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Abstract

We consider the target control problem for hybrid systems with
linear continuous dynamics. The system is modelled as a hybrid
automaton. Control action is applied on the discrete level, while
the continuous dynamics is subject to constant or set valued
disturbance. The proposed controller ensures that the system can
be transferred from any point of an initial set to a target set of the
hybrid state space. A control design algorithm based on
reachability analysis is proposed. For the implementation of the
algorithm approximate reachability analysis is employed. This
involves under-approximation of reachable sets under linear
continuous dynamics. The algorithm is applied to a batch centrol
problem.

1 Introduction

The incorporation of discrete dynamics in the modelling of
physical systems, which were traditionally modelled by
continuous dynamics, has led to hybrid systems. There has been a
considerable effort to develop theoretical frameworks and models
for hybrid systems. But because of the complex interaction of
continuous and discrete dynamics, strong analytical results are not
available yet. Besides, computational methods and more
specifically reachability analysis are the altematives for efficient
analysis and control.

This paper presents a computational method, based on reachability
analysis, for the synthesis of control laws for the target control
problem [18], [£9]: Given a hybrid system, a set of constraints on
the evolution of both continucus and discrete states, an initial and
a target region in the hybrid state space, do there exist control [aws
that ensure that the system can be transferred from the initial to the
final region without violating the constraints? Control action is
considered only on the discrete level, i.e. there is no control on the
continuous dynamics. The target control problem is of great
practical value. For instance, design problems on process systems
that deal with batch material flows [7], I8}, [9], [12], can be seen
as hybrid target control problems. In such systems material flows
go through a number of stages of various treatment, e.g., heating,
cooling, mixing, rteaction, separation, buffering etc., till the
process reaches a desired final state. Then the system is initialised
and the next batch goes through the same process.

The target control problem was originally addressed in [12] and
mainly in [18] for hybrid systems with integrator continuous
dynamics. We extended this initial result to linear hybrid systems
in [19], where the continuous dynamics is governed by rectangular
inclusions. In this work we make a further extension to hybrid
systems with linear continuous dynamics of the form i=Ax+u.
The disturbance signal u is either constant or it has a set valued

uncertainty. We model the hybrid system using hybrid automata,
i.e. finite state machines equipped with continuous variables. The
control synthesis is based on the notion of controllability for
hybrid automata, as defined in [18], and backward reachability
analysis. In the case of integrators or rectangular inclusions,
“exact” backward reachability analysis is performed by employing
quantifier elimination techniques. However, this not the case for
systems with richer dynamics, where in general reachable sets
cannot be expressed in closed forms. The only exceptions so far
concern seme special classes of linear [15} and non-linear [17]
vector fields. Hence, for our purpeses we resort to approximate
reachability analysis. Since our objective is control design, we are
interested in under-approximations of backward reachable sets.
Although there exist quite a few reliable techniques for over-
approximating reachable sets, both for linear and non-linear
systems [1], [2]. [3), [5]. [6]. [10], [16], [20], the under-
approximation problem has proved to be a lot harder. The resuits
in [[1] and [20] are for linear systems and in discrete time only. In
this work, we present an under-approximation scheme adopting
the over-approximation techniques proposed in [1] and [4].

The paper is organised as follows. In section 2 the hybrid automata
framework as well as the target control problem are formaily
defined. In section 3 we propose the solution to the target control
problem as the output of a semi-decidable algorithm. Next, in
section 4, we deal with the technicalities of that control design
algorithm and namely with the under-approximation of reachable
sets. In section 5 our results are applied to a simplified batch
control problem. Finally, in section 6 conclusions and directions
for further research are given.

2 Problem Statement
2.1 Modelling Framework
The hybrid automaton is the basic entity of our analysis.

Definition 1 A hybrid automaton is a tuple

A= (X,0,INV, [.T.¢,G) where:

e X cR" is the continuous state space defining the
continucus part of the plant state space x(f)e X .

e QO is the finite set of discrete control locations qe Q. The
pair @x X gives the global or hybrid state of the system.

. INV:Q o 2X assigns to each control location ge ¢ an
invariant set INV(g)< X . The continuous state must lie

in this set as long as the system resides in the cotresponding
focation ¢ .
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fOxX —2X  assigns to each location a continuous

vector field = Ax+u, with Ae R™* and ue U, where

U is in general a convex polyhedral set in R% .
e T=T,UT,cOxQ is the set of discrete transitions

between contro! locations. T, is the set of conmtrollable
transitions while T,, is the set of uncontrollable transitions.

s c:T—>Rtis a cost function that assigns a positive real
number to each transition.

s  G:T-2X assigns to each (g.q")€ T a guard set Glg,q")
such that G(g.g)INV(g)#20. Guards represeni the

switching conditions that the continuous state must satisfy in
order for a transition to take place.

All the sets involved in the above definition are considered closed
and compact. Uncontrollable transitions take place as soon as the
continuous state enters the comresponding guard set. For that
reason the involved guard set Glgq,q") is defined as a hyper-surface

on the boundary of the invariant set INV(q) rather than a full

dimensicnal set in R". Uncontrollable transitions model physical
requirements, such as safety and security, and we are not allowed
to ignore or modify them. They are intrinsic features of the system
and we have no control on them. In the case of controllable
transitions, the moment that the transition takes place is a design
variable. An external system (controller) orders the transition
when certain conditions, subject to design, are satisfied. If there is
no controller imposed on the automaton, we assume that the
transition takes place anytime while xe G(g,q") -

The introduction of the cost function cin the definition of the
hybrid automaton, provides us with greater design flexibility.
Having defined transition costs, we can penalise the use of certain
ransitions. For instance, in a realistic system we may not want to
use a sensitive switch or valve very often. So during our design
process, by assigning costs to transitions, we take into account this
kind of requirement.

Finally, without loss of generality, we assume that there are no
resets or jumps in the values of the continuous variables when
transitions are taken. Of course the extension of our results to
automata that accept reset maps is straightforward at the price of
some extra notation.

2.2 Control Objective

Given the plant, modelled as a hybrid automaton, and a
specification for the desired behaviour our objective is to derive a
controller that guarantees the correct evolution of the system
dynamics according to the specification. For our purposes,
assuming full observability of the hybrid state, the controller is

considered to be a map :L—> 22, where L is the set of all
control sequences I(i)=(Tc(i),Gf(7r(i).Jr(i+l))). 7 denotes a
sequence (path) of control locations ge @, while G* is the
sequence of the control guards. The control  guards
G{{~)GG(,) are the design parameters of the proposed
controller. As long as the continuous state x satisfies the
predicate G;(q.g") at the location g =m(i) and given that
(g.9")e T, , the controller can either order the transition (.4} to

the next Jocation g'=m(i +1) or “idle” for some time and order it
later. In either case the idling period stops and the controller orders
the transition just before the condition xe Gf{g,4") becomes
false. The idling period reflects design margins. However, in our
framework we consider no restrictions over the duration of idling.
Following this strategy, the controller “drives” the system along
the path x. Note that there may be the case where

x€ Glg,qg")with g=7n() and g"#xm@+1). In this case the
controller prevents the transition (g,4™") since ¢"= w(i+1).

Finally, we cast the target control problem as follows: “Given a
hybrid automaton A, an initial set 1 =qyx X and a target set
F=qprxXp, design the control sequence such that all

trajectories initiating from I reach F with the least overall
transition cost”.

3 The Solution
3.1 Controllability Analysis
In this section we propose the semi-decidable algorithm for the
solution of the target control problem. The key notion behind the
algorithm is this of controllability for hybrid automata [18].

Definition 2 An acceptable path 7 = qq....gr of a hybnd

automaton A is a sequence of control locations, along which
there exists a switching strategy such that all trajectories initiating
from initial set I = ggx X reach the target set F =g XX .

Definition 3 A hybrid automaton A is controllable with respect
to the initial set /7 and the target set F , iff it has at least one
acceptable path 7 .

From the above definitions we infer that in order to derive a
switching strategy, that drives the system from [ to F , it suffices
to check controliability along paths of A betwecn the initial and
the target location. In essence checking controllability along a
path 7 is a backward reachability problem. Starting from the
target set F we ask to compute the set of states W, from which

F is reachable by the evolution of the continuous and discrete
dynamics. We iterate this computation over x till the initial
location gg is reached. If I C W then x is acceptable. For the

computation of W the following two operators are required.

Defipition 4 Given a set ¥ =gyxXy, with gyeQ and
Xy c X, and a vector field f, the continuous predecessor

operator pre, :20%X 5 20%X g defined as:

¢
pre.(Y)={g,x)e INV() |2 20Vx' =x+ | f,(r)dT: (g.x)e ¥
¢ q
0

Definition 5 Given a set Y =gy x Xy, with gy e (Q and

XycX. the’ discrete

preg 1 22X 5 20%X s defined as:
prea(Y) = {(g.x)€ INV(g) | 3q3x€ Glg.¢): (' )€ Y}

predecessor operator

Intuitively, the continuous predecessor operator defines all the
states, which can reach a set ¥ by the evolution of the continuous

1230

-y



dynamics only. Similarly, the discrete predecessor operator
defines all the states that can reach Y by discrete transitions only.
After these definitions, the algorithm that performs controllability
analysis along a path 7 is the following:

Controllability analysis along 7

T = go,.gF s M= length(i)

Wr(m)y == prec(F)

for i=m—1 downto 1
Wri) = prea Wy (isn))

G; =Wrp)
W,,(,-) = preC(W,,(i))
end
if Icw
7T : acceptable
end

3.2 Control Synthesis

Centrollability analysis along a path 7, is the main subroutine of
the algorithm for the solution of the target control problem. Before
presenting its steps we need to define the value v(r)ofapath 7.

Definition 6 Let 7 = gg.....qp be a path of a hybrid automaton
A . lIts value v(mr) is defined by the sum
m-1
W) = Ec(n(i).ﬂ(iﬂ))

i=1

Hence, the logical diagram of the control synthesis algorithm is
depicted in figure 1, while its steps are the following:

Step 1: The algorithm ranks the K shortest paths from the initial
location g, to the target location g in ascending order of value

v(-) and stores them in a list. For that reason, a generalisation of
the Dijkstra’s shortest path algorithm [13],[14] is employed.

Step 2: We check centrollability along the first path z = gq,....q95
of the list. If the path is acceptable the algorithm terminates
successfully. If not,  is removed from the list and we proceed to
step 3.

K- thortea Paths

Figure 1: Control Synthesis Algorithm

Step 3: We iterate the steps 2 and 3 for all the identified paths of
step 1. If after testing the K™ path there is no acceptable path
found, the algorithm terminates with a negative output.

From a theoretical point of view, if the algorithm terminates in
step 3 and no acceptable path has been found, we can not claim
that the system is uncontrollable, unless the maximum number of
paths in the automaton is K. There may be the case where an
acceptable path with rank greater than K does exist but the K-
shortest paths algorithm naturally does not identify it. Therefore,
the proposed algorithm is semi-decidable in the sense that if the
system is controllable, it may identify an acceptable path. If not
then it gives no answer. Finally, for the control sequence (i) of

the target control problem it holds:

Propesition 1  Given that an acceptable path n  has been
identified, the control sequence for the targer control problem is
defined as

16y = (m().G] (n (i), = (i + 1Y)
with G (n(), i+ =G;, i=1...m-1

4 Approximate Reachability Analysis
The major problem we have to overcome for an efficient
implementation of the control algorithm is the computation of the
continuous predecessor operator pre.(-). For our purposes, as we

stated in the introduction, we need to under-approximate the
“backward” reachable sets defined by pre.(-) . For that reason we

modify the approximation schemes, proposed in [1] and mainly in
(4].

4.1 Affine Systems

Let us consider the special ¢lass of affine dynamical systems with

state equation 1= Ax+b, where Ac R and be R”. The set
of states from which the target set X ; is reachable at time ¢ is

defined as:
RrX py=tolx0 = xrxp)35 e X s }

4
where x(r,xf)=e'-‘“xf ~J.e“-4(’“T)bdr. The set of states

0
from which the target set X f is reachable in time ¢ € [#.15] is

defined as:
B o= | Jrraxp
lE[ll,Iz]
Given a convex polyhedral set X s of initial states and a bound

ty for the time, our objective is to compute a polyhedral

approximation ﬁ[f) If}(X 1 »of the set R[B 'f](X . such that:

RpsjX )€ Rg, 1 (X p)
To approximate the backward reachable set R[‘Wf]()( F) we

divide it into segments, each of which comesponds o a time
interval. The k™ segment corresponding to the interval [1x_y,7; ] is

[
separately and independently by a convex polyhedral set

the set R:k—lv’k](xf)' Then we approximate each segment
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R[“‘k_l‘[k](xf) such that R[—’k—l;‘k](xf)g R[;k—l"k](xf)’ vk .
Clearly:
R[B,:f]”‘f’EURr?k_l,:,‘l(Xf)CRE).:,]‘Xf)
vk

We describe now how to obtain the set K- Xr). Let
[t —1.0k ]

Rz; l(X £} be the reachable set at time 1, _; and let us assume that

it is convex polyhedral. Then the reachable set Rt_k (X f) is
obtained from Rr; . (X 7) by applying the affine transformation

I
y=Tx+v, where T=¢ A1) and v=- J.e‘A("f)bd‘r .

US|
Bearing in mind that convexity is preserved under affine
transformations, we infer that the set R'—k (Xy) is a convex

define the set

polyhedral set too. We
C =conv R,;‘I(Xf)uR,; (Xf)), where conv(-)is the convex

hull operator. C is neither an over nor an under-approximation of
R[;k . ‘k](x fr-In order to become an under approximation, we

have to “push” each of the faces of C inwards by an apprepriate
amount d20. For that reason we define the operator
shrink(C.,d) .

Definition 7 Let C be a convex pelyhedron

M
C= n{x [ {a;.x) Sbi}, and let d & Rt . We define:
i=0

M
shrink(C,d)Eﬂ{x|(a,-,x)$b,-—d-|la,-"}
i=0
We obtain a sufficient pushing amount 4 by bounding the

Hausdorff distance }{R[_‘k . r‘c]()( f),C]. For a thorough

definition of the Hausdorff metric k(-,-) and its properties see [21}.

Lemma 1{21] Given sets X|,X2.Y.Y2 in R, if
h(Xp.Y) <cand h(X2,Y2) <€ then h(X{UX2.huh) Se.
We estimate h{ R[:k_] Jk!(X f),C ] : The distance between an

arbitrary point X € R’_k 1(Xf) and the point x(r,xf) for

1€ [ty —1.1; ] satisfies the inequality:
Y
l|x(t.Xf) — Xy II = e‘A‘xf - je‘A(’fr)de —xf
tie-1

1
ety sy [t

k-1

Considering a “short” time interval [f_j,#;]and after some
algebraic manipulation we obtain:

oo i
Jr.x - xpfemfe=de -]+ 3 Mls)t SH
i=0

where M is a constant bounding x ¢ and 8 =1 —1;). From

lemma 1 it follows:

oo i
h(R{?k_l,:k](Xf),R,;_](Xf))s Mue*Aﬁk _1“+ Ejlill_si“,,u
i=0

G+t

Since C = conv(R,;_] (X )Ry (Xf)) it holds:

& af
— < -—Aak _ " i
(st Bl
I=
Considering the triangle inequality we finally obtain the desired
bound for the Hausdorff distance h(R[;k_”k](Xf),C] :

oo i .
st €) s weass e S sy -
i=0

Choosing d as the pushing amount, we conclude that

R[;k_],‘k](xf ) = shrink(C,d)

Repeating the above procedure for all the segments, we obtain the
desired approximate reachable set 13[‘0 rf](x £ Also it 15 clear

that each segment IAQ[",H !k]( X fycan be computed independently

and in any order. This implies that we do not have error transfer
from one segment to another, i.e. the approximation error can
become arbitrarily small choosing arbitrarily short time intervals
o

4.2 Linear Systems with Set Valued Disturbance
We consider now linear systems x = Ax+u with Ae RP" and
set valued disturbance ue U/, where U/ is compact and convex

set in R?. The introduction of the uncertainty in « makes the

computation of the segment R[;k_l Jk](X £ ydifferent. The main

difference stems from the fact that even if R,; l (X f) 1S convex
polyhedral, the set Rr; (X )is an arbitrary smooth convex set.

polyhedral
kr; (X g)in order to apply the approximation technique of the

Therefore, we need a under-approximation

previous section. Varaiya in [20], proposes an approximation
scheme to compute ﬁr; (X f) , based on the Maximum Principle

of optimal control.

Lemma 2[20] Let (c,»,x) < y;—" be hyperplanes supporting
R,  (Xp)ar X =1, . Let X[ (s), () u4](5),0S5<t, be

solutions to the following three equations
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5 (8) = ~Ax] () -u] (5. 1" (@) = %]
A= AT ). 0 =¢;
u,»’(s)e arg max lf(s),—Axf(s)—u)luE U

Let T;"(S) = (;;"(S),I*(J)> . Then:

12’,; (X ) =convix{ (),.... x5 (N S R, (Xp).

Next, we estimate an appropriate amount, by which
C=conv(R,‘k_l(Xf)u§,‘i (Xf)s should be shrunk. For every
signal ue U/, we define its mean value wu,, in the time interval

[tx-1.1¢] as:

t

-

=— T)dT

Uy Sk! u(T)
k-1

Lemma 3{4] Let ﬁl;k_l (X £ be the reachable set

R[—,k_l‘,k ](Xf) under constant disturbance signal u,, , as defined

in(14). Then Yue U and Vit € [t_1.1;]it holds

2 §a8
h( T f)R[rk S ](Xf)]<2M LY, Aadi]

where M, is a constant bounding Jul] .

Employing the results of the previous subsection, lemma 3 and the
triangle inequality, we obtain:

Ry _ I,k](xf).c)s
Rt 11X s> R[fk 1fk](Xf)}+h(R[ ) K C)

’{R[;k llk](Xf)‘C)s

oM, 5740+ pfers: - 1] + 2(!|+||1)'6‘+iM =d

Consequently, choosing d as the new pushing amount, we obtain

an under approximation of the set R~ (Xy) for the

PR

considered class of systems as R- (Xr)= shrink(C,d) .

[tg 144

Unlike the case of affine systems, lemma 2 jymplies that we have
error propagation from one segment to another. Therefore, we

cannot consider each segment R
USES

Besides, each segment has to be computed sequentially. Finally, it
is clear that the approximation error grows with time. So in order
to keep it in a desired level, both the time intervals [r;_y,r;] and

(X y) independently.

the time bound 7y must be relatively “small”.

5 Application to a Batch Control Problem
We have applied the design algorithm of section 3 to a simplified
batch control problem. We consider the chemical-batch reactor
illustrated in figure 2. A similar version of this reactor has been
used in [7] for verification purposes.

First, a certain amount of dissoived substance B is fed into the
reactor by opening valve vg. After switching on the stirrer motor,

a solution of substance A is added through valve v 4 umtil its

concentration ¢4 reaches an upper limit (0.6 Kmole/m?3) .

Falumd s, c ; 2

2 ST

L e l_—‘;!.

Oan O O

Figure 2: The Reactor and its Automaton Representation

Then the exothermic reaction A+ B — D starts properly. As a
result, the temperature Tg inside the reactor rises. To avoid a

dangerous situation, the cooler must be switched on at an
appropriate instant during the warm-up phase of the reaction. The
cooler supplies the reactor with a cocling fluid through valve v, .
We denote its flow and its temperature by F. and 7,. When the
desired  value

reaches the

product  concentration cp

(0.3 Kmole/ m3) , the reactor is drained by opening the valve vy

and the stirrer is switched off. In case of emergency, due to
excessive temperature (310K}, a stopper liquid can be discharged

into the vessel by opening the valve vyp On the other hand,
when the temperature drops below a certain value (283K} the
reaction fails and the reactor must be drained through valve vp.
Our control objective is to choose the temperature Tg , duning the

warm-up phase, that the cooler must be switched on so that the
product reaches the desired concentration, avoiding overheating or
overcooling of the reactor. We express this batch control problem
as a target control problem on the hybrid automaton of figure 2:

In location g substance A is fed in the reactor, in ¢ the reaction
warms up, while in location g3 the cooler is switched on. The

continuous dynamics in each location ¢;, {={1.2,3}is given by

X=Agxt+by, where x = [ca.cp.Tg. Vg and

00008 0 0. -0.003 -0.0052
0. —0.0008 -0. 0. _ 0.0062
A7l o003 o -o0022 —oon3| 11 0663
0 0 0 0 0.0008
00001 0 00002 O 0,041
4| 00001 0 0000r of |00
0.0037 0 -0.0051 O 16136
0 ¢ 0 0 0
00001 0 0 0. 00016
ge &0 0 -of, foows
00018 0 ~00073 O 20857
o 0o o o o
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Vg denotes the volume of the fluid in the reactor. The initial set
1 = g x X and the target set F = g3 X X3 are defined by:

0ScA <001 Kmole ! m3
_logcp <001 Kmole / m3

20=TR=291 K

1SVR €101 m3

X3 ={"D 203 Kma[elm3}

The transition {gy,47) is uncontrollable with

G(g1,q2):c4 206 Kmole/m?, while for the controllable
transition (g;.g3) it holds G{q3,43):300<Tg <310 K . The
invariant set for every g;, { = {1,2,3} is defined as:

0<ca <06 Kmole/m3

0<cp S04 Kmole!m3

WIKTR <310 K
1<VR 1.5 md

INVigi)=

Applying the control synthesis algorithm to the problem, we
obtain the control guard G*(qz,q;;), depicted in figure 3. Finally,
the desired switching temperature Tg is given by:

TS = {X3 TXE G*(Q2,q3)}

e

R T :"’"

Figure 3: 2D Representation of G*(42.43)

6 Conclusion

Although the results of our approach are very satisfactory at this
early stage, there is plenty of room for further research and
improvements. The proposed approximate reachability analysis is
rather conservative leading to large approximation errors.
Improved under-approximation schemes for systems with linear
dynamics should be further studied. Also, under-approximations
of reachable sets for non-linear continuous dynarnics are nceded
for extension of this work to more practical systems. Finally,
optimal target control with respect to both continuous and discrete
dynamics is another extension that deserves investigation in a
future work.
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