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Inequalities on the Number of Connected Spanning Subgraphs in a

Multigraph

SUMMARY  Consider an undirected multigraph G = (V, E) with n ver-
tices and m edges, and let N; denote the number of connected spanning
subgraphs with i(m 2 i 2 n) edges in G. Recently, we showed in [3] the
validity of (m—i+ 1)N;_1 > (i—n+ I_ 3+ *9+8(i_"> J)N, for a simple graph and

(m Ny Ny
(m—n+1)N 22

each i(m 2 i 2 n). Note that, from this mequahty,

is easily derived. In this paper, for a multigraph G an'a allilm2i2n), we

prove (m —i+ 1)Ni-1 2 (i — n + 2)N;, and give a necessary and sufficient
condition by which (m —i+ 1)N;_; = (i —n+2)N;. In particular, this means
that (m—i+1)Ni_y > (i=n+| 22522 ) is not valid for all multigraphs,

in general. Furthermore, we prove <m Ny (mn% 2, which is not

straightforwardly derived from (m— 1+T)N, 12 @- n+23Nl, and also intro-
duce a necessary and sufficent condition by which o 00 . (m—n—ivf)NE =
2. Moreover, we show a sufficient condition for a multigraph to have

N,% > Np-1Nn+1. As special cases of the sufficient condition, we show

that if G contains at least [%(m - n)] + 1 multiple edges between some pair
of vertices, or if its underlying simple graph has no cycle with length more
than 4, then N2 > Ny—1Np41.

key words: multigraph, the number of connected spanning subgraphs,
network reliability polynomial, inequality

1. Introduction

In network reliability analysis, a network is usually modeled
by an undirected graph with n vertices and m edges, where
all vertices are reliable, and each edge is either operational
or failed with the same independently operational probabil-
ity p(0 < p < 1). The reader may refer to [5] for background
on network reliability.

Let N; for an integer i(m 2 i 2z n — 1) denote the
number of connected spanning subgraphs with i edges in
G. Then, N,_1, Ny, -+, Ny, called the coefficient sequence
of all-terminal reliability polynomial (see e.g., [1],[2], [5],
[6],[8]), are used to estimate the all-terminal reliability
Rel4 (G, p) defined by

Rels(G,p)= Y Nip'(1-p"™. (1)

i=n—1

It is well known that computing Rels(G, p) is NP-hard, even
if the graphs are restricted to be planar, since the problem of
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computing N;’s is #P-complete [9], [10]. Thus, it is impor-
tant to find inequalities useful for approximately comput-
ing N;’s. Many extensive investigations on the computation
problem have been done, and properties of N;’s have been
summarized in [2], [5], [8].

Little, however, is known about the inequalities with
respect to N;_1, N; or Ni_1, Nj, Ni;1 other than Sperner’s in-
equality iN; 2 (m — i + 1)N;_1 (see e.g., [5]). This may
be a reason that it has been not shown whether G has uni-
modality or log-concavity on the sequence N,_1, Ny, -+, Ny,
in [5], [6]. Here, unimodality is a property that there is some
index isuchthat N, £ N, £---<N; 2Ny 2+ 2 Np,
and log-concavity is a property that N} 2 Ni_1Nj for
m > [ = n. Furthermore, we easily see by (1) that for such a
probabilistic graph (G, p) when p is very small, Rels(G, p)
is mainly determined by the terms on the three coefficients
N,—1,N,, N,..1. Then, it is also interesting to investigate a
formula on N,,_1, N;, Nyt 1.

In this paper, by introducing the average value h(®L; d)
of N(Gi,;i - d)’s, where N(G';i — d) for each r(N; 2 r 2
1) denotes the number of connected spanning (i — d)-edge
subgraphs in a connected spanning i-edge subgraph G.. of G,
we establish two formulas A(®,; 1)N; = (m — i + 1)N;_; and
iz W@ :1)2i—n+2forallm 2 iz n In particular, we
show the characterizations of multigraphs where h(®%,; 1) =
(i—n+2)forallm = i 2 n, and h(®.; 1) nearly equals to
(i — n+ 2) for a fixed i, respectively.

As a result, for a multigraph G and all m 2 { = n, we
obtain (m — i + 1)N;_1 2 (i — n + 2)N; in Sect. 2, and chara-
terize the multigraphs with (m —i + 1)N;_; = (i—n+2)N;in
Sect. 3. It implies that for all multigraphs, (m — i+ 1)N;—; >

(i-n+ FJ’—— “9;8(1_”) J)Ni does not hold in general, even though

it has been applied to show several simple graphs with uni-
modality on N,_1, Ny, -+, Ny, in [4]. This, in fact, means
that there is a difference in inequalities of N;_1, N; between
simple graphs and multigraphs.

On the other hand, when G is a simple graph, (—”-2’_]\,”% p
2 has been shown in [3] by the fact that the length of ev-
ery cycle in a simple graph is at least 3. It is clear that
(”Z'N:L” oomoNS > 2 by (mm%—l > 0. However,
when G is a multlgraph since G contains cycles of length
2, (m—i+ 1Ny 2 (i — n+ 2)N; holds with equality.
In addition, we show that there exist some multigraphs
so that not only ("m%l)z\ln_—l < 2, but also (m—N"% neatly

equals to % Then, it is not necessarily obvious whether

(m—n)N, N, ;
T oS 2 2 for some multigraphs. In Sect. 4,

Copyright © 2008 The Institute of Electronics, Information and Communication Engineers
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we prove that it is true for all multigraphs as well, and show
that G 4 — o = 2iff G is a connected multigraph
containing a pair of vertices with m — »n + 2 multiple edges.
It is well known that such a multigraph is the least reliable
one for all-terminal network reliability (see e.g., [1], [2]).
Before closing Sect. 4, we propose a sufficient condi-
tion for a multigraph G with N> > N,_{N,.;. Thatis, G
2(h(D;:1)-3)(m—n)
(WDE:1)-2h(@F 1)
tween some pair of vertices. Moreover, we show that if G
has at least {%(m - n)] + 1 multiple edges between some pair
of vertices, or, no simple cycle with length more than 4, then

contains at least { ] + 1 multiple edges be-

* it satisfies the sufficient condition.

2. Preliminaries

Consider an undirected multigraph G = (V, E) with no loop.
Unless defined otherwise, graph theoretic terminology used
in this paper follows Harary [7]. We always assume that a
given multigraph G is connected, and has n vertices and m
edges.

A simple graph is the graph without multiple edges.
By replacing the multiple edges between every pair of ver-
tices with one edge, we can obtain a simple graph, called
its underlying graph. One of the most basic facts is that a
multigraph has some cycle with length 2, while the length
of every cycle in a simple graph is at least 3.

For an edge subset U( S E), let G — U denote the span-
ning subgraph obtained by removing all edges of U from G.
An edge subset U( C E) is said to be an edge-cut if G — U is
not connected, and let A be the minimum cardinality of an
edge-cut in G. An edge e is said to be a bridge if G — {e} is
not connected. We denote by N(G; i), which is sometimes
briefly denoted by N;, the number of connected spanning i-
edge subgraphs of G. Note that G has exactly ("f) spanning
i-edge subgraphs each of which is either connected or not.
It is clear that whenever i < n — 1, any spanning i-edge sub-
graph of G is not connected, and whenever i > m — Ag, any
spanning i-edge subgraph is connected by the definition of
Ag. Thus,

Ni=0, i<n-1,
m .
N, n-12ism-Ag;
1
m .
Ni= ), i>m-Ag.

1

Let @ = {G},G}, -+,Gy} denote the set of all con-
nected spanning i-edge subgraphs of G. Given a G € (DE,
N(G';i — d) for an integer d(i —n + 1 2 d = 1) represents
" the number of connected spanning (i — d)-edge subgraphs of
Gi. In other words, it is equal to the number of connected
spanning subgraphs each of which is obtained by removing
d edges from G. We further define A(®; d) by

Ycieai, N(Grii—d)

N , . 2

(DL d) =
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which represents the average of N; values: N(G';i — d),
NG i—d), -, N(Gy;i—ad).

Note that every connected spanning (i — d)-edge sub-
graph of G is contained as a subgraph in exactly (m_g_d))
connected spanning i-edge subgraphs of @i, and every G €
@, contains N(G,;i — d) connected spanning (i — d)-edge
subgraphs of G. Consequently, we can show the validity of

3 NGii-d) = (’" e d))Ni_d. 3
Gledl, .

Lemma 1: For a multigraph G and two integers i, d(m 2
izni-n+lzdzl),

: m—i+d\N;_4
DL d) = .
( ) ( d ) N, )
Proof. It is trivial by (2) and (3). m]

Essentially, lemma 1 establishes a relation between
h(®.; d) and N;. This means that the problem of computing
h(®,; d)’s is also #P-complete as that of computing N;'s,
since N,_; represents the number of spanning trees of G and
is counted in polynomial time. Moreover, when d = 1, (4)
is written by C

(m—i+ 1N = h(®-; DN, (5)
From (5) we obtain

DL 1) (m — i)N?
G _ i

- = , 6
WD ;1) (m—1+1)Ni_1Niyy ©

which implies that if A(®';1) = A(®%;1) then N? >
Ni-1Ni1. Therefore, proving h(®3!;1) 2 h(®L; 1) for all
i(m > i 2 n) is more hard than proving log-concavity on the
sequence Ny_1, Ny, - -+, Ny, in general. ‘

An edge of G is said to be a non-bridge edge if it is
not a bridge of G. By definition, N(G%;i — 1) and A(®i; 1)
respectively expresses the number of non-bridge edges of G-
and the average value of the numbers of non-bridge edges
for N; connected spanning i-edge subgraphs G'’s of G. In
the following lemma, we give an inequality on A(®:.; 1).

Lemma 2: For a multigraph G and an integer i(m 2 i 2 n),
P2 @1 2 i-n+2.

Proof. It is clear that the number of (i — 1)-edge subgraphs
obtained by removing one edge from an i-edge graph is
equal to at most i. Therefore, we obtain i 2 N(G%;i — 1)
for every Gi. € @, which implies that i 2 /(®; 1) by defi-
nition.

On the other hand, we can see that the number of con-
nected spanning subgraphs obtained by removing one edge
from a connceted i-edge graph is equal to at least { — n + 2,
since i 2 n. Thus, N(G;i~1) z i—n+2 for every G. € @,
equivalently, /(®.; 1) 2 i — n + 2 by definition. O

As straightforward results from lemma 2 and (5), we
obtain two inequalities:
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iN; 2 (m—i+1N;, (N

which is well known as Sperner’s inequality (see, e.g., [5]),
and

(m—-i+ DN,y 2 (i—n+2)N,. ®)

For a simple graph, however, it has been shown in [3] that
the coefficient of N; in the right-hand side of (8) is i — n +

| 226D | which is strictly greater than i — n + 2.

3. The Characterizations of Multigraphs with h(<I>iG; 1)
= i—n+2, and with h((I)i;; 1) Nearly Equal to i—n+2,
Respectively

In this section, we concentrate on investigating the charac-
terizations of multigraphs for which A(®%; 1) = i — n + 2 for
allm 2 i 2 n, and h(®:; 1) nearly equals to i —n + 2 for a
fixed i, respectively.

A multigraph is said to be simplified, if it has one
pair of vertices with m — n + 2 multiple edges. The multi-
graph shown in Fig. 1 (a) is simplified, while that shown in
Fig. 1 (b) is not simplified. Note that the underlying graph
of a simplified multigraph is a spanning tree, since a multi-
graph considered here is connected.

Lemma 3: If G is a simplified multigraph, then
(m —i+ I)Ni_1 = (l —-—n+ 2)N,
forallm=iz=n.

Proof. Since G is simplified, it is easy to see that for all
mzizn-—1

m-n+2
Ni: N
(i—n+2)

which shows the validity of this lemma.

In fact, lemma 3 asserts that A(®’,; 1) = i —n + 2 for all
m 2 i 2 nby (5). Indeed, it is easily verified that N(G';i —
1) = i —n +2 for every G, € @, when G is simplified. For
i 2 n, we can observe that every G, € @, has at most n — 2
bridges. This means that the number of connected spanning
(i — 1)-edge subgraphs of G. € @ is at least i — n + 2,
equivalently,

NGLi-1zi-n+2.

We can also observe that if G is not simplified, then
there is at least one connected spanning i-edge subgraph G-
so that N(Gi;i—1) > (i—-n+2)foreachi(m 2 i 2 n+ 1),
equivalently, A(®. ;1) > (i —n + 2). Hence the following
theorem has been obtained by lemma 3 and (5).

(a) Simplified (b) Not simplified

Fig.1 Two multigraphs whose underlying graphs are trees.
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Theorem 1: For a multigraph G, h(®i.; 1) = z —n+ 2 for
allm 2 i 2 n+ 1 iff G is simplified. O

When i = n, weshall show that h(®¢; 1) = 2 holds for a
multigraph G whose underlying graph is a tree. This means
that the condition that G is simplified is not necessary for G
to satisfy a(®f;; 1) = 2, since a multigraph whose underlying
graph is a tree may not be simplified, in general In order to
characterize the multigraphs with h(®F;1) = 2, we need
new notations.

Recall that @ stands for the set of connected spanning
i-edge subgraphs of G. Let @i (k) S (D’ for an integer k(i 2
k 2 i —n+ 2) denote the set of subgraphs with i ~ k bridges.
See Fig. 2.

In particular, ®L(i) where k = i is the set of connected
spanning i-edge subgraphs with no bridge, and ®! ci—n+2)
where k = i — n + 2 is the set of connected spanning i-edge
subgraphs with n — 2 bridges. Evidently, @ is partitioned
into subsets @i i —n+2), (o) ci—n+3),- (13’6(1) Let,
further, N;(k) = |(I) (k)| fori = k 2i—n+2. Then

i

N= ) Nk, ©)

k=i—n+2
Since N(G.;i — 1) = k for every G. € ®L(k),

> N@GLi-1)

Giedl,

Zi] [ 2. N(Gi;i—n)

k=i~n+2 Gieq)g(k)

1]

Z kN;(). (10)

k=i—n+2

Thus, A(®%,; 1) is rewritten as follows:

Sheionia KNiK)

WO 1) = =5 (by (2),(9),(10))
@t = 5w ™
=@(-n+2)+8, an
where
Sionalk = (G = n+ 2)IN; (k)
f (12)
ﬁ Zk—z n+2N(k)

YA WA N

(b) A subgraph of ©%(7)
(azv?thm:ltlg 2rlrlz)h 1G for G shown in (a).

Vs e

(c) A subgraph of ®%(9) (d) A subgraph of ®%(5)
for G shown in (a). for G shown in (a)

Fig.2 Illustrating subgraphs of @ (B



CHENG and MASUYAMA: INEQUALITIES ON THE NUMBER OF CONNECTED SPANNING SUBGRAPHS IN A MULTIGRAPH

Clearly, A(®%; 1) is completely determined ’by B;. From
lemma 2, we immediately obtain n —2 = 8; = 0. When
i =n, by (11),(12),

=3k = 2)Nu(k)
2=z Nu(k)

It is not hard to verify that, whenever G has at least one
simple cycle with length k& > 3, it contains at least one con-
nected spanning n-edge subgraph with at most n — k bridges.
This means that N,(k) > 0 for some k£ 2 3, equivalently,
h(®7; 1) > 2 by (13). Hence the following lemma 4 holds.

MOL:1) =2+ (13)

Lemma 4: If G contains at least one simple cycle with
length at least 3, then h((D’é; 1) > 2, equivalently,

b < by (5) with i = n. O

(m—n+1)N,_;
Theorem 2: For a multigraph G, A(®7; 1) = 2 iff the un-

_ derlying graph of G is a tree.

Proof. Necessity. It is trivial by lemma 4.

Sufficiency. Let G be a multigraph whose underlying graph
is a tree. Then the length k of every cycle in G must be equal
to 2. Therefore, >.;_5(k — 2)N,(k) = 0, which is equivalent
to A(®F; 1) = 2 by (13). o

In the following, we shall discuss the characterization
of multigraphs for which A(®'.; 1) nearly equals to i — n + 2,
namely, §; nearly equals to O for a fixed i.

Let E,, denote the set of multiple edges between a pair
e = (u,v) of vertices in G. Let G — E,, and, for short, Gy
denote the graph obtained by deleting all edges of E,,. See
Fig.3 (a).

We easily see that every G. € ®%. contains at most i —
n + 2 edges in E,,, but may contain no edge in E,,. Clearly,
if Gi € CI)i6(k) has i — n + 2 edges in E,,,, then it must contain
n — 2 bridges, which implies that k = i ~ n + 2. In other
words, if k > i — n + 2, then Gi € Cl)é;(k) contains at most
i—n+1edgesinE,,.

For an integer (i —n+2 2 t 2 1), we denote by
<I)’ ’(k e") the set of spanning (i — t)-edge subgraphs of G,
from each of which at least one connected spanning i-edge
subgraph with i — k bridges is obtained by adding ¢ edges of
E,,. See Fig.3 (b).

It is clear by definition that exactly (lE;‘Vl) connected
spanning i-edge subgraphs of G are obtained from every
Gl—t € q)t t(k et)

Let (D"O(k %) be the set of subgraphs of @ (k) with no
edge in E,,, and let N7(k; ') = |@5"(k; ¢ fori—n+2 2
t20.

When i 2 k 2 i — n + 3, each subgraph of ®.(k) has

u T , v
(b) A subgraph of ®%2(7;¢?)
for G shown in Fig.2 ().

u \4

(2) G, of G shown in Fig.2 (a).
Fig.3 Illustration of G and a subgraph of d)iG‘ : (kye).
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at most-n — 3 bridges by definition. This means that each
subgraph of (DiG(k) contains at least n — 1 edges not in E,,,,
equivalently, at most i — r + 1 edges in E,,. Then, fori 2
kzi-n+3,

i-n+1

Nk = ('E;‘”')Nﬁi<k; ¢). (14)

t=0

When k = i—n+2, each subgraph of ®: (i—n+2) has exactly
n—2 bridges by definition. This means that if each subgraph
of d)é;(z —n+2) has some edges of E,, then it contains either
only one edge or exactly i — n + 2 edges of E,,. Therefore,
weobtamN i-n+2e)=0fori—-n+32¢22 Note
that each subgraph of ®L(i — n + 2) might contain no edge
of E,,. Then, fork = i —n+2

Nii ~n+2)
=N —n+2; e°)+(l ”Vl)NGI(z n+2;el)

+( |Eu|

Gz ¢ _ . i-n+2
- 2)Nmz(z n+2;e ). (15)

By definition, the value of Nﬁ Z’t(k; ¢') is independent of |E,, .

[k=(i-n+2)INi(k . .
Then, Zieeneol |E(:v‘"+ O for a fixed i is a decreasing func-

tion in |E,, | by (14), which implies that

S sk = (i = 1+ 2)INi(R)

1m
|E | —00 ( |E ] )
i—n+2

=0.

¢ ;
Moreover, it is verified that W

i-n+2.

2;7"2) by (14), (15). Consequently, we obtain an interest-
ing fact that the value of §; is reduced by adding a number
of edges into a fixed pair e = (u, v) of vertices.

is at least NC o (i—n+

Lemma 5: Suppose that G is a multigraph with (m ”)N

2. Then we can obtain a multigraph G’ by addlng Some
multiple edges between a fixed pair ¢ = (u,v) of vertices
in G so that (";N'f) 2 < 2, where N;, N/, are respectively
defined to correspond to G'.

Proof. Let E},, be the set of edges between the pair e = (u, )
of vertices in G’. See Fig. 4. :
By (5), (11), (12) with i = n + 1, it is clear that if
’ S (k=3)N;, (k) (m-n)N,, , .
B, = _w_ < 1 then e <2, where N, (k) is
defined to correspond to G'.

E,
., adding new
E, multiple edges
G G'

Fig.4 Adding new multiple edges in a fixed pair of vertices.
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N’ .,(3) is the number of connected spanning (n + 1)-
edge subgraphs of G’, each of which contains 7 — 2 bridges.
A connected spanning (n + 1)-edge subgraph with n — 2
bridges contains ¢ edges of E,,, where t = 3,1,0. By (15)
withi=n+1,

Mo = NG+ (el gcien

E’
e

By (14) withi =n + 1,

L
CCEDY i V)

=0
T Ge=3)N,, (k)

By solving 8.1 = TN < 1, we obtain
3
|Efl > 2+ o
w (BN (35 %)

n+l

Z(k 4)2(”5 )nm ¢

_(|E11,4v|)NSé(3;el) NnG-fl(3; e()):l‘

Since the value of NG+1 [(k; €") is independent of |E] |, the
right-hand side of the above formula is a decreasing function
in |E],|. Consequently, we can obtain some integer r so that
if [E;,| = r then the above formula holds. This means that by

adding |E], | - |E,,| new multiple edges between the pair e =
(u, v) of vertices we can obtain G’ so that (';N',‘) 1<), O

More generally, we can similarily prove 'the following
interesting result by employing the same method as that of
proving lemma 5.

Theorem 3: Given a multigraph G with 8; > 1 for a fixed
i(= n). Then we can obtain a multigraph G’ by adding a
number of multiple edges into a fixed pair e = (u, v) of ver-
tices in G so that 8; < 1, where §; corresponds to that of
G'. ]

4. Inequalities on N,_y, Ny Nyi1

Lemmas 4 and 5 tell us that there are some multigraphs so
that W 1 and (mZNn)I!\I,, < 2, which implies that the
validity of the followmg inequality (16) is not necessarily
obvious. In this section, we shall prove it to be true for all
multigraphs as well.

(m =Ny, Ny >2. (16)
2Np+41 (m—n+ 1N,
From (11) with i = n,n + 1 we have
WDE;1) =2+ B, 7
WOE"; 1) = 3+ Buat, (18)

which implies that lemma 6 holds.

IEICE TRANS. INF. & SYST., VOL.E91-D, NO.2 FEBRUARY 2008

Lemma 6: Proving (16) is equivalent to showing

2Bn+1 + BrbPrs1 Z B (19)
Proof. By (5),(17),(18), both &zla = 2tha apq
TSN = 72, hold. We rewrite (16) as follows:
which is equivalent to (19), as required. O

In order to show the validity of (19), we further in-
troduce notations. Let m(e) denote the number of muitiple
edges between a pair e = (i, v) of vertices, and e, = (1, V)
denote a pair of vertices with the maximum number of
multiple edges among all pairs of vertices in G. Clearly,
Np1(3) > 0iff m(emqy) 2 3. We give lemma 7 to express a
basic relation between N,(2) and N,.1(3).

Lemma 7: Let e,,, = (1, v) be a vertex pair with the max-
imum number of multiple edges in G. Then

m(emax) -2
3

In addition, (20) holds with equality iff either of the follow-
ing conditions holds.

(i) m(emax) < 2;
(i1) m(emax) > 2, and the number of multiple edges between
every pair of vertices, except for the vertex pairs having
‘no edge, is identical.

Proof. When m(e,,x) = 1, both N,(2) = 0 and N,,1(3) = 0
hold by definition. Clearly, (20) holds with equality. In this
case, in fact, G is a simple graph. .

When m(epgy) = 2, Nyy1(3) = 0 by definition. Thus,
(20) also holds with equality.

When m(e,nqx) 2 3, we have N,.,1(3) > 0 by definition.
Since every subgraph of (D”G+1(3) must be a tree with three
multiple edges between only one pair of vertices, we obtain

Nt = 4G >( (6))

eckE

Nn(2) 2 Npt1(3). (20)

where #(G; e) denotes the number of subgraphs, from each
of which a spanning tree of G is obtained by adding an edge
between a pair e = (u, v) of vertices u, v, and E denotes the
edge set of underlying graph of G. Analogously, since every
subgraph of ®F,(2) must be a tree with two multiple edges
between only one pair of vertices, we also have

M@ = 3G )( (8))

eck

Therefore, (20) is derived by the definition of e,,,. In ad-
dition, it is not difficult to see that (20) holds with equality
iff G has the same number of multiple edges between every

pair of vertices, except for the vertex pairs having no edge.
O

‘Given a pair e = (u,v) of vertices in G, we define new
notations for an integer I(n = [ 2 2) as follows:
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A(e): the subset of @7 (]), each of which has at least one
edge of E,, but not as its bridge.

Ai(e): the subset of @F(]), each of which has exactly one
edge of E,, as its bridge. Note that [A,(e)| = 0

Ay(€): the subset of OF,([), each of which hasno edge in E,,.

@7 (D) is partitioned into three subsets A;(e), A(e), A(é). Let
oi(e) = [Ai(e)| where e = ¢, ¢, é, then

Nu(l) = 61(e) + 6i(e) + 6,(8). @n

Recall that (Dé“(z) (n+ 1 = ¢ =z 3) stands for the set of
connected spanning (n + 1)-edge subgraphs withn + 1 — ¢
bridges. For a pair e = (1, v) of vertices and an integer #(n +
1 2t 2 4), we define

@t(i): the subset of (Dg“(t), each of which has two edges of
E,, but not as its edge-cut.

®;(e): the subset of (Dg“(t), each of which has two edges of

" E,, asits edge-cut.

O,(e): the subset of (I)’C’;“(t), each of which has one edge of
E,, but not as its bridge.

®;(e): the subset of d%“(t), each of which has one edge of
E,, as its bridge.

®,(&): the subset of <I>’g'1(t), each of which has no edge in
E,.

¢"G+1(t) is also partitioned into five subsets ®,(?), 0,(e),
0:(@), O,(e), ®,(2). Let 6,(e) = |@,(e) where e = 2, ¢,, ¢, ¢,
then
Npar(t) = 60, + 6,(e) + 6:(&) + 61(e) + 62).
(22)
The following lemmas state relations between 6;() and
6;(), which are also applied to prove (19).

Lemma 8: Lete = (4, v) be a pair of vertices with multiple
edges in G. Then,

0@ = ML) fornziz 23)
Ba(e) = m(e)z_ 15,@ forn—12123. (24)

Proof. By definition, it is clear that every subgraph of
®l+1(§) is obtained from some G’ € A;(e) by adding one
edge of E,, not in G’, and that every subgraph of A(e) is
also obtained from some G” € ®l+1(5) by deleting one edge
of E,, in G”. See Fig. 5. B

Let G’ € A)(@) and G € By (e), where G’ and G” are

(a) A subgraph G'of A;(€) (b) A subgraph G"of O, @)
with a cycle C, of length /. corresponding to G'of (a).

Fig.5 Illustration of a relation between ®l+1(§) and A(e).
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obtained from each other by deleting and adding one edge
of E,,. Clearly, the two subgraphs, respectively, obtained
from G’ and G” by deleting edges of E,, in G’ and G”, are
the same tree. Consequently,

m(e) — 1
2

Similarly, (24) is proved by the same method. O

01(2) =

oi(e).

Lemma 9: Given a pair e = (u, v) of vertices with niultiple
edges in G, and given a sequence a;’s where n 2 [ 2 3 and
O<az a4 £---=<a, then

n+1 n
D a16@) 2 mee) Y. avi(@).
=4 =3

Proof. By definition, the subgraph obtained by adding one
edge of E,, to any subgraph of A;(¢) must be in @ (e)
where k 2 1. Furthermore, the two subgraphs, respectively,
obtained from different two subgraphs of A;(&) by adding
one edge of E,, to them, is different. See Fig. 6.

Thus, for n = k = 3, we obtain

n+l n
2, 0@ = me) ) 61,
I=k+1 =k

Note that 0 < a3 < a4 £ --- < a,. Letay; = a; + €41 for
n—1212 3, where 1 2 0. For convenience, let &5 = as.
Then q; = Zi=3 €. As ¢ 2 0, from the above inequality we
obtain

n+1 n
& . 0@ = me)e Y ().
I=k+1 I=k

By getting together the above inequalities obtained by
putting k = 3,4, - - -, n, this lemma is valid. 0O

Leta; =1—2forl=3,4,---,n, then, the inequality of
lemma 9 is rewritten as follows:

n+l n
D U-30@) 2 me) Y (1 - D@, (25)
=4 =3 :

which is employed to prove the following lemma.

Lemma 10: Let e = (u,v) be a pair of vertices in a multi-
graph G. Then,

n+l n
S t- 3N 2 LN - 2m,0)
t=4 =3

(a) A subgraph of A,(8) (b) A subgraph of 0,
with a cycle C, of length . correspond ing to that of ().

Fig.6 Illustration of a relation between ®p.(e) and A;(é).
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Proof. The above inequality is derived as follows:

=L N -2
i=3
= Y- 5@ + o0 + 6|
=3 2
(by 21))
n n—1
< D 0=20@ + D (1= 2a(0)
=3 =3
n+l
+ ) (1=3)6@) (by (23), (24), (25)
1=4
n+l _ n+l
< D E=30@ + ) (t - Do)
=4 t=5
n+l
+ ) (=360
=4
(by setting r = [ + 1,1 + 2, [, respectively)
n+l
£ D (E= DN (0), (by (22))
=4
as required. O

Lemma 11: For a multigraph G,

n+l

2
3 ;(r = 3Nt (1) 2 BuNas1 (3).

Proof. Let ¢,,, = (u,v) be a pair of vertices with the
maximum number of multiple edges. If m(ey,,) < 3 then
N,;1(3) = 0. Clearly, the assertation is true.

Now, we prove the case of m(e,,,) = 3. Note that
B, 2 0 by definiton. Thus,

BalNa(2) = D (1= 2= BINo(D) (by (12)
=3

< Y U=DN,(D. by B, 20) (26)
=3

Therefore, we have

BnlNus1(3)

m(emax) -2

< B —3

m(emax) -2
3

N,(2) (by lemma 7)

n

D= 2N (by 26))

=3

1A

) n+l ,
3 D (E=3)Naa (), (by lemma 10)
=4

1A

which completes the prbof of this lemma. o
Now we can prove the following desired result.

Lemma 12: For a multigraph G,
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2ﬂn+1 +ﬂnﬁn+l 2 IBn
In addition, it holds with equality iff G is simplified.

Proof. When G is simplified, both 8, = 0 and 8,..; = 0 by
definition, which means that 28,1 + 8,811 = Ba.

When G is not simplified, 3" (z — 3)N,,1(£) > 0 by
definition. From lemma 11,

n+l

2
3 Z‘(t = N1 (1) 2 BuNur (3),

which implies that we obtain

n+1 n+1
2 (= INues(®) + By ) (¢ = DN ()
t=4 t=4

> BulNp+1(3).

By definition, 28,41 + ,Bn,Bn+1 > 3, is equivalent to the above
inequality. Hence, 28,41 + B18:+1 > B ]

Theorem 4: For a multigraph G,

(m —n)N, N, > 9
2Np+1 (m=n+1)N,1 ~

In addition, this formula holds with equality iff G is a sim-
plified multigraph.

Proof. It is trivial by lemmas 6 and 12. O
Before closing this section, we show a sufficient condi-
tion for a multigraph with N2 > N,_ Ny, ;.

. oo (m—nt RO
By (6), it is clear that if (m"_n)h—@f;l)

N,,fizm 2.1. Since M(@%;1) = 3 + Byq and A(QL;1) =
2 + f3,, it is obvious that if 8, £ 1 then N> > N,_1Nyy1. It
is clear by definition that if G has simple cycles with length
at most 3, then A(®7;1) < 3, equivalently, B, < 1. Fig-
ure 7 (a) illustrates an instance of multigraphs with 8, < 1.
The following theorem gives a sufficient condition stronger

than 8, < 1.

Theorem 5: Let e = (u,v) be a vertex pair having multiple

edgesin G. If m(e) 2 [%] +1 then N2 > Ny_i N1

Proof. When £, < 1, it is true by the above argument.
Nextly, assume that 8, > 1, and prove this lemma.

By lemma 10, and formulas (9), (12) withi = n,n+ 1,
we obtain

> 1 then

’ -1
Nps1Bat 2 %Nwm

. l% (m— n)—|+ 1
multiple edges

(a) ()

Fig.7 Two instances of multigraphs with N,Z, > Np—1Np+1.
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which leads to the following formula by (5), (11) with i =
n+1.

m(e)~1 3+f,
2 m-—n

,Bn+l % 'Bn-

As 3, > 1, from the above inequality, we have

Brst , me) =1 3+Bu1 By
Bn—17 2 m-n B,-1
By (6), (17), (18), if '8”—*1 > 1 then N2> > N,_N,.1. Thus,
1 3 n+. n n— .
from Z&Q=1. 2Bua . fo_ > 12v(;/e ;))l()’[alt)l mie) = ———Zg (33§:”+1)")+1.
This means that if m(e) 2 [Whl then 225 2 1. O
2(Bn—1)(m—n)

Since %(m ~-n) 2 we can say by theorem

.Bn(3+ﬁn+1) ’
5 that N,% > N,-1N,1 for such a multigraph with at least

[%(m —n)]+ 1 multiple edges between some pair of vertices.
Figure 7 (b) illustrates an instance of multigraphs with at
least [%(m—n)'l +1 multiple edges between a pair of vertices.

5. Concluding Remarks

In this paper, for an n-vertex m-edge multigraph G and an
integer i(m = i = n), by introducing the notation A(®:.; 1)
to represent the average value of the numbers of non-bridge
edges for N; connected spanning i-edge subgraphs of G, we
have established (m — i + 1)N;_; = h(®%,; 1)N; to exploit a
relation between h(®.; 1) and N;. This means that proving
log-concavity on N,_1, Ny, -+, Ny, is reducible to proving
h((I)'JrI 1) = A(®i; 1) for all im>izn).

We have further obtained #(®%; 1) 2 i — n + 2, equiva-
lently, (m —i+ 1)N;_y 2 (i—n+2)N;forallim =z i = n).
In particular, we have shown the characterizations of multi-
graphs, respectively, where h(CDg; 1) = i—n+ 2 for each
i(m = i 2 n), and A(D..; 1) nearly equals to i—n+2 for a fixed
i. Since there are multigraphs where A(®i;1) =i —n + 2,
equivalently, (m—i+1)N;_; = (i—n+2)N;foreachi(m 2 i =
n), the inequalities are said to be fundamental. Moreover, we
have shown that im—i+1)N;_; > (i—n+ [“————WJ)N,- for
all multigraphs does not hold, in general, which essentially
points out a difference between simple graphs and multi-
graphs for inequalities of Ni_1, N,

The inequality (mzN”)Ilv" + (m_nff)N

graphs has been proved. It has been shown that &2 ") L+

(7%1)1\,—1 2 iff G is simplified. Hence we can also call
it a fundamental inequality on N,_1, N, Ny11. In fact, the

inequality is rewritten as follows:

4

2N, ntl
(n—m)(m—n+1)Np_1

> 2 for all multi-

(m—n)N, 2 Nu+1s

which implies that (m — n)N,, 2 3N,.1, namely, (m — i +
1)Ni_1 = (i—n+2)N; of the case i = n+1, has been improved
since ——a—— 23by(m—i+ 1)N;.; 2 (i —n+2)N;

n+l
+ o DN

where i = nand i = n + 1, respectively.
Moreover, by proving a sufficient condition by which
h(d)"(;”; 1) 2 K(®}; 1), we have shown that N,% > Nuo1Npi1
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if G contains at least [W] + 1 multiple edges in a

pair of vertices. In particular, it is easy to verify that if a
multigraph G contains |—3(m - n)] + 1 multiple edges be-
tween some pair of vertices, or, no simple cycle with length
more than 4, it satisfies the sufficient condition. Note that, in
general, proving N,:f 2 N,_1N,.1, however, is also remained
as an interesting subject.

Since there exits a relation between A(®,; 1) and N;,
by further investigating properties on h(@ic; 1), we may
get more useful information to solve some open problems
such as the log-concavity conjecture on N,_i,N,,-++, Ny,
or, to find an efficient algorithm for approximately comput-
ing N1, Ny, -+, Npp.
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