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A Control Lyapunov Function Approach to
Multiagent Coordination

Petter Ogren, Magnus Egersteitember, IEEEand Xiaoming HyuMember, IEEE

Abstract—in this paper, the multiagent coordination problemis  into the category of “virtual structures.” The formation function
studied. This problem is addressed for a class of robots for which e introduce has similarities with the task function of [13], but
control Lyapunov functions can be found. The main result is a thare i no connection with Lyapunov theory in that approach.
suite of theorems about formation maintenance, task completion L . - . .
time, and formation velocity. It is also shown how to moderate The motivation f(_)r studying this type of mUIt'_agem Coord"_
the requirement that, for each individual robot, there exists a con- hation problem mainly stems from the observation that there is

trol Lyapunov function. An example is provided that illustrates the  robustness and strength in numbers. If more than one agent is

soundness of the method. asked to carry out a given task, e.g., search a disaster area, the
Index Terms—Coordinated control, Lyapunov methods, mobile likelihood of success increases as more agents are included in
robots, multirobot system, robot formation control. the mission. In other situations, cost and energy efficiency in-

dicates that using many small robots might be more beneficial
than using one big robot.

The outline of this paper is as follows. In Section I, we de-

N THIS PAPER, we investigate the problem of how tdine what we mean by a formation, and show how this can be

coordinate a collection of robots in such a way that thermalized in terms of a formation function. We define a sub-
maintain a given formation relative to each other. The magass called Lyapunov formation functions, and show how these
assumption about the dynamics of the individual robots that wan be constructed. Next, in Section Ill, we add error feedback
initially make in this paper is that they have control Lyapunoio the time evolution of the formation. In Section IV, we then
functions (CLFs). Based on this assumption, an abstract gn@ve a suite of theorems about bounded formation errors, task
theoretically sound coordination strategy can be developedompletion times, and group velocities. We conclude, in Section

Multiagent formation control problems have been extensively with an example, illustrating the usefulness of our proposed
studied in the literature, and our main contribution is that we usgethod.
CLFs to define the formation. By doing this, we convert the for-
mation control problem, typically a constrained motion control
problem of multiple systems, into a stabilization problem for
one single system. By this approach, we neither cast the problenDur primary object of study is a collectionof robots, whose
without real dynamics [2], nor with an explicit nonlinear robotiynamics can be described by the following set of controlled
model [5]. Instead, we believe that by requiring the existence @ifferential equations:

CLFs, we can capture at least some aspects of the platform dy-

namics, while not having to spend our main effort on nonlinear . ,

robot control. Thus, we can focus on the coordination problem i = fiw) + gi(wi)ui, =1,
at a higher level.

In addition to the CLF approach, we use the idea of virtual vétherefi, g; € €, z; € R", andu; € RP.
hicles discussed in [6]. Concepts of similar flavor are the “action NOW, & desired formation inR™™ is simply a set
reference” suggested by Kaegal. [7] and the “dynamic coor- 1%10:---#mo} € R"™, and we define this set implicitly
dination variable” proposed by Beaetial.[3]. Furthermore, in through the null set of a so-called formation function.

the terminology of Bearét al. in [9], our approach would fall Definition 1l.1—Formation Funct|on.G_|ven a formation
{x10(5),...,2mo(s)} € R™™ parameterized by a scalar
We say that a positive definite, continuously differentiable
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I. INTRODUCTION

Il. FORMATION FUNCTIONS
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Definition Il.2—Lyapunov Formation FunctionA forma- tically important systems [8], including feedback linearizable
tion function F'(s, x) is a Lyapunov formation function if there systems (as will be seen in Section V). Note also the Artstein
exists a clas& functions and a controk(s, x), such that Sonntag theorem on existence of CLFs [1].

We now go on to state and prove the main existence theorem

ar\T . ; !
- (a_I) nm of Lyapunov formation functions.
—cs > , ,x) < . . . .
o(F(s,z)) ~ L VseR, o eR™|0<F(s,2)< Fy Theorem Il.1—Lyapunov Formation Functioif.the n vehi-

Ir:les have translationally invariant (in position coordinates) dy-
Mamics and LPD CLF§7;, with locally negative definite time
derivatives, then we can form a Lyapunov formation function
' by a weighted sum of the parameterized CLFs

Furthermore, the left-hand side of this expression goes to
finity as I’ approaches zero.

A classK function is a functior : [0, k) — R, continuous
strictly increasing, and satisfying(0) = 0,0(z) > 0,Vz > 0

[11]. m
To set the stage for our main existence theorem on Lyapunov F(s,z) = Z BiVi(s, m;). ()
formation functions, we now state two lemmas. =1

Lemma Il.1—Locally Positive Definite (LPD) Implica- Proof: By Lemma Il.1the bound oDefinition I1.2 holds,
tions: If the Lyapunov functionV is LPD and decresent andpointwise. The hypothesis that the vehicle dynamics are in-
—V is LPD, then the bound ddefinition 11.2is fulfilled. variant with respect to position translations lets us parameterize

Proof: The conditions o/ implies [11] that there exist them with respect te, V;(s, =), and we have that
classKC functionsc;, 4, and~, such that

av;
_(an)' g,
e = V(L) = Ol (X(/%—i) >1 VseR, xz; e R"|Vi(s,z;) < Vi
y(ll=l) < =V 71 (Vi(s, 7))
where theVy;; are given bya(e) as inLemma I1.1

Since the functions are of clags they are all invertible and We have that

positive, and we havgzr| > 3=1(V(x)) and

or\" . & avi\"
V2 y(llel) 2 A8V (@) = o(V (). -(5) i-2a(-5)
i=1
Note that this makes a class function. Now we have m
v > Bioi(Vi(s, z))
>1 i=1
o(V) ~ > min 3 ( F >
Z MmN B;0;
and we can choose(V) = ~(8~1(V(z))). Furthermore, if ! Prmaxm
the property only holds locally, i.e., whéfx|| < e, then this = o(F(s,z))
condition can be replaced By(z) < «a(e) = Vi, since||z|| < h
a~ Y (V(z)). m VNE€

Remark II.1: These are the standard Lyapunov assumptions
for showing that a system is asymptotically stable [11]. The case
of a semidefinite Lyapunov function for the whole formation i
discussed in [12].

Lemma Il.2—Limit Property:Given ac such that

o(F(s,z)) = miinﬂ,;ai (ﬂmim> .

ﬁ'he second inequality above follows, since there exigtsuch
thatV; > (F/fBmaxm), and thus

F
_ (aF\T . o;(V;i(s,x >minai< )
(;?(m) >§ >1 VseR, z€R"™|0<F(s,x) < Fy. At 2 o\
o(F(s,x
o o i . . The limit property follows from_emma I1.2 |
The limit property ogDeflmtlon 1.2 will be fulfilled if we Remark I1.4: Note that the different vehicles in the forma-
/

choose a new’ = (0%)/(1 + o). tion can have completely different dynamics [and therefore

Proof: Sinces’ < o the bound still holds. Furthermore Lyapunov functionsV; (s, z;) in (2)]. Furthermore, the choice

o\ T . or\T . of coefficients in (2) reflects how large deviations from zero
—(5r) & _ = (57) #1+0(F(s,2)) are allowed for each;.
o/ (F(s,2)) _ o(F(s,2) o(F(s,2))
1+ o(F(s, 7)) 1. COORDINATED CONTROL
o(F(s,z))

By establishing these observations about the Lyapunov for-
which clearly approaches infinity & — 0. m mation functions derived from the individual CLFs, we can
Remark I1.2: The local stability property oDefinition 1.2 now shift our attention to actually controlling the evolution of
in combination with the feedback of (3) in Section Il will bethe formation. The one parameter that we can control issthe
shown to guarantee successful traversal of the whole trajectqrgrameter, i.e., the parameterization of the time evolution of
Remark 11.3: In general, finding a CLF is an open problemthe desired positions. We do this by specifying the trajectory
however, it is known that CLFs exist for a large class of prathat we want the so-calledrtual leader, zo(s(t)), to follow.
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This nonphysical leader is a reference point in the state spacel

with respect to which we can define the rest of the formation.
We denote the trajectory executed by the virtual leader by

zo(s(t)) = p(s(¢)). Intuitively, one might want to sef(t) = ¢.

But, due to robustness considerations, we incorporate erfidris directly gives that i (s(to),
feedback into the time evolution of (see, for example, [6]) 0 along trajectories. Thus, the sé, z) | F/(s(1),

and lets be given by

Vo
Ip(s)
Os

$ = min

= T%—| () |- @

Here, > 0 is a small positive constant that preveitérom
becoming singular, andy; is the bound ofDefinition 1.2 or

5+‘

something smaller chosen by the user. It will be shown to be

an upper bound on the Lyapunov formation functib(s, ).

(GEET) NP

z(tg)) > Fy, thenF (s,

s,x) <
x(1) < F)
is invariant, i.e., ifF'(s(to), z(t0)) < Fy, thenF(s(t), z(t)) <
Fyy forall t > t. [ ]

Remark IV.1: In most cases, a careful choicelaf can guar-
antee collision avoidance.

Theorem IV.2—Finite Completion Timédf the trajectory is
given as an intervals € [sstart, Sinal], then by using the con-
troller in (3) we can find an upper bound < oo, such that

Tﬁnal S M.

The idea is to say that the formation is being respected iasother words, there is an upper bound on the completion time.

long asF(s,z) < Fy. o is the classC function of Definition

Proof: Let the completion time be defined in such a way

[1.2. Furthermore,uy is the nominal velocity that we want that

the formation to move with, and as we will see later, it holds

that ||2o(s(t))|| = vo when F is small.

IV. THEORETICAL PROPERTIES

~Ttinal
/ S$ = Sfinal — Sstart-

Tstart

If there exists a constant, > 0 such thats > wv,, then we

In the following paragraphs we will investigate what theobviously have

oretical properties the evolution of the multi-agent formation
exhibits when lettings be given by (3). We will show that if

F(s(to),z(to)) < Fy, thenF remains bounded by along

Sfinal — Sstart

Vs

Tﬁnal S + Tstart~

trajectories for all times greater than We will also show that The proof thus consists of finding such a lower bound: obet

if s € [sstart, Srinal] @Nd if 5 is governed by (3), them reaches
sfinal 1N finite time. We will conclude our theoretical investiga-

tions by showing thatio(s(t))|| = vo if the formation function
is small enough.

Theorem IV.1—Error Boundif F(s(t),z(to)) < Fy, then

F(S7LE)§FU, VtZto

i.e., the Lyapunov formation function will never excekd.
Proof: We directly have

P (2 s %—F
<(2Zy
SCRIE 63_%5 (s25))

To show that the se{(s,z)| F(s(t),z(t))
variant, we will note that for any(s(o),
F(S(to),l’(to)) > Fy, we have

F(s(to), z(tg)) <O0.
z(to)), it holds that

o(Fv)

U(F( (o), z(t)))

F(s (fo) z(t0))

8(s, @)

< Fy}isin-
z(tp)) such that

For such g s(to),

<1

(5_'_ ‘OF( tO)m(tO))‘) =1

Ky =

max
S€[Sstart,Sfinal]

e

}

OF(s,x)
+ 0s

We have that

5(s,z) = min
o+ %

vo
dp(

Lo(F
> min{;}(—ol./ 0[((2[])} =wvs >0
since(Fy)/(F(s,z)) > 1. Thus
Tﬂnal < M + Tstart =M
which concludes the proof. [ |

Theorem IV.3—Formation Velocitylf the formation error is
small, F(s,z) < Fy andévy < ||0p(s)/0s]|, then

dx 0
dt

~ U

i.e., the formation velocity i%.
Proof: We will start by showing that the right-hand term
in the brackets of (3) grows to infinity & approaches zero

- (25)" i v) o(Fy) — (25)" i
[ x»)Z K, o(F(s,2)
F(

8§+ |2E| <0(F(s,

asF(s,x) —
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by Assumption 11.2Thus, the left-hand term goverasvhenF’ Robot Trajectories
is small. In that case, we have T '
;
dao | _||9p(s)]| 0
dt || || 0Os —k
_ H ()| wo
85 6_1_ ‘ 81(‘))(55)
(5?)0 1
=0 — ~ 9.
9p(s)
5+ |22
- 0.5F
V. SIMULATION EXAMPLES o,
We will now go on to illustrateTheorem IV.land Theorem (b)
IV.3, as well as the effect of measurement noise on our propos  ° Formation Velocity

T T T T T T

approach. In the following example, we model the robots usir™*

the standard unicycle model (see, for example, [4] and [5]). Su:®? (lﬂw WW l Aw
a model is applicable to the Nomadic Scout, which is the rob.02 ﬁ WJ ‘
we work with at the Royal Institute of Technology in Stock-o.1 -

holm. It is, furthermore, adequate for most all-terrain caterpille : s . ‘ s s s
i -2 0 2 4 6 8 10 12 14 16 18
vehicles as well.
The equations of motion are ©

. Fig. 1. (a) Top view of the robot trajectories. (b) The formation function.
Z1 =wcosh, Zy,=wvsinf, #=w, miv=F, Jw=r7 (c)Theformation velocity. The horizontal axis of the two lower plots refer to
the horizontal position of the topmost robot.

where(z1, z2) is the center of the wheel axijs the directional

angle, and, w are forward and angular velocities. The controlghe successful simulation does indicate some robustness of the
F, 7 are the applied force and torque. We choose the outputggproach.

be the position of an off-axis point;; = z; + lcos(), 29 =

23 + Isin(), perhaps the center of gravity. . _ VI. CONCLUSION
It was shown in [9] that this model can be feedback linearized ] o
to a two-dimensional double integratr = w1, é» = us. (This In this paper, we propose a stable coordination strategy for

property was also used implicitly in [5]). A parameterized CLR team of formation constrained autonomous agents. A Lya-

and feedback control of a one-dimensional double integratorR&nov formation function defined under standard assumptions
can be constructed from individual-CLFs. The Lyapunov for-

Vi(s,z;) = (m; — pi(8))? + ((zi — p(s)) + d:)? mation function is used to prove properties such as formation
w;i = 0.5(—(z; — pi(s)) — 3;) maintenance, task completion time, and formation velocity. Fi-
. ’ ’ ’ nally, we present an example that illustrates the soundness of
yielding V; = —(z; — pi(s))? — @2. We note that there is someour method.
flexibility in choosing the second term #3, since the only hard
formation constraint is; = p;(s). ACKNOWLEDGMENT
Now we can choos€'(s,z) = > i~ Vi(s,z;), asin (2), and
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