-={y|yRz,z € E}
2.1.2 Labellings for Argumentation Frameworks

The extensionsandstatusof argumentsn a Dungframenork canbe definedin terms
of labellings[22, 23, 51,52]. Here,we review the labelling approachpresentd in
[22, 23].

Definition 5 [Labelling function] A labellingis atotal function £ thatassigns label
I N, QUT or UNDEC to eachargumentz € A in anargumentatiorframework (A, R).
Henceforthwe saythat:

e in(L)={z|L(z) =N}
e out (£) ={z|L(z) = QUT}
e undec(L) = {z|L(x) = UNDEC}

Legal labellings of amgumentsarethendefined ,andusedasa basisfor characteris-
ing theextensionsof an AF'.

Definition 6 [Legal labellings] Let £ bealabellingfor (A, R) andz € A.
e zislegally I Niff x is labelledl Nandevery y thatattackse is labelledOUT

e z islegally QUT iff = is labelledOUT andthereis at leastoney that attacksz
andy is labelledl N

e 1 islegally UNDEC ff thereis noy thatattackse suchthaty is labelledl N, and
it is notthe casethat: for all y € A if y attacksr, theny is labelledOUT?

Definition 7 [Labellings for Extensiong For| € {I N, OUT, UNDEC} anargumert x
is saidto beillegally | iff z is labelledl , andit is notlegally | .

¢ An admissibldabelling £ is alabellingwithout agumentghatareillegally | N
andwithout agumentghatareillegally OUT.

e A completelabelling £ is an admissiblelabelling without argumentsthat are
illegally UNDEC

Let £ beacompletelabelling. Then:

e L is agroundedabellingiff there theredoesnot exist a completelabelling £’
suchthati n(£’) Ci n(£)

2|n otherwords,z is legally UNDEC iff it hasat leastoneattacler thatis labelledUNDEC andno attacler
thatis labelledl N



e L is a preferredlabellingiff there theredoesnot exist a completelabelling £’
suchthati n(£) >i n(£)

e L isastablelabellingiff undec(£) =0
In [23], thefollowing theoremis shavn to hold:

Theorem1 Let A = (A, R). For s € {admissible,complete,grounded prefered,
stablg: F is ans extensionof A iff thereexistsans labelling £ with i n(£) = E.

Noticetheextraexpressvity comparedvith theextenson basedappro@h. An s la-
belling £ notonly identifiestheargumentsn ans extensionE (theargumentdabelled
I N), but alsothe agumentsin £+ and E— (the union of which are the aguments
labelledOUT). Note thatsinceeachs extensionis admissiblejt thenfollows thatit is
alwaysthe casethat E— C E+. Also notethatthoseargumentdabelled UNDEC are
neitherin £, E+ or E—, andso arethe agumentghatareneitherin the s extension
E identifiedby thel Nargumentspr attacledby (anargumentin) E. Obsene thatthe
following follows straightfawardly from Definition 6 andTheoreml.

Proposition 1 Let A = (A, R), andfor s € {admissible complete,grounded,pre-
ferred,stablg, let E be ans extensionof A. Thenthereexistsan s labelling £ of A
suchthati n(£) = E, andout (£) = (E+) U (E-).

Note also, that we cansaythatthe agumentdabellied OUT or UNDEC are poten-
tially rejectedargumentsn the sensehatif theseargumentsare OUT or UNDEC in all
others labellings,thenthey aresaidto berejectedasdefinedin Definition 4.

2.1.3 GeneralisingDung’s Theory with Collective Attacks

Recentworksgeneraliséinary attacksto allow for attacksbetweensetsof aguments
[18, 44]. Wereferthereade to theseworksfor motivationof this generalisationHere,
we briefly review [44], in whichtheattackrelationis definedfrom setsof agumentgo

singlearguments.

Definition 8 [DungC Framework with Collective Attacks] A DungCargumentation
framework is atuple (A, R), where A is asetof agumentsandR C (24\{0}) x A.

e r € Aisacceptablev.r.t. S C Aiff for all B C A suchthat BRz, thereexists
aC C S suchthatCRy for somey € B.

e S C Aisconflictfreeiff VS’ C S, Vx € Sit is notthecasethatS' R«

Given the above definitionsof conflict free and aceptability for DungC frame-
works, the extension-basedemanticandstaus of agumentsare definedin the same
way asfor a standardDung framework (i.e., asin Definitions3 and4). Hence,one
canstraightforvardly see thata standarddungframework is simply a specialcaseof a
DungCframework. If eachattackoriginatedrom asingletonsetof agumentsthenthe
definitionsof acceptabilityand conflict-freein Definition 8 coincidewith thosegiven
in Definitions 2 and 3. As one would thereforeexpect, the fundamentakesultsthat
hold for Dungframevorksarealso shavn to hold for DungCframewnorks[44].



2.2 Distinguishing Attack from Defeat

Dung’s extensionalsemanticamay yield multiple extensiors, so that one may then
be facedwith the problemof how to choosebetweenconflicting credulouslyjustified
argumentsthat belongto at leastone, but not all extensions. This of courseequates
with the familiar multiple extensionproblemin non-monotoniaessoning,illustrated
by thewell known flying or not flying TweetyandNixondiamondexampleg49].

Onesdution is to prioritisethe objectevel rulesthatyield conflictingconclusions,
wherethe rationalefor prioritisationmay or may not be explicit. For example,given
that penguinsarea subclasf birds, the specificity principle is usedto prioritise the
penguingiont fly rule overthebirdsfly rule, soyielding thesingleextensioncontaining
the corclusion Tweetydoesnt fly. Hence,works suchas[46] and[48] apply priori-
ties to conflicting rulesin the underlyinglogical formalismsthat instantiatea Dung
framawork.

In whatfollows, we review approachef2, 12, 38] thataugmenDung’s framewnork
soasto formalisetherole of the relative strengthsof agumentsat the abstiact level.
Thebasicideain all theseworksis thatanattack by x ony succeedssadefeatonly if
y is notstrongerthanz. Thejustifiedagumentsarethenevaluatedon the basisof the
deriveddefeatrelation,rathe thantheoriginal attackrelation. For example,giventwo
symmetricallyattackingamgumentsx claiming Tweetyflies, andy claiming Tweety
doesnot fly (constructedn someinstantiatinglogical formalism),thenthe specificity
principle determineghaty is strongerthanz, sothatz’s attackon y doesnot succeed
asadefeatandwe areleft with only y defeatingr; only y is ajustifiedagument.

Consideralsodomainsin which argumentsmay not be of the form premisesand
premisesimply conclusion,so conclusionbut ratherresultfrom the instantiaton of
someotherargumentschemed54] that are stereotypicapatternsof reasonghat pro-
vide presumptie reasms for acceptingthe conclusions. One classof examplesis
wherewe have areasono believe somethingon the basisof beingtold thatit is true.
Examplesof this classof agumentschemeincludeArgumenfromExpertOpinionand
Argumentfrom WitnessTestimony Supposédhat Tweedledunsaysthat he sawv Alice
playingcroqué. Thisis anagumentthatAlice wasplayingcroquetwhich we believe
to betruegivennoreasorto discountit. Supposehowever, TweedledesaysAlice was
not playing croquet. The Tweedledumand Tweedledeargumentsattackeachother
but given that we know Tweedledumis an entirely reliable witness,and that Twee-
dledeenvariablydisagreesvith his brotheron principle,withoutary realregardto the
facts,wewill dery thatTweedledee agumentis strongenoughto successfullyattack
and so defeatthe agumentbasedon Tweedleduns evidence. This situationis very
common:theargumentsconsideredvill oftencomefrom avariety of sourcesandit is
the perceved relative reliability of the sourceghat deternineswhich attackssucceed
asdefeatqfor examplemary courtcasesarepresentedvith conflictingtestimory, and
turnonwhich thejury choosesgo believe).

Thusfarwe have considereagxamplesn which therelative strengthof alguments
is usedto ‘resolve’ symmetricattacksin orderto obtain asymmetricdefeats.In practi-
cal reasoningontets, it may often bethe casethatasymmetric attacksfail, sothatif
x attacksy (but notvice versa)andy is deemedstrongerthanz, thenthe attackfails,
andneitheragumentdefeatseachother This meanghatbasedon the defeatrelation,
x andy may both be evaluatedasjustified. This would clearly be inappropriatdf ac-
ceptingagumentsr andy would allow usto concludeogically incompatiblestatesof
affairs aswhenarguing aboutwhatis believed to be the case. However, this may be
appropriatavhenapplyingargumentatiorio practicalreasoningConsicer valuebased



amgumentationover action[7] in which an argumenty justifying a courseof action,
suchasgoingto arestaurantjs asynmetrically attacledby x claimingthattherestau-
rantis prohibitively expensve. If the value promotedby y (gastronomicpleasure)s
ranked higherthanthat promotedby « (reducingexpenditure)thenthe attackis re-
moved andbothamgumentanaythenbejustified. Oneacceptghatthe actionof going
to therestauranis expensve, while still pursuingthecourseof action.Notetoothatthe
resolutionis not forcedoneway or the other: whetherl chooseto go to therestaurant
dependon my view of the relative importanceof money and gastronomicpleasure,
and differentindividuals may legitimately make differentchoices. Equdly with dif-
ferentsources:somemay trust Tweedledunmore,someTweedlede@ndothersmay
believe thereis nothingto chaosebetweerthem.

In orderto accommodatéhe ideathat in mary domainsof argumentatiorthereis
somesubjectie elementof choicein decidingwhetheror not an attacksucceedsat-
temptshave beenmadeto extendDung’s framevork by addingsomeadditionalmech-
anismby which an attack may fail, even thoughthe atacking agumentcannotbe
rejected We now briefly review threesuchefforts.

2.3 PreferencebasedAr gumentation

In PrefegencebasedArgumentation2], a Dung framework is augmentedvith a pref-
erenceorderingon A, sothatanattackby = ony succeedasa defeatonly if y is not
strictly preferredo x.

Definition 9 [PreferenceBasedAr gumentation] A PrefelencebasedArgumentation
Framevork (PAF) is atuple (A, R, P), where A is a setof aguments;R C A x A,
andP is apreorderingpn A x A.

Let >p denotethe strict orderingassociatedvith P, i.e.,y >p z iff (y,2) € P and
(z,y) ¢ P. Then:

o Va,y € A, z defeatsy iff 2Ry andnot (y >p x)3.

e For s € {admissiblecomplete preferredstable grounded, E is ans extension
of (4, R, P) iff £ is ans extensionof the Dungframework (A, defeaj.

The justified agumentsof a PAF (A, R, P) arethereforethe justified alguments
of the Dung framework (A, defeaj. For example,considertwo individualsP andO
exchangingargumentsz, b abouttheweatherforecast:

P; : “Todaywill bedry in Londonsincethe BBC forecastsunshine= a
0O; : “Todaywill bewetin Londan sinceCNN forecastrain” =

a andb claim contradictoryconclusionsand so attackeachother UnderDung’s pre-
ferredsemanticstherearetwo extensions:{a} and{b}. Supposehata is preferredo
b becaus¢he BBC aredeemednoretrustworthy thanCNN. We have the PAF:

(A={a,b}, R ={(a,b), (b,a)}, P ={(a,b)})

Sincea >p b, thenonly a defeatd. We thusobtainthesinglepreferredextension{a}
of theDungframework (A = {a, b}, defeat= {(a, b)}).

3Notice that contraryto recentcorvention,[2] adoptthe terminologyin reverse sothatR is referredto
asadefeatrelation,andx attaksy iff Ry andnot(y >p z).



2.4 Value basedArgumentation

The preferenceelationin PAFs is entirely abstract.ValuebasedArgumentatior{12]
give more contentto the notion of preferenceshy relatingthe strengthof aguments
to the valuespromotedby acceptingthem; for examplean argumert to raisetaxesis
thatit would promoteequality andanargumentto cut tavesis thatit would promote
enterprise Note that preferencesver valuesaresubjective, anddependon the person
or persors, i.e., the audience to whom the algumentis addressed Which argument
is acceptedvill dependon whethera given audienceprefersequalityto enterprisepr
vice versa. Hence,a Value basedArgumentationFrameavork (VAF) extendsDung's
framework to include a setof values,a function mappingargumentsto thesevalues
anda setof audiencegdi.e., a setof total orderingson thesevalues). An agumentx
defeatgy w.r.t. anaudience, if x attacksy, anda doesnotrankthevaluepromotecdby
y higherthanthevaluepromoteddy . Theextensionf a VAF arethentheextensons
of the Dungframework definedby the defeatrelation.

Definition 10 [Value BasedAr gumentation]

¢ AValuebasedArgumentatiorFramevorkis a5-tuple(A, R,V val,P) whereval
isafunctionfrom A to anon-ampty setof valuesV, andP isase {a;,...,a.},
whereeacha; namestotal ordering(audience)>,, onV x V.

e An audiencespecificVAF (aVAF) is a5-tuple(A,R,V ,val,a) wherea € P.

e Given anaVAF (A,R,V val,a),Vz,y € A:
x defeatg y iff 2Ry, andit is notthecasethatval(y) >4 val(x).

e For s € {admissiblecomplete preferredstable grounded, E is ans extension
of (A,R,V wal,a) iff F is ans extensionof the Dungframework (A4, defeaj).

Thejustified agumentof anaVAF (A,R,V val,a) arethereforethejustifiedargu-
mentsof theDungframework (A, defeat). For example considettheaVAF consisting
of agumentsy andx, wherexRy, val(y) = ‘gastronomicpleasure’ pal(z) = finan-
cial_prudence’andaudience orderstheformervaluehigherthanthelatter(recallthe
examplein Section2.2). Thenneitherargumentdefea} eachother andso both are
scepticallyjustified algumentsof (A, defeay) (underall of the Dungsemarits).

2.5 ExtendedArgumentation

In PAFs and VAFs, preferenceorderingsand valuesare appliedto generatea defeat
relationwhich is a subsetof the attackrelationcontainingonly thoseattacksthat are
successfulln ExtendedArgumentatior{38], this is achiered by directly attackingat-
tackswith aumentssothatif x attacksy, andz attacksthe attackfrom x to y, thenz
is interpretedasclaimingthaty is strongerthanz. Therationalefor concludingthaty
is stronge thanx is thusitself now partof the domainof discourseandis encodedas
anargumentz in the object-level framewnork, wheretherationalemaybebasecdn pref-
erencesyalues,sourcespr ary otherreason.One canalsotherdore accountfor the
factthat preferencesnay vary accordingto context, andbecausénformationsources
maydisageeasto thecriteriaby which the strength®f argumentsshouldbevaluated,
orthevaluationsassignedor agivencriterion In otherwords,onecanaccounfor rea-
soningandindeedarguing about aswell aswith, defeasibleandpossiblyconflicting
informationabouttherelative strength®f aguments ConsiderSection2.3's extended
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dialogueabouttheweather:

P; : “Todaywill bedry in Londonsincethe BBC forecastsunshine’= a

O; : “Todaywill bewetin Londan sinceCNN forecastrain” = b

P, : “But the BBC aremoretrugworthy thanCNN" = ¢

O, : “However, statisticsshav that CNN aremoreaccuratehanthe BBC” = d

O3 : “And a statisticalcomparisonis more rationalthana comparisorbasedon in-
stinctsaboutrelative trustworthiness™= e

T )
Q=@
s 0—0 0

c) d)

Figure2: Motivating ExtendedArgumentatiorF-ramevorks

In anExtendedArgumentatiorFramevork (EAF), ¢ is anargumentlaimingthata
is strongerthanb, andsoattacks’sattackona. Hence p’'sattackona doesnot succeed
asadefeatandwe areleft only with a successfullyattacking(defeding) b (seeFigure
2ain which we introducethe notationy — « for anattack, andz — (y — x) for an
attackonanattack).Now {c, a} is theonly preferredextensionandsoa is sceptically
justified. d claimsb is preferredto a andso attacksa’s attackon . Now {c,a} and
{d, b} arepreferredsincethe choicebetweer: andb is unresolhed. Noticethatsincec
andd make contradictoryclaimsabouttherelative strenghsof a andb, ¢ andd attack
eachother(Figure2b)). However e thenattackgheattackfrom ¢ to d (Figure2c)),and
sod defeats:, b defeatsu, andthediscussiorconcludesn favour of b ({e, d, b} is the
singlepreferredextension).EAFs thusextend Dung framewnvorks with a secondattack
relationD from argumentgo attacks

Definition 11 [Extended Argumentation Framework] An ExtendedArgumentation
Framevorkis atuple (A, R, D), whereA is asetof agumentsk C A x A, and:

e DCAXR
o If (2, (x,y)), (7, (y,x)) € Dthen(z,2'), (z',2) € R

11



Thenotion of a successfuattack,henceforthreferredto asa defeat is thenparam-
eterisedw.r.t. preferencespeified by somegivensetS of arguments:

Definition 12 [Defeat for EAFs] y defeats x, denotedy —s z, iff (y,z) € R and
-3z e Ss.t(z(y,x)eS.

In the weatherexample,a defeatg b but a doesnotdefeat,, b. A conflict free setof
argumentsis thendefinedto accountfor the casewherey asymmetricallyattacksz,
but given a preferencdor x over y, both may appeaiin a conflict free setandhence
anextension(asin [12]). Noticethata conflict free setdoesnot admitargumentshat
symmetricallyattack,irrespectve of the preferencemgumentscontained.

Definition 13 [Conflict freefor EAFs] S is conflictfreeiff Va,y € S: if (y,2) € R
then(z,y) ¢ R, and3z € S s.t. (z,(y, x)) € D.

The acceptabilityof anargumentz w.r.t. asetS is now definedfor an EAF. The
basicideais thatfor ary attacler y of x, areinstatingattackz — y from z € S must
itself be reinstatedagainstD attackson z — y. The definitionis motivatedin more
detailin [38] andrequiresthe notionof areinstatemergetfor a defeat’.

Definition 14 [Reinstatement set]Let S C A in (4, R, D). Let Rg = {x; —*°
Ylyonns Ty —° ynt Wherefori = 1...n, z; € S. ThenRg is areinstatemensetfor
a —° b, iff

e o —%be Rg,and
o Vo =%y e Rg,Vy s.t.(y,(x,y) € D, 32’ =%y € Ry

Definition 15 [Acceptability for EAFs] x is acceptablev.r.t. S C Aiff Vy s.t.y —2
x, 3z € S s.t. z —° y andthereis areinstatemensetfor z —° y.

In Figure2d), a is acceptablev.r.t. S. We have b —* a, ¢ —° b, andthereis a
reinstatemenset{c —° b,d —° ¢} for ¢ —° b. Notethatif wehadf — (d — e),
andno argumentin S defeatingf, therewould be no reinstaémentset,anda would
notbeacceptablev.r.t. S.

Giventhedefinitions of conflict free andacceptabilityfor EAFs, admissiblecom-
plete,preferredandstablesemanticsfor EAFs arenow defined asfor Dungargumen
tation frameworks in Definition 3 (exceptthat = defeatg y replaces(z,y) € R in
the definition of stableextensions).In [38] it is shavn that EAFs inherit mary of the
resultsthat hold for Dung frameworks (e.g.,Dung’s fundamentalemma) However,
anEAF's charateristicfunctionis notin generaimonotonic.Recallthatthe grounded
extensionof a Dung framework is its minimal (undersetinclusion) complde exten-
sion. A completeextensioncanequivalently be characterisedsa fix point of a Dung
framework’s characteristidunction £ which given a setof argumentsS returnsthe
argumentsS’ acceptablev.r.t. S (S’ = F(.S)). SinceF is monotonic(S C S’ implies
F(S) C F(S")) aleastfixedpoint characerisingthe groundedsxtensioncanbe guar
anteed. However, the characteric function F' of an EAF is not mondonic, so that
thegroundedextensionof afinitary EAF (in which argumentsandattacksareattacked
by at mosta finite numberof arguments)is definedby iteration of the function, that
startingwith the emptyset,doesyield amonotonicallyincreasingsequencelet G° =
0, G = F(G"). Thegroundedextensionof anEAF is definedas| J;- , G".

4This ensuresatishctionof anintuitive requirementDung’s fundamentalemma[27]) onwhatit means
for anargumentto beacceptablsv.r.t. anadmissiblesetS, viz. thatif x is acceptablevith respecto S, then
S U {z} isadmissible
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3 Formalising Abstract Argumentationin Metalevel Ar -
gumentation Frameworks

In thissectionwe formalise Metalevel Argumentatio Framavorksthatessentiallyaug-
menta Dung framework (A4, R) with alanguagefor representinghe claimsof argu-
mentsin 4, andconstrainton the attackrelation R thataccountfor the arguments’
claims. The agumentsn A areargumentsclaiming statementsboutobjectlevel ab-
stractargumentatio framevorks,andthe constrainton R essentiallycha@acterisehe
reasonindy which oneevaluateghejustifiedargumentf the objectevel frameawvork.
We thenshav how thevarietiesof abstractargumentatio reviewedin Section2 canbe
formalisedasinstance®f metalevel algumentation.

3.1 Intr oducing Metalevel Argumentation

Section2’s review of abgract agumentationdescribedhow, in general,establishing
thatanargumen z is justified undera semanticss is basedon evaluationof the ac-

ceptabilityof x w.r.t. setsof alguments.The acceptabilityof « w.r.t. somesubsetS

of A, hingeson whetherattacksof theform yRx succeedisdefeats.If for eachsuch
yRz, y is successfullyattacled (defeate) by somez € S, thenz effectively under

minesthe succes®f the attackfrom y to x; z canbe saidto reinstatexz. Therules
defininglegal labellingassignment®r Dungframevorkscorrespondntuitively to the
extension-basedseof this reinstatemenprinciple:

R1 zislegally | N(i.e.,z isin anadmissibleextension)n ans labelling(credulously
justifiedunderthe semants s) iff every attackyR« on z fails.

R2 An attackyR« failsif y is OUT (i.e.,y is attacledby areinstatirg 2 thatis | N)

R3 zislegally QUT (potentiallyrejectedunderthesemantics) if atleastoneattack
yRz succeedsi.e.,yin | N)

Given a Dung framevork A = (A, R), a statementassertinghe existenceof an
agumentx € A, andits purportedmenbershipof an admissibleextensionof A,
constitutesa metalerel algumenté claiming ‘z is justified’. Thatis to say £ is an
argumentof theform ‘thereis anx € A thatis anadmissibleextensionof A, andsox
is justified’. Notethatlogicsfor assertingstatement®f this kind have beenproposed
in [19, 35,55] andwill bebriefly reviewedin Section5.

MR1 Theexistenceof anattackyRz, consttutesa metalerel argumento, thatclaims
that‘y successfullyattadks andso defeatsy’. Sincethe justified statusof « is
challengedoy a defeaton x, we thereforehare ametalevel attackfrom « to &.
Hence,a metalevel attackon «, challengingy’'s defeatof 2 andsoreinstatingg,
characterisethe objectevel reinstatemensf .

MR2 y doesnot defeatx if y is rejected(i.e., R2). Hence,in the metaleel, o is
attacledby anargumentr claimingthat'y is rejected’.Thusr reinstateg.

MR3 y defeatsr if y isjustified. Thus,in the metalerel, theargumenty claimingthat
‘y isjustified’ attackstheargumentr claimingthat'y is rejected’,soreinstating
theargumentq, thatclaimsthat'y defeatse’.

13



The metalerel agumentsandtheir attacksareillustratedin Figure 3a. Figure 3b
shavs the metalevel argumentationcorrespondingo the objectievel reinstatemenbf
x, by somez thatattacksy. At the metalevel, we have anargumentclaiming’ z is jus-
tified’ that reinstateghe metaleel agumentclaiming =z defeatsy, in turn reinstating
7 claiming‘y is rejected’,whichin turn reinstateg claiming‘z is justified’. Finally,
Figure 3c shavs the metalerel argumentationcorrespondingo an objectlevel sym-
metric attackbetweerarguments z andy (zRy andyRzx). In this casethe metaleel
argumentatiorcharacterisethe objectevel reinstatementf x by z itself.

y is justified y is rejected y defeats x X is justified X is rejected

Y—Q—OQ—O90—@Q

y is justified yisrejected Y defeats x xis justified  x s rejected
—QQ—LQ—Q—®

\

z defeats y z is rejected z is justified
b)
y is justified y is rejected y defeats x x is justified x is rejected

OO —Q—O0—O

c)

Figure3: Meta-level agumentsandtheir attacks

In our descriptionof metaleel agumentswe have assumedheir classifiationac-
cordingto the natureof the claimsthey make aboutan objectlevel framevork, and
basedon this classificatiornthe attacksanongstthesemetaleel agguments.This sug-
geststhe moregeneralnotion of a struduredargumentatiorframevork, wherebyone
augments Dung framework (A, R) to includea mappingC from argumentsin A to
claimsspecifedin somelanguage., andbaseddntheseclaimsasetof constraintghat
arethusimposedon R.

Definition 16 [Structur ed Argumentation Frameworks] A Structued Argumenta-
tion Framavork (SAF) isatupleA = (A, R, C, L, D), where:

e (A, R) is aDungamgumentatiorframevork

e Lisaclaimlanguage

e Cisaclaimfunctionmappingargumentsn A to setsof wff in £
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e Disasetof constraintuleson R of theform:
if I € C(a) andl’ € C(B) then(a, B) € R
whereq, 8 € A, andl, " arewff of L.

In gereral,we saythatanattadk relationR is definecby D if wherever (o, ) €
R thentheclaimsof « and 5 satisfytheantecedensf someconstraintulein D.

For s € {admissiblecomplete,grounded preferred,stablg, we saythat E is an s
extensionof A iff E is ans extensionof (A4, R), anda € A is ajustifiedagumentof
A iff o is ajustifiedargumentof (A, R).

We now identify aspecidclassof S AF's— Metalevel ArgumentatiorFramavorks
(M AF's) — by specifyinga language £ whosewff are built from constantssets of
constantssetsof pairsof constantfwheretheseconstantanay nameargumentsand
or values),and predicateof the form justified, rejected, defeat e.t.c. Clamsin
this languagewill thusreferto the propertiesof aguments,valuesandpreferencen
anobijectlevel framework.

Definition 17 [Metalevel Argumentation Frameworks] A Metalevel Argumentation
Framevork (M AF) isa SAF An = (A, R, C, Lam, D), where L, consistsof a
countablesetof constansynbolsandthe setof predicates:

{justified,defeat,rejected, pre ferred,val,val_pref, audience}.
Thesetof wff of £, is definedby thefollowing BNF:

Lam: X o=z, {x1,...,xnh {(x1,22), ..., (Tm, Tn)} | Justified(X) |
rejected(X) |defeat(X, X') | preferred(X, X') | val(X, X') |val_pref (X, X")
| audience(X)

wherez, x; rangesoverthe constansymiols.

In thefollowing sectionswve shav how the varietiesof abstractargumentatiorre-
viewed in Section2 canbe formalisedasinstancef argumentationin a M AF'. In
eachcasetheconstraintsn D characterisevalugion of thejustifiedargumentsin the
objectlevel frameavork.

3.2 Formalising Dung’sabstractargumentationtheory in Metalevel
Argumentation Frameworks

A MAF's formalisationof Dung amgumentain consistsof: i) metaleel aguments
whoseconstructionis basedon the existenceof objectlevel attacks,andso claim de-

featsbetweenobjectlevel aguments;ii) metalerel agumentswhoseconstructionis

basedon the existenceof objectlevel agumentsandtheir purported membershipor

non-membershipf admissibleextensions,andthat claim that the objectlevel argu-

mentsarejustified, respectiely rejected;iii) constraintson the metalerel attackrela-

tion thatcaptureMR1 — MR3 in Section3.1:

Definition 18 [Metalevel Dung Argumentation] A Dung M AF' is a tuple (A,
Rm, C, Lar, Dy), where:Dy ={

{D1 :if C(o) =defeat(Y, X) andC(B) = justified(X) then(a, 5) € Rm
D2 :if C(a) =defeat(Y,X) andC(8) = rejected(Y) then(5, «) € Rm
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D3 :if C(a) = justified(X) andC(0) = rejected(X) then(a, 8) € R}

Definition 19 [Mapping Dung Frameworks to Metalevel Frameworks] A Dung
MAF Ay = (Apm, R, C, Lag, Dy) is saidto be a metalerel formulation of the
DungAF A = (A, R) iff:

e [z]isaconstanin £, iff z € A®

e A, istheunionof thedisjointsets A1, Ara, Ars, Where:
1. o€ Apmi, C(a) = justified([z]) iff z € A
2. B € Apmo, C(B) = rejected([z]) iff z € A
3. v € Ams, C(y) =defeat([y], [z]) iff (y,2) € R

e R isdefinedby D,.

Notation 2 Henceforthywe mayasan aluseof notationreferto a metalerel agument
« by ashorthandeferencdo theclaimthata malkes:

o If C(a) = justified([z]) wewrite (j — x) to referto a.
o If C(a) =rejected([x]) wewrite (r — x) to referto a.

o If C(a) =defeat([y], [z]) wewrite (y defz) to referto a.

GivenaDungframewnork A = (A, R), onecanevaluatethejustified agumentsof
A by evaluatingthejustifiedargumentsof the Dung MAF A ;.

Theorem 2 Let Ay = (An, R, Cy Lag, Dg) bethe M AF of a Dung framework

(A, R). Thenfor s € {complete,groundedpreferred,stablg, (j —z) € Ay isa

credulouslyrespectrely sceptically justified agumentof A, underthe s semantics,
iff x € A isacredulouslyrespectiely scepticallyjustifiedargumentof A underthe s

semantics.

Note the extra expresivity that resultsfrom the metalerel formulationof a Dung
framavork. Given anextensionE of A, thecorrespondingxtensionof A, identifies
theamgumentdabelledl NandOUT by a correspondindgbelling for E.

Proposition2 Let Ay = (An, R, Cy Lag, Dg) bethe M AF of aDungframenork
A =(A,R). For s € {admissiblecomplete grounded preferredstabla:
Thereexistsans labelling £ of A iff thereexistsan s extensionE of A », suchthat:

lLzeinK)iff(j—xz) ekl
2.yeout (L)iff(r—y) € E

Toillustrate, considerFigure4’s objectlevel Dungframework A, andits metalevel
formulationA ;. Obserethat{d, c, b} is thegroundedpreferredandstableextension
of A, carrespondingo {(d defe), (j — d), (r — e), (c defe), (j — ¢), (r — a), (b def
a), (j — b)} beingthegroundedpreferredard stableextensionof A,.

5|t is standargpracticeto usesensejuotes| ] (alsocalledFregeor Godelquotes)o abbreiate metaleel
representationsf objectlevel formulae.
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Figure4: A Dungamgumentatn framavork andits metalevel formulation

Metalevel agumentatiorallows usto formalisethevariousdevelopment®f Dung’s
argumentationtheory descriked in Section2, within Dung framevorks themseles,
sothatonecanthenapply the consicerablebody of resultsandtechniquedor Dung
frameworks, to theseextensions. In the following sectiom we describethe metalevel
formulationof [44] s generalsationof Dungframevorksto includecollective attacks

3.3 Formalising Collective Attacks in Meta-level Argumentation
Frameworks

As onewould expect,theexistenceof a collective attack BRx constitutesaanargument
« claiming‘ B defeatsz’, andfor eachy € B, anargumentclaiming ‘y is rejected’
attacksa.

Definition 20 [Metalevel Dung Argumentation with Collective Attacks] A DungC
MAF is atuple (Axq, Rty C, L, Dye) , WhereDy, =

{D1 :if C(a) =defeat(Y, X) andC(pB) = justified(X) then(a, ) € Rm
D2 :if C(a) =defeat(Y, X),C(B) =rejected(Z),andZ € Y, then(5,a) € R
D3 :if C(a) = justified(X) andC(0) = rejected(X) then(a, 8) € R}

Definition 21 [Mapping DungC Frameworks to Metalevel Frameworks] A DungC
MAF Ay = (Anm, R, C, Lag, Dye) is saidto be a metaleel formulation of the
DungCframewvork A = (A, R) iff:

e [x]isaconstanin L, iff z € A
o A, istheunionof thedisjointsdas Anqq, Ao, Args, Where:

1. o€ Apmy, Cpm(e) = justified([x]) iffx € A
2. B € Apma, Crm(B) =rejected([x]) iff x € A
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3. v E AM3,CM(’Y) :defeat({[yl]w ] ’—yn]}v ’—l'-l) iff({ylv s 72/71}’ {.13})
€ER

e Ry is definedby Dy..

Henceforthywe employ asimilarabuseof notationasin Notation2, writing (j — x)
and(r — z) to referto agumentsy andg thatrespectiely claim justi fied([z]) and
rejected([x]),and({y1,. .., y, } defz) toreferto anargumentlaimingde feat ({[y1 |,

2 [ynl}, T2).

cd
{e} ef
ef a e ‘q’

Figure5: A DungCframework with collective attacks andits metalevel formulation

efc

ConsiderFigure5’s objectlevel DungCframework with thefollowing attacks:
{a,b} = ¢,{d,b} = a,{e} = d,{d,c} — e,

Onecaneasly verify that E1 = {d, b, ¢} (theencircledagumentsandE2 = {a, b, e}
arethepreferrecandstableextersions,and{b} thegroundedxtension.Figure5 shavs
the objectlevel framavork’s M AF', andthe aguments(shaded)n the preferredand
stableextensian E1’ correspondindo E1. In general the following correspondence
holds:

Theorem3 Let Ay = (Ang, Raty Cy Lag, Dye) bethe M AF of a DungCframevork

= (A, R). Thenfor s € {completegroundedprefered,stablg, (j —x) € Ay isa
credulouslyrespectiely sceptically justified agumentof A, underthe s semantics,
iff z € Aisacredulouslyrespectiely scepticallyjustifiedargumentof A underthe s
semantics.

3.4 Formalising PreferenceBasedAr gumentationin Meta-level Ar -
gumentation Frameworks

As discussedn Sections2.3, 2.4 and 2.5, PAFs, VAFs and EAFs provide additional
informationwhich enable whenevaluatingthe framework, to saythatan attackfails
to succeedas a defeat,even thoughthe attackingargumentis justified. In termsof
metaleel agumentation, this additionalinformationis the sourceof additionalargu-
mentswhich canbeusedto attackargumentf theform (x defy). In aPAF, this extra
informationis simply a preferenceorderingon theargumentsn the framework.
Given anobjectlevel PAF, the existenceof a strict preference: >>p y constitutes

a metalerel argumentclaimingthat 'z is strictly preferredto 3. In additionto MR2
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in Sectim 3.1, we thushave the additional following metalerel characterisationf the
objectlevel reasoninghatdeerminegsthejustifiedargumentof a PAF":

MR2' : y doesnot defeatz (i.e., y's attackon x fails) if x is strictly pre-
ferredto y. Hencejn themetalerel, o claiming‘y defeatse’ is attacledby
anargumentp claimingthat' x is strictly preferredo y’. Thusp reinstates
¢ claiming‘ z is justified’.

Definition 22 [Metalevel PreferencebasedAr gumentation] A P-M AF is atuple
(Arm, Rm, C, Lpg, D) , WhereD, =Dy U
{D4:if C(a) =defeat(Y,X) andC(p) = s_preferred(X,Y) then(8,a) € Ram}

Definition 23 [Mapping PAFsto Metalevel Frameworks] A P-MAF Ay = (A,
R, C, La, Dy) is saidto beametalevel formulationof the PAF A = (A, R, P) iff:

e [z]isaconstanin L, iff z € A

e A, is the union of the disjoint setsA 1, A, Ars, Ara, Where Ay,
Ao and A5 aredefinedasin Definition 19, and:

4. 5 € A, C(0) =spreferred([z], [y]) iff x >p y
(from hereonwe maywrite (x Py) to referto anargumentof theform 9).

o R is definedby D,,.
Q— O 0 —@
(3

Figure6: A PAF formulatedasa metalerel framewvork

Themetalerel formulationof theweatheexamplePAF (A= {a, b}, R ={(a,b), (b,a)},

P ={(a,b)}), is shavn in Figure6. E' = {(j — a), (a defd), (r — b), (aPb)} is the
singlegrounded/preferred/stabégtensionof the metalerel framework, corresponding
to thesinglegrounded/prefead/stableextension{a} of the objectevel PAF.

Theorem 4 Let Ay = (Am, R, C, L, Dy) bethe P-MAF of a PAF A =
(A, R,P). Thenfor s € {complete,grounded preferred,stablg, (; — =) € Am
is acredulouslyrespectiely scepticallyjustifiedargumentof A, underthe s seman-
tics, iff x € A is acredulouslyrespectiely scepticallyjustifiedagumentof A under
the s semantics.

Note that our weatherforecastexampleillustratesresolutionof an agumentation

framavork obtainedby replacingsymmetricattackswith asymmetricattacks.Proper
tiesrelaing framewnorks andtheir resolutionshave beenstudiedin [9] and[35]. Our
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metaleel formulationof P AF's providesa generalsettingfor furtherformal studyof
resolutionsemantic$9], wherebythe reasoningy which anobject-level framewnork’s
resolutionsareobtaineds now modelledin terms of agumenationwithin its metalevel
formulation.

Secondly note that sincethereis a single preferencerelation, argumentsof the
form a Pb will not attackone anothey nor be attacled by ary otheramgument. If the
preferenceelationsuppliesa total order the corresponding®-M AF will containno
cyclesandsohave anon-emptygrounded=xtension, andauniquenonemptypreferred
andstableextension.If, however, the preferenceorderis a partial order the preferred
andgroundedxtensionsnaynotcoincide:theremaybemultiple preferredextensions,
correspondingo choicesbetweenmutually attackingarguments betweenwhich no
preferencds expressedn the preferenceelation. Provided, however, thatthereis a
preferencebetweenat leastone pair of agumentsin every cycle, the groundedand
preferredextensionswill be non-empty

3.5 Formalising Value BasedAr gumentation in Meta-level Argu-
mentation Frameworks

In VAFs we have rathermoreadditionalinformation: a setof values,a function map-
pingargumentgo valuesandasetof audiertesrepresentingotally orderedpreference
relationson values.Themetalerel charaterisationof the objectevel reasoningpplied
to determinethe justified agumentsof an audiencespecificVAF (aVAF), augments
MR2 in Section3.1asfollows:

MR2.1 y doesnot defeatz (i.e., y’'s attackon x fails) if z's value is preferredto y’s
value. Hence,in the metalevel, o claiming‘y defeatse’ is attaclked by a value
prefeenceargumentr claimingthat‘ 2’s valueis preferredo y’s value’. Thusv
reinstateg claiming‘z is justified’.

MR2.2 The preferenceof z’s valueover y's valueis challengedy the contraryprefer
ence.Hence,in the metalevel eachr is symmetricallyattacled by the metalevel
amgumenty’ claimingthat'y’s valueis preferredto x’s value’.

MR2.3 TheaV AF’schoiceof audiencdtotal orderingon values)endorseshe pairwise
valuepreferencespecifiedby the total ordering. Thus,anaudienceconstitutes
a metalerel agumentthat claims a total ordering, and that attacksary value
preferenceargumentsthat contradictthe endorsedralue preferencesHence,if
val(z) >4 val(y), thena constitutesan audienceargumenthatattacksy’ and
thusreinstates .

We canalsorepresengll audiencesn a V AF, wheregiven P = {a;,...,a,},
theneacha; constitutesan audienceargunrentthatsymmetically attacksevery other
audienceargumentsinceby definition,for all ¢, j suchthati # j, a; anda; contradict
eachotheron atleastonevalue preference.

Definition 24 [Metalevel Value basedAr gumentation] A V-M AF is atuple (A,
R, C, Lag,Dy) , whereD, =Dy U

{D4 : if C(a) = defeat(Y,X) andC(3) = val_pref(val(X,V),val(Y,V’)) then
(B,a) € Rum
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D5 : if C(«) = val_pref(val(Y, V"), val(X,V)) andC(8) = val_pref(val(X,V),
val(Y, V")) then(B,a) € Rpm

D6 : if C(«) = audience(Z) andC () = val_pref(val(Y,V'),val(X,V)), where
Z is asetof pairsof constarg suchthat(V, V') € Z, then(a, 5) € Rm

D7 :if C(B) = audience(Z) andC(«) = audience(Z"), whereZ andZ’ aresetsof
pairsof constantsuchthat (V, V') € Z, (V',V) € Z' then(8,a) € Ram}

Definition 25 [Mapping VAFsto Metalevel Frameworks] A V-MAF An; = (A,
Rm, C, Lam,D,) is saidto be a metaleel formulationof the VAF A = (A, R, V,
val, P) iff:

e [z]isaconstanin Ly iffx € Aorz eV

e A, is the union of the disjoint sets A1, Arro, Anms, Ara, Arms Where
Anrm - - - Arz aredefinedasin Definition 19, and:

4. v € Apmy, C(v) =val_pref(val([z], [v]),val([y], [v'])) iff val(x) = v,
val(y) =v', andv # o' (henceforthwe maywrite (z, Py, ) to referto an
argumentof theform v)

5. ¢ € Apns, Cle) ={(v1,v2) ... (v, o)) iffa € Pra=v; >4 v2...0p >a
v, (henceforthwve maywrite (>,) to referto anagumentof theform ¢)

e R isdefinedby D,,.

TheV-MAF of anaVAF (A/R,V val,a) is definedasabore, whereP = {a}.

Example 1 Figure7a)shovstheV-M AF formulationof theV AF:

A= {a,b}
R ={(a,b)}
V = {vl,v2}

val(a) = vl,val(b) = v2

P ={a; = {(v1,v2)},a2 = {(v2,v1)}}

We have two preferredextensionsof the V-M A F formulation,onefor eachaudience:
E1={(>a1), (av1Pby2), (j — a), (a defb), (r —b)}

E2={(>42), (bu2Pav1), (j —a),(j — b)}

E2 isthenthesinglepreferredextensionof the V-M AF formulationof theaV AF for
audiencea2 shavn in Figure7b).

Theorem 5 Let Ay = (A, R, C L, Dy) bethe V-MAF of anaVAF A =
(AR, V wal,a). Thenfor s € {completegroundedpreferredstablg, (j —x) € A
is acredulouslyrespectiely scepticallyjustifiedargumentof A, underthe s seman-
tics, iff x € A is acredulouslyrespectiely scepticallyjustifiedargumentof A under
the s semantics.

In [12], the argumentghatappeatin every preferredextensionfor every audience
in a VAF arereferredto asobjectivelyacceptable. The agumentsthat appearin at
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Figure7: A VAF (a)) andaVAF (b) formulatedasmetaleel framevorks

leastone preferredextensionfor at leastone audiencein a V AF are referredto as
subjectivelyacceptableThesenotionscorrespondo the scepticallyrespectiely cred
ulously justified aguments(underthe preferredsemanticspf the VAF’s metalevel
formulation.

Definition 26 [Objective and Subjective Acceptancé
GivenaVAF A = (A, R,V,val, P), andanargumentz € A:

e 1 is objectvely acceptableiff Va € P, x is a scepticallyjustified agumentof
theaVAF (A/R,V val,a) underthe preferredsemants.

e 1 is subjectvely aceptableff Ja € P, x is a credulouslyjustified agumentof
theaVAF (A/R,V val,a) underthe preferredsemants.

Theorem 6 Let AM = (.AM, RM, C, ﬁM,'DU) bethe V-MAF of aVAF A =
(AR, Vwal,P). Thenforany x € A, (j — z) € Aum:

1. z is anobjectively acceptablargumentof A iff (j — x) is ascepticallyjustified
argumentof A, underthe preferredsemantics

2. z isasubgctively acceptablamgumentof A iff (j — ) is acredulouslyjustified
argumentof A, underthe preferredsemantis.
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3.6 Formalising Extended Ar gumentationin Meta-level Argumen-
tation Frameworks

In both preferenceandvalue basedargumentationjnformationassumedo be exoge-
nousto thedomainof agumentationbasedeasonings usedto undermire the success
of attackasdefeats.In EAFs, suchinformationis part of the objectlevel domainof
amgumentationandin keepingwith theabstrachatureof Dung’s approachmo commit-
mentsaremadeto the natuke of thisinformation. Rather the useof theinformationto
underminethe succes®f attacksis abstractlycharacterisedpy defininga new attack
relationthatoriginatesfrom anamgumentandthatattacksanattack.

Intuitively, the metalevel characterisatioof the objectievel reasoningin an EAF,
extendsthatin a Dung AF sothatargumentf theform (j — x) andargumentf the
form (¢ defr) areattacledrespectrely by amumentsof theform (y defx) and(p def
(¢ defr)). Justas(y defz) is attacledby (r — y) and(r — y) is attacledby (j — ),
so(p def (¢ defr)) is attacledby (r — p) and(r — p) is attacledby (j — p).

y is justified y is rejected y defeats x x is justified x is rejected

90900
@ z defeats y's
defeat of x

@ zis rejected

@ z is justified

Figure8: Meta-lerel formulaion of anattackon anattack

Hence,in additionto MR1, MR2 andMR3 in Section3.1:

MR1" Theexistenceof anattack(z, (v, z)), constitutesa metalevel agumenta’ claim-
ing ‘z successfullyattadks and so defeatsy’s defeatof z’; hencea’ attacksa
(seeFigure8). Any metalevel attackon o, challengingz’s defeatof y's defeat
of z, reinstatesw, and characterisethe objectlevel reinstatemendf y’'s attack
onzx.

MR2' If z is rejectedthenz doesnot defeaty’s defeatof z. Hence,o' is attacled by
7/ claimingthat' z is rejected’. Thus7’ reinstatesy.

MR3 If 2 is justified, then ~ defeatsy’s defeatof . Thus, )’ claimingthat‘z is
justified’ attacksr’ claiming‘z is rejected’,soreinstatimg o’.

Definition 27 [Extended Argumentation as a Meta-level Argumentation Frame-
work] An E-M AF is atuple(Anr, R, C, Lag, De), Where:

D. =Dy U{ D4:if C(a) = defeat(Z, (defeat(Y, X)) andC(5) = defeat(Y, X)
then(a, 5) € R}
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Definition 28 [Mapping EAFsto Metalevel Frameworks] An E-M AF Ay = (A,
R, Cy L, D) is saidto beametalevel formulation of the EAF A = (A, R, D) iff:

e [z]isaconstanin L, iff z € A

o Ay, is the union of the disjoint setsAy, Ara, Ars, Arg, Where Apgq,
Ao and A5 aredefinedasin Definition 19, and:

4.0 € Apma, C(0) = defeat([z], (defeat([y], [x])) iff (z,(y, 2)) € D
(from hereonwe write (zD(yDx)) to referto anagumentof theform ¢).

e R,y isdefinedby D..

Figure9 shavs the metalerel formulation of the weatherexampleEAF in Figure
2b).

cD
(bDa)
oa@a
a
.47 defb

\%/ ’

Figure9: Meta-level formulationof the EAF' in Figure2b)
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In generalacorrespondencdoesnothold betweerthejustifiedargumentof EAFs
andtheirmetalerel formulations.Considetthe EAF A in Figure10, in which a attacks
b, andb itself attacksthe attackfrom a 8. A’s singlepreferredextensionis £ = {a, b},
sinceF is conflict free according to Definition 13, a is olbviously acceptablev.r.t. E,
andb is acceptablewn.r.t. E sinceno argumentde featsg b. However, thereexist two
preferredextensionsof A’s metalevel formulationA ;:

{(j - a). (a defb), (r — b)} and{(j — ), (j — b), (bD(aDb))}

Hence,a andb are scepticallyjustified agumentsof A, whereasonly (5 — a) is a
scepticallyjustifiedargument of A ;.

6The exampledemonstrateshe kind of self-referencexhibited by the liar paradox (“this sentencds
false”)in thatb is interpretedasassertinga conclusionaboutitself, viz. that“b is preferredto a”
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Figure10: A non-hierarchicaE AF andits metalerel formulationA

The key thing to notein this exampleis that EAFs do not imposerestrictionson
theinteractionsdbetweerarguments Hence informationappliedto underminehe suc-
cessof attacksas defeatsbetweenobject level aguments,can itself be part of the
objectlevel domainof agumentéion (in contrastwith PAF's andV AF's, in which
suchinformationis metato the objectlevel aguments). With referenceto the above
example,we now discusshow this ‘mixing’ of the metaandobjectlevel in EAF's re-
vealsa distincion betweenthe ontologicalstaus ascribedto R attacksin EAF's and
their metalevel formulationas arguments,andthusresultsin the correspondencaot
holding.

If onewereto ascribeto attacksthe samestatusas arguments,then one might
justifiably consider{a, b} and {a} asdistinct preferredextensionsof the EAF A,
wherethe latter preferredextensionimplicitly containsthe attacka — b. However,
EAFstreatR attacksassemnd classcitizens,andwith somejustificationgiventhat
theexistenceof anattackis contingenon theexistenceof agumentsut notvice versa
(i.e., one can considerthe existenceof argumentsindependentlyof attacks,but not
vice versg. In thisview it is legitimateto identify {a, b} asthe setinclusionmaximal
admissiblesetof arguments

In our metalevel formulation, one doesnot discriminatebetweenmetalevel argu-
mentsconstitutedoy the existenceof R attacksandargumentsin A; theseattecksand
argumentsareeffectively assumedo beonapar Thisin turnmeanghatunlike attacks
at the objectlevel, attacksformalisedas metalerel agumentscanindirectly reinstate
themseles. This is illustratedin A, in Figure10in which (a defb) is partof a 4
cycle, sothat (a def b) reinstategr — b), which in turn reinstates(a def b) (hence
we say (a defd) indirectlyreinstatestsdf) in the preferredextension{(j — a), (a def
b), (r — b)}. Now noticethatthis implication of the ontologically distincttreatmentof
attacksat the objectandmetalevel would not manifestitself if we focussedn FAF's
thatmaintan astrict separatiorbetweerobjectlevel agumerts andtheargumentghat
attackattacksbetweerpbject level aguments If sucha separatiorwereimposedthen
anargumentof the form (a defb) would not be ableto indirectly reinstatetself, and
we would thusexpecta correspndenceo hold.

Indeed,[38] studya specialclassof hierarchical EAF in which the agumentation
is ‘stratified’ into levels so that, intuitively, eachlevel is a Dung framework (A, R)
in which all R attacksare restrictedto argumerns within the framewvork. TheseR
attacksare then attacled by D attacksthat exclusively originate from argumentsin
the immediatemetalerel 7. It is interestingto note that the characteristidunctions
of hierarchicalEAFs are monotonic,so enablingcharacterisatiorof their grounded
extensionsastheleastfixedpoint of their characteristidunctions.

Althoughintuitively this could be generalisedo any, ratherthanjust theimmediatemetalevel.
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Definition 29 [Hierarchical EAFs] A = (A, R, D) is a hierarchical EAF iff there
existsapartition Ay = ( ((A1, R1),D1), - ... (A}, R;), D;), ... ) suchthat:

e A=UiZ,Ai, R=U;2 Ri, D =2, Dy, andfor i = 1...00, (4;,R;) isa
Dungamgumentatiorframenvork.

e (C\(A,B)) € D;implies(4,B) e R;,C € A1

A is aboundedhierarchical EAF iff its partition Ay is of theform ( (A1, R1), D1),
ct ((ATH Rﬂ,)7 Dn) ), Whel’eDn = @

A correspondenceanthenbeshavn betweenboundecdhierarchicaEAFs andtheir
metalevel formulations:

Theorem 7 Let Ayr = (A, Rats Cy Lag, D) bethe E-M AF of a boundedhier
archicalEAF A = (A, R, D). Thenfor s € {completegrounded preferredstablg,
(j — x) € Apq is acredulously respectrely sceptically justified agumentof A,
underthe s semanticsjff x € A is a credulously respectiely sceptically justified
argumentof A underthe s semantics.

The EAF A in Figure8is nothierarchical HowevertheweatherexampleEAF in
Figure2b)is boundechierarchical lts singlepreferredextension{e, d, b} corresponds
to thesinglepreferredextenson

{4 —¢),(eD(cDd)), (j — d), (d defe), (r — ¢), (dD(aDb)), (j = b), (b
defa), (r —a)}

of its metalerel formulationin Figure 10.

Although[38] discusseandillustratesrequirenentsfor £ A F'sthatdonotconform
to thehierarchicarestriction we obsene thatmary applicatonsof extendedargumen-
tation canbe naturallyacommodatedinderthe hierarchicalrestriction;in particular
applicationof extendedargumentationto agentreasoing over beliefs,goalsandac-
tions [43, 37]. Also, reinterpretingthe argumensg basedon preference$n PAFs and
on valuepreferencein VAFs produceshierarchicalframevorks. Notethatin Section
6 we commenfturtheronthelack of correspondenceetweemon-hierarchicalE AF's
andtheir metalevel formulaions.

4 Applications of Metalevel Argumentation

4.1 Applying Resultsand Techniquesfor Dung Ar gumentation to
Developmentsof Dung Ar gumentation

In the previous sectionwe describedmetalevel formulationsof variousobject level
developmentof Dung’s abstractargumentatiortheory and shaved that the justified
argumentsof the objectlevel frameworks canbe characterisedn termsof the justi-
fied agumentsof their metalevel formulatiors. Thesecorrespondenceslow oneto
transitionthe full rangeof theoreticalandpracticalresultsandtechnique definedfor
Dung amumentationto thesevariousdevelopments. For example,considerthe use
of labellingsfor characterisinghe extensionsof a Dung framework, reviewedin Sec-
tion 2.1.2. Algorithms for computinglabellings,andthereforeextensions have also
beenproposed23, 42, 51,52]. Giventhe correspondencdsgtweenobjectlevel and
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metalarel extensbns,onecannow make useof thelabellingapproachandalgorithms
atthe metalevel in orderto characteriseandcomputethe object level extensions.For
example,supposeA is an objectlevel hierardical EAF, andlet Ay = (Aa, R,
C, Lm,D.) beits E-M AF asdefinedin Definition 28. We canthenapply labelling
algorithmsto computethe labellingsandso extensionsof the Dung framewvork (A,
R ) underall of Dung’s semanticsGiven Theorem?, we thusobtainthe extensions
of A8,

Argumentgameproof theoies for Dung framavorks have also beendefinedfor
establishinghejustified statusof a givenagumentz undereachof Dung’s £mantics
[24, 28, 42,53]. Giventhe correspondenceshownn in the previous section,one can
male useof thes proof theaies to estblishthe justified statusof argumentsof the
form (j — ) in orderto establishthe statusof x in the correspondingbjectlevel
framavork. In what follows, we descrbe gamesappliedto our metalevel formulation
of valuebasedargumentatior{12], and contrastthe useof suchgameswith the more
comple gamesspecificallydevelopedfor valuebasedargumentatiorj11, 13].

4.1.1 Applying Argument Game Proof Theories to Metalevel Argumentation
Frameworks

Argumentgamedake theform of dialoguesetweera proponenaindanopponentf a
givenargument. The proponensstartswith anamgumentto be tested afterwhich each
player mustattackthe otherplayers agumentswith a counteragument of sufficient
strength. The initial argumern is provableif the proponenthasa winning strateyy,
i.e., if he canmake the oppmentrun out of moveshowever the opponentchooseso
attack. Essentialf the dialogueconstructsan admissibleset containirg the desired
argument.The preciserulesof the algumentgamedependon the semanticswvhich the
proof theoryis meantto capture. Gamesfor demonstratinghe justified statis under
credulouspreferredandscepticalpreferredsemantis, for coneentframevorks®, are
givenin [53]. ThesegameswhichareTwo PlayerimmediateRespons€TPI) gamesjn
whichaplayermustaddressheamgumentastplayed,wererefinedandtheir properties
exploredin [28]. In the latter work threemoves are usal: COUNTER, BACKUP and
RETRACT.

COUNTER canbe madeby eitherplayer andinvolvesplayinganargumentwhich
attackghelastargumentplayed. BACKUP is only employedby opponentandRETRACT
only by proponent.Thesetwo movesaredifferentfor the differentplayers,andarise
from theneedto allow back-trackingwhenthereis no agumentavailableto attackthe
argumentlast played. Firstly, BACKUP may be seenasopponeninvoking a new line
of attack within the samedisputetree. On the otherhand, RETRACT representshe
disputebeingstartedagain, this time, however, with the knonvledgetha somelines of
defencearenotavailable,i.e.,thosethatwouldresultin aknown inadmissiblesetbeing
constructedln fact,aswasshavnin [28], if theargumentis credulouslypreferredhen
a proponenemplgying ‘bestplay’ will hever needto make aretraction: RETRACT is
needednly to allow for stratgic mistales. Making moves canaffect the amguments
availablefor subsegentuse.If anagumentis playedwhich attacksargumentsasyet
unplayedtheattacledargumentsceasdo beavailablefor the proponentin asceptical

8Note that labellingshave recentlybeendefineddirectly on arbitrary EAF's for only the admissible,
preferredandstablesemantic$39]. In this work algorithmsfor computingtheseextensionsarenot defined.

9Every preferredextensionof a coheentframawork is alsostable ard sincein generaktableextensions
arepreferredthe stableandpreferredextensionsof acoherenframevork coincide.
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game)or the opponent(in a credulousgame). Similarly argumerts attackingan argu-
mentplayedarenot available to the playerwho playedthe latterattacked agument.

Thesegameshave beenshown to be soundand complete!® andwork very well
for Dung frameworks, and attemptshave beenmadeto extendthe gamesto accom-
modatepreferencesFor example,a gamefor value basedframevorks was proposed
in [11]. In thatgamean additional VALUE move is madeavailable to both players.
The VALUE move is usedwhenthereis no agument availableto allow a COUNTER
move, andallowstheplayerto defendanargumentby claiminganaudienceadwocating
thatits valueis preferredto its attacler. A recordof suchmovesmustbe keptsoas
to block a VALUE move expressingan audiencevhosevaluepreferencecontradictsa
previous VALUE move’s audierte adwocatedpreferene. Althoughthis gameis effec-
tive for someframeaworks, it is more complicatedthan the original TP, in thatit has
this additionalmove, andit requiresmaintenane of additionalstructurego recordthe
currentlyexpressedialuepreferencesAdditionally certaintypesof framewvork present
problems.

We canillustratetheseproblemsby referenceo the VAF in Figure11a),in which
x5 is objectively acceptabldi.e. scepticallyjustified underthe preferredsemants
irrespectve of the relative ordering of the valuesproperty and life). If proponat
startsa gamewith 5, which is then attecked by opponent x6, proponentcannot
thenCOUNTER with z7, sincez7 is attackedby anargumentalreadymovedby propo-
nent,i.e., z5 itself. Henceproponentusesthe VALUE move to claim life > property.
While thiswill succeedn establitiing the acceptabilityof x5, it shouldnot have been
necessaryo expressthis audencesincex5 is acceptablérrespectve of theaudience.

Consider however, that we can apply the standardTPI gamesto our metalevel
formulationsof VAFs. Given Theoremb, we canthenevaluatethe justified statusof
anargument(j — z) in the metalerel formulation, so evaluatingthe statusof z in
the objectlevel VAF. For example,we can play the standardscepticalTPl game
on the metaleel formulation of the VAF in Figure 11b) in which (>5;) denoteshe
argumentclaiming audience({(property,life)}) and (>,2) the agumentclaiming
audience({(life, property)}). Notethatin this scepticalgameopponem hasonly
to shov that he is not compelledto accepta proponens proposedargument,andso
opponentanplay agumens alreadyattaclked by proponentaguments.Supposehat
whenopponenplays(z6 defz5), proponenthallengesvith (x5, Px6p) ('L’ denotes
life and‘P’ denotesproperty). The opponentcanthen continuealong either of two
lines of attackvisualisedn Figure11c). In eithercaseproponentcannotrepeat(> s
) giventhat it is alreadyattacled by opponent. Hence,in either case,proponentis
forcedto RETRACT (>41) andits endorsed/aluepreferencé x5, Pz6p), andinitiate
anew line of defene, attacking (z6 defx5) with (r — 26). Thedisputecontinuesas
visualisedin Figure11d), eventuallyleadingto proponenplaying (j — «7) (notethat
(j — «7) is notdirectly attacled by proponens (; — x5)), opponeniplaying (z5 def
x7), andthenproponen (z7p Pz51,). Now, accordingo therulesof [28]'s TPI game,
opponentanplay neitherof (x5, Pz7p) or (>a2), Sincebothagumentsareattacled
by the agument(>,;) thatopponenthas playedn whichever of the disputelinesin
Figurel11c)that hasled to proponent retraction.Proponentffectively demonstrates
that the audienceopponentcommitsto in order to undermineproponens defene,
also supportsproponents defence. Notice that if the proponens first attemptat a
defencehadbeento play (r — 26), this would have leadto either of the two opponent

10Thatis to saythereis a winning stratgy for argumentz in a gameplayedunderthe rulesfor scepti-
cal, respectiely credulouspreferredsemanticsff z is justified underthe sceptical respectiely credulous
preferredsemantics.
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Figure11: a) a VAF (L standsfor life and P for property), andb) its metalevel for-
mulation. ¢) shawvs two winning TPI disputelinesfor opponentandd) a winning TPI
disputeline for proponentin which opponentcamot play argumentsattacled by the
argument(>,; thatis has playedn bothlinesin c))

winning lines of attackin Figure 11d), in which the prohbited moves shovn would
have beenallowed,andwherethe theright handline of attackwould now terminat by
opponenlaying (>42) in responseo proponent (>,1). This would thensimilarly
forceproponento RETRACT andthenplay (x5, Px6p) asshowvn in Figurellic),and
opponentould thenbe prohibitedfrom playingeither (z6 p Px51,) or (>a1). Herce,
in eithercaseproponeat is ableto establistthe objective acceptabilityof (j — 25) (and
sox5 in the objectevel framavork) withoutcommittingto anyaudence

Another desirablefeatureof VV AF's is that ratherthan the audiencebeing fixed
in adwance,it shouldemege from the reasoningprocesstself. This view thatvalue
preferencesre the productof reasoningatherthanan input to it was expressedy
Searleasfollows:

Thisanswefthatwe canrankvaluesin advancejwhile acceptablasfaras
it goeslasanexpostexplanation],mistalenly impliesthatthe preferences
aregiven prior to practicalreasoningwhereasjt seemso me, they are
typically theproductof practicalreasoning.And sinceorderedpreferences
are typically productsof practicalreason,they cannotbe treatedas its
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universalpresupposition[50]

Thisissueis exploredin [13], in whichthesetupis thatgivena V AF, the propo-
nentwishesto defenda position in which the proponentwishescertainargumens to
be acceptedcertainotherargumentso be rejected andis indifferentto theinclusion
or exclusionof the remainingarguments.[13] presentsaa gamein which anaudience
for whichthepositionis acceptablés determind, or it is shavn thatno suchaudience
exists. The moves of the gameare, however, rathercomplicated,and lack the clear
intuitions of the TPI gamemoves. In the metalevel frameawvork, however, the value
preferencesindaudiencesppearas part of the admissiblesetconstructedduring the
courseof a TPI dispute,andso we canplay the TPl gameto identify the constraints
putupontheaudience.

To illustrate,consideragain the V-M AF' of Figure11b), andsuppseproponent
wishesto accept(j — 27). Opponentchallengeswith (x5 def z7). Examiningthe
framework, we seethatit is futile for proponento play (r — x5), sincethis will ulti-
matelyrequireproponentto play (r — «7), which he hasalreadyattacled. Therefore
proponenimustplay (z7p Pz5z ), andthen(>41) in responseo eitherof opponens
possibleattacks.Sincein this gameproponents only requiredto establistsubjectve
acceptancdi.e., (j — z7) is credulouslyjustified), opponentcannotnow play argu-
mentsalreadyattacled by proponemn arguments. Specifically opponem cannotplay
(>a2), andso the gameterminateswith the audienceestablisheds (>,1) ordering
propertyover life.

We concludeby observingthata numberof efficiency gainscanbe obtainedwvhen
applyingagumentgamesto metalevel framewvorksin general For example,onecould
allow a playerto play morethanoneargumentin a singlemove. In particulara player
could move anagumentof the form (x defy), followed by anagumentof the form
(j — z), given that the players counterpartwill always be ableto play (r — ) in
responseo (z defy), whichin turn canalways be countereddy (5 — z). If thesetwo
moveswere playedtogetherthe counterpartvould then hae the choiceof attacking
either (z defy) or (j — x). Changesf this sortwould eliminatesomeunnecessary
rounds but not otherwiseimpacton thegame.

We canseethenthatuseof standardl Pl gamesplayedon a metalevel framewvork
improves greatly on the gamesplayeddirectly on VAFs. Unlike the gameof [11],
playersarenot obligedto make unnecessgrcommitrrentsto audiencesandalthough
the game of [13] is soundand complete,the game played on the metalevel frame-
work is simpler sincethe gamein [13] requires conditionson movesto ensurethat
incompatiblevaluepreferencearenotexpressedHere,becausealuepreferenceand
audiencesreargumentsn theframework, theseconsiderationarehandleduniformly
throughthe attackmechanismso that illegitimate agumentsare clearly seenas not
availablebecauseattacled by an agumentto which the playeris alreadycommitted.
Further the requiredpreferencesind the audienceshemsehes appearin the admis-
sible setconstructedy the dialogue ratherthanbeng separatly recoveredfrom the
history of thedialogueasin [13]. Theseimprovementsstemfrom theability to usethe
cleanframework provided by abstractargumentatiorto acconmodatethe preference
considerationghat require externalmechanism to expresspreferencest the object
level.

Finally, noticethatwe canalsoapply TPl gamesor othergamesdefinedfor Dung
framaworks [42], to our metalerel formulationsof extendedargumentation.We will
returnto this topicin our discussionof futurework in Section6.
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4.2 Extending and Integrating Abstract Argumentation in Met-
alevel Frameworks

In the spirit of Dung’s original theory M AF's adopta level of abstractiorthat makes
limited commimentsto the instantiatinglogics. Thus metalerel arguments can be
built from statement@boutthe existenceof aguments preferencesattacksetc in
different object level frameworks, which in turn may be constructd from different
underlyinglogics. This not only allows for integration and further extensionof the
variousdevelopmentsof abstractargumentationjput also provides principled means
for instantiationby, andintegrationof agumentsconstructedrom differenttheoriesn
differentunderlyinglogics, whereone theory may encodemetalerel reasoningabout
theagumentdefinedby anotler theory.

4.2.1 Extending Abstract Argumentationin Metalevel Frameworks

Recallthatin VAFs audiencesene asoraclesin thatit is not possble to debatethe
merits of belongingto one audienceratherthananother At the metalevel, however,
the audiencesreargumentswithin the framework, andassuchareopento attacklike
ary otheramgument,allowing oneto advanceargumentsor andagainstparticularau-
diencesConsideDefinition 24’s metalerel formulationof valuebasedargumentation.
Given anobjectlevel V AF we canconstructthe aguments and attacksinstantiating
aV-MAF, andadditionally includein the V-M AF' metalevel agumentsthat refer
to objectlevel amgumentsaandattacksdefinedby argumentation-baseeasoningabout
whatthe audienceshouldbe.

Onepossiblesourceof suchamgumentsmay be moral principles. In a debateon
fox hunting, for example,one might find an algumentalongthe lines of fox hunting
is enjoyedby manypeoplein conflict with an agumen suchas fox hunting causes
animal sufering. Resolvingthis conflict requireschoosingbetweerthe audiencepre-
ferring the valueof humanenjoymentto the value of animalwelfare,andtheaudience
endorsingthe contraryprefeence. Opponentf hunting could now appealto some
moral standardsglaimingthatit is not a legitimatechoiceto preferhumanenjoyment
to anmal welfare,usinganargumentsuchasno rational personcould promoteenjoy-
mentat the expenseof animal welfare. Suchan argumentwould attackary audience
endorsinghe preferencdor humanenjoyment. In turn this algumentcould be subject
to attack,sothatthe debateshiftsto whatpreferencesrelegitimate.

This kind of agumentationis particularlycommonin the legal domain,especially
when consideringcommonlaw and the role of precedentases. Often a casewill
turn on how the courtchoosego resole aconflict betweenpossiblepurposeghatthe
law cansene. Considerthe well known propertylaw caseof Piersonv Postthathas
beenthe subjectof muchdiscussiorsinceits introductioninto Al andLaw [25]. In
this casethereis a conflict betweerthe valueof enmuraginga socially usefulactiity,
andthe needto have clearlaw to minimise disputes. While the minority opinionin
Piersonfavouredthe first value, the majority preferredclearlaw to socialutility. In
subsequentasesvherethis choiceis presentedPiersoncanbe cited asan algument
againstadoptinga preferencdor socialutility.

Thisadditionalexpressvenesis importantfor representinguchdomains Whereas
objectlevel framavorks, suchasthat producedfor Piersonandrelatedcassin [16]
couldidentify the choicesconfrontingthe courts,they could captureneitherthe choice
actuallymade northerationalefor the choice,bothof which areessentiafor aproper
representatioof precedentiateasoning.For arecentrepresentationf casdaw which

31



usesmetalevel framevorksto allow suchargumentationsee[15].

Consideralsothat our definiion of E-M AF's (Definition 27) admits(given the
BNF specificatiorof £, in Definition 17) agumentswith claimsof theform de feat
(Zy,defeat(Z,_1,defeat(Z,_s,...))), whereeachsuchargumentattacksan argu-
mentwith claim de feat(Z,,—1,defeat(Z,—2,...)). Thatis to saywe canmodelre-
cursive attacksonattacksonattackson. . . etc(seeFigurel?). Indeed,suchametaleel
formulationmight evenprovide a basisfor defininganobjectlevel framevork extend-
ing £ AF's to accommodatsuchrecursve attacks,in the senseghatonemight verify
thecorrectnessf suchanobjectlevel formalisationby shaving acorrespondenceith
the metalevel formulation. Recently [8] have proposedust suchan objectlevel for-
malisationof recursie attacks,andwe will discusghiswork in Section5 1.

— Q—(=e

cD
> @ > | (bDa)

!
D DP—E)—@—AQ

Figurel2: An E-M AF with metalevel formulatiors of recursve attackson attacks.

4.2.2 Integrating Abstract Argumentationin Metalevel Frameworks

A numberof works (e.g.,[33, 36]) have descibed requirementdor extendingvalue
basedargumentatiorso that criteria otherthanthe audiene basedranking of values
canbe usedto underminethe succes®f attacks. For example,considerthattwo ar

gumentse andb symmetricallyattack,wherea andb promotethe samevalue. One
maythenwishto arbitratebetweer: andb basedon othercriteria, suchastherelative
trustworthinessof the distinct advocates(or sources)f eachargument,or the degree
to which eachargumentpromotesa value. We canformalisea metaleel integration
of valueandpreferencargumentatiorby straightforvardly combiningthe P-M AF's
andV-M AF's of Sections3.4 and3.5, by addingan additionalconstraintspecifying
attacksbetweercontrarypairwisevaluepreferenceandstrict prefeencegivenby the
preferenceelation.

Definition 30 [Integrating Value and PreferencebasedAr gumentationin a Meta-
level Argumentation Framework]
AV P-MAF isatuple(Anr, R, C, Lag, Doyp), whereD,,, =D, U D), U

{D':if C(a) =val_pref(val(Y,V'),val(X,V))andC(8) = s_preferred(X,Y)
then(g8, o), (a, B) € R}
LINotethattheneedfor recursie attackswould alsoneedto becarefullymotivated.In thecaseof EAF's,

attackson attacks readilyadmitinterpretationn termsof applyingpreferencesassubstantiateéh [38] by
provisionof EAF semanticgor [48]'slogic programmingwith defeasiblepriorities
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Example2 Considerthe aV AF' in Figure 13 wherethe single audienceal orders
valuewv1 over v2. Consideralsoa separatelydefinedpreferenceorderingyielding the
strict preferences: >p b, a >p b, wherethe latter strict preferenceresoles the
choicebetweenthe symmetricallyattackinga andb, eachof which promotethe same
value. Notice thattherearetwo preferredextensionsof the V. P-M AF'; the onecon-
taining the shadedargumentsasshown in Figure 13b), andthe secondcontainingthe
sameargumentsexceptthat b,; Pc,» replaces(c def b) and (cPb). Both preferred
extensionscontainthe scepically justifiedamgumentsj — a) and(j — ¢).

vi vi v2
Q—0—0

a)

@) -

@—(r)——try=
\ . /
D— @y -0 —@

a
&

|

‘— b)

Figure13: A VAF (a) andpreferencerderingformalisedasa VV P-M AF (b) in which
theargumentdn oneof its two extensionsareshaded

In the following example we illustrate the idea of metdevel integration of pref-
erenceandvalue basedargumentsby referringto objectlevel agumentsfor actions,
value preferencesaudiencesand preferencesonstruced from different underlying
logicsandtheories.

Example 3 Figure 14 shows the VP-MAF (Apm, Rm, C, L, D,yp) illustrating
argumentation-baserkasoningaboutaction. The V P-M AF is instantiatedas fol-
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lows:

e Argumentyj —al), (j —a2), (j — a3) € A aremetalevel agumentsclaimingthat
objectlevel agumentsaboutactionarejustified, wheretheseobjectlevel algumentsare
constructedn aBDI logic asdescribedn [7]. al anda2 areargumentgor themedical
actions'give aspirin’ and‘give chlopidogrel’respectiely. Theseagumentselatethe
currentbeliefsthatwarrant(are premnditionsfor) the actionsbringing aboutstatesof
affairsthatrealisea desiredgod andsoappeato avalue.al anda?2 attackeachother
sincethey represenalternatie course®f medicalactionfor realisingagiventreatment
goal. a3 stateghatchlopidogrelis prohibitively expensve andso asymmetricallyat-
tacksa2. Givenal, a2 anda3, Figure 14 shovs the metalevel aguments(j — al),
(j —a2), (j —a3), (r —al), (r —a2), (r — a3), (a1l defa2), (a2 defal) and(a3 def
a2) relatedby metalevel attacks.
<
al

|
/
|

Figurel4d: V P-M AF for reasoningaboutmedicaladions

e In [36], constructiorof first orderargumentshatreferto thevaluationof objectlevel
argumentsis described. Specifically [36] describesaargumentsbuilt from first order
theoriesconsistingof factsthat assignvaluesto constantsnamingthe above object
level algumentdor action,and orderingson values:

val(al, health), val(a2, health), val(a3, cost) and>(al, health, cost)

Basedon thesefirst orderargumentswe constructthe metdevel value preference
andaudiencearguments:

((a2heaith Padcost)), ((a3cost Pa2heaitn)) aNd(>a1) (C((>a1)) = {(health, cost)}).

¢ Finally, [36] alsodescribesirst orderargumentsconstructedrom first ordertheories
describingclinical trial valuationsof therelative efficacy of drugs.Here,the existence

34



of a clinical trial agumentin [36] concludingthat chlopidogrelis more efficacious
thanaspirinat preventingblood clotting, is usedto constructthe metalerel agument
(a2Pal) (i.e.,C((a2Pal)) = s_preferred([a2], [al])).

Thesingleprefaredextensionof theV P-M AF containgheargument(j — a2) claim-
ing thatthe argumentfor chlopidogrelis justified. It is moreefficaciousthanaspirin,
andtheincreasecatod is discountedjiventhatthe valueof healthis deened moreim-
portantthancost(althoudn in practiceit is oftenthe caseendorsementf the contrary
preferencas arguedfor on utilitarian grounds).

5 RelatedWork

This paperbuilds on and substantiallyextendsprevious work of ours[41] in which

boundedhierarchicalE AF's arerewritten as Dung frameworks. In [41] we ‘expand’
R attacksz — y in an EAF, to obtainattacksz — = — zy — y. A D attack
(2, (z,y)) is thenrewritten asan attack = — 7 in the rewrite. We thenshav how

onecanformaliseandextendvalue basedcargumentationn ahierarchicalE AF, which

is thenrewritten asa Dung framevork. The rewrites presentedn [41] have inspired
recentworksby otherauthorg8, 20]. Of particularinterestis [8]' s extensionof EAF's

to accommodateecursve attackson attacks andtheir rewrite asDung frameworks. It

is instructive to examinehow [8] accommodatattackson attacksandformalisethese
asanobjectlevel Dung framevork. Consideragumentsa, b, ¢, d, andattacks(a, b),

(¢,d) and (b, (¢, d)) ([8] alsoallow attackson attackson attacksetc.). The notion of

directandindirectdefeatdrom attacksto argumentsandattacksis defined,sothatfor

thegivenexample:

(a, b) directlydefeasb, (c, d) directlydefatsd, (b, (¢, d)) directlydefeas
(¢,d) and(a, b) indirectlydefeatsb, (¢, d))

Basedon thesenotionsof defeat,notions of conflict free,acceptabilityandadmis-
sible andpreferredextensionsaredefined. A Dungargumentatiorframenork rewrite
is alsodefined. Figure 15a) shows [8]'s rewrite for the abore example,and by way
of comparisorthe metalevel E-M AF formulationis alsoshavn in Figure15b). Intu-
itively, [8] effectively modelattacksas argumentsjn amannersimilarto our metalevel
formulation. Giventhat[8] s motivation is to obtaina rewrite ratherthanformalise
metalerel algumentationtherewrite doesnotincludeargumentsorrespondingo met-
alevel agumentsof the form (r — z). Intuitively, however, a correspndenceobtains
between8] s rewrite andour metalevel formulation,sinceanargument(r — b) will be
acceptabléff (a defd) is acceptablesothatonecanformulateanattackdirectly from
(a defb) to (bD(cDd)). Theseobsenationssuggesthereforethatthe metalevel for-
mulationof recursve attacksdescribedn Section 4.2.1canbe viewed asa metalevel
formulationof [8] s objectlevel formalisationof recursve attacks.

Finally, we mentionworkswhich formdise logicsthatexplicitly referto aguments
andtheirrelationsandpropertied19, 35,55]. In particulay [55] alsoadwocatethe view
that

“rational agumentatioralsoinvolvesputtingforward algumentsaboutar-

gumentsandit is in this sensdhatthey aremeta-logcal. For example,a
statementhatsenes asajustification of anargumentis a statemenabout
anargument:theargumentfor which thejustification senesmustitself be
referredto in thejustification.”
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Figure15: Comparingrewrite in [8] (a) andthe metalerel formulationof anEAF (b)

Motivatedby the claim that"argumentatiorandformal dialogueis necessarilya meta-
logical process, [55] fomalisemetdogicsin which onecanreasoraboutwhatcorsti-
tutesan argumentin the objectlevel, attackand defeatrelationsbetweentheseargu-
ments,their properties(e.g. the valuesthey promote),andtheir statusin the object
level.

While [55] (and[19, 35]) provide meta-logicdor rea®ning aboutargumentsand
argumentconstructiorbasedon thesemeta-logcal statementshey do not relatethese
to agumentatiorframeworks,andsothe algumentatiorat the metalerel is not consid-
eredusingthis singlepowerful abstractionIndeed,onecanseehow thesemeta-logics
can be usedto define aguments,attacksand metalevel claims for instantiatingthe
metalerel agumentatiorframeworks describedn this paper

6 Conclusions

We concludewith a summaryof this papers contritutionsanddiscussdirectionsfor
futurework.

In this papemwe defineda specificlanguageén which agumentsmake claimsabout
object level frameawvorks, thus identifying Metalevel ArgumentationFramevorks in
which the argumentsare constructedrom statementassertingthe existenceof ob-
jectlevel agumentsandtheir purportedmembershipf admissibleextensionsaswell
as staementsassertinghe existenceof objectlevel attacks,preferenceorderingson
arguments,pairwise value preferencesand audiences. The constraintson the met-
alevel attackrelations ,basedon the claimsaboutthe objectevel framavorks, charac-
terisethe objectlevel reasoningappied to evaluatethe justified aguments,in terms
of Dung’s acceptabiliy calculus. We have shovn correpondencedetweenthe ob-
jectlevel framevorks andtheir metalerel formulations;correspondnceghatnot only
yield a numberof pracical benefits,but also supporta rhetoricalaim of this paper
to supportthe viev that Dung’s acceptabilitycalculusidentifiesgereral and widely
applicableprinciplesof commonsensesasoning.We have shovn how collective at-
tacks,preferencebasedyaluebasel, andhierarchicalextendedargumentatiorcanall
be formulatedasinstanceof Dung argumentation.The lack of correspondenceith
non-hierarhicalF’ A F'sreflectsdifferingintuitionsabouttheontologial statusof attack
in [38]. Futurework will look to morepreciselyidentify whenthecorrespondencgoes
hold, giventhatthe higarchicalrestrictionis overly prescriptve; intuitively, a corre-
spondenceshouldhold for any EAF's whosemetalevel formulationsdo nd include
attacksthatdirectly, or indirectly, reinstatehemseles. As mentionedn Sectiond.2.1,

36



futurework will alsoinvesticatemetalerel formulationsof recursie attackson attacks,
andin particularinvesticate correspondencesith the recursve attacksformalisedin
[8]. We will alsoinvesticgate metalevel formulationsof Dung frameawvorks augmented
with supportrelatiors [3, 45]. For the moment,we obsene thatif x supportsy, then
anattackon z propagtesto y. At themetalevel this would beformalisedin termsof a
metalevel attackfrom (r — x) to (j — y), sothatif theamgument(r — ) claiming‘x
is rejected’is in anadmissibleextensionE (andis thereforereinstatedby some(z def
x) € E), thenit cannotbethat(j — y) € E.

In Sectiord.1we disaussechow the correspondenceshavn in Section3 allow one
to transitionthe full rangeof theoreticalandpracticalresultsandtechniquegor Dung
argumentatonto developmentsof Dung argumentation. We illustrated by shawving
how standardargumentgameproof theoriesfor Dung framewvorks canbe beapplied
to valuebasedargumentatiorframenorks,gredly improving on gamesspecificallyde-
velopedfor the value basedframewvorks. Futurework will further develop argument
gameprod theoriesfor metalevel frameworks. In particular, thegameswill beapplied
to metalevel formulationsof hierachicalextendedargumentationandwe will investi-
gaterelationfipswith agamebasedprooftheoryrecentlydefinedfor £ AF's[39] for
the preferredcreduloussemantics As discussedn Sectiond.1, a key focuswill also
be on improving the efficiency of gamesfor metalevel frameavorks. Futurework will
also addressapplicationof other developmentsof Dung argumentéion to metalevel
frameworks,includinglabellingsandlabellingalgorithmsfor computingmetaleel ex-
tensions.

Argumentgameproof theoriesfor Dungframewvorks have informedformalisation
of agumenation-basedlialoguesvhere for example,oneagat seekdo persuadean-
otherto adoptabeliefit doesnotalreadyholdto betrue[47], or whenagentdeliberate
aboutwhatadionsto execute[32], or negotiateover resource$4]. Anotherdirection
for future work will beto formalisesimilar suchdialoguesfor metalerel framenorks,
allowing, for example, agentsto debatevalue preferenceén valuebaseddeliberation
over actions,andpreferencesn negotiation.

In Section4.2 we describedhow M AF's can be instantiatedby argumentsbuilt
from statementsiboutobjectlevel frameworks, thusfacilitating extensiongo, andin-
tegrationsof variousforms of abstractagumentation. We describechow argumen-
tation over audiencesan beincorporatedn metaleel formulations of V AF's, and
how recursve attackson attackscan be formulatedin E-M AF's, so providing se-
mantic guidelinesfor formalisationof objectlevel Dung framevorks extendedwith
recursve attacks We alsodescribedchow argumentdor preferencerderingsandvalue
preferencesbuilt from differentunderlyingtheoriesencodedn differentlogics, can
be integratedin metakvel integrationsof value and preferencébased argumentation.
Theseexamplesby no meansexhaustthe possible extensionsard integrations, and
thereis muchscopefor future work in theseareas. For example,one might look to
integrate preferencesvith collective attacks,or modelthe strengthof attacks[10] in
termsof weightsassignedto metalerel agumentsof the form (« def y), wherean at-
tack’s weight may needto exceeda certainthreshold(asreaently descrilked in [29]),
andthefailureto do somaybemodelledasa metalerel attackon (x defy).

7 Appendix

Thefollowing lemmasareusedfor the proofsof themainresulsin this paper We first
definethe expansionof DungCandDungframevorks,where,intuitively anexpansion
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is obtainedby somesubsituting somesubsebf the attacks( X, y) in R (wherein the
caseof a Dung framevork X is a singleamgumentratherthana setof alguments)as
shavnin Figurel6.

Definition 31 [Expansion of a framework] Let A = (A4, R) beaDungCframework.
ThenA’ = (A’, R’) is saidto be anexpansionof A iff:

e R’ is ary setof attacks(R* C R) U {expand((X,y))|(X,y) € (R — R*)}

s

whereezpand((X,y)) = {({z},7), ({5}7)72)/)@ € XU ({Xyhy)}
o« A'= AUz Xy|({T}, Xy) € R)))

Let A = (A, R) be a Dung framavork. Then A’ = (A’,R’) is saidto be anex-
pansionof A iff A’ is the expansionof the DungCframework (A4, R*) whereR® =

{{z},9)l(2,y) € R}

0 ®—>®\
Q>+ = ®~®7~@
© Q&

Collective attack in DungC framework substituted by attacks in expansion

Q—Q =00 —0—0—Q

Attack in Dung framework substituted by attacks in expansion

Figure16: Expansion®f DungCcollective attacksandDungattacks

Lemmasl and 2 prove an iff correspondencbetweenadmissibleextensionsof
DungCframeavorksandtheir expansions.

Lemmal Let(A’, R’) be anexpansonof theDungCframevork (A, R). Let E be an
admissiblesxtensgon of (A, R). ThenE’ is anadmissiblesxtensionof (A’, R') such
that:

1. EM=FEU {)T{AX C E,(X,y) € R,expand((X,y)) C R’} U {g|X C
E, (X,y) eR,y€ A’}

2. Ya € A, if aisacceptablev.r.t. E thena is acceptablev.r.t. £/

Proof: Let o € A beaccetablew.r.t. E. If =3Q C A s.t. QRa, thena is not R’
attacled,andso« is acceptablev.r.t. E’.

— Supposed2 C A s.t. QRa. By admissibiliy of £, 9I' C E s.t. I'RJ, § € Q.
Suppose)R’a andit is notthe casethatI’ C £/, I'R’S. Then,I'R¢ is someR attack

(X,y) suchthat expand((X,y)) € R'. By definition of E’, )Tg; € FE’, andsince
—
{Xy}R'y, o is acceptablev.r.t. £’
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—Supposel) C A’ s.t. QR'a, andit is notthecasethatQQRa. ThenQ is some}v/z, a
somez, whereVy € Y, {y}R'7, {y}R’ﬁ. SinceY - is obtaired by expandingt Rz,
andby admissibilityof £ 3X C E s.t. XRy' for somey’ € Y, thenby definition of
E'.y € E',andsoa (= 2) is acceptablev.r.t E’.

To shav E’ is admissibleit remaingo shav thatargumentsfg;, 7 € E' areacceptable
w.rt. B If )Tg} € E' thenvz € X, {f}R’)Ty) and{z}R'z, andsinceX C E and
soX C F/, then)Tg; isacceptalew.r.t. E'. If g € E' then(y,y) € R', (X,y) € R
andX C E henceX C E'. If expand((X,y)) ¢ R’ thenXR'y, and so7y is

acceptablev.r.t. E'. If expand((X,y)) C R/, then)Tg; eF, Where)Ty)R’y, hencey
is acceptablev.r.t. £'.

Lemma?2 Let (A’,R’) be anexpansionof the DungCframework (A, R). Let E be
anadmissiblextersionof (A’, R’). ThenE = (E’ N A) is anadmissiblextensionof
(A, R) suchthat:

e Xy ¢ E'impliesX C E, (X,y) € R, andy € E' implies3X, X C E,
(X,y) eR

e Va € A, aisacceptablev.r.t. E’ impliesa is acceptablev.r.t. £

Proof: Leta € A beacceptale w.r.t. E'. If -3Q C A’ s.t. QR'a, thena isnotR
attacledandsoa« is acceptablev.r.t. F.

— Supposel2 C A’ s.t. QR'«. By admissibilityof E/, 30 C E’ s.t. TR/4, § € Q.
Suppose€)Ra andit is notthe casethatl’ C F, I'R§. ThenT is of theform {)Tg}}
(andso (X,y) € R), § of theform y, andVz € X, {T}R’)Tg;, {z}R'Z, andso by
the admissibilityof £/, Va € X,z € E’. SinceE = (E'n A), X C E, andsince
(X,y) € R thena is acceptablev.r.t. E. Notethatwe have alsoshavn that)Tg} e F
impliesX C E, (X,y) € R.

— Supposed2 C A s.t. QRq, andit is not the casethat QR'«. Then( is some
Y, a somez, expand((Y,z)) C R'. Hence{ﬁ}R’z, and by admissibility of F,
Iy € F' st {y}R’ﬁ, wherey € Y. Since{y}R'y, thenby the admissibilityof E’
either:1)3X C F' s.t. XR'y,and(X,y) € R, X C F, andso« (= z) is acceptable
w.rt. F or; 2) HJTy} € E's.t. {)Ty}}R’y, whereexpand((X,y)) C R’ andVz € X,
{E}R’)Tg}, {z}R'Z, andsoby theadmissibilityof £/, X C F’,andso X C E, o (=
z) is accepablew.r.t. E. Notewe have alsoshovn thaty € E’ implies3X, X C F,
(X,y) e R.

Lemma3 Let A’ = (A’, R’) be anexpansionof the DungCframewvork A = (A, R).
Thenfor s € {admissiblecomplete preferredgroundedstable}, E is ans extension
of (A, R) iff E’ isans extensionof (A’, R’), where:

1.Voc A acFEiffaecE
2. 3X C E, (X,y) € Riff Xy € E', whereezpand((X,y)) C R’
3. IX CE, (X,y) e Riffy € E',wherey € A’

Proof:
1. s = admissible 1.1 Left to right half follows from Lemmal. 1.2 Rightto left half
follows from Lemmaz2.

Let usdefinefunctionsf andg s.t.

39



For any admissiblextensia E of A, E’ = h(FE) asdefinedabove.
For ary admissiblesxtenson E’ of A’, E' = g(E") asdefinedabove.

We shaw that:

a) h is monotonicallystrictly increasingin the sensethatvVE, F' s.t. E and F are
admissibleaxtensionsof A andE C F, thenh(E) C h(F')

Suppose? andby 1.1the correspondin@dmissibleE’ = h(E). SupposeE C F and
by 1.1thecorrespondingdmissibleF” = h(F). It is obviousto seethat £’ C F”

b) ¢ is monotonicallystrictly increasingin the seng thatVE’, F’ s.t. E/ andF’ are
admissibleextensionof A’ andE’ C F’, theng(E’) C g(F")

SupposeFr’ andby 1.2 the correspondingdmissibleF = g(E’). Supposet’ C F'.
Then:

Vo € (F' — E'),if a € Aorais of theform 7 or Xy, thena ¢ E,
respectiely -3X C F s.t. (X,y) € R, sinceotherwise by appication

of 1.1to F, wewould have o« € E’, respectiely i or)@) eF. 0]

By 1.2 let F bethecorrespondingudmissible extensionof A. Giveni), £ C F.

2 s = complete

2.1 Left to right half: SupposeF is complete. Applying 1.1, E’ is an admissible
extensionof A’, whereE = g(E'). SupposeE’ is notcompkte. Then3da ¢ F', «

acceptablev.r.t. E’, andso by Dung's fundamentalemma([27], F' = E’' U {a} is

admissiblewhereF’ > E’. Applying 1.2, F' = g(F’) is anadmissibleextensionof A,

whereby b), £ C F, contradictingF is complete.

2.2 Right to left half: SupposeE’ is complete. Applying 1.2, E is an admissible
extensionof A, where E' = h(FE). SupposeF is notcomplete Then3a ¢ E, a

acceptablev.r.t. E, andsoby Dung’s fundametallemma,F = E U {«} is admissible
whereF O E. Applying 1.1, F’ = h(F) is anadmissibleextenson of A’, whereby

a), £’ C F’, contradictingE’ is complete.

3 s = preferred.

3.1 Left to right half: SupposeE is preferred. The proof now proceedsn the same
way as2.1, exceptthatsupposingFE’ is not preferredimmediatey implies3F’ > E’

s.t. F’ is admissible.

3.2 Right to left half: SupposeF’ is preferred. The proof now proceedsn the sane
way as2.2, exceptthatsupposingF is not preferredmmediatelyimplies3F O E s.t.
Fis admissible.

3 s =grounded

4.1Lefttorighthalf: SupposeF is grounded Applying 2.1, E’ is acompletesxtension
of A’, whereFE = g(E’). Supposé:’ is notgroundedThen3F’ C E’, F’ iscomplete
Applying 2.2, F' = g(F") is acompleteandsoadmnissibleextensionof A, whereby b),

F C E, contradictingF is grounded.

4.2Rightto left half: Supposer’ is grounded Applying 2.2, E is acompletesxtension
of A, whereE’ = h(F). SupposeF is notgrounded.Then3F C E, F is complete.
Applying 2.1, F’ = h(F) is a completeandso admissibleextensionof A’, whereby

a), I/ c E’, contradictingE’ is grounded.

5 s = stable

5.1 Left to right half: SupposeF is stable. Applying 2.1, E’ is complete. Suppose

a€ A ad¢ FE.Thena ¢ E, T C Est (I'a) € R. SinceE C E',T' C F'.
v d

SupposeTl’, ) ¢ R'. Then(T, o) = (X, y), expand((X,y)) C R’ andso Xy € E’,
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()Tg;,y) € R'. Supposeéla € (A" — A),a ¢ E', -3l C E's.t. (T,a) € R'. Then
either:
ais of theformy, in whichcase{y}R'y, y ¢ E’. Butthenwe have alreadyshowvn that
y € Ais attacledby somesubsebf E’, andso7 is acceptablev.r.t. E’, contradicting
E’ is complete;

— —
a is of the form Xy, in which casevx € X, {z}R'Xy, T ¢ E’. For ary such
T, x € F', andsince{z}R'T, then)@) is acceptablev.r.t. E’, contradictingE’ is
complete.
5.2 Rightto left half: SupposeF’ is a stableextension.Applying 2.2, E is complete.
Supposesomea € A, ¢ E. Thena ¢ E',II' C E’ s.t. (T, ) € R'. Supposet is
notthecasethatl’ C F and(T", ) € R. ThenI'is some{)?;}}, a somey, andby 2.2,
IX CE, (X,y) €R.

Notice that sincethe definitionsof conflict free, acceptabilityandthe extensionsof a
standardungframenork areaspecialcaseof DungCframenorks(i.e.,thecasewhere
every attackoriginatesrom a singletonsetof alguments)thencorollariesof theabove
resultsestablisithe samecorrespondencdsr Dungframevorksand their expansions.

Corollary 1 Let A’ = (A’, R’) be anexpansionof the Dungframevork A = (A, R).
Thenfor s € {admissiblecomplee, preferredgroundedstablg, E is ans extension
of (A, R) iff E’ is ans extensionof (A’, R’), where:

1.Voc A aecFEiffaecE
2. 3z € E, (z,y) € Riff zy € E', whereexpand((z,y)) € R’
3.3z €E,(z,y) e Riff y € £/, wherey € A’

7.1 Proofsfor Section2.1.2

Proposition1 Let A = (A, R), andfor s € {admissible complete,grounded pre-
ferred,stablg, let E be ans extensionof A. Thenthereexistsan s labelling £ of A
suchthati n(£) = E, andout (£) = (E+) U (E-).

Proof. Obvious,givenTheoreml andDefinition 6.

7.2 Proofsfor Sections3.2and 3.3

SinceDungCframewvorkswith collective attacksareastraightforvardgeneralisatiomf
Dungframeworks,wewill establishaseriesof resultsfor DungCframevorks,andthen
stateSection 3.2’s resultsas corollaries of the resultsshavn for DungCframeworks.
In whatfollows we will make useof the following generalisatiorf Notation1.

Notation 3 Let (A, R) beaDungCframevork,andE C A.

° ﬁ denoteghe setof attacksoriginatingfrom setsof agumentsn E:
—
E+={(B,y) | BC E, BRy }

e [+ denoteghesetof agumens attaclked by setsof agumentsB C E:
E+={y|BCE, BRy}

e F— denoteghesetof setsof agumentghatattackargumensin E:
E—={B|BRxz,z € E}
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Lemma4 Let Ay = (Aar, Rty Cy Lag, Dyc) bethe M AF of a DungCframenork
A = (A, R). Thenfor s € {admissiblecomplete groundedpreferredstablg, E is
ans extensionof A iff £’ is ans extensionof Aj,, where:

.
1. XRy € E+ iff (X defy) € E/
2. ye E+iff (r—y) e E/
.z Eiff(j—x)e F

Proof: Let A* = (A*, R*) bethe expansionof A = (A, R) suchthatV(X,y) € R,
expand((X,y)) € R*. Let A* = (A**,R**) be A*'s augmentationdefinedas
follows:

A = A" U{gly € A} andR™ =R* U {({y},y)ly € A}

In otherwords A** is definedby additionallyincluding attacks({y},7) for those
y thatarenota memberof somesetY s.t. (Y, z) € R, andarethus arenot obtained
by expandingthe attacksn A. Thefollowing holds:

For s € {admissible complete,grounded,preferred stablg, E* is an s
extensionof A* iff_E)** is an s extensionof A**, whereE* C E**, and
(™ — E")={y|Xy € E*,y ¢ A"} 0)

(i) follows giventhatno R** attacksoriginatefrom the extray agumentsin (A4** —
A*), andsoVa € E* N E**, a is acceptablev.r.t. E* iff « is acceptablev.r.t. £**,
andsinceXy € E* iff Xy € E**, {Xy}R*y iff {Xy}R**y, andVy, {y} R**7, then
eachy € (E** — E*) is acceptablav.r.t. E**.

It shouldnow beobviousto seethattheargumentgraphsA ; andA** areisomorphic,
wheref is abijective functionfrom A, to A** s.t.

o f((j —x))=x (wherex € A, A*, A*)
e f((r—y)=y
o f((X defy)) = Xy

andy is abijective functionfrom R o to R** s.t. g(«, 5) = (f(«), f(B)).

To seethat this is so, obsere tha (A, Ra) is effectively obtainedby replacing
every z € A by (j — z), andthen every attack (X, y) is expanded,interspersing
(j—2)Rm(r —x), (r — x)Rpm(X defy) forall x € X, and(X defy)Rr(j — v),
andfor every (j — z), theattack(j — z)Rm(r — x) is added.

We now prove the mainresult:

e By lemma3, F is ans extensionof A iff E* is ans extensionof the expansionA*,
whereVa € A, o € Eiff a € E*, X C E and(X,y) € Riff Xy € E* (recallthat
every attack(X, y) is expandedn A*) andy € E* s.t.j € A*.

e Given(i), E' is ans extensionof A iff £** is ans extensionof theaugmentatiom\**
of A*, whereVa € A, a € Eiff a € E**, X C E and(X,y) € R iff Xy,7 € E*,
(giventhat)?g)/ € E** impliesy € E**).

e By theisomorphisnof A, andA**: Eisans extensionof A iff £’ isans extension
of Ay, whereVe € A,z € Eiff (j—2) € B/, X C E, (X,y) € R (i.e. XRy € B+
andy € E+) iff (X defy)), (r—y) € E'.
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Corollary 2 Let Ap; = (An, Rty Cy Lag, Dy) bethe M AF of a Dung framework
A = (A, R). Thenfor s € {admissiblecomplete groundedpreferredstablg, E is
ans extensionof A iff £’ is ans extensionof Aj,, where:

—
1. 2Ry € E+iff (x defy) € E’
2. ye E+iff(r—y) e £
.xeFiff(j—z)e F

Theorem2 Let Ay = (Anm, Raay C, L, Dy) bethe M AF of a Dung framework

(A, R). Thenfor s € {complete,groundedpreferred,stablg, (j —z) € Ay isa

credulouslyrespectrely sceptically justified agumentof A, underthe s semantics,
iff x € A isacredulouslyrespectiely scepticallyjustifiedargumentof A underthe s

semantics.

Proof Follows from Corollary 2.

Proposition2 Let Ay = (An, Raa, C, L, Dy) bethe M AF of aDungframewnork
A =(A,R). Fors € {admissiblecomplete gronded,preferred stablg :
Thereexistsan s labelling £ of A iff thereexistsan s extensionE of A, suchthat:

lLxzeinK)iff(j—z)eF
2.yeout (L)iff (r—y) e E

Proof:

Lefttoright: Let £ be ans labellingof A. By Theoreml, E' =i n(£) is ans extension
of A. By Corollary2, thereis ans extensionE of Ay, whereE = {(j — x)|x € E'}
U {(z defy)| 2Ry € ET;} U{(r—y)ly € E'+}. Hence,z € in(L) implies
(j — x) € E, andsinceby Definition 6, y € out (£) impliesy € E’+, theny €
out (£) implies(r —y) € E.

Rightto left: Let £ be ans extensionof An,. Let B/ = {z|(j — ) € E} bethes
extensionof A asdefinedin Corollary 2, whereif (r — y) € E theny € E’'+. By
Propositionl thereis an s labelling £ wherei n(£) = E’, out (£) = E’+ (recallthat
E'— C E'4).

Theorem3 Let Ay = (Aag, Rty C, Lag, Dye) bethe M AF of aDungCframework
A =(A,R). Thenfor s € {completegroundedprefared,stablg, (j —x) € Apisa
credulouslyrespectiely sceptically justified agumentof A, underthe s semantics,
iff x € A isacredulouslyrespectiely scepticallyjustifiedamgumentof A underthe s
semantics.

Proof: Follows from Lemma4.

7.3 Proofsfor Sections3.4and 3.5

In whatfollows we make useof thefollowing notation:

Notation 4 Let (A, defeat) be definedon the basisof (A, R, P) asin Definition 9,
andlet £ C A.

. Ej denoteghe setof defeatsfrom argumentsn E':
—
EY ={(z,y) | (v,y) € defeat ,x € E}
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e E+ denoteshesetof agumens defeatedy argumentsn E:
E+={y|(x,y) € defeat,x € E }

e F— denoteghesetof agumens thatdefeatargumentsn E:
E—-={y| (y,z) € defeat,z € E}

Lemmab Let (Ap, Rp, C, La,D,) bethe P-MAF of a PAF (A, R,P). For
s € {admissiblecomplete preferred,stable grounded:

E is an s extensionof (4, R, P) iff E' U {(zPy)|x >p y} is an s extensionof
(Ap, Rp), where:

1. (z,y) € E+ iff (« defy) € E/
2. ye E+iff(r—y) e £
.z Eiff(j—xz)e F

Proof By Definition 9, E' is ans extensionof (A, R, P) iff E is ans extensionof the
Dung framework (A, defeaj, where(z,y) € defeatiff (z,y) € R and—(y >p ).
Let Ay = (Anm, R, C, Loy, Dy) bethe M AF of (A, defeaj. By Corollary2, E is
ans extensionof (A, defea} iff EM is ans extensionof (A, Raq), Where:

1. (z,y) € B+ iff (z defy) € EM
2. y€ BE+iff (r —y) € EM
.z€Eiff(j—z)e EM

Henceit sufficesto shawv thefollowing result:

EM is ans extensionof (A, Ra) iff EX = EM U {(2Py)|x >p y}is
ans extensionof (Ap, Rp)

Firstly, notethatit is straghtforwardto shov that:

i) Apm C Ap, wheredp — Ay = {(zPy)|z >p y} U {(y defz)|z >p y,yRa}
i) Raq € Rp,whereRp — R =

{((zPy), (y defx)), ((r —y), (y defx)), ((y defz), (j — )|z >p y,yRa}

1.1 Left to right half for s = admissible Assume E* is an adnissibleextensionof
(A, Ram) andET definedasabove. We shaw thatevery o € E* is acceptablev.r.t.
EF:

1.1.1 Sinceeach(zPy) € Ap is nat attacled by ary amgument,theneach(zPy) €
Ap is acceptablav.r.t. EF.

1.1.2 Supposey € EM andsoa € ET.
— Suppos€3,a) € Rp and(B3,a) € Ry. Hence, 3y € EM, (v,8) € R,
andsinceR; C Rp, (7, 3) € Rp, wherey € ET by definitionof ET.
— Suppos€ 3, a) € Rp and(3,a) ¢ Raq. Sincea € EM, thenby i) andii)
it mustbethe casethat« is of theform (j — ), 3 is of theform (y defz), and
(zPy)Rp(y defz), where(zPy) € E¥.

1.2 Rightto left half for s = admissible AssumeE? is an admissibleextensionof
(Ap, Rp) andEM definedasabove. We shaw thatevery o € EM is acceptablev.r.t.
EM . Supposesome(, a) € R Hence(3,a) € Rp and3y € EX, yRpf.
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1.2.1 Supposey € EM, (v, 3) ¢ R . By i) andii), ¥ mustbeof theform (r — y), 3
of theform (y defx), and(y defx) ¢ A4, contradicting(5, o) € Ra.

1.2.2 Supposey ¢ EM, in whichcasey is of theform (x Py), /3 is of theform (y def
x), andby i), (y defz) ¢ An,, contradicting(3, o) € R .

e s € {completegrounded preferred}. We definefunctionsf andg s.t.

For ary admissiblesxtensionE of AM = (A, Rm), E¥ = h(EM) as
definedabove.
For ary admissibleextensionE” of AP = (Ap, Rp), EM = g(ET) as
definedabove.

We shaw that:

a) h is monotonicallystrictly increasingn thesensahatVEM , FM st. EM and FM
areadmissibleextensionsof AM andEM < FM | thenh(EM) C h(FM).
Supposez? andby 1.1thecorrepondingadmissibleE” = h(EM). Supposez™
FM andby 1.1the correspondingadmissibleF'” = h(FM). It is obviousto seethat
EP c FP

b) ¢ is monotonicallystrictly increasingn thesensghatVE”, F¥ s.t. EF andF are
admissibleextensionof AP andEX C FF, theng(EY) C g(FF).

Suppose?” andby 1.2 the correspondingdmissibleE = g(ET). Suppse EX C
FF whereby 1.1.1,Va € (FF — EP), o is not of theform (zPy). Hence,by 1.2,
FM s the correspondingdmissilte extensionof A, whereEM ¢ FM,

Givena) andb), theresultis shavn to hold for s € {complete grounded preferred
in exactly thesameway asin Lemma3.

e Leftto right half for s = stable AssumeE?™ is stable,and E* definedasabove.
Supposeda ¢ ET s.t. noamgumentin EX Rp attacksa. Thena € Ay, since
otherwisea is of the form (zPy), contradicting(zPy) € E¥, or « is of the form
(ydefr), where(zPy)Rp(y defz), contradictingno agumentin EX Rp attacksa.
Hencen ¢ EM (sinceotherwisen € ET by definitionof E’), andsinceR, € Rp,
a is not R 4 attackedby ary agumentin £, contradictingt? is stable.

Rightto left half for s = stable AssumeE? is stable. If EM is not stablethen33 ¢
Am, B ¢ EM st noamgumentin EM R, attacks3. SinceAn, C Ap, then
B € Ap. SinceEM C EP noamgumentin EX — EM isin A, andET is stable,
theng ¢ ET andthereis anagumenta in E¥ thatRp attacks3. a € E¥ is either:
- anamgumentof theform (z Py), in which casegs is of theform (ydefr). But thenby
i) andii), (ydefr) ¢ An,, contradictings € A .

- not of theform (z Py), in which casea € EM. By assumptiorthatno argumentin
EM R\, attacks3, andby i) andii), aRp 3 = (ydefr)Rp (j—z) or (r—z)Rp(ydefr),
where(y defx) ¢ Ax,, contradictingy € Ay ands € Ap respectiely.

Theorem4 Let Ay = (Am, Ry € L, Dp) bethe P-MAF of a PAF A =
(A, R,P). Thenfor s € {complete,grourded, preferred,stablg, (; — z) € Am
is acredulouslyrespectiely scepticallyjustifiedagumentof A, underthe s seman-
tics,iff x € A is acredulouslyrespectiely sceptically justifiedagument of A under
the s semantics.

Proof Sinceevery completglandsogroundedpreferredandstable)extensionof (A a4,
R m) containgtheset{(zPy)|x >p y}, thenthetheorentollows from Lemmab5.
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Lemma6 LetAy =(Ay, Ry, C, L, D,) betheV-MAF ofanaVAF A=(AR,V,
val,a). Lettheextensionof A betheextensionf (A, defea), wherex defeats y iff
2Ry, and—(val(y) >4 val(z)) (asdefinedin Definition 10). Let B+, B+ bedefined
asin Notation4. Then,for s € {admissiblecomplete prefered,stable grounded:

E is ans extensionof A iff E' U {(x, Py, )|v >a v'} U {(>a)} is ans extensionof
(Ay, Ry), where:

1. (z,y) € B+ iff (x defy) € B/
2. ye E+iff (r—y) e £
.z Eiff(j—xz)e F’

Proof Let (Ar, Rats C, L, Dy) betheDung M AF of (A, defeat). By Corollary
2, E is ans extensionof (A, defeag) iff £ is ans extensionof (A, Ra4), where:

1. (z,y) € E+ iff (z defy) € EM
2. y€ E+iff (r—y) € EM
.z€Eiff(j—x)ec EM

Hence Jetting EM = F’, it sufiicesto shawv that EM is an s extensionof (A, Ra)
iff BV = EM U {(2, Py, )|v >a v'} U{(>a)} is ans extensionof (A, Ry).

Firstly, it is straightforvard to shav that:

i) Ay € Ay, where:

Ay — Ap ={>a} U {(2p Py )|(xs Py, ) € Ay} U {(y defx)|val(z) >4 val(y)}
i.e., the setof amgumerts A,, extends. A, with the audienceagument>,, all value
preferencargumentsand theagumentgy defx) thatby definitionof A, areattacled
by valuepreferenceirgumentsendorsedy a.

i) Ram € Ry, where Ry — R is thesetof attacks((x, Py, ), (y.s Px,)) between
valuepreferencexrguments all attacks((>a), (y. Pz, )) from the audienceargument
to valuepreferenceargumentsall attacks((z, Py, ), (y defx)) from valuepreference
to attackargumentsandincomingandoutgoingattacksto and from argumentsy def
x) thatdo notappeain Ax giventhatval(z) >4 val(y)), i.e.:

{((r —v), (y defx)), ((y defx), (j — z))|val(z) >a val(y)}

i)y £V containgheaudienceargument(>,) andpartitionsthe valuepreferenceargu-
ments,sothatfor every (y,» Pz,) ¢ EV, (y Px,) is attacled by (>,) (it is not the
casethatv’ >, v ) thusreinstatingevery audienceendosed(z, Py,/) € EY against
theattackby (y, Px,).

Leftto right half for s = admissible AssumeE™ is anadmissiblesxtensionof (A 4,
R ) andEY definedasabore. We show thatevery o € EV is acceptablev.r.t. EV:
e Leta = (>5). Then(>,) is acceptablev.r.t. EV since>, is not attacked by ary
argumentandby iii), all (z, Py,) € EV areacceptablev.r.t. BV,

e Supposex € EM N EV,

— Suppos€3,a) € Ry and(3,a) € Ry Hence, 3y € EM, (v,3) € R, and
sinceRa € Ry, (v,8) € Ry, wherey € EV by definitionof EV.

—Supposé 3, o) € Ry and(8, a) ¢ Raq. Thenbyi) andii) it mustbethecasethata
is of theform (j — ), B is of theform (y defz), whereval(x) >4 val(y), and(j — x)
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is acceptablev.r.t. EV given(z, Py, )Ry (y defz), (x, Py, ) € EV.

Rightto left half for s = admissible AssumeE" is anadmissibé extensionof (Ay,
Ry) andEM definedasabove. We shav thatevery o € EM is acceptaldw.r.t. EM.
Supposé 3, a) € Raq. HenceBRya and3y € BV, yRy, 5.

e Supposey € EM, (v, 3) ¢ R By i) andii), ¥ mustbe of theform (r — y), 3 of
theform (y defz), and(y defz) ¢ A x4, contradicting(3, &) € R .

e Supposey ¢ EM. Then~ is of the form (z,Py,/) or (>4), and 3 is of the form
(y defz) or (y,» Px,). By i), in eithercaseary suchj is notin .4, contradicting
(ﬂ, Oé) € Rm-

Left to right and right to left half for s € {complete grounded,preferred}: Let us
definefunctions f andg s.t. for ary admissibleextensionE™ of AM = (A, Ram),
EV = h(EM) asdefinedabove, andfor ary admissibleextensionEY of AV = (Ay,
Ry), EM = g(EY) asdefinedabove.

We showv that a) h is monotonicallystrictly increasing,and b) ¢ is monotonically
strictly increasing,in the sameway asin Lemmab, substitutingthe superscipt V/
for P, andin the proof of b) notingthatVa € (FY — EV), by definitionof £V and
FV, a is not a value preferenceargument (z, Py, ) or the audienceargument(>,).
Givena) andb), theresultis shavn to hold for s € {complete grounded preferred
in exactly thesameway asin Lemmas3.

Left to right half for s = stable The proof proceedsn the sameway asfor the left
to right half for s = stablein Lemmab5 (substitutingRy, for Rp), exceptwe show
a € An asfollows. Supposetherwise. Then:

- a istheaudienceargument(>,), contradictinge ¢ EV, or;

- byiii), a is avalue preferencargument(y, Px,,) attacledby (>5), contradictingno
argumentin £V R, attacksy, or o is avaluepreferencargument(x,, Py, ) endorsed
by (>a), contradictingn ¢ EV, or;

— a is of theform (y defx) s.t. val(z) >4 val(y), andso (y def z) is attacled by
some(z, Py,.) € EV thatis endorsedy (>,), contradictingno agumentin £V R,
attackso.

Rightto left half for s = stable AssumeE" is stableand £ definedasabove. By

theright to left for s = complete £ is completelf EM is notstablethen3g € A,

B ¢ EM s.t. noamgumentin EM R ), attacks3. SinceAn C Ay, then3 € Ay,

andsinceE™ C EV andEV is stablethereisaa in EV thatRy attacks3. Suppose
a € BV — EM . Thena is of theform (z,, Py,) or (>a), and3 is of theform (y def

x) or (y, Pz,), in eithercasecontradicting3 € Ax. Supposex € EV, a € EM,

whereby assumptionthatno argumentin EM R ,, attackss, andby i) andii), aRy 3

= (ydefz)Ry(j — z) or (r — )Ry (y defx), and(y defx) ¢ Anq. Hencethefirst

casecontradictsy € Ay, andtheseconccasecontradids 5 € Ax,.

Theorem5 Let Ay = (A, R, Cy Lag, Dy) bethe V-MAF of anaVAF A =
(AR, V,wal,a). Thenfor s € {complete,grounded,preferred,stablg, (j — z) €
A is acredulousy, respectiely sceptically justified algumentof Ay, underthe s
semanticsiff x € A is acredulouslyrespectiely scepticallyjustified agumentof A
underthe s semantics

Proof Giventhatevery complete(andso grounded preferredandstable)extensionof
(A, Ram) containstheset{(z, Py, )|v >a v'} U {(>a)}, thenthetheoremfollows
immediatelyfrom Lemmas.
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Lemma7 LetAy =(Ay, Ry, C, L, D,) betheV-MAF ofaVAF A=(AR,V val,
P). Then E is a preferral extensionof (4,R,V,val,a), wherea € P, iff E/ U
{(@y Py )|v >a v'} U {(>a)} is apreferredextensionof Ay, where:

1. (z,y) € E+ iff ( defy) € B/
2. ye E+iff(r—y) e £
.z Eiff(j—xz)e F

Proof GivenLemmas it sufficesto shav that:

E* = E'"U {(z,Py,)|v >a v'} U {(>a)} is apreferredextensionof the metalevel
formulationA, = (Aa, Ra, C, L, Dy) of (AR, V val,a), wherea € P, iff E* isa
preferredextensionof Ay .

Firstly, notethatit is straghtforwardto shav thatfor eachAj:

1. Ay C Ay, wheredy — Ay ={(>a/)|a’ #4a,a’ € P}

2. Ra C Ry,whereRy — Ra =
{((>a), (@oPyw)), (>ar), (>a)), (>a), (o)) [@ #a,@’ € P,v >5 v'}

a) Let £* be anadmissiblesxtensionof someA,. We shav that E* is anadmissible
extensionof Ay,. Supposég, a) € Ry, o € E*, and:

—(8,a) € Ra, in whichcasedy € E*, vR,0, andby 2, 7Ry [;

—(B,a) ¢ Ra, in which caseby 1and2, 3 mustbesome(>,/), a’ # a, « is ether
some(x, Py, ) or (>a). Butthen(>,)Ry (>ar) Where(>,) € E*.

b) Let E* be anadmissibleextensionof Ay. We shov that E* is an admissibleex-

tensionof A,. SupposeSRaa, o € E*. By 2), SRy «, andby the admissibility of

E*, 3y € E*, ¥Ry 3. Suppose~(yRa/f3). Sinces € A,, thenby 1and2, it mug

bethat~ is some(>,/) s.t. a’ # a, andg is avaluepreferenceargument(x, Py, ).

But this contradictsE* is a conflict free subsebf Ay, giventhat (>2)Rv (>a/) and
(>a) € E*

Supposer* is apreferredextensionof sane A,. By a), E* is anadmissibleextension
of Ay. Supposer* is not a preferredextensionof Ay,. Then,3E** > E* s.t. B**

is anadmissibleextensionof Ay.. Supposex € (E** — E*), wherea € (Ay — Aa).

But thenthis contradictsE** is conflict free, giventhat « is eithera value preference
or audienceagument,and (>,) € E*, (>a)Rv (y» Px,) for every (y,» Px,) ¢ E*

(seeiii) in Lemma6), and(>,)Ry (>4 ) for everya’ # a. Supposey € (E** — E*),

wherea € A,. By b), E** is an admissibleextensionof A,, contradictingE* is a
preferredextensionof A,.

Supposel* is a preferredextensionof Ay,. By b), E* is anadmissibleextensionof
A,. Supposelr* is not a preferredextensionof A,. Then,3E** D E* s.t. E** is
anadmissibleextensionof A,. Butthenby a), £** is anadmissibleextensionof Ay,
contradictingE* is a preferredextensionof Ay, .

Theorem6 Let Ay = (Am, Rm, C, L, D) bethe V-MAF of aVAF A =
(AR, Vwal,P). Thenforary z € A, (j — z) € Aum:

1. z is anobjectively acceptablargumentof A iff (j — x) is ascepticallyjustified
argumentof A, underthe preferredsemantics

2. z is asubgctively acceptablamgumentof A iff (j — x) is acredilouslyjustified
argumentof Ay, underthe preferredsemantis.
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Proof

1) Leftto right: Let = be anobjectively acceptablargumentof A. Supposery pre-
ferredextensionE’ of A,,. SinceE’ is completejt mustcontan someset{(x, Py, )

| v >a v'} U{(>a)} where(>a) € Ar. Supposej — z) ¢ E’. Butthenby the
right to left half of Lemma?, thereis a correspondingreferredextensionE of some
(A,R,V wal,a) thatdoesnot containz, contradictingz is an objectively acceptable
argumentof A.

Rightto left: Let £’ be ary preferredextensionof A,,;, where E/ mustcontainsame
set{(z, Py, )|v >a v'} U{(>a)}. Wehave (j — z) € E’, andby theright to left half
of Lemma?, thereis a correspondingreferredextensionE of some(A,R,V val,a)
thatcontainsz.

2) Lefttoright: Let E bethe preferredextensionof some(A,R,V val,a), x € E. By
the left to right half of Lemma?, thereis a correspondingreferredextensionE’ of
Aps st (] — LU) € FE.

Rightto left: Let E’ be ary preferredextensionof A ,;, where £’ mustcontainsame
set{(z, Py, )|v >a v'} U{(>a)}. Let(j—z) € E'. By therightto left half of Lemma
7, thereis a correspondingreferredextensionE of (4,R,V ,val,a) thatcontainse.

7.4 Proofsfor Section3.6

Lemmas3, 9 and10 areusedin the proof of Theorem?v.

Lemma8 Let Ay = ( ((A1,R1),D1), ..., ((An, Ry), D) ) bethe partition of the
boundechierarchicalA = (4, R, D).

Let Ay = (Am, Rats C, L, D) be the metalevel formulationof A asdefinedin
Definition 28.

Thenthereexistsa partition Ay, of Ay suchthat:

A1\/IH = ( ((-Allv Rll)’ ( /1va ,R’/lfD))l B ((A;u ;z)a ( {nfD’ Réth)) )7 where:
1L Ay =U (A UA_p)andRy =, (R;UR,_p)
2. fori =1...n, (A}, R;) aretheagumentsandattacksin the Dung M AF’ for-

(3

mulationof (A4;, R;)
3.fori=1...n:(z,(y,x)) € D; iff
({( —2), (r = 2), (zD(yDx)),(ydetr)} € A;_p,
{((G—2).(r—2)), (r —2),(zD(yDx))), (D(yDx)),(ydetr)) € R;_p
4. (A, _p, Ry _p)=0,0), Dy =0
Proof Proofis obvious. Intuitively, thepartition A 5,z correspondso thepartition A g,
whereeachDungframawork (A4;, R;) is formulatedasits Dung M AF with agumens

and attacks(A}, R.), andthe D; attacksare formulatedas the metalevel attacksin
(A._p, Ri_p). Weillustratewith theexarmplein Figurel7.

Lemma9 Let Ay, Ay andits partition Ay = (A7, RY), (A _p, Ri_p)s - - -
(A, R, (Al _p, R, _p)) ) bedefinedasin Lemmas8. Let usdefinethetuple:
((A1, R Ri_p,)s - (AL, R7) R _py) )

wherefor i = 1...n — 1, the Dung framework (A]_p, R._p)) with attacks((j —
2),(r — 2)), ((r — 2),(zD(yDx))), (2D (yDxzx)),(ydetr)), is replaceddy the singleton
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setof attacksR,_p,. = {((j — #), (ydefr))} (noticethatfori = 1...n — 1, (ydefr)
e Ajand(j — z) € A} )
LetthereductionA y; g7, of Ay bedefinedas( Ay iy, Rarmr) Where'?:

Anrarr = Uiy Aj andRuwr = Uiy (REURIp, )
ThenVa € Appr N Apm, for s € {complete,grounded preferred,stablg, « is a
credulouslyrespectiely scepticallyjustified agumentof A, g, underthe s seman-

tics, iff « is acredulouslyrespectiely scepticallyjustified agumentof A ;; underthe
s semantics.

Proof: Ay, is anexpansionof Ay, g, suchthateach((j — z), (ydefr)) € Ry, is
expandedo obtaintheset{((j—z),(r—=z)), ((r—z2),(zD(yDx))), (2 D(yDx)),(ydefx))}
in Rarm-. Theresultthereforefollows from Corollary 1.

Figurel7: Ay isthehierarchicapartitionofthe FAF A, andA ;g isthehierarchical
partitionof A’s metalevel formulationA ;. Ay g isthereductionof Ay g.

125eeFigure17 for anexampleof A 5z andits reductionA yy 7
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Lemma 10 Let E be anadmissibleextensionof a bouncded hierarchical EAF A =
(A,R,D). Letx € E, z —¥ y and Rs areinstatemensetfor x —¥ y. Then
VF O E s.t. F isadmissiblex — y andRs is areinstatemensetfor z — y.

Proof Giventhepartition( ((A1, R1), D1), - - -, (An, Rn), Dy) ) of A, we canpartition
EintoEy U---UE, wherex € E; iff z € A; and(y,z) € R implies(y,x) € R,
(x,y) € R implies (z,y) € R;, and (v, (z,y)) € D implies (v/,(z,y)) € D;,
y' € A;11. We now prove theresultby indudion oni:

Basecase Supposer € E, 1, + = y, andyl,...,y,, st fork = 1...m,
(v, (z,y)) € Dy—1. SinceD,, = (), thenthereinstatemenset ks for x —% y is of the
form {z —F y, 2} =F y|,... 2l =F y/ }, sincefork=1...m =3(z, (z},y})) €
D. The latter alsoimplies that for ary admissibleF’ s.t. F' > E, y;, ¢ F (since
otherwise F' would not be conflict free), » —% y and Rs = {z —I y, 2} —F
vy, ..ol =Ty Visareinstatemensetfor » —1 y.
InductivehypothesisTheresultholdsfor x € E,, j > i.

Geneanl case Supposer € E;, x —% y anda reinstatemenset Rs for x — y.
Suppos€y,, ...,y ={V' |/, (z,y)) € D}. By assumptiorof Rs,fork =1...m,
Jzj, € Eiq st zf, —F yj. Hence,Rs = {z —F y}u [, Rsi, whereRs is a
reinstatemensetfor j, —% ;. By inductive hypothesisfor k =1...m, 2} —% y,
and Rsy, is areinstatemensetfor 2, —" y/. Hence,x —* y (sincefor k = 1...m,
v, ¢ F, giventhatby Proposition2 in [38] no two argumentsdefeat eachotherin a
conflictfree F) and{J,-, Rsi U {z —T y} is areinstatemensetfor z —%" y.

Theorem7 Let Ay = (Aats R, C, Lag, D) bethe E-M AF of a boundedhier
archicalEAF A = (A, R, D). Thenfor s € {complete groundedpreferred stablg,
(j — z) € An is acredulously respectiely sceptically justified argument of A,
underthe s semanticsjff x € A is a credulously respectiely sceptically justified
argumentof A underthe s semantics.

Proof Let Ay = (((A1,R1),D1), ... ((An, Ry), Dy) ) bethe partition of A. Let
Ajprg bethe partion of Ay, Let Ayrgr = (Ayae, Raumr) be the rediction of
A, asdefinedoy Lemma9 onthebasisof

( ((A/lv /1)5 /1—D7')’ ey (('A;m ;l)’ {!L—DT') )
GivenLemmas8 and9, it suficesto shaw that:

(j — z) € Ay mr is acreddously, respectiely scepticallyjustfied argu-
mentof A, g, underthe s semanticsiff € A is acredulouslyrespec-
tively scepticallyjustified agumentof A underthe s semantics.

To shaw the above we shaw that: E is an s extensionof A iff £’ is an s extensionof
Ay, Where:

1. ¢ € E, x defeatg y andthere is areinstatemensetfor the defeatr — g y iff
(z defy), (r —y) € £

2.z€ Eiff(j—x)e F’
Obsenre that:

O1 Referringto theEAF A andits hierarchicapartiton Ag: V(3, ) € R, Y(v, (8, a)) €
D, (B,a) € R;iff (v, (B,a)) € Di, v € Aita
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02 Fori = 1...n: (A}, R;) arethe agumentsand attacksin the Dung M AF

?

formulationof (A;, R;) in thepartition A g of A

O3Fori =1...n—1,(y,9) € R;_p, impliesy € Aj |, 6 € Aj, andy is an
amgumentof theform (5 — z), ¢ is anamgumentof theform (ydefx).

O4 Fori=1...n,((j — 2), (ydefr)) e R, _p,. iff (z,(y,z)) € D;.

O1 — O4 imply that E canbe partitionedinto F, ..., E,, andE’ into E{, ..., E/,
andthatthetheoremis shavn by proving by inductionon ¢, thefollowing result:

E' = (E; U...U E,) is an s extensionof (A", R\, D") = (4; U--- U A,,R; U
-UR,,D;U---UD,)iff BV = (E/U...UE)isans extensionof (4" R") =
(AU UA RIUR, 5. U---URI URL_p.), where:

1. z € F, z defeatg;: y andthereis areinstatemergetfor thedefeat: — g: y iff
(2 defy), (r —y) € E

2.z e Eiff (j —x) e BY
1) s = admissible Firstly, notethat:

Rl F' = (E;U...UE,) isanadmissiblextensionof (A?, R?, D?) impliesVj > 1,
EJ = (E;U...UE,) is anadmissiblextensio of (A7, R/, D).
To shav theabove, assumex € E7, 3 —F q, wheregiven the partition of A,
if (v,(3,a)) € Dthen(y,(8,a)) € DI, v € Aj+1. Hencep —F" &, andby
theadmissibilityof £, 3y € E¢, v —&° 3 andthereis areinstatemenset RS,
for v —Z' B. Giventhe partitionof A, v € A7 andif (6, (v,3)) € D then
(8,(v,8)) € DI, 6 € Ajy1. Henceit is straightforvardto shav thaty —Z' 3
andthereis areinstatemeisetRS; for v —E g,

R2 E' isanadmissiblextensionof (A", R*') impliesV;j > i, £ is an admissible
extensionof (A7, R7").
This follows given A’s partition, which implies thatvj > 4, no argumentin
(A" — A7") R attacksanargumentin A7, andsoforary a € E7', (3, a) € R
iff (3,0) € R7',and3y € E¥ s.t. (v, 8) € RY iff y € EI" and(v, 8) € R,

Basecase(i = n): SinceD,, = 0, z defeatg» y iff 2R, y, andtrivially thereis a
reinstatemensetfor = —£" y. Also, R,,_pr = 0, and(A/,, R!) arethe arguments
andattacksin the Dung M AF formulationof (A,,, R,). Hencefor i = n, theresult
followsimmediatelyfrom Corollary 2.

InductivehypothesigIH): Theresultholdsfor j > i.

Genenl Case

Lefttoright half: Let E* = (E;U...UE,) be anadmissibletensionof (A, R*, D’).
We shav that E* asdefinedabove is an admissibleextensionof (A", R*). By R1,
E*l = (E;;1 U...UE,) is anadmissiblexxtensionof (A", R**1 D+1), andby
IH, B+ = (Bl ,U...UE!) is anadmissiblextensionof (4™, R*+1"). We shav
that E¥, whereE? > Eit! is anadmissibleextensbn of (A" R"").

Suppose: € E;. Then(j — z) € Ey. Weshaw (j — ) is acceptablav.r.t. B
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By definitionof A andA y; ., 3(y, ) € RE iff I((ydetr), (j—z)) € R
SupposeyR'z. By assimptionof x acceptablev.r.t. E, 32 € E; s.t.
2z —F" y andthereis a reinstatemensetfor - —%" 3. By definition of
E", (j — 2), (zdefy), (r —y) € EV, where(r — y)R (ydefr), andso
(j — x) is acceptablev.r.t. B .
Th,e resultis shavn in full by shawing that (r — y) and(zdefy) areacceptablev.r.t.
B

Firstly, (zdefy) € E/ reinstategr —y) agpinsttheattack(j —y)R" (r—y).
Secondly(j—z) € E! reinstategzdefy) againsttheattack(r—z)R" (zdefy).
However, supposed(j — ') € Ej,, s.t. ((j —¥'), (zdefy)) € R;_p,.
Hence, (v, (z,y)) € D;, andby assumptiorof a reinstatemense for

z —E y 32 € Eiyq, 2 —E o, andthereis a reinstaementset for
2 —F' 4. By RlandIH above, (j — z'), (/defy’) € E,,, andgiven
(z'defy YRV (j —y') andso (2'defy’ )R (j — '), (2defy) is acceptable

Q

w.rt. Bt .

Rightto left half: Let B = (E/U...U E!,) be anadmissibleextensionof (A", R"").
We shav that E* asdefired above is anadmissibleextensionof gA’?,_Ri/, DY). By R2,
E+Y = (E/_, U...U E}) is anadmissibleextensionof (A", R**!"), andby IH,
E*l = (E;41 U... U E,) is an admissibleextensionof (A**!, R+ Dit1). We
shav that B¢, whereE* D ET!, is anadmissiblextensio of (A%, R, D).
Suppos€j — z) € E.. Thenx € E;. Weshaw z is acceptablev.r.t. E%:

By definitionof A and A ur, 3(y, 2) € R iff 3((ydefr), (j — x)) € R, Suppose
((ydefr), (j — z)) € RY. SinceE" is admissiblegither:

a)3(j —2') € Bj,, s.t.(j — 2')R;_p,(ydefr), andso (2, (y,z)) € D;. By R2and
IH, 2’ € E;1, andsoy -£" z,

or;

b) 3(r —y) € E! s.t. (r — y)RY (ydefr), andsince(j — y)R" (r — y), I(zdefy) € E!
s.t. (zdefy)R? (j — y) (andsozR'y) andsince(r — )R (zdefy), 3(j — z) € E! sit.
(j — 2)R¥ (2defy). By definition, z € E;.

Supposej — yi)...(j — yl,) € Aly st.fork =1...m, (j — y,)R" (zdefy), in
whichcasefork = 1...m, (y;, (z,y)) € Di. Foreachsuch(j — y;.), by admissibility
of B, 3(z'defy},) € E/_, s.t. (+'defy,)R" (j — v, ), andsince(r — 2/ )R" (»'defy},),
3 —7) e B st (j— YRV (r — 2'). ByR2andIH, 2/ € E;q, 2 —F Yoo
andthereis areinstatemensetRs;, for 2/ —2""" /.

Hencewehavez € E;, = —£' y, andthereis areinstatemerset J;., Rs;U{z B
y} for z —E y. Hencez is acceptablev.r.t. .

We have showvn: 1.1=theleft to right half for s = admissibleand;1.2 = theright to
left half for s = admissible We definefunctionsf andg s.t.

For ary admissiblextension E of A, E/ = h(E).
For ary admissiblextensio E’ of Ay, E = g(E').

Fromhereonwe will let A’ = (A’, R’) denoteA ;... We shawv that:

a) h is monotonicallystrictly increasing.
SupposeE and by 1.1 the correspondingadmissble £’ = h(E). SupposeE C F
andby 1.1 the correspondig admissibleF” = h(F). Supposedz € E s.t. x —F y
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andthereis a reinstatemensetfor x —% y. By lemmal0, 2 — y andthereis a
reinstatemensetfor - —% y, andsoit mustbethatE’  F.

b) g is monotonicallystrictly increasing.
Supposer’ andby 1.2 the correspondingdmissibleE = g(E’). Supposet’ C F/,
where:

Va € (F' — E'), if ais of theform (j — ), or « is of theform (r — )
or (zdefy), thenx ¢ E, respectiely -3z € E s.t. z —F y andthereis
areinsatementsetfor 2 —¥ y, since otherwise by 1.1, we would have
(j — ) € E', respectiely (r —y) or (zdefy) € E'. 0)

By 1.2 let ' bethecorrespondin@dmissibleextensionof A. If 3(j —z) € (F' — E’)
thenxz € F,andbyi), E C F. If 3(r —y) € (F' — E’') or 3(zdefy) € (F' — E'),
thendz € F s.t. z —% y andthereis areinstatenentsetfor = — 4. Giveni), there
arethreecasedo consider:1) Supposer € E andz -~ y. ThengivenE C F it
cannotbethatz —* y; 2) Supposer € E, x —¥ y andthereis no reinstatemenset
for = —¥ y. But thensincethereis a reinstatemensetfor x —' y, it mustbe that
E C F;3)Suppose: ¢ E. ThenE C F.

Leftto right andright to left half for s € {complete grounded preferred}. Givena)
andb), thetheoremis shavn to holdin exactly thesameway asin Lemmas3.

Leftto right half for s = stable SupposeF is stable.HenceE is complete!®. By the
left to right for s = complete £’ is complete.Supposex ¢ E’, o isnotR’ attacledby
anargumentin E’. Therearethreecasedo consier:

a)aissome(j —z) ¢ E'. Thenx ¢ E, 3y € E s.t.y —F x. Noticethattheremust
be a reinstatemensetfor y —% x, sinceto supposentherwisemeansthat for some
y € B2’ ¢ Esty’ —F 2/ thend(z”,(y/,2")) € Ds.t.2” ¢ E,and—3y" € E s.t.
y" —¥ 2", contradictingE is stable.Hene, (ydefr) € E’, where(ydefr)R'(j — z).
b) Supposesome(r — x) ¢ E’, andsogiven(j — )R/ (r — z), (j — x) ¢ E’. But
thenwe have shavn in a) that (ydefr) € E’, where(ydefr)R’(j — x), andso (r — x)
is acceptablev.r.t. £/, contradictingE’ is complete.

¢) Supposesome(ydefx) ¢ E’, andsogiven (r — y)R/(ydefr), (r — y) ¢ E’. But
thenwe have shavnin b)that(j —y) € E', (j — y)R'(r — y). Supposesome(j — z’)
s.t. (j — 2')R/(ydefr), (j — 2’) ¢ E’. We have shavn in a) that (y'defx’) € E’,
where(y'defr’)R'(j — 2’). Hence(ydefr) is acceptablev.r.t. E’, contradcting £’ is
complete.

Rightto left half for s = stable Supposer’ is astableextension.By therightto left for
s =complete F is complete Supposesomer ¢ E. Then(j—z) ¢ E’, 3(ydefx) € E’
s.t. (ydefr)R’(j — x), andby theright to left half for s = completey € E, y —F z.
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