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Abstract

We extend Lukasiewicz logic obtaining the infinitary logic ZRL whose
models are algebras C'(X, [0, 1]), where X is a basically disconnected com-
pact Hausdorff space. Equivalently, our models are unit intervals in
Dedekind o-complete Riesz spaces with strong unit. The Lindenbaum-
Tarski algebra of ZRL is, up to isomorphism, an algebra of [0, 1]-valued
Borel functions. Finally, our system enjoys standard completeness with
respect to the real interval [0, 1].
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1 Introduction

Riesz Spaces have had a predominant position in the development of functional
analysis over ordered structures. The monographs [22, 30] are a good refer-
ence to grasp the widespread of applications and results related to Riesz spaces
(vector lattices) and Banach lattices.

Not very known is the interplay between the theory of Riesz spaces and
Lukasiewicz logic: given any positive element u of a Riesz space V, the interval
0,u] = {x € V|0 <z < u} can be endowed with a stucture of Riesz MV-
algebra [11]. These structures are expansions of MV-algebras, the standard
semantics of the co-valued Lukasiewicz logic [8, 27]. The well known categorical
equivalence between MV-algebras and lattice-ordered groups with strong unit
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[25] led to a categorical equivalence between Riesz MV-algebras and Riesz spaces
with strong unit. Consequently, one can develop a logical system that extends
Lukasiewicz logic and has Riesz MV-algebras as models [11].

The strong connection between functional analysis and Riesz spaces should
be reflected by their underlying logical systems and in the present paper we test
the expressive power of the “logic of Riesz Spaces” in order to provide a logical
system that is closer to what we may think of as the “logic of (some) Hausdorff
spaces”. Remarkably, by adding a countable disjunction to the logic of Riesz
MV-algebras we were able to obtain the desired bridge between logic, topology
and functional analysis.

Our construction rests on Kakutani’s duality between abstract M-spaces and
compact Hausdorff spaces [18]. Indeed, from a categorical point of view, the
norm-complete Riesz MV-algebras! are equivalent to M-spaces, and henceforth
dual to compact Hausdorff spaces [11]. Our aim is to express the property of
being “norm-complete” in a logical setting. Thus, in [10] we introduced the limit
of a sequence of formulas, a syntactic notion whose semantic counterpart is the
uniform limit of the corresponding sequence of term functions. This notion is
slightly stronger than the usual notion of order convergence and this remark has
been the starting point of the present development.

In Section 3 we define the system ZRL, that stands for Infinitary Riesz
Logic, which expands the logic of Riesz spaces with denumerable disjunctions
and conjunctions. In this way we define a logical system whose models are
isomorphic to unit intervals of o-complete M-spaces and, consequently, strongly
related to basically disconnected compact Hausdorff spaces. The Lindenbaum-
Tarski algebra in n variables is concretely characterized as the algebra of all
Borel functions f : [0,1]™ — [0,1]. Moreover, our system enjoys standard
completeness: the real interval [0,1] endowed with a structure of o-complete
Riesz MV-algebra is a standard model.

The present approach via infinitary logic is built upon the work of C.R.
Karp — of which the monograph [19] is a complete treatise — where we replace
the classical axioms of Boolean logic with the axioms of Riesz Lukasiewicz logic.

After the needed preliminaries, we define the logical system ZRL in Section
3, where we also prove a general completeness theorem. The link between the
models of ZRL and Kakutani’s duality is provided in Section 4. In the last
section we prove the Loomis-Sikorski theorem for Riesz MV-algebras, based on
the well-known similar result for MV-algebras [14, 26]. Consequently, we prove
the standard completeness of ZRL and we give a concrete characterization of the
free n-generated o-complete Riesz MV-algebra in terms of [0, 1]-valued functions
defined over [0, 1]™.

2 Preliminaries

In the first part of this section we recall the interaction between Lukasiewicz
logic and the theory of Riesz spaces, while the second part is a short presentation

1See Section 2 for the definition of a norm-complete Riesz MV-algebra.



of the infinitary classical logic.

2.1 Lukasiewicz logic and Riesz MV-algebras

An MV-algebra is a structure (A4,®,*,0) of type (2,1,0) such that, for any
x,y € A,
(A,®,0) is an Abelian monoid, (z*)* =«
(*oy)*oy=Ydox) @z, 0*®xz=0"
They were first introduced as an algebraic counterpart of the propositional
Lukasiewicz infinite-valued logic, but they soon gained a relevant place in the
theory of lattice-ordered algebraic structures.

On an MV-algebra one can define further operations as follows: 1 is 0*, the
Lukasiewicz implication is x — y = x* ® y and the Lukasiewicz conjunction is
xQy=(z*@y* ) foranyx,y € A. fzVy=2® (yOz*) and z Ay = (z*Vy*)*
then (A, V,A,1,0) is a bounded distributive lattice.

It is straightforward that MV-algebras form a variety, in which the standard
model, that is the generator of the variety, is

[Oa 1]MV = ([Oa 1]) @a* ) O)a

where [0,1] is the real unit interval, 2* = 1 — 2 and = & y = min(1l,z + y)
for any z,y € [0,1]. We urge the interested reader to consult [8, 12] for a
basic introduction to MV-algebras and Lukasiewicz logic, and [27] for advanced
topics.

A fruitful research direction has arisen from the idea of endowing MV-
algebras with a product operation. In particular, when we consider a scalar
multiplication, we obtain the notion of a Riesz MV-algebra.

A Riesz MV-algebra [11] is a structure

(Rv @7* 0, {T | re [07 1]})7

where (R, ®,*,0) is an MV-algebra and {r | r € [0,1]} is a family of unary
operations such that the following properties hold for any xz,y € A and r,q €
[0, 1]:

rlz©y") = (rz) © (ry)*, (roq¢") == (rz)o (qz)",

r(qx) = (rq)z, lo = 2.

As for MV-algebras, the unit interval provides the standard model of a Riesz
MV-algebra, indeed the variety of Riesz MV-algebras is generated by

[07 1]R = ([07 1]7697*7{@ | o€ [07 1]}70)7

where ([0, 1],®,*,0) is the standard MV-algebra and x — «x is a unary opera-
tion for any « € [0, 1] that is interpreted in the product of real numbers.

Both MV-algebras and Riesz MV-algebras can be approached from the point
of view of category theory: MV and RMYV denote the category whose objects
are MV-algebras and Riesz MV-algebras respectively, and whose arrows are ho-
momorphisms of MV-algebras and Riesz MV-algebras respectively. Semisimple



MV-algebras, which play a central role in the connections with logic, are sub-
direct products of MV-subalgebras of [0, 1] or, equivalently, they are sub-MV-
algebras of C'(X), the continuous functions from a compact Hausdorff space X
to [0,1]. A Riesz MV-algebra is semisimple if its MV-algebra reduct is semisim-
ple.

For what follows, a particularly important full subcategory of Riesz MV-
algebras is the one of norm-complete Riesz MV-algebras [11]. In any Riesz
MV-algebra R it is possible to define the unit seminorm | - ||, : R — [0, 1] by
|z]|lw = min{r € [0,1] | = < rlr} for any € R. Such a seminorm induces
a pseudometric py.j,; when R is semisimple, || - ||, is a norm and pj.j, is a
metric. We say that a Riesz MV-algebra R is norm-complete if (R, py.,) is a
complete metric space. Any norm-complete Riesz MV-algebra R is isometrically
isomorphic with C(X) = {f : X — [0,1] | f continuous}, where X coincides
with Max(R) — the space of all maximal ideals of R — and || f|l, = sup{f(x) |
x e X}

If RMYV,, denotes the free n-generated Riesz MV-algebra, in [11, Corollary
7] it is proved that RMV,, is a Riesz MV-algebra of appropriate? [0, 1]-valued
functions defined on [0,1]"™. If we denote by RL the Lindenbaum-Tarski alge-
bra of the logic of Riesz MV-algebras RL and by RL,, the Lindenbaum-Tarski
algebra in n propositional variables, we can prove that RL, is isomorphic to
RMYV,. In [10, Theorem 2.15] it is proved that the norm-completion of RL,,
coincides with C(]0,1]™), where both algebras are endowed with the unit norm
defined above.

Finally, we recall that the categories MV and RMYV are equivalent to the
ones of lattice-ordered groups with strong unit (¢u-groups) and Riesz spaces
(vector lattices) with strong unit respectively. The functors that give the equiv-
alence, denoted by I" and I'r, are defined similarly to each other: in the case of
MV-algebras, for any fu-group (G, u), I'(G,u) ={z € G| 0 <z < u} = [0,u]¢
and for any morphism f: (G,u) — (H,v), I'(f) = f |j0,u]s- The following result
will be useful subsequently.

Proposition 2.1. T' and I'r can be restricted and co-restricted to the subcate-
gories that have Dedekind o-complete objects and \/-preserving morphisms.

Proof. Since the property of being Dedekind o-complete only depends on the
lattice reduct of the algebra, we will prove the result for MV-algebras and fu-
groups, but the same applies to Riesz MV-algebras.

The fact that (G,u) is Dedekind o-complete if, and only if, [0,u]g is o-
complete is well known, see for example [16, Theorem 16.9]. We need to prove
that I'(f) = f* is \/-preserving if, and only if, f is so. For the non trivial
direction, we recall that (G, u) is isomorphic with the group of good sequences
built upon [0,u]g. For such a group, we will use the simplified construction
from [3]. We have to prove that f(\/, a,) =V, f(an), for a, € G. By [3], for

2RMV,, is isomorphic with the algebra of piecewise linear functions with real coefficients,
defined over [0, 1]™. For further details and a proper definition see [11].



any a, there exists a good sequence (b",)mez that corresponds to a,. Thus,

f (\/an> = (\/(...,b?,bg,...bg,.._)) —

n n

_f<<...,\/b?,\/bg,...,\/bﬁ,...) =

~
*
=
33
:_/
S~
|

= <...,\/f*(b?),\/f*(bS)w.,
=V o PO, 05, fr ), ) =
=\/FC. b0y, o) =\ flan).

2.2 Infinitary classical propositional logic

The idea of endowing classical propositional logic with infinitely long sentences
is relatively new, and the first published results are due to C.R. Karp [19] and
D. Scott and A. Tarski [28] in the beginning of the Sixties. In both cases, the
authors treat a much more general case than what is needed in the current
investigation. We briefly recall it here.

Given k an infinite cardinal, the core idea is to extend classical propositional
logic by defining a language in which one can build conjunctions of sets of
formulas of cardinality a < k.

A complete treatise of the subject is [19], in which the logical system B, is
defined as the system whose connectives are —, -, /\ and whose axioms are the
following:

(IL1) ¢ = (¥ = )

(IL2) (¢ = (¥ = x)) = (¢ = ¢¥) = (¢ = X))

(IL3) (mp = —¢) = (¥ — @)

(IL4) (Ap<alpa = ) = (0o = Ay<a pn), for 0 <a <x
(IL5) A, <a 3 — v, Where v < a.

Deduction rules are Modus Ponens and the following

@1y - Pa
/\néa #n

The system we present in Section 3 has a slightly different axiomatization,
but it is heavily inspired by B,.

(INF)



3 The logic ZRL

As recalled in Section 2.1, it is possible to obtain a conservative extension of
Lukasiewicz logic by expanding the language with a collection of connectives
Va, with « € [0,1]. In this section we will build an infinitary system, based on
[19], that will allow us to obtain a logic whose models are spaces of continuous
functions.

Let us consider a countable set of propositional variables and the connectives
=, =, {Vataep,1]; V. The connectives =, —, {Va}aejo,1) are the correspondent
ones from the logic RL, while the latter is a connective of arity less than or
equal to w, i.e. it is defined for any set of formulas which is at most countable.
Consider now the following set of axioms:

L) o= (W =9

(L2) (¢ =) = (¥ = x) = (¢ = X))
(L3) (= v) =) = (¥ = ¢) = )
(L4) (—¢ = ~p) = (9 = 1)

R1) Va(e = ¢) < (Vap = Vat))
2) Vo ¢ (Vo = Vap)
R3) V

=

a(Vﬁ(p) 4 Va.mp
R4) Vip < p
(S1) ok = V,en @n, for any k € N.

Items (L1) to (L4) are the axioms of Lukasiewicz logic, items (R1) to (R4)
are the additional axioms of the logic of Riesz MV-algebras, the deduction rules
will be the Modus Ponens and the following:

(p1 =), (o = ) ...
VneNQPnﬁw

(SUP)

Theorems, deductions, proofs and so on are defined as usual. Moreover, we can
define the derivative connective A,y @n as =V, cy 7@n-

As we shall prove subsequently (see Remark 3.3 and Proposition 3.9) our
system is a conservative extension of the logic of Riesz MV-algebras.

We should have defined axiom (S1) and (SUP) taking into account the pos-
sibility of applying the connective \/ to a set of formulas of cardinality < w. It
is understood in what follows that we allow such cases by setting \/{p, 9} to
coincide with \/{p, %, L, L,...} for countably many L.

Notation 1. Let ¢ and ¢ be two formulas of TRE. We shall write ¢ < 1
whenever - ¢ — 1. Moreover, we will call a sequence of formulas {¢n}nen C
FORM gy, increasing (decreasing) if pr < ¢r+1 (pr < @r—1)-



Remark 3.1. In Lukasiewicz logic, the binary disjunction ¢ V v is defined as
an abbreviation for (¢ — ) — . In the following proposition we will see,
among other properties, that ¢ V ¢ is equivalent to \/{p,¥}.

Proposition 3.2. The following properties hold:

(i) Let {¢1, 02, s @n,...} and {tb1,%a, ..., ¥n, ...} be two sequences of for-
mulas in TRL. If = o — Yy for any k, then =\ cy©n — Vyen ¥n;

(i) (Idempotency) If {1, P2, @n, ...} is a sequence such that - pp < ¢
for any k €N, then =\, oy @n < @.

(i1i) Let @, be formulas in TRE, then - (o V) < V{p,¥};

1/1—>9017---7¢—>90k

w) The following derivative rule holds: (INF
(iv) (INF) T —

(v) = N,en @n = @k, for any k € N.

(vi) (Distributivity of ©) F (¢ ® Vpen ¥n) < Vaen (0 © ), where o © 1) is
defined as —(p — ).

(vii) (Distributivity of —) b (cp = Npen wn) < Nnen (@ = ¥n).

Proof. (i) By hypothesis, we have - ¢ — 9. Combined with axioms (S1)
and (L2), it implies that = o — \/, .y ¥n for any k € N. Hence, by (SUP)

= \/nEN Pn — \/nEN 1/}77'

(ii) By hypothesis, F ¢ — ¢ and - ¢ — ¢, for any natural k. Thus, from
the first theorem and (SUP) we deduce = \/, _y @n — ¢, while from the second
theorem and (S1) we infer - ¢ — \/, . ¢, Which altogether settle the claim.

(iii) By (S1) we derive - ¢ — \/{p, ¥} and F ¢ = \/{p, ¥}. By the “proof by
cases” theorem [6, Theorem 1.2.11] we derive - (¢ V) — \/{p,%}. In the other
direction, by theorems of Lukasiewicz logic, - ¢ — (¢ V) and - — (p V).
Hence, by (SUP), - \/{p, v} — (¢ V1) and the claim is settled.

(iv) Tt is easily derived from (SUP), (L4) and the definition of A.
(v) Tt follows from (S1), (L4) and the definition of A.

(vi) For any k € N, = 1), — \/, oy ¥n, hence by the congruence property of ©,

(e ©r) — (80 O Vyen ‘/’n)- By (SUP), F V, ey (¢ © ¢n) — (80 O Vyen 1/)n)-
To prove the converse implication, we have the following:
FaVaen(@ ©¥n) < Apen =0 © 1), by definition of A;
F Anen (@ ©¥n) & A, en(e = —bn), by definition of ©;
F /\neN(‘P — Yp) /\nGN(d]’ﬂ — ), by (L4);
F Anen(®n = —9) = (Y = =), by (v) and for any k € N;
hence = =\/, cn(p © ¥n) = (Y — —p), for any k € N.
It follows that F ¥ — (=V,cn(@ @ ¥n) = =) for any k € N by the

exchange law. By (SUP) /oy ¥n — (ﬁ Voen(e ©¥n) — ﬁgo),



and again by the exchange law, = = \/, (¢ © ¥n) = (V,en ¥n — —9).

Finally, since b (\/,cx ¥n = =¢) = (¢ = = V,en ¥n), and

F (= 2 Vaen®n) € (9 © Vyentn), we get

F = \/neN(Sﬁ © 7/171) — 0 (90 © VneN 1/)71)

A final application of (L4) entails - (¢ ® \/,,cy ¥n) = Vpen(9 ©¥n), which
settles the claim.

(vii) Let us apply (vi) to the sequence {—, }nen. We have

F (0 Vipen “%n) < Vyen (9 © 1), and consequently,

F= (‘P © \/nEN _'1/)") A \/nEN (90 © _'1/)")
By definition of A,

F (@@ Anen®n) < Apey (9 © —by,), and by definition of ¢ ® ¥ as
(= ),

I_ (SD — /\nEN w”) < /\neN (90 — djn) D

Remark 3.3. Proposition 3.2(i) implies that ZRL has the property of substitu-
tion of equivalents. It follows from the fact that the logic RL has this property
and the fact that in the proof of Proposition 3.2(i) we have used the property
on the level of the connectives of Riesz logic. As a consequence, we can safely
use theorems that hold in the logic RL.

Definition 3.4. Given a sequence of formulas {y, }nen € FORM gy, we say
that ¢ € FORM|Ry, is the order limit of {¢,}, and write ¢ = lim? ¢, if, and
only if, there exists an increasing sequence of formulas {¢, }nen € FORM gL
such that = \/ ¥, and =4, — (@ <> ¢,) for any n € N.

Remark 3.5. As will be explored in more detail in Section 4, Definition 3.4
is reflected in the Lindenbaum-Tarski algebra in the notion of order conver-
gence, while a stronger definition can be proved to be equivalent to the uniform
convergence of term functions.

Proposition 3.6. (i) If o = lim{, ¢, then lim? —p,, = —p;

(i) If p = lim; ¢, and tp = lim} 1y, then lim; (@, On) = OV, where pOY
is defined as —(p — —);

(i11) Let ¢ and v be both limits of a sequence of formulas {pn}n € FORM|Ry .
Then = @ «» ;

(iv) If ¢ = lim?, @, and b @ < 9, then ¢ = lim ¢, ;

(v) If o = lim;, @, and ¢ = Um;, ¥, then lim? (v, ®1y) = DY, where e Y
is defined as @ — 1.

Proof. (i) By hypothesis, there exists a sequence {1, },, € FORM gy, such that
FV, ¥n and = 1h, — (¢ <> @n). Since F (¢ <> ¢n) = (mp < 29, ), we deduce
F 4, — (—@n < —p) and the claim is settled.

(ii) By hypothesis, there exist increasing sequences { xn }n, {0n}n € FORMRryL
such that = \/, xn, FV,, 0n and F x, = (¢ & @y) and 0, = (¥ < 1y).



From the theorems of L,
Fo1=>m)0 (02 = 7) = (01002 571 0v) and Fo—=(y— (007)),

we deduce F (9, © xn) = [(¢ < ©n) © (Y < ¥y)].
Being o > v defined as (0 — ) ® (y — o), by commutativity of ®, we
deduce

(e« 0n) © (% < ¥n)] < [(p ©Y) < (pn © ),

hence = (20 © xn) = [(¢ © ¥) & (pn © ¢n)]
It remains to prove that - \/, (xn ® 0n). It is easily seen from the distribu-

tivity of \/ over ® that =\/, V/,,(on © xm) < (V,, Xn © V,, 0m), and therefore

Since both sequences are increasing, for any n,m € N let k¥ = max(n,m),

then 0, © Xm < 0k © Xk, V., V,, (Xim © 0n) = V,,(0n ® Xn) by applications of
(SUP) and Proposition 3.2(i), thus = \/, 0n ® Xn-

(iii) Let ¢ = lim{ ¢, = 1. Hence, there exist increasing sequences {xn }n, {0n}n C
FORM Ry, such that = \/, xn, F\/,, 0n and = x5, = (¢ < ¢,) and - ¢, —

(¢ < on).
Similarly to (ii), we get F (on © Xn) — [(¢ <> ©n) @ (¥ <> ¢,)]. Since, by
definition of <, F [(¢ <> ¢n) © (¥ <> ¥n)] = (¢ <> ¥), for any n we derive

F(on © Xn) = (0 ¢ ¥).
By (SUP), F V,,(¢n ® xn) = (¢ <> ¥). Finally, as in (ii), - \/,, 0n © x» and
the claim is settled.

(iv) It follows easily by the properties of logical equivalence.

(v) It is a straightforward application of items (i) to (iv). O

As usual, we can consider the Lindenbaum-Tarski algebra of the logic ZRL.
Let © C FORM7 Ry be a subset of formulas of ZRL. The relation defined by

p=o vy if,andonlyif, OF ¢ —1Yand OF Y — ¢,

is a congruence relation. Thus we define, on the quotient FORM g, /=6, the
following operations:

1. 0o = [Lo:
2. [ple = [Y]o = [¢ = Y]e;

3. [ple = [¥le;

4. [ple ® [Ylo = [~¢ = Y]e;
5. alple = [Aa(p)]e, where A, stands for =V, (—p);
6. \/nGN[(p"]G = [vneN ©nlo-



By [11], all operations from (1) to (5) are well defined and it is easily seen
that 1¢ = 0§ coincide with the set of syntactical consequences of ©. (6) is
well defined by Proposition 3.2(i): indeed, ¢, = 1, for any n € N implies
V., ¢n =V, ¥n. When © = 0, the quotient will be denoted by IRL. We recall
that the order on TRL is defined by [p] < [¢] if, and only if, - ¢ — .

Proposition 3.7. IRL is a o-complete Riesz MV-algebra.

Proof. The fact that IRL is a Riesz MV-algebra follows from the definition
of the operation in (1)-(5) and [11, Proposition 5]. It is o-complete since by
(6) we are closing the algebra under all possible countable suprema. We only
need to prove that \/ is indeed a suprema in TRL. By (S1), it follows that
[pr] < [\/nEN pn] = \/neN[<Pn]v hence \/neN[‘Pn] is an upper bound. By (SUP),
if for some (U], e < (1] for any k, then VV,eylonl < (1] and V,eqlon] is
indeed the supremum of {¢;, }nen. O

Thus, a suitable semantics for this logic has o-complete Riesz MV-algebras
as models. In the next subsection we will go deeper in the study of our models,
while we close this section with a completeness result — that will be improved
subsequently — and a characterization of the algebra IRL in terms of RL, the
Lindenbaum-Tarski algebra of RE.

We define the notion of evaluation as usual. Let A = (A, ®,",{a}ae[o,1],0)
be a o-complete Riesz MV-algebra. A map e : FORMg;, — A is an evaluation
if:

©) = e(®)",
=) =e(p)" Se¥),

) = ae(p), where A, is the dual connective of V,

(i) e
(i
(iii
(iv) e(Vpen ®n) = Vyenelen)-

Proposition 3.8 (Completeness). Let RMV,pc be the category of o-complete
Riesz MV-algebras and o-complete morphisms and ¢ a formula of ZRE. Then
Frrr ¢ if and only if e(p) = 1 for any evaluation e : FORMrr, — R and any
Re RMV,pc.

e

) e(=
) e
) e(Aa
) e

Proof. For the left-to-right direction, it easy to check that all axioms are R-
tautologies, for any R € RMV,pc, and that both Modus Ponens and (SUP)
lead tautologies to tautologies.

For the converse direction, it is enough to consider the evaluation e : FORMgr; —
IRL defined by e(p) = [¢]. Being [¢] = 1 if, and only if, ¢, the claim is easily
settled. O

As we shall prove in Section 5, the system ZREL also enjoys standard com-
pleteness. The standard model is [0, 1] with the natural structure of o-complete
Riesz MV-algebra, see Theorem 5.3 and Corollary 5.4.

Proposition 3.9. ZRL is a conservative extension of RL.

10



Proof. The fact that ZRL is an extension of RL is a consequence of Remark 3.3.
To prove that it is a conservative extension, let ¢ be a formula of REL which is
a theorem in ZRL. By completeness, ¢ is a tautology in the standard RMV-
algebra [0, 1] which is a complete Riesz MV-algebra as well. Since ¢ does not
involves \/, it is a tautology in RL, and by completeness of RE, ¢ is a theorem
in RL. O

Remark 3.10. The existence of free objects in complete boolean algebras is a
known problem: when one deals with infinitary disjunctions and conjunctions,
they may not always exist. One well behaved case is the case in which the
algebra is, in addition, completely distributive. In the case of MV-algebras,
it is mentioned in [27, Chapter 11] that o-complete MV-algebras satisfy the
countable distributivity law. Another well behaved case is the one of infinitary
varieties. In such a case, each operation has infinite (but bounded) arity in
contrast with the case of complete algebras, where the arity of the disjunctions
and conjuctions depends on the cardinality of the algebra. Infinitary universal
algebra is developed in [29] and it allows us to safely discuss free objects.

Proposition 3.11. IRL is the free algebra in RMV,pc generated over the
set of equivalence classes of propositional variables. Analogously, IRL,, is freely
generated by n propositional variables.

Proof. The result is a straightforward consequence of [29, Chapter ITI, Theorem
8.3]. With the aim of showing this standard technique and for the sake of
completeness, we now give a detailed proof.

Let X be the set of equivalence classes for the propositional variables of

IRL, i.e. X = {[v] | v is a propositional variable}. Let R be a o-complete
Riesz MV-algebra and let f : X — R be a function. We need to prove that
there exists a unique o-homomorphism of Riesz MV-algebras f* : IRL — R
such that f#([v]) = f([v]) for any v € Var.
With standard arguments — evaluations are uniquely determined by the values
on variables, see [19, Chapter 4.3] for the Boolean case — one can show that there
exists a unique evaluation e such that e(v) = f([v]) for any v € Var. If ¢ and ¢
are formulas such that ¢ = ¢, we have e(¢) = e(¢)) and =C Ker(e). We recall
that = is a congruence relation on FORM gy, and by the homomorphisms
theorem [29, Chapter II, Theorem 5.8] there exists ff : FORMirL /— — R
such that f#([p]) = e(p) for any ¢ € FORMgr. f*is a o-homomorphism of
Riesz MV-algebras, indeed:

©) Filel") = Fi([el) = e(=p) = e(p)* = (fF([e]) "
(i) fH(le] @ [¥]) = File = ¢l) = e(mp = ¥) = e(p) @ e(¥) = fH([¢]) ®
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It remains to prove the uniqueness of ff. Let ¢ : IRL — R be another o-
homomorphism of Riesz MV-algebras such that g([v]) = f([v]) for any v € Var.
Let 7 be the canonical surjection 7 : FORMr;, - FORM;[g1/ =; it is obvious
that gom is an evaluation such that (gom)(v) = e(v), then gom = e (as e was the
unique evaluation with this property) and g([¢]) = e(p) for any ¢ € FORM|Rry;
since f* was the unique extension with this property, g = f*. O

Proposition 3.12. IRL,, is the o-completion of RL,, where RL,, denotes the
Lindenbaum-Tarski algebra of RE on n propositional variables.

Proof. By Proposition 3.9, ¢ : RL,, — IRL,, and the embedding is defined by
[vi]rL + [vi]rRL for any propositional variable v;, with i =1,..., n.

We need to prove that, for any f : RL, — R, where R is a o-complete Riesz
MV-algebra, there exists a unique ¢ : IRL,, — R such that g |gr,= f.

From f we can define a map f : {[vi]...,[va]} = R by f([vs]) = f([vi]rL)-
By Proposition 3.11 there exists a unique o-homomorphism of Riesz MV-algebras
f¥: IRL, — Rsuch that f*([v;]) = f*(«([vilrr)) = f([vi]rr). Being RL, freely
generated by [vi]rr, f* agrees with f over ((RL,) and the claim is settled. [

Thus, IRL, is the o-completion of RL, — which is the algebra of piece-
wise linear functions with real coefficients — and RL,, has C([0,1]™) — which
is the algebra of [0, 1]-valued continuous functions defined over [0,1]" — as its
norm completion, see [10, Theorem 2.15]. Since norm completions, Dedekind
o-completions and Dekekind completions of Riesz Spaces are a deeply investi-
gated subject, we shall see in the next subsection how this can be exploited in
a logical setting.

Remark 3.13. To obtain ZRL we have started from the logic RL of Riesz
MV-algebras. To the same effect, we could have started from the Rational
Eukasiewicz logic QL defined by B. Gerla in [15]. This logical system stands in
between Lukasiewicz logic and RL: in [21] the authors provided an axiomati-
zation for QL that has the same axioms in items (R1) to (R4), but scalars are
taken in [0, 1] NQ instead of [0,1]. Thus, starting with {V, | ¢ € [0,1]NQ} and
\/, we obtain the same logical system by the following remark:

Arp=\/{Agp |7 >q€[0,1]nQ),

where A, = =V,—p.

4 Limits, compact Hausdorff spaces and com-
pletions

In this section we investigate the models of ZRL from a different point of view.
Indeed, in Definition 3.4 we have defined a notion of logical order convergence

and in Proposition 3.6 we have proved that, in the Lindenbaum-Tarski algebra
of ZRL, the limit is unique and the MV-algebraic operations are continuous
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with respect to the limit. It was proved in [10] that in RL,,, the Lindenbaum-
Tarski algebra of the logic RL, Definition 3.4 can be strengthened in such way
that it corresponds to the notion of uniform convergence: if we denote by fy, the
function that corresponds (via isomorphism) to [¢)] in RL, we have the following
theorem.

Theorem 4.1. [10, Theorem 2.8] Let {¢n tnen C Formgy, and ¢ € Formpy,.
Then the following are equivalent:

(1) {fo, tnen converges uniformly to f,,

(ii) There exists an increasing sequence of real numbers r, such that \/ r, =1
and F 0., — (pn <> ) for any n € N, where n,, = A, T.

Such a definition is very similar to Definition 3.4, but it is stronger, as it
requires a peculiar sequence of formulas, the point being that formulas of the
shape 7, correspond to constant functions in RL. The difference arises from the
remark that in a space of functions, the pointwise infimum (or supremum) of a
sequence of formulas does not need to coincide with the infimum (or supremum)
of the sequence, while this distinction is immaterial in the case of constant
functions. More details on this subtle difference can be found in [10, Remark
2.9].

Thus, it is natural to ask how having an infinitary disjunction affects uniform
convergence. The following proposition shows that the infinitary disjunction
forces our models to be norm-complete. To do so, let us first recall that on
semisimple Riesz MV-algebras the unit seminorm is actually a norm and that the
full subcategory of norm-complete Riesz MV-algebras is equivalent to the one
of M -spaces, where an M-space is, via Kakutani’s duality [18], a norm-complete
Riesz space that is isomorphic with C(X) = {f: X — R | f continuous}, for a
compact Hausdorff space X.

Proposition 4.2. Let R be a Riesz MV-algebra. If R is o-complete, then it
is norm-complete with respect to the norm induced by the unit, that is ||x|. =

min{a € [0,1] | x < algr}. As a consequence, IRL is a norm-complete Riesz
MV-algebra.

Proof. We first remark that any Dedekind o-complete Riesz Space with a strong
unit is an M-space (see [22, Theorem 45.4] and subsequent discussion). It is
known that an MV-algebra is o-complete if, and only if, the corresponding fu-
group is Dedekind o-complete, as proved in [16, Proposition 16.9]. Since the
lattice reduct of a Riesz MV-algebra is the same of its MV-algebra reduct, we can
say that a Riesz MV-algebra R is o-complete if, and only if, the corresponding
Riesz Space (Vg,u) is Dedekind o-complete. By [11, Theorem 7], (Vg,u) is an
M-space if and only if R is norm-complete, and the claim is settled. O

In [10] we have discussed the norm-completion of RL,, with respect to the
unit norm above mentioned. The previous proposition linked closely together
norm-completion and o-completion of RL,,, indeed we have the following.
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Proposition 4.3. For any n € N, denoted by IRL,, the Lindenbaum-Tarski

algebra built upon formulas with at most n variables and up to isomorphism,
C([0,1]") < IRL,.

Proof. By Proposition 4.2, IRL,, is a norm-complete Riesz MV-algebra. The
unit norm of continuous functions coincides with the sup-norm and by [10,
Theorem 3.2] the norm-completion of (RL,, ||-||.) is (C([0,1]™), |||lsc)- Thus,
since RL,, C IRL,, IRL, must contain the norm-completion of RL,,. O

Remark 4.4. The converse of Proposition 4.2 does not hold. Indeed there are
M-spaces that are not Dedekind o-complete. An example is C([0,1]), see [22,
Example 23.3(ii)]. Thus, one can see that C([0, 1]™) is not Dedekind o-complete.

Finally, we recall the following theorem.

Theorem 4.5. [11, Corollary 5] The categories URMYV of norm complete
Riesz MV-algebras (full subcategory of RMV ) and KHaus of compact Haus-
dorff spaces and continuous maps are dually equivalent.

Whence, building on Theorem 4.5 and Proposition 4.2 we can say that, for
any model R of ZRL, there exists a compact Hausdorff space K such that
R ~ C(K), the unit interval of the algebra of continuous functions defined
over K. Since the models of the logic ZRL have the extra property of being
o-complete, we can say something more, as proved in the following theorem.

Let X be a topological space. We recall that a subset of X is said to be Fi,
if it is the union of countably many closed subsets of X. Moreover, X is called
basically disconnected if the closure of every open F, subset is open. In some
books and papers, basically disconnected spaces are also called quasi-Stonean.
We also recall that a compact Hausdorff space is basically disconnected if, and
only if; it is a totally disconnected space in which the union of any countable
family of clopens is clopen. Whence, any basically disconnected compact Haus-
dorff space is a Stone space.

Theorem 4.6. A norm-complete Riesz MV-algebra is o-complete if, and only
if, the corresponding compact Hausdorff space is basically disconnected.

Proof. Tt is straightforward by [23, Proposition 2.1.5] and [11, Corollary 5]. [

We conclude this section with three remarks. Proposition 4.2 and Theo-
rem 4.6 entail an important property: it is possible to obtain a functional repre-
sentation for the algebra I RL,, by continuous functions. Indeed, by the previous
argument and Kakutani’s duality, it must exist a basically disconnected space
K such that the o-complete algebra IRL,, is isomorphic with C'(K). Although
this is an important characterization, we aim at a characterization of IRL,, by
(non-necessarily continuous) functions defined on [0, 1]™. This is the goal of the
final part of this paper. Moreover, as a corollary of Theorem 4.6 and Proposi-
tion 3.8 we can say that the logic ZRL is complete with respect to models of
the type C(X), where X is a basically disconnected compact Hausdorfl space.
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Finally, we recall a different approach to the idea of finding a logic whose
models are closely related to compact Hausdorff spaces. To do so, we set the
following: for any sequence 1, @s, ... we define the sequence o; = A%gpl, o9 =
Aécpl &) Aé@g, ... and we set §(p1,p2, ) = limpoy,.

The operator denoted by ¢ has been introduced in a much more general way
in [24] and MV-algebras endowed with a d-operator are in categorical duality
with compact Hausdorff spaces. In particular, the main result from [24] proves
that the following categories are equivalent:

(CK) the dual of the category of compact Hausdorff spaces with continuous
maps;

(CD) the category of §-algebras with §-preserving MV-algebra morphisms.
Thus, the category of J-algebras is equivalent to the category of norm-complete
Riesz MV-algebras with homomorphisms of Riesz MV-algebras.

Remark 4.7 (From o-complete to complete algebras). A natural question to
ask is what happens if we allow arbitrary disjunctions: in this case, our class of
interest will be the one of complete Riesz MV-algebras. Following [2, Theorem
9.28] and [18, Lemma 1.1] we get that the algebra is again (isomorphic with) the
unit interval of an M-space. By [23, Proposition 2.1.4], the compact space asso-
ciated to such algebra is an extremely disconnected compact Hausdorff space.
Finally, we can push the logical setting a little further defining a disjunction
of arity k, where k is a fixed cardinal. The main complication in the case of
complete Riesz MV-algebras is that we will lose the power of the approach of
[29] for infinitary varieties: in this case we would deal with disjunctions that
depend on the cardinality of the algebra, and therefore they do not constitute
a proper class of infinitary operations in the sense of [29)].

5 The Loomis-Sikorski theorem, standard com-
pleteness and concrete representation

In this section we prove the analogue of the Loomis-Sikorski theorem for Riesz
MV-algebras, which allows us to prove the standard completeness of ZRE. We
also represent the Lindenbaum-Tarski algebra in n variables as an algebra of
[0, 1]-valued functions defined over [0, 1]™.

Definition 5.1. A Riesz tribe over X is a Riesz MV-algebra of [0, 1]-valued
functions over X that is closed under pointwise countable suprema. We remark
that any Riesz tribe is a o-complete Riesz MV-algebra.

Let 7 be a Riesz tribe and let A be a o-complete Riesz MV-algebra. A map

n: T — Aisao-homomorphism if, and only if, for each sequence { f1, fa,..., f&, ...

T, if sup, fi is the pointwise suprema of the sequence, then n(supy fx) =

\/k n(fx)-

Finally, let X be a topological space. A subset Z of X is said to be meager
if it is the union of countably many subsets of X whose closure has empty
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interior. Any two functions f,g € [0,1]% are said to be essentially equal, in
symbols f~ g, if {x € X | f(x) # g(x)} is meager.

We recall that such notions have been defined in the theory of MV-algebras in
[14, 26] while a more recent account can be found in [27, Chapter 11]. Moreover,
we recall that any o-complete Riesz MV-algebra A is semisimple and we shall
identify it with a subalgebra of C(Max(A)), where Maxz(A) is the space of
maximal ideals of A, see for example [8] for the case of MV-algebras and recall
that a Riesz MV-algebra is semisimple if, and only if, its MV-algebra reduct is
semisimple.

Theorem 5.2 (The Loomis-Sikorski Theorem for Riesz MV-algebras). Let A C
C(X) be a o-complete Riesz MV-algebra, where X = Max(A), and let T C
[0,1]% be the set of functions f that are essentially equal to some function of
A. Then T is a Riesz tribe, each f € T is essentially equal to a unique f* € A
and the map f— f* is a o-homomorphism of T onto A.

Proof. The proof is easily deduced from the MV-algebraic version of the Loomis-
Sikorski theorem, [27, Theorem 11.7], applied to the MV-algebra reduct of A.
We only need to check that 7 is closed under the scalar operation and that
the map n : f — f* is an homomorphism of Riesz MV-algebras. The latter
claim follows from the fact that MV-homomorphisms between semisimple Riesz
MV-algebras are Riesz MV-homomorphisms, while the former is easily deduced
by computation. Indeed, if f € T there exists f* € A such that f ~ f*, which
means {z € X | f(x) # f*(z)} is meager. By the properties of the scalar
products, for any « > 0, f(z) # f*(x) if, and only if, af(z) # af*(z), thus
{reX|af(x)#af(x)} ={zr e X | f(z) # f*(x)} and therefore is meager.
Being A a Riesz MV-algebra, af* € A and af € T. O

In the following we make use of the infinitary version of Birkhoff’s theorem
[29, Chapter III, Theorem 9.4] and we prove that the class of o-complete Riesz
MV-algebras is an infinitary variety.

Theorem 5.3. RMV,pc = HSP([0,1)), where [0, 1] has the natural structure
of o-complete Riesz MV-algebra.

Proof. By the Loomis-Sikorski theorem, any algebra from RMV,pc is the
homomorphic image of a Riesz tribe and, by definition, any Riesz tribe belongs
to SP([0,1]). O

The above theorem actually states the standard completeness of ZRL.

Corollary 5.4. (Standard completeness) If ¢ is a formula of IRE, then gy ¢
if and only if e(p) =1 for any evaluation e : FORM g1, — [0,1].

In the final part of this section, we give a concrete description of the Lindenbaum-
Tarski algebra IRL, as an algebra of [0, 1]-valued functions. Recall that we
proved, up to isomorphism, the following inclusions

RL, < C([0,1]") < IRL, (1)
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Note that the second inclusion was proved in Proposition 4.3.

We start by characterizing I RL,, in terms of Riesz tribes.

It follows from [29, Chapter III, § 2] that Termprarveo, the set of terms in the
language of RMV ,pc, is the absolutely free algebra in the same language. Let
us denote by Termpumve(n) the absolutely free algebra generated by a set of
n propositional variables, namely {vq,...v,}. If fix an algebra A € RMV,pc,
to each 7 € Termparvo(n) it corresponds a function fA : A" — A, inductively
defined starting from the assignment v; — 77, where 71 : A" — A is the
projection. Let us denote the algebra of term functions evaluated into A by
RT;LLl . Since all operations are pointwise defined upon the operations of A, we
deduce that RT% € RMV,pc. When A = [0, 1], we denote RT % by RT ., fA

by fr and 7 by m; for any i = 1,...,n.

Proposition 5.5. For anyn € N, RT,, is the smallest Riesz tribe that contains
the projection functions {m1,...,7Tn}.

Proof. The algebra RT, is a Riesz tribe: it is a subalgebra of [0, 1][%!" and the
operations defined pointwise. The fact that {m,...,m,} is a set of generators
for RT, is straightforward by the inductive definition of a term-function. O

Theorem 5.6. The algebra RT,, is isomorphic to the Lindenbaum-Tarski al-
gebra IRL,, of the logic ITREL.

Proof. By [29, Chapter II, Theorem 7.1] it is enough to prove that RT, is freely
generated in RMV,pe by {m,...,m}.

Let A be any o-complete Riesz MV-algebra and let o : {m,...,m,} — A be
any function, where m; : [0,1]" — [0,1]. For any 7 € Termpumves(n), we can
define fA : A" — A, an element in RT7%. Let a; = n(m;), for any i = 1,...,n
and let F,, : Termprymve(n) — A the map defined by F, (1) = f2(a1,...,a,).
By Theorem 5.3, if two terms are equals when evaluated in [0, 1], then they are
also equal when evaluated in A. Thus, since F,(v;) = 7 (a1,...,a,) = a; =
n(m;), we deduce that F), induces a well defined extension 77 of n defined by
7(fr) = F, (7). It is easily seen that 77 is an homomorphism of o-complete Riesz
MV-algebras. Finally, the uniqueness of 7 follows from Proposition 5.5. O

Let RL, = {f :[0,1]™ — [0,1] | f continuous piecewise linear function}, as
defined in Section 2.1. By [11, Theorem 10], the piecewise continuous functions
are exactly the functions corresponding to the formulas of RL, so RL,, C RT .

Corollary 5.7. RT,, is generated by C([0,1]™).

Proof. We have RL,, C RT,, and, by Propositions 4.2, RT,, is norm-complete
with respect to the unit-norm, so C([0,1]") € RT,. If T is another Riesz tribe
such that C([0,1]™) C T, then {m1,...,m} CT,s0 RT, CT. O

To give a more concrete representation of R7T ,,, let us start with two impor-
tant definitions.
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Definition 5.8. Assume that X and Y are metric spaces.

(i) Let Borel(X,Y) be the set of the functions f : X — Y that are Borel-
measureable. That is, for any open set O of Y, f~1(0) is a Borel set
of X, where the o- algebra of Borel sets of X is the smallest o-algebra
containing the open sets. In what follows we will denote Borel(n) =
Borel([0,1]™,[0,1]) and we assume that it is endowed with the obvious
structure of Riesz MV-algebra.

(ii) Let Baire(X,Y’) be the set of all Baire functions f : X — Y, i.e. the
smallest set that contains the continuous functions and it is closed under
pointwise limits of convergent sequences of functions belonging to it. We
set Baire(n) = Baire([0, 1], [0, 1]) and we assume that it is endowed with
the obvious structure of Riesz MV-algebra.

Proposition 5.9. TRL, ~ RT,, ~ Borel(n) ~ Baire(n).

Proof. The isomorphism Borel(n) ~ Baire(n) is a consequence of the Lebesgue-
Hausdorff theorem [20, p.393]. Since tribes are semisimple MV-algebras, an
isomorphism between tribes is actually a Riesz isomorphism, so R7,, ~ Baire(n)
follows by Corollary 5.7 and [14, Proposition 3.3]. Finally, the isomorophism
IRL, ~RT, is Theorem 5.6. O

In the final part of this section we show how the isomorphism between R7T,
and Borel(n) (and therefore Proposition 5.9) can be proved in a direct manner.
We believe that a direct proof can be useful to understand exactly how the Borel-
measurable functions are obtained starting from formulas in REL. At the same
time we provide a concrete example of a sequence of functions in RL,, whose
pointwise supremum is not even a continuous function, namely the sequence
{fm.r}men used in the proof of Theorem 5.11. To do so, let us denote by
Xe: [0,1]™ — [0, 1] the characteristic function of the subset E C [0, 1]™. A simple
function is a linear combination, with real scalars, of characteristic functions.

It is well known that Borel functions can be written as limits of simple
functions built upon the characteristic functions of Borel subsets of [0, 1]™. More
precisely, one can prove the following.

Lemma 5.10. Any Borel function f : [0,1]™ — [0,1] is the uniform limit of
an increasing sequence of simple functions fn, : [0,1]" — [0,1], where f,, =
Zf:l a;xgE, with a; € [0,1], ky, a suitable index that depends on m and FE; are
Borel subsets of [0,1]™.

Proof. The result is straightforward by direct inspection of the standard argu-
ment used in the case of positive-valued Borel functions. We will sketch such
an argument for completeness. For any m > 1, we divide the interval [0, 1] in
2™ subintervals of the type I,,, = [2%, %), with £ =0,...,2™ — 1. For any
m and k, Ep,, = f~*(ILy,) is a Borel subset of [0,1]". We then consider the

following simple functions:

. 2m_1
Jm =2 k=0 m XEm, -
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For any choice of indexes, 2% € [0,1] and the sequence is increasing by con-
struction. Moreover, f,(z) = 2% if, and only if, x € E,,, if, and only if,
& < fz) < B Thus, for any 2 € [0,1]", | fn(z) — f(z) |< 5% for any m
and the claim is settled. O

Theorem 5.11. An n-ary function f :[0,1]™ — [0, 1] belongs to the Riesz tribe
generated by the projection functions if, and only if, it is Borel measurable.

Proof. Since projection functions are Borel-measurable and Borel(n) is closed
under pointwise suprema, we easily deduce that R7,, C Borel(n).

To prove the other inclusion, first notice that R7, is a o-complete Riesz
MV-algebra and therefore it is norm complete, that is, any uniform limit of
elements of RT,, belongs to RT,,. Thus, by Lemma 5.10, we only need to prove
that the characteristic functions of Borel subsets of [0, 1]™ are elements of RT .

For n = 1, it is well known that the Borel subsets of [0, 1] are generated by
intervals of the type (r, 1], with > 0. Thus, it is enough to prove the result for
functions of the type x(1). In this case, we write x(, 1) = A,, fm,r, Where fp, ,
is the continuous piecewise linear function with real coeflicients defined by

0 if:c§7"—2Lm
fm,r(x) = < linear ifr—sm <z <r
1 ifx>r

We recall that [11, Corollary 7] entails that piecewise linear functions with
real coefficients belong to the Riesz MV-algebra generated by the projection
function.

To extend the argument to the n-valued case, it is enough to remark that the
Borel subsets of [0, 1]" are generated by multi-intervals of the type E = II?" | E;,
with E; = (r;, s;) and that xg = A, X&,, which we proved to be elements of the
Riesz tribe generated by the projection functions. O

Note that the proof of Theorem 5.11 is a significant simplification of [13, The-
orem 3.3|, where the authors characterize the smallest MV-tribe that contains
all projection functions.

Remark 5.12. A different proof of the isomorphism between I RL,, and Baire(n)
can we obtained by [9, Lemma 1.1] and Proposition 2.1.

5.1 Conclusion: logic and analysis in literature

We conclude this paper by recalling other approaches to the connections between
logic and analysis in literature. We start by recalling that some basic connections
between the logic of Riesz MV-algebras and functional analysis were made in
[10].

One of the first reference to mention is [5], where it is studied a logical system
that has metric spaces as models. Such a logic is called continuous first-order
logic (CFO). It is a predicate logic, whose propositional fragment is axiomatized
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by the connectives of Lukasiewicz logic plus an operator that multiplies by %
The resemblance of such fragment with the logic of Riesz MV-algebras is very
clear and it is worth to explore the relations between CFO and the infinitary
logic we propose in Section 3. Related to this subject, it is worth mention
[7], where the authors prove that for continuous metric structures, CFO has
the same expressive power than Rational Pavelka logic, which is a conservative
extension of Lukasiewicz logic. See also [17, Historical Remarks]. Moreover, in
[4] the authors deal with infinitary continuous logic.

In a recent preprint [1], M. Abbadini provides a finite axiomatization for
several infinitary varieties of lattice-ordered structures. In particular, a finite
axiomatization is obtained for Dedekind o-complete Riesz Spaces with a weak
unit.

Finally, we mention once again [24], where the authors define a class of MV-
algebras enriched with an infinitary operator, for which they provide a finite
axiomatization. Such a class, as a category of infinitary algebras, is dual to the
category of compact Hausdorff spaces.
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