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Studying the Locator Polynomials of Minimum
Weight Codewords of BCH Codes

Daniel Augot, Pascale Charpin, and Nicolas Sendrier

Abstract—Only primitive binary cyclic codes of length n =
2™ — 1 are considered. A BCH-code with designed distance § is
denoted B(n,68). A BCH-code is always a narrow-sense BCH-
code. A codeword is identified with its locator polynomial,
whose coefficients are the symmetric functions of the locators.
The definition of the code by its zeros-set involves some proper-
ties for the power sums of the locators. Moreover, the symmet-
ric functions and the power sums of the locators are related to
Newton’s identities. First presented is an algebraic point of view
in order to prove or disprove the existence of words of a given
weight in a code. The main tool is symbolic computation soft-
ware to explore Newton’s identities. The principal result is the
true minimum distance of some BCH-codes of length 255 and
511, which were not known. In a second part, the minimum
weight codewords of the codes B(n,2* — 1) are studied. It is
proven that the set of the minimum weight codewords of the
BCH-code B(n,2™ 2 — 1) equals the set of the minimum weight
codewords of the punctured Reed-Muller code of length » and
order 2, for any m. Several corollaries of this result are given.

Index Terms—Cyclic code, BCH-code, Reed—Muller code,
locator polynomial, Newton’s identities.

I. INTRODUCTION

N this paper, we treat primitive binary cyclic codes. We

are going to introduce a method for finding the true
minimum distance of these codes.

We will first recall the usual definitions in Section II, as
introduced in [11]. We can have an algebraic description of
the codewords in a cyclic code, by studying their locator
polynomials. This investigation of the locator polynomial of a
codeword is achieved via the Newton’s identities.

In Section III, we will show how to use the Newton’s
identities. In fact, we explore the identities in a progressive
manner, using symbolic computation software. We have two
options: either trying to establish a contradiction, or trying to
find an effective solution of the Newton’s identities. This
method enables us to complete the table of the minimum
distance of the BCH codes of length 255, and to extend our
knowledge of BCH codes of length 511. Some of the longer
proofs are given in Appendixes A, B, and C.

In Section IV, we give a description of the set of the
minimum weight codewords of the BCH codes of length
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2™ — 1 and designed distance 2™~2 — 1 (Theorem 6). We
prove that the locator polynomials of such codewords are, in
fact, linearized polynomials. We obtain this result by study-
ing Newton’s identities associated to the minimum weight
codewords of the BCH-codes of designed distance 2% — 1,
he[2, m — 1]. Certain properties yield a complete charac-
terization when h = m — 2. When h # m — 2, our proof
involves an algorithm for constructing cyclic codes whose
minimum weight codewords have linearized locator polyno-
mials.

II. PRESENTATION AND NOTATIONS

Throughout this section we recall the usual conventions
and notation as used in [11].

A. The BCH Codes and Their Minimum Distance

Let n = 2" — 1. We denote by GF (g) the Galois field of
order g, where ¢ = 2™ and denote by « a primitive nth root
of unity in GF (g). Any cyclic code C of length n can be
defined by its generator polynomial whose roots are called
the zeros of the code C. Thus, we say that the defining set of
C is the set

I(C) = {ie[0--+ n—1]|a’isazeroof C}.

(1)
We denote by c/(s) the cyclotomic class of s modulo n:
c(s) = {s,2s,2%s,+++,2™ 'smod n}. (2)

If o' is a zero of C then o' is also a zero of C, so I(C) is
a union of cyclotomic classes cl(s).

Thus, we can define the primitive narrow-sense BCH code
of length n of designed distance 8, denoted by B(n, §), as
the cyclic code of length » whose defining set is the union of
the cyclotomic classes c/(1), c/(2),- -+, cl(6 — 1). This “‘de-
signed distance’’ terminology is used because of the well-
known BCH-bound theorem.

Theorem 1: If the defining set of the cyclic code C
contains a set of 8 — 1 consecutive integers (0 is treated
consecutive to n — 1), then the minimum distance of C is at
least 4.

So the code B(n, §) has minimum distance at least 6. We are
not satisfied by such a result. Generally the designed distance
is equal to the minimum distance, but we have
no systematic way of finding the true minimum distance.
Of course there exist many other bounds for cyclic codes
(1. H. van Lint and R. M. Wilson give an in-depth treatment
of the subject in [13]), but these are not necessarily tight
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bounds. It is a difficult problem to find the true minimum
distance of long BCH codes.

The problem one encounters when looking for the true
minimum distance is to work with the structure of the finite
field GF (g) itself. This structure deeply influences the prop-
erties of cyclic codes, and bounds obtained from the proper-
ties of the defining set of a cyclic code do not reflect this
underlying algebraic structure of GF (g).

B. Mattson-Solomon Polynomial and Locator
Polynomial :

Definition 1: The Mattson-Solomon polynomial of the
word Xx = (Xg, X;,°*, X,_;) is the polynomial A e

GF (@) Z]:
i=n
A(z)= L A, )
i=
where
. j=n_l ..
A, =x(a') = Y x;a¥. 4)
j=0
Remark:
¢ Ajimoan = A%
° Ai+n = Ai

So there is only one significant A; for every cyclotomic
class.
Definition 2: The locator polynomial o(Z) of a word x is

I=w
o(2) = T (1 - X,2), 5)
where the X; are the elements of GF (g) which are not zeros
of the Mattson-Solomon polynomial of x. They are called
the locators of x. »
Definition 3: The elementary symmetric functions of the
locators X, X,, -+, X,, are the o;:

g =(-1) X Xe, "

1=k <k, <k;sw

Xy

o, = 1.
We have

i=w
o(2) = Y 0z (6)
i=0

The inversion formula of (3) (cf. (11] p. 240) implies that
A(a’) = x;. Hence, the zeros of the locator polynomial are
the inverses of the locations of the nonzero coordinates of x.

In the case of binary codes, locators become very interest-
ing, since binary words can be identified by their locators,
and so by their locator polynomial.

‘We have the following property.

Proposition 1: Let x be a word of length n of weight w,
with locators X, X,, -+, X,,. Then x is in the cyclic code
with defining set {a”, @2, ++, &}, if and only if the fol-
lowing power sum symmetric functions of its locators are
Zero:

A=A, = =4,=0. ()

Recall that the kth power sum symmetric function of
X, o, X, s

i=w
Ay = Z Xlk (8)
i=1

and is the kth coefficient of the Mattson-Solomon polyno-
mial of x.

The following relations known as Newton’s identities
allow us to study the elementary symmetric functions, know-
ing the power sum symmetric functions.

Proposition 2: Let X,, X,, '+, X,, be indeterminates
over a field K, o; the elementary symmetric functions of the
X; and A; the power sum symmetric functions of the X;.
Then, we have the following relations:

i=r—1

L:A,+ Y A, ;0,+re=0,

i=1

r<w,

)

i=w
r>w, L:A,+ ) A,_;0,=0.
i=1

C. The Locator Polynomial and BCH Codes

From the Newton’s identities, we have the following result
({11, ch. 9, Lemma 4 p. 260]).
Lemma 1: Let

i=w
o(2) =) ¢Z' (10)
i=0
be a polynomial over GF (2™). Then o(Z) is the locator
polynomial of a codeword x of B(n, ), if and only if

a) o(Z) divides Z" — 1.
b) ie[l,8 ~ 1], i odd = 0, = 0.

So we can try to find the true minimum distance of a code
B(n, 6) by finding locator polynomials which satisfy condi-
tions a) and b) of Lemma 1.

D. The Codes B(n, 2* — 1) and Linearized Polynomials
Definition 4: Let I(Z) be a polynomial over GF (2™).
Then 1(Z) is a linearized polynomial, if and only if

(Z) = Sa,.zz". (11)

The interesting point about linearized polynomial is the fol-
lowing proposition ([11, ch. 4 p. 119]).

Proposition 3: I(Z) e GF (2™)[ Z] is a linearized polyno-
mial if and only if its zeros (eventually in an extension of
GF (2™)) form a vector space over GF (2).

Now we can prove as follows that the codes B(n, ),
6 = 2% — 1 have minimum distance &.

a) Let H be a k-dimensional subspace of GF (2™) over
GF (2).

b) Then the polynomial: /(Z) = IT, 4(Z — z) is a lin-
earized polynomial.

c) It is easy to check that the polynomial o(Z) =11, 4
y=o(l — ¥Z) satisfies conditions a) and b) of Lemma 1.

Definition 5: The punctured Reed—Muller code of length
n and order k, denoted by % (k, m)* (cf. [11, p. 383)), is
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the cyclic code of length 2 — 1 with the following defining
set:

I(R(k,m)*) = {ie[1-+- n—1]|wy(i) <m -k},

(12)
where w, (i) is the weight of the binary representation of i.
It is well known that the locators of any minimum weight
codeword of the punctured Reed-Muller code of length
2™ — 1 and order m — k, together with zero, form a k-
dimensional GF (2)-subspace. So their locator polynomials
have the following form:
i=k
0(Z) = Y opr_pZ¥? (13)
i=0

In Section IV, we will use such a characterization of the
minimum weight codewords of codes Z (k, m)*.

HI. THe MintmMuM DistaNce oF SoMe BCH CobEs

Let C be any cyclic code of length n. GF(2™) is the
smallest field containing the nth roots of unity.

We consider Newton’s identities (cf. (9)) written in term of
w locators X, X, -, X,,. Note that for a cyclic code C,
A, is replaced by 0, for all i in the defining set of C.

We call this set of equations, Newton’s identities for the
code C and for the weight w.

We call a set of A,;’s and ¢;’s that verify these identities,
such that the polynomial o(z) = ¥} ,0;z° is square-free
and splits in GF (2™), a solution of this system.

Thus, the existence of solutions to Newton’s identities for
a code C and a weight w is equivalent to the existence of
codewords of weight w in C.

We, therefore, have two ways of exploring the identities:

o cither we prove the absence of a solution, so that there is
no codeword of this weight in the code,

e or we find a solution, and this solution gives us a
codeword of the given weight.

We use symbolic computation software to carry out this
exploration, enabling us to manipulate the equations in their
most general form (some of these have hundreds of terms).
The method we use in both cases can roughly be described as
follows.

1) We write down Newton’s identities for a given code
and a given weight.

2) We introduce into the equations the simplifications for
the particular code in question.

3) We examine the equations one after another, trying
either to express an indeterminate in terms of others, or
to find a simple equation involving a small number of
indeterminates.

Up to now we have not been able to make this exploration in
a fully automatic manner; a user interface is necessary to
make a proper choice at the critical stages of the search.
There are many possible decisions at Step 3), including the
decision to discard too large an equation, and it is difficult to
make this choice efficiently within a program.

However, whenever possible we have implemented succes-

sive refinements to our program, which now does most of
these choices automatically.
We will use the following properties of the A,’s.

e A’=A,, and A,,,=A;, so there is exactly one
relevant A; for each cyclotomic class.

o A =4, Where m’ is the cardinal of the cyclotomic
class of i (this is a consequence of the previous prop-
erty).

e If a codeword is shifted, each A, is multiplied by o’
where « is the nth root of unity chosen for the defini-
tion of the code. So, since A, # 0, if n and w are
relatively prime one can suppose that 4, = 1.

A. The Minimum Distance is Known for All Narrow-Sense
Primitive Binary BCH Codes of Length 255

Theorem 2: All the narrow-sense primitive binary BCH
codes of length 255 have their minimum distance equal to
their designed distance except

e B(255,61), which has minimum distance 63,
e B(255,59), which has minimum distance 61.

Proof: From [4]-[6], [11], we know that all narrow-
sense primitive BCH codes of length 255 reach the BCH
bound except B(255, 61) and B(255, 59).

For both of these codes we are able to produce words of
weight 6 + 2. Indeed

e B(255,61) D B(255,63), and the latter code has mini-
mum weight 63,

o for B(255,59), Dornstetter gives in [5] a word of
weight 61.

Since the minimum distance of primitive BCH codes is
odd, all we have to prove is that there are no codewords of
weight 61 (resp. 59) in the code B(255,61) (resp.
B(255, 59)). These results were obtained from a MAPLE
program; traces of the computations are given in Appendixes
A and B. 0

B. The Minimum Distance is Known for Most
Narrow-Sense Primitive Binary BCH Codes
of Length 511

We found another code whose minimum distance exceeds
the BCH bound.

Theorem 3: The code B(511, 123) has minimum distance
d=127.

Proof:

a) B(511, 123) is included in the punctured Reed—Muller
code % (4,9)* (cf. Definition 5), and so has no code-
word of weight 125, since 125 = 1 mod4 [11, Corol-
lary 13, p. 447];

b) B(511,127) C B(511, 123), and B(511,127) reaches
the BCH bound.

From a) and b), we deduce easily that the minimum distance
of B(511,123) is 123 or 127.



AUGOT et al.: STUDYING THE LOCATOR POLYNOMIALS OF MINIMUM WEIGHT CODEWORDS OF BCH CODES 963

We show in Appendix C that there is no word of weight
123. g

For codes of length 511 we also carried out another kind of
search from Newton’s identities: finding particular solutions
by restricting the field of search. We introduced the follow-
ing simplifications in the equations: all the A;’s and ¢;’s are
equal to 0 or 1. From the following lemma, this is exactly the
same as looking for the idempotents of given weight.

Definition 6: The support of a word x e GF (g)" is the
set of its nonzero positions. We denote it by supp (x).

Note that the support of a word of a cyclic code is the set of
exponents of its locators.

Lemma 2: Let C be a binary cyclic code of length n, and
let GF(2™) be the smallest field containing an nth root of
unity. Let x be a word of C. The following assertions are
equivalent:

a) x is an idempotent,

b) the support of x is the union of cyclotomic classes (in
GF 2™)),

c) the coefficients of the locator polynomial of x (the s,’s)
are in GF (2),

d) the power sum symmetric functions of x (the A,’s) are
in GF 2).

Proof:
a) = b) we have x = x2. For any i,

iesupp(x) = 2iesupp (x?) = supp (x).
So if i esupp (x) then /(i) C supp (x).

b) = ¢) The roots of the locator polynomial ¢(z) are the
inverses of the locators, so the set of the expo-
nents of the roots is the union of cyclotomic
classes and therefore, o(z) € GF 2)[ z].

¢) = d) If the ¢,’s are given and are in GF (2), then by
induction, using Newton’s identities, all the A,’s
are in GF (2).

d) = a) Let A be the Mattson-Solomon polynomial of x.
We have [11, Theorem 22, p. 240]:

= A*A
= A (component wise product).

x2 = x (as polynomial)

Since A3 = A; for all j, we have A* A4 = A, and thus,
x?=x. |

This lemma is useful in two ways: it gives a way to find
the idempotents from Newton’s identities and a way to
describe very simply an idempotent by giving its support as a
union of cyclotomic classes.

We are able to find idempotents of given weight in some
codes. For this search we give values in GF (2) for some of
the nonzero A,’s (8 of them for instance), and then the set of
equations usually becomes easy to solve. It is possible to
implement this exploration in a fully automatic manner.

Theorem 4: The code B(511, §) contains idempontents of
weight 6 or 6 + 1 for

6 =19,39,45,53,57,79, 83,91, 103.

Proof: We look for codewords with power sum sym-
metric functions in GF (2). From Lemma 2, these words are
idempotents, and they are fully described by the cyclotomic
classes partitioning their supports.

We give here, for a designed distance &, the support of a
codeword x of weight 6 or 6 + 1I:

§=19, «(x)=19,
supp (x) = cl/(0) U c/(23) U cl(91),
5 =139, w(x)=239,

supp (x) = ¢/(63) U cl(87) U cl(117)
U cl(127) U cl(219),

5=145, w(x) =45,
supp (x) = cl(17) U ¢l(37) U cl(57) U ¢l(93) U ci(103),
8 =153, w(x)=>54,

supp (x) = ¢/(17) U c/(31) U cl(41) U ci(45)
U ¢(103) U cl(117),
8=757, w(x)=57,
supp (x) = ¢/(29) U c/(43) U cI(51) U cl(55)
U ¢l(61) U cl(63) U cl(219),
6=179, w(x)=179,
supp (x) = ¢/(0) U cl(3) U c/(13) U ¢/(39)
U cl(41) U cl(61) U cl(73)
U ¢l(77) U ¢l(107) U cl(117) U cl(219),
5=83, w(x)=84,
supp (x) = cl(11) U ¢/(15) U c/(23) U ci(43)
U ¢l(53) U cl(79) U cl(123)
U cl(183) U cl(191) U cl(219),
8=91, w(x)=091,
supp (x) = ¢/(0) U ¢/(7) U cl(13) U cl(25)
U ¢/(37) U cl(41) U ci(59) U ci(61)
U ¢f(117) U cl(175) U ci(239),
=103, w(x) =103,
supp (x) = ¢/(0) U c/(7) U cl(13) U ci(19)
U cl(27) U cl(31) U ¢l(87)
U ¢l(91) U ¢/(95) U ci(191)
U cl(219) U ¢l(223) U cl(255).

Since the true minimum distance d is odd, showing that a
word has weight é + 1 is sufficient to prove that d = 6. O

Remarks:

e The weight of an idempotent cannot be an arbitrary
integer, this integer has to be a sum of the cardinalities
of some cyclotomic classes. For instance in GF (512) we
have one class with one element, 2 classes with 3, and
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57 with 9. So the weight of an idempotent is a multiple
of 9 plus 0, 1, 3, 4, 6 or 7 (each class can be used
once). For instance, 29 cannot be the weight of an
idempotent.

e We did not find an idempotent for every possible weight,
but this is not surprising; the surprise is that we did find
some. Since the set of idempotents and the set of mini-
mum weight words are (very) small, their intersection
should be empty most of the time.

Some other minimum distance are known for length 511.
Table I gives a list of them as well as the way they were
found. We try to give as reference the first author known to
us who explicitly gives the code and its true minimum
distance.

IV. THE MINtIMUM WEIGHT CODEWORDS OF THE
BCH-Cobes B2™ — 1,2" — 1)

We denote by B(h), hel2, m — 1], the BCH-code of
length 2™ — 1 and designed distance 2* — 1. Since B(h)
contains the minimum weight codewords (mwc’s) of the
punctured RM-code #(m - h, m)*, its minimum distance
is exactly 2% — 1 (see Section IT). However, the complete set
of the mwc’s of B(h) is not known, except for the trivial
cases:

B(2) = #(m -2, m)*,

and

B(m—1)= 21, m)*

B(3) = #(2,5)*

(By identifying the defining sets). Thus, we suppose in
general that

he[3,m—-2] and m>S5.

In this section, we want to give some answers to the
following question: Is there a mwc of B(k) which is not in
A& (m — h, m)*? On the other hand, it is natural to conjec-
ture that for each A, there exists a cyclic code C # % (m —
h, m)*, which is included in B(k) and has for mwc’s the
mwc’s of #(m — h, m)*.

Let C be a binary cyclic code of length n = 2™ — 1. We
denote by Mw(C) the set of the mwc’s of C. We say that C
has the property (RM,), h €[3, m — 2], if and only if:

(RM,): #(m—-h,m)*c Cc B(h) and
Mw(C) = Mw(Z(m — h, m)*),

where the first inclusion is strict.

We shall prove (cf. Theorem 6) that the codes B(m — 2)
have the property (RM,,,_,). We obtain this result by explor-
ing Newton’s identities of an mwc of a code B(h), he[3, m
— 2]; we study this general case and derive the result for
h = m — 2. Moreover we can then provide an algorithm
constructing cyclic codes which have the property (RM ) for
a given A.

Let x be a mwc of B(h). We have seen that xe #Z(m —
h, m)*, if and only if its locator polynomial has the form
6(Z) = X0 _qopn_,1Z*" "% (cf. (13)). Thus, we have the
following reinterpretation of the property (RH,).

TABLE 1
BCH CobEs oF LENGTH 511

n k & d in n k & d in

511 502 3 3 [71 511 241 73 73 112]
493 5 5 7 238 75 =175 -
48 7 7 m 29 77 =177 —
475 9 9 *k 220 79 79 *
466 11 11 [7] 211 83 83 *
457 13 13 [6] 202 8 =85 —
448 15 15 [T} 193 87 =87 —
439 17 17 ** 184 91 91 *
430 19 19 * 175 93 95 # [10]
21 21 21 (12 166 95 95 7
412 23 23 [T} 157 103 103 *
403 25 25  [6] 148 107 =107 —
394 27 27 7] 139 109 111 # {10]
385 29 =29 — 130 111 i1 71
376 31 31 [7] 121 117 119 # [10]
367 35 35 [12] 112 119 119 [71
358 37 =237 — 103 123 127 ## *
349 39 39 * 9 125 127 # [10]
340 41 =41 — 85 127 127 [71
331 43 =243 — 76 171 171 *k
322 45 45 * 67 175 175 ok
313 47 47 (7] 58 183 183 o
304 51 =51 — 49 187 187 **
295 53 53 * 40 191 191 7
286 55 55 [T 31 219 219 [12)
277 57 57 * 28 223 223 7
268 59 =59 — 19 239 239 M
259 61 =261 — 10 255 255 n
250 63 63 [7]

#d=6+2

##d=5+4.
* New result obtained by Newton’s identities.
** New result obtained by an exhaustive search.

Theorem 5: For each he[2, m — 1], define:
J, = {2" - 27]je[0, h]}. (14)

Let x be a codeword of weight 2" — 1 and let o(Z) =
¥2.5'6,Z" be the locator polynomial of x. Then x is a
codeword of #(m — h, m)*, if and only if ¢, = 0 for all
i¢lJ,

Note that 0 € J, and that jeJ, — {0} implies j = 2"~ 1;
recall the following property of J, due to Kasami et al.

Lemma 3 [9]: Let he[2,m — 1],i,=2"—1 and re
1, iol. Then,

a) réJ, = w,(r+i,) <h.
b) rel, = w,(r +iy) = h.

Let S=1(1,n), n=2" — 1. From now on we assume
that any mwc x of B(h) is defined by its locators
X,," -+, X . The corresponding power sum symmetric func-
tions A,, k €S, and the elementary symmetric functions o,,
rel0, i;] are related by the Newton’s identities I,, k€ S.
By definition g, = 1; since x € B(h) we know that

e A, =0, for kell, i,
e roddand r<iy=g,=0,

e A, cannot be zero, since the minimum distance of
B(h) is exactly i,.

Then identities 1, are satisfied for k& < i,; identity I, yields
0, = A;,- In accordance with Theorem 5, we shall study the
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following hypothesis H,:
H,:re[l,ij] and ré¢J,=0,=0 and A,,,=0.

We know that H, is true for r odd (cf. Lemma 1) Recall the
form of identity I; .

ig+r

r

10+r Z

I

i0+r (15)

The following lemma means that the code B(h) has the
property (RM,), if and only if H, is true for all re[2, iy[,
i = 2" — 1. This result still holds for any cyclic code C
which contains #(m — h, m)* and is contained in B(h).
We now proceed by induction on r to show that H_ is true.

Lemma 4: Let r be even. Suppose that H,. is true for all
r’ €1, r[. Then we have

Liwy: Ayyr+ A,0,=0.

io+r*

Proof: We examine the term A, ,,_, 0, in (15), for
kell, rl:

o if k¢ J, then H, implies o, = 0;

o if keJ, then k =2"7"; hence r — k < 2771, which
means that r — kK is not in J,; applying H,_
obtain A; ., _, = 0.

10+r—k6k = 0.

ko

Remark: We know that the locator polynomials of the
mwc’s of #(m — h, m)* satisfy g, =0 for i¢J, From
Lemma 4, we obtain another property:

A.

ig+r
—_— 16

: (16)

io

reJ,=o0, =

Example 1: The BCH-codes of designed distance 7, i.e.,
h=3,i,=17,and J; = {0,4,6,7}. Recall that the defin-
ing-sets of #(m — 3, m)* and B(3) are

S, = {seS|w,(s) <3} and
I(B(3)) = cl(1) U cl(3) U cl(5),

respectively. Since o, = O for 7 odd, Lemma 1 implies that
B(3) has the property (RM3;) if and only if o, = 0; we have
seen that H, is always true; from Lemma 4, ¢, = 0 if and
only if Ay = 0. In other words: B(3) has the property
(RM,;) if and only if each mwc of B(3) is such that Ay = 0.
We conjecture that, in general, B(3) does not have the
property (RM;). For me{6,7,8,9}, we have obtained
(with a computer) a mwc of B(3) which is not in #(m —
3, m)*.

Let T = cl(9) U I(B(3)). Since w,(9) = 2, T C S,. Now,
we examine a code’ C whose defining-set 7 is such that
T < TCS,, where the right inclusion is strict. Thus C
contains #(m — 3, m)* and is contained in B(3). Moreover
each codeword of C is such that its power sum symmetric
function A, equals zero. If me {6,7}, it is easy to see that
T equals S;. When m > 7, 17 is in S; and not in 7. In
conclusion, we have the following.

1) Assume that m > 7. Then a cyclic code C with defin-
ing-set T satisfying:

cl(1) U cl(3) U cl(5) U cl(9) € T C {seS|w,

s) <3},

has the property (RM;). Conversely, we conjecture that
a code C which has the property (RM,), satisfies the
above property.

2) If m < 7, it is impossible to construct a code C which
has the property (RM;).

Now we will distinguish the two cases: r<2"~! and
r>201

Lemma 5: Assume that re[2,2"7'], r even, and that
H,. is true for all 7 < r. Then identity /,; , 3, becomes

r

1210+3r A210+3r + A, +r0 F A:0+3r i = 0,

(17)

i
ifr> 2
3
and

. 2 2 -
Ligesrt Asjgiar + Aiy 0, + Aj 03, + A 45,0, = 0,

iy —
if r=

(18)

Proof: iy =2" — 1. Note that 2i,+ 3r <2"*! 4
3281 «<2m™ _ 1, since h<m— 1. Then the identity
L, +3, is defined. Its general form is

ip—1

Lt Azjpysr + kzl A2i0+3r—k"k + Aio+3r6io =0.

(19)

Suppose that H,. is true for r’ < r and consider the term
Azige3r—x - I k is odd, then o, = 0. If k is even, let
r— k = 2k’; we have

C a2 ,
Ao+ ry+r—k% = A5 ik T ke [1’ 10[‘

Then,

e k" >0=>k<r=g,=0, from H, (k cannot be in
J,,, since r < 2% 1),

o K <Oandr+ k' #0=>r+k’ <r=>A,0+,+k =0
Gf r+ k’ >0 apply H, , otherwise iy + r + k' is
an element of the defining set of B(h)).

e r+ k'’ =0 is obtained when it is possible to have
k = 3r; since k < i,, this condition implies r < (i —

1)/3.

In conclusion, identity I,; .5, reduces to (17) if r> (i, —
1)/3 and to (18) otherwise.

Lemma 6: r even and iy =2% — 1, he[3, m ~ 2]. As-
sume that re 2%, i;[ and r¢ J,; suppose that H,. is true
for all r* < r. Then identity I, ,, becomes

L +nt A30+r + A4 42:0,=0. (20)

Proof: Note that 2i, +2r < 4i,—2<2"*?2-6<
2™ — 1. Hence, an identity I,; ,,, is defined. Its general
form is

ig—1

I : Al,_~,+r + Z A2(l +r)— I'sd + A10+2r ig =0

2(ig+r)

(21)

Suppose that H,. is true for r’ < r; consider for k even, the
general term A7 |, .. 0,, where k = 2k’. Notice that, by
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hypothesis,

h_1
=20<r-k'<r.

i
k’<—2°-=>r—k'>2"“‘—

Hence, if r— k' ¢J, then A, ., , =0 (from H,_,).
Suppose that r — k’ € J,; then there is an integer je[1, A —
1] such that r — k&’ = 2% — 2/, Now we have two possibili-
ties.

)2k <r. If k¢J, then g, = 0; if keJ, there is a
J €ll, h — 1] such that k = 2% — 27 thus, r = 2"
+2#71 27— 27-1.if j < h — 1 we obtain r > 2"
— 1;if j = h — 1 we obtain re€J,; so in all cases we
have a contradiction to the hypothesis on r.

D2k =r=o>r—k' <k’ <(2"-2)/2. Then r—k’
cannot be in J,; that contradicts the hypothesis on
r—k'.

Lemma 7: Assume that h = m — 2. Recall that the
defining-set of B(m — 2) is denoted by I(B(m — 2)) and
that i, = 2" — 1. The following properties are satisfied.

a) Let s€[0,2™ — 1] and let Y} ;s,2* be the 2-ary
expansion of s. Then s e I(B(h)), if and only if there
is k<mand jé¢{k, k' = k + 1(mod m)} such that
S =8 =8;,=0.

b) Let re[2,2*~'[, r even such that iy + r¢I(B(h)).
Then

2ig+3rel(B(h)) and i, +3rel(B(h)).

) Let rel2”~1, ig[, r even and r¢J,. Then there is an
element of the cyclotomic class of iy + 2r (modulo
2™ — 1), which can be written as

ip+e with—iy<e<randeélJ,.
Proof: a) The hypotheses on s mean that 2™ %~ !5 <
2m72 -1, i.e., that s is an element of the defining-set of

B(m - 2).

b) Let r' = r/2. By hypothesis, the 2-ary expansion of
iy, r and r’ are

m—4

r= 3 r2/,

m-3
iO = Z 21’
Ji=0 Jj=1

m—5
"= i
r=> rigi27.
j=0

Note that iy + 7+ r/ <2m 24 32™m 4 _ | <271 Let
k be the smallest j such that r; # 0. Suppose that r; ., = 0

or that k = m — 4. We have
k-1

ig+r= Y 274 (1 +1)2% 4 2k+!
Jj=0

m—4 .
+ 2 (L+r)27 +2m3,
j=k+2

Then the 2-ary expansion of i, + r is such that its kth term
and its (k + 1)th term are zero. From a), that means iy + r
€ I(B(h)), which contradicts the hypothesis. Thus r,,, = 1
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and k < m — 4. Now the 2-ary expansion of iy, + r + r’ is
k=2
fg+r+r=3 27+ (1+0+1)2 "+ (1+1+1)2*

Jj=0
m-5 .
+ > (M +r+r)2/
J=k+1
+(1+r,_4)2m 4 +2m3
(by convention a sum from a to b, with @ > b, equals 0). So
we can see that the (kK — 1)th term and the kth term are
zero. We can apply a): the defining set of B(A) contains
2(ip + r +r) = 2iy, + 3r. Now we have
ip+3r<2m?—1+432m3
=2m"l42m3 1 <2™— 1. (22)
We consider the 2-ary expansion of i, + 3r:

k—1
ip+r+2r= Zozf+(l+1+0)2"
i=

+(1+1+1)2*!
m—4 _
+ Y (V+r+r)2/
J=k+2

+(1+r,_4)2m 3.
The kth term and the (k + 1)th term are zero. Moreover,
from (22), an /th term, /e {m — 1, m — 2, m — 3} is zero.
Applying a), we obtain i, + 3r e I(B(h)).

c) By hypothesis, 27! — 1 < i, +2r<2™— 1. We
consider another element of the cyclotomic class of iy + 2r:
2(ig+2r) — (2™1) =iy +e,

where
e=4r+2m2 2"

Since r is even and 2™ 73 < r < 2™~ 2, we have
e>42m 3+ 1) +2m 22" e>4-2m"2> )
and

e=r+3(r-2"?)=se<r-3.
Suppose that € € J,. Then there is a j € [0, m — 2] such that

4r42m 2 —2m=2m2 ) s p=mm2 o 2J72,

which implies r € J,, contradicting the hypothesis. We have
proved that e cannot be in J,,. O

Now we are able to prove that the code B(m — 2) has the
property (RM,, _,).

Theorem 6: The minimum weight codewords of the
BCH-codes of length 2™ — 1 and designed distance 2™~2 — 1
are those of the punctured RM-code of the same length and
order 2.

Proof: The notations are as previously defined; more-
over assume that # = m — 2. We shall prove that, for this
particular value of h, H, is true for all re[l, ij[. If r is
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odd, we know that H, is true; we suppose that H,. is true
for all r’ €[2, r[ and we want to prove that H, is true.

If io+rel(B(h)) then A, ., =0 (by definition of
B(h)); A, cannot be zero, since the designed distance i of
B(h) is exactly its minimum distance. Thus, Lemma 4
implies ¢, = O0; then H, is true. So we suppose now that r is
even and that i, + r ¢ I(B(h)). We consider two cases.

1) Assume that re€[2,2”"'[. Then r cannot be in J,. Let
p be the smallest element of [iy + 1,2i,[, such that
p ¢ I(B(m — 2)). From Lemma 7a), we have

(m=2)/2
> 2% =(2m-1)/3, if m is even,
k=0
= (m-3/2
1+ Z 22k+l
k=0
=1+4+2(2"1'-1)/3, if misodd.

If we suppose that iy + r¢ I(B(m — 2)), then iy + r
= p. If m is even then

. 2m -1 a2 4 1 2m-2 42
— I, = — T4 = —
P~ 3 3
and if m is odd then
) 2m—l_1
p—ig=1+2 3 -2m2 41

2m=2 4+ 1

=14 —
3

Hence, in all cases, r > (i, — 1)/3. From Lemma 5,
the identity 7,; ., is reduced to (17). From Lemma
Tb), Ajivsr = Aj 3, = 0. Then

.42
L3t Ajyr0,=0 and Ly, A +A;0 =0,

ig+r

which yields A; ., =0and o, =0, i.e., H, is true.
2) Assume that re 2”71, ij[. If reJ, then H, is true.
So we suppose that r¢J,. From Lemma 7c), there is
an €, —ip<e<r and e¢J,, such that ij + ¢ is an
element of the cyclotomic class of i, + 2r; thus,

o —ip<e<0=i,+ecl(Bh)=A
Ajgs2r =0,
e 0<e<r=A4,

Ig+e

=0=

ig+e

=0, (from H)= A =0.

ig+2r

From Lemma 6, the identity I, . ,) reduces to A7 ,, = 0.
From Lemma 4, this yields o, = 0, i.e., H, is true. In
accordance with Theorem 5, we have proved that B(m — 2)
has the property (RM,,, _,). Remark that % (2, m)* is strictly
contained in the code B(m — 2); for instance 27! — 28+!
+28-1, for 0<g<m-—1, is in the defining set of
Z (2, m)* but not in I(B(m — 2)). a

Let xeB(m — 2) such that w(x) = 2™ 2 = p; let X =
{ X, -+, X,} be the set of locators of x. It is well known
that the extended BCH-codes and the Reed-Muller codes are
invariant under the affine group ([8], [2]); this means that,
for each geGF(2™), the locators { X, + g, -, X, + g}
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are those of a codeword in the extension of the code B(m —
2). In particular, we can state

X=X +{0}jux,
X ={X+X, . X, +X},

where X’ is the set of the locators of a codeword x’ of
B(m — 2). Moreover x’ is a mwc of B(m — 2). Hence,
Theorem 6 implies the following corollary.

Corollary 1: Let xeB(m — 2) be such that w(x) =
2™-2 Then x is a codeword of the punctured RM-code
A2, m)*, i.e., the set of the locators of x is an (m — 2)-
dimensional affine subspace of GF (2™).

It is well known that the automorphism group of the binary
punctured Reed-Muller codes is the general linear group,
denoted by GL (2, m) ([11], p. 400); moreover the punctured
RM-codes are generated by their mwc’s ({11, p. 381]).
Hence, a code C which has the property (RM,) is such that
its automorphism group is contained in GL(2, m). Moreover,
such a code cannot be generated by Mw(C), since #(m —
h, m)* is strictly contained in it.

Corollary 2: m > 5. The automorphism group of the
BCH-code B(m — 2) is contained in GL(2, m). The code
generated by the set of the minimum weight codewords of
B(m — 2) is strictly contained in B(m — 2).

The property (RM,) is studied in Example 1, and Theorem
6 gives a general result for the property (RM,,_,). From
now on, we are interested in the definition of cyclic codes
which have the property (RM,,), for he[4, m — 3], m > 6.
We study the property (RM,) by explaining the hypotheses
on the mwc’s of the codes B(h). The main idea is that
Newton’s identities yield certain conditions on the power sum
symmetric functions of these codewords. In accordance with
Theorem 5 and Lemma 4, we can state a sufficient condition
for a cyclic code to have the property (RM,).

Corollary 3: Let us define

T, = |Jc(s),

seU,
U, = {selio+ 1,2i[|s¢I(B(h)), w,(s) < h}. (23)
Let C be a cyclic code such that its defining set T satisfies

I(B(h)) UT,c TS {seS|w,(s) <h}. (24)
If #(m — h, m)* is strictly contained in C, then C has the
property (RM,). ’

Proof: Suppose that C # #(m — h, m)*. Then the
second inclusion in (24) is strict. From Lemma 3, the ele-
ments of T, are of the form s = iy + r with r¢J,. Then
any mwc of C is a mwc of B(h) which satisfies 4, ,, =0
for all r¢J, (with rell,ig[). Applying Lemma 4, we
prove by induction that H, is true for all 7. Then C has the
property (RM,). O

The following conjectures are reinforced by results we
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have obtained with a computer. For he[4, m — 3], m > 6:

1) the codes B(h) do not have the property (RM ),

2) there exists a cyclic code C, the definition set of which
is strictly contained in I(B(h)) U T,, which has the
property (RM,,).

We give later some examples which prove. that the second
conjecture is true for m = 7 and m = 8. We use the fact
that the proof of Theorem 6, applied to the general case
h # m — 2, provides an algorithm constructing a cyclic code
which has the property (RM,), for a given m. In the
following, C is a cyclic code such that #(m — h, m)* C C
C B(h); T denotes its defining set. The proof of the pro-
posed algorithm is obvious: using the results of Lemmas 4,
5, and 6, we construct T such that H, is true for all
re[l, ip)l; if r is such that Newton’s identities, given by
(17) or (18) or (20), do not imply A,.0+, = 0, then we add
ip+rinT.

Algorithm Constructing T

1) T=1I(B(h); r=0; i,=2"~-1;
2) r=r+2; F r > i, THEN go to 8);
3) ¥ iy + re T THEN put o, := 0 and Go TO 2);
4) 7 r < 2", examine the identity I, ,:
¥ L 43,0 A} 4,0, = 0 THEN Go TO 7)
ELSE PUT T := T U cl(i, + r) and Go T0 7);
5) 1F reJ, THEN GO TO 2);
6) 1F r > 2", examine the identity L, . ,:
¥ L. \p: A7 4, = 0 THEN GO TO 7)
ELSE PUT T := T U cl(i, + r);

7) puT 0, := 0and A2, :=0, for je[0, m — 1]; co TO
2);
8) END.

Example 2: m=7, h=4; thus i, =15 and J, =
{0, 8,12, 14}. The code B(h) is the BCH-code of length 127
and designed distance 15. In accordance with Corollary 3, we
have T, = cl(19) U c/(21). Using the algorithm, we obtain
that the code C with defining set 7 = I(B(4)) U cl(19),
satisfies (RM,).

Example 3: m = 8.

1) & = 4. The code B(4) is the BCH-code of length 255
and designed distance 15. We have

T, = cl(17) U cI(19) U cl(21) U cl(25).

The algorithm produces:
cl(19).

2) h=35; J;=1{0,16,24,28,30,31}. The code B(5) is
the BCH-code of length 255 and designed distance 31.
We have

T =1(B4) U cl(17) U

T, = cl(37) U cl(39) U cl(43) U ci(45)
U cl(51) U cl(53).

The algorithm produces:
cl(39).

T =I(B®5) U3 U

APPENDIX A
B(255, 61) HAs MINIMuM DisTanNce > 61

We consider Newton’s identities I, for 0 < r < n = 255, for the
code B(255,61), and for the weight 6 = 61. We want to prove that
there exists no codeword of weight é.

The nonzero power sum symmetric functions of the code are

Aél’ A63’ ABS’ A87’ A‘)l’ AQS’ Alll’ All9’ A127'

Since 255 and 61 are relatively prime we can suppose A¢; = 1 (the
shift corresponds to a multiplication of each A4, by o).

In the case of a narrow-sense primitive BCH code, and for a
weight equal to the designed distance, Newton’s identities 7, (9) for
odd r from 6 + 2 to 26 ~ 1 form a triangular linear system giving
the ¢;’s for even i as polynomials depending on the nonzero A,’s.
Here the system consists of the following 30 equations:

Ig3: Ay +0,=0

Igs: Ag30, + 0, =0

I;: Agyo, + 05 =0

Igo: Ag305+ 03 =0

L. Aggog +0,=0

Ly: Agyog+ 0, =0

Ls: Agyop+ 0, =0

L;: Ag0y4 + 016 =0

Lg: 1 + Agyo6+013=0

Ig1: 0y + Ag3013+ 0y =0

Ig3i 04 + Ag3000+ 0, =0

Iys: Ags + 05+ Agz00 + 0, =0

Tyy: Agy + Agsoy + 0g + Agz0yy + 0, =0

Iyy: Agr0;, + Agsoy + 0y + Ag3055 + 025 =0

Io): Ag) + Agy0, + AgsOg + 05 + Ag3005 + 039 =0

Izt A%y + Ag 0y + Agr0s + Agsoy + 014 + Agy050 + 03 = 0

Lis: Ags + Agy0y + Agy0, + Agyog + Agsoyg + 036
+Ago3 + oy, =0

Iyt Ags0y + A0, + Ag 05 + Agroyg + Agsay, + 0y
+Ag034 + 036 =0

Iog: Agsoy + A0 + Ag 0y + Agy01; + Agsoy, + 0
+Ag03+ 033 =0

Lot AgsOs + Agy0g + Agioyg + Agyoyy + Agsis + 0y

+Ago+ 0,=0
Lio3t Ags0g + A3010 + Ag 01y + Agy 016 + Agsarg + 0z
+Aq00+ 0, =0
Tos: Ags01p + Ar01p + Ag 014 + Agr01 + Agsopg + 036

+Ag0, + 0, =0
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L:

Ly

32
AG] + Ags0py + A0y + Ag 046 + Agy 030

+Ags0y + Opg + Ag304y + 045 =0

. 4 32 4
2 Ay + A510, + Agsayy + Ay 016 + Ag 0y + Agy0p,

+AgsOyy + 030 + AgyO4 + 045 = 0

. 4 32
DAy + Agoy + Ajioy + Agsoye + A§7"18 + Ag 05

+Agy05 + Ags0pg + 035 + Aga045 + 050 =0

D Aoy + AGy0, + AJog + Agsoig + Af; 0y + Agi0p

+Ag; 055 + Ags0ys + 035 + Ag3050 + 05, = 0

. 4
D A0, + AS 0 + Adog + Ags0yg + A0y + Ag 0y,

+Ag058 + Ags03p + 036 + Ag305, + 054 =0

. 416
P Ay + Ao + Agl"s + Ag%”m + Ags0p + A§7"24

+Ag,055 + Ag7 03 + Ags03,
+ 033 + Ag3054 + 056 = 0

P A+ A?z"z + Ay08 + Agl"lo + A:;%alZ + Ags0y,

+A§7‘726 + Ag o35 + Agr03,
+Ags03y + 049 + Aga056 + 055 = 0

16 4 32
A0, + Agr04 + A0y + Agy oy, + Agoy,

+Ag5056 + Agr 05 + Ag 030 + Agroy,
+Ags036 + 04y + Ag3053 + 0o = 0,

which gives us the following values for the g;’s:

0, = Ag
o = A%
0= AL
0y 1= A%,
o10 1= Ags
O12 -= Ags
Oyq = A763
01 = A

gigi=1+ A%

O = A},g

Op 1= Agy + Ay

Oy 1= Ags + AG

03 1= Agy + AGy + A

oy '= Ags Ay + Ag

O3 = ;491 + Ay A% + AG + AG

03 1= Ay + Ags AGy + A

O3 1= Ags + Aoy AGy + Agy Ag + Ay + AG]

O3 1= Agy Agy + Ags AG + 1 + A

. 6 0 9
Osg 1= AE’,SAf453 + Ay A‘és + A%A63 + A% + A + A
0y 1= Agy Agy + Ags Az + A

Oy 1= Ags Ay + Ag AG + A AG + AG + AG

Oa 1= Ay A + Agg A + AG + AG

Oy 1= At + Ags A% + Ag Al + A A + A + A + AZ
g 1= Aby + AG AY + Afs + A AG + AY

050 = Ay + AR A + Ags Al + Agy AQ

12 6 2 25
+AmAG + AS + A Ay + AG

A% + A%, + AR + A5, A%,

10 14
+A§7A63 + A85A63

If

o5 0= 1+ A + A_‘J;ZlAga +AG + Ags AG + A9 AG

+Ag A+ A Afy + A1 AG + AG
0sg 1= A Ay + AP + AF + AL AG + AG AG + Ags A8
g 1= Ay Ay + Ao + AG + AJTAG + Ay AG
+Ag A + A AG A + Ajs AL + AR
Ogo 1= Ags + Ady + A% Aly + Ags A + AK AG

6 0 12
+AY AG + Ay Ag + AG + Ag.

The other values are o, = 1, by definition, and ¢; = 0 for odd i,
given by the first 6 identities.

After replacement of the ¢;’s by their values, the remaining
equations are sorted in terms of increasing size of the number of
monomials:

186, 190, 188, 194, 198, 192, 202, 123, 184, 189, 191, 196,
206, 254, 127, 195, 200, 210, 135, 193, 187, 199, 214, 125,
131, 204, 252, 197, 222, 203, 238, 129, 139, 208, 250, 143,
201, 218, 133, 137, 226, 230, 246, 248, 234, 185, 212, 242,
207, 141, 181, 216, 236, 244, 151, 183, 205, 220, 232, 147,
224, 159, 179, 211, 240, 149, 175, 155, 145, 157, 209, 173,
163, 167, 228, 153, 171, 215, 253, 251, 165, 169, 161, 177,
213, 223, 239, 247, 249, 243, 217, 235, 237, 245, 219, 221,
229, 231, 233, 227, 225, 241.

We will proceed as follows.

e We successively check the equations in the order given
above, up to a ‘‘solvable’’ one.

e After solving one equation, we restart from the begin-
ning.
(At each stage we substitute all the known A;’s in the
current equation, and we simplify it as much as possible.)

We give here, in order of resolution, all the *‘solvable’
equations, and the way we used them:

Igs: A%, + A A + AssAég + AGAG + A31A§3
+ AL AN + AR + A3, =0
= Ay5:= A§7 + A§5A§3 + AssAza + A§7A63

+Ag Af + Ag AGy + Ag
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Ligg: Agy Agy + A5y Ags + Afy Al + Afs + A3 A%,
+ Ag + A AG + AG + AG + Ay = 0
= Ay 1= Ay Ag + A5 AG + Af A + A
+AG A + Aoy + A AL + AL + A
Lgy: Ajs+1=0= A #0
Ligg: AgsAgy + A = 0= Agy = Ag Ay,
Ligr: 1+ Ag  Ags A + Ajs Aoy AS, + AS AL + AL,
+ A + ARA + AR AL + A5 A2,
BAY + AYyy + AS AL + A3 AB + A% AL,

+ A%, A%+ ASSA D+ AN+ AL A85 + Ay A
+ A5 + Agg AG + AG AG ASy + A3 A Ay,

+ A963A85A;1 + A91A63 + A91A63 + Agl Ag3
+ Afs A AG + A AR + AG
+ Ay Ags + Agy AS + A Al
= Ayei=1+ AmA + Ags AZE + AKAL?
+A4P A3, A% + AY +A35A AYE
A63A85 + ARA2, 2 A5 4 A, AP
2 A%+ AS Ay + Am. AL284%
+AGTAYG + AS AL AL + A% A85
B 42, A8 +A85A128A192 AR A
+ + A128 162 + A165 + A85A91A1692
+A3, A% + AZBAZ + AS AL + Ags AX2
+AS AL + AR + AR A%
Lot A3 AG + AS Ags AG + Ay A + A A},
+ A§ Ay + Ags AL + A2 AL + Ay Ags AL
+ A A5 + A41A}5§ + A91A63 + A AG Ag
+ AéS 128A91 + A:ll + A91A16g
+ A4 A%g A128A§5 + A3 1 Ags Aks + A% AL,
+ Ags Ay + AY + AD + AL AY + A5, AL
+ AG + A5 Ag) Al + AG AG A, + A3 AZ Ay,
+ AR5 A3 Ay + Agy Ag; Ags = 0
= Ay, = Ag A Al + AFAL + A91A85A13°

+AS A AGE + APPAY A2 + AL AS AL
QA+ AG + Ags AR + A%
129A130 128A133A85 +A2 A91A

+Ag Ajs + AB AL + AG AT Ay + AT
+ Ag Ag + Ags Ay + AZAG + AS AL?
+AG AL + AN AL + AK + A AY

+Ag, AY + AGPALS +
+AG + AG ALY
. hig: A¥=0=A4y:=0
Ly:1=0.

193Al28 +A2§Ag‘}

APPENDIX B
B(255, 59) HAs MINMUM DISTANCE > 59

‘We consider Newton’s identities I, for 0 < r < n = 255, for the
code B(255,59), and for the weight 6 = 59. We want to prove that
there exists no codeword of weight 6.

The nonzero power sum symmetric functions of the code are

A59’ A6l’ A63’ A85’ A87’ ADI’ A95v Alll’ A119’ A127'

Since 255 and 59 are relatively prime we can suppose Agq = 1.

We will first solve the triangular linear system giving the o;’s for
even i/ as polynomials depending on the nonzero A,’s. The system
consists of the following 29 equations:

Ig: A +0,=0

Iy: Ay + Agio, +0,=0

Igs: Ag30, + Agi0, + 05 =0

Iy Agyo,.+ Agiog+ 0g =0

Igo: Ag306 + Agiog + 01 =0

L Agyog + Agoyp + 0, =0

I3: Agy0y0 + Ao + 014 =0

Ls: Aoy + Agoy, + 06 =0

I;: Agoyy + Agoyg+ 015 =0

Iyt AG + Agy016 + Agioig + 03 =0
Iy: AG0y + Ag3015 + Ag 059 + 01 = 0
Iyt A0, + Agy050 = A0y + 03 = 0

Ios: Ags + Ag‘}% + Ag305 + Ag0y + 06 =0

Iy Agy + Agso, + A?—joB + Ag305, + Ag 06+ 05 =0
Isg! Agy0y + Agsoy + AG101g + Agy02 + Ag 035 + 039 = 0

Iyt Agy + Agr0, + Agsds + AZoy, + Agyong
+Ag 030+ 03, =0

Iy, A§7 + Ag 0, + Agy05 + Agsog + Ag‘}o14 + Ag03
+Ag 05 + 03, =0

Ios: Ags + A',‘na2 + Ag 0y + Agy05 + Ags0yg + Ag’}al(,
+Ag303 + Ag 03, + 036 =0

Iyt Agso, + A0, + Ag,06 + Agr040 + Agsay, + Aflog
+Ag 03 + Ag 03 + 033 =

Iog: Ags0, + A3y06 + Agiog + Agro, + Ags01s + Agioy
+Ag303 + Ag 035+ 0 =0

Tyoy: Agsos + Ag7"s + Ag 019 + Ag; 014 + Agsoy6 + Agozz
+Ag035 + Agoy + 05, =0

Los: 1+ Agsog + A§7‘710 + Ag 101, + Agr016 + Ags0yg
+ A% 02 + A0 + Agiogy + 0y = 0
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Ls: 0, + Aﬁgs"m + Ag7‘712 + Ag 014 + Ag;015 + Agsoyg
+AG 0y + Ag30sy + Agi0gy + 04 =0

. 32 4
Ly Asy + 0, + A952412 + Agy 014 + Agi016 + Agy 03
+Ags05; + Ag102g + Ag3044 + A4 + 03 =0

Ligg: A§) + Ao, + 06 + A95‘7g: + Ay 016 + Agi0yg
+Agr00 + Agsoay + Agi030 + Ag3046
+Ag 045+ 050 =0

. 4 32 4
Ly Ay + Agy0; + Agjo, + 05 + Agsaég + Ay 08
+Ag 0y + Agy0yy + Agsoys + Agioy,

+Ag048 + Ag10s0 + 05, =0

. 4 E?) 4
I3t Ayyy0y + Agoy + Aj (0 + 019 + Ags0y5 + Agr050
+Ag‘{‘722 + Agr036 + Agsong
+Ag1034 + Ag3050 + Ag 055 + 054 = 0

. 4 3 4
L5t Ay, + Ay 05 + AGiog + 015 + Ags0yg + Agy0;
+Ag 054 + Agy035 + Agsoyg
+A2‘}a36 + Ag05; + Ag0s4 + 056 = 0

. 416 4 3

17 Ag +4A11106 + Ag 05 + Ag0yg + 014 + Ags0op
+Ag05 + Ag‘}"zs + Ag;059
+Agso3 + Agio3g + Ag3054 + Ag 056 + 053 = 0

. 16 4 32
Lot Ape + Agr0, +4Alll‘78 + A5,010 + A5101 + 0yg
+Ag50,, + Agr026 + Agy0p3

4
+Ag;03; + Ags03g + Agjoy + Ag3056 + Ag0sg = 0,

which gives us the following values for the o;’s:

0, := Ag,

0= A + Ag

05 = A3

oy 1= Ag Ay + A + A%,

0y0 1= Ag Agy + A3,

a1y 1= Ags + Agy A + A5,

04 1= Af

016 = Ags + Ags A + Ag A%, + A%

o5 1= Ag AGy + A3 A3 + A%,

Oy 1= AGH + Ay + AG AG + Ay Af, + AL AL + AL
Oy 1= A AGy + Af

Oyy = AG + AG + AL A% + AL AL, + A, AN + A2
036 1= Ags + Ag Afy + Af AY + A

03 1 =Ag; + AR AL + A +
039 1= Ags A3y + AG

03, 1= Agy + Agy A, + AY + A, + AL AL, + AL AL

+Ag Ag + A
Os 1= Afy + Ags Ay + Ags Ay + Ag ALy + Al A3,
+AGAY + AG

Af + AL AS + A AR + Al

036 1= Ags + A} + A

O3g

L7%3

44

Os6

Ts0

0Osy

= Ag Afy Af) + Agy AL Al + AL

=AY+ A AR + Ag A + A% AL

=AY+ A%+ AL AL+ AT

Qo+ A + Ag A% + Ay AL + Agr A5,
+AG AL + AF AL + AL AG + AL AG + A Ag

4 410
+AG A% + A Ag)

= Ags A, + A3 A% + AL AL + AL + AL AL

= AR + A5, A%, + AL AR + A% A + A% AG
+A21A§3 + AGAG + Ags A% + Ag AG + Ay Ag

+AY + A+ AV + Ay, A8 + A AS

1= Ags AL AG) + Af A%y + A AG) + Ags AGy + Ags AG

448,45 + AL AL + A% AL + A AQ + AZ + AL

=1+ Ay AGAG + A A + AG + AG + AG

+Ags Ay + Ags AG) + Ay AG, + Agy AG + Ay AY
+ASAS, + AL AL + AL AR + A3 AL + AL A,

20 6 48
+Ag A + Ag1 Ags

1= Ags A% Ay + AL A% + A + AL AL + A5 AN

AGt+ A + AT
AG + A+ Ags A + Ag  AG + Ag AY, + Ay AY

+AG AT + AG A + A A + AL AR + A5, 4%

+ A5 AG

TAL AL+ Ags A AS + A AL AL + AR + AP

+AG AG + Af AG) + Ags A

Ag + A5 Ags + Ag A
+AG A + AL AS + AL AL + AL AR + A2 AL
+AL AR + A5 + AG + AR + Ags AL AY

+Ag AGy AGs + Ay AG AGy + Ags AG + Agy A,

FAF AL + Ags 4Gy + Ay AG + Ag AG) + Afs + Ay,

03, 1= Ay AG A + Ags A + A61A§S + AglAlé + AésAlegl

0sg 1= Ag) A2 A% + Ags A2 Al + AY + A,

Osg 1= Ags Agy A, + Ags Ay A%, +

+AZ + A§, AS + A% A2

2 4 4l
FAG A AG AT A + AT AL+ AgsAlG(i
+ A AL + Ay AR + A87A{;} + AL, 4 A% 43,
+ AP AL 4+ Ay A% + AL AL + A ALS + A2, A
+AG A + A AG + AG,

Ay AG A% + A
TAGAG + Ao A + A Ay + AL AR + AL AL
+AG + A + A3 AG + A5 A + AL A% + A AR

+Ags AL + Ags AR
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The other values are g, = 1, by definition, and o, = 0 for odd /,  Since 511 and 123 are relatively prime we can suppose A;p; = 1.

given by the first identities. We will give an abbreviated proof for this code (the complete

After replacement of the o;’s by their values, the remaining proof is too long to present here).
equations will be sorted in increasing size (number of monomials) We will first solve the linear triangular system giving the o;’s for
order: even i as polynomials depending on the nonzero A;’s. The o;’s for
odd i are null. We consider that the ¢;’s have been substituted in the

180, 188, 196, 192, 186, 184, 204, 200, 190, 252, 189, 119,
178, 182, 187, 212, 121, 194, 208, 220, 236, 198, 125, 185, Furthermore we will suppose A g # 0 (when A5 = 0, we
244, 191, 193, 202, 248, 197, 216, 228, 224, 123, 133,195, gound a contradiction).

129, 206, 232, 250, 240, 205, 137, 141, 201, 181, 183, 246, We give here the equations we used for the resolution, and the
254,218, 127, 199, 210, 173, 179, 203, 157, 253, 131, 214, way we used them:

177, 149, 171, 234, 249, 139, 145, 153, 222, 242, 230, 135,

251, 169, 238, 245, 155, 165, 213, 221, 209, 207, 237, 241,

217, 226, 147, 175, 161, 143, 243, 163, 151, 211, 167, 247,

equations.

233, 235, 219, 159, 229, 225, 239, 227, 215, 231, 223. Liy: ASs + A%, AR, + A%, Ad,s + A%, AS, AR
We will proceed as follows. + Al71A125A127 + A187A125 + Al75A125 + A183All;5
e We successively check the equations in the order given + AL AB 4 A A A8+ A8 42, A1,

above, up to a ‘‘solvable’’ one;
e After solving one equation, we restart from the begin-
© ning. + A AL Al + AT Aty Alds + AT A1 =0
(at each stage we substitute all the known A;’s, and we
show the most simple equation possible.)

We will first show that A, # 0.
Suppose that A4, = 0. Then

Igs: A3s = 0= Ag:=0,
Lyt Ay = 0= Ag:=0,

26 16 434 4 430
+ A5, Al AR5 + A5, A%3s + Alys Ads

2 a4
= Aygi= A + AR AL, + A?ggAx.“ + A7 At Als
+A Aty + A125A171A127 A3 ALss
+ A5 ADs + Ajp Alss

Ly 1=0 +Aps A + AR Al Ay

236" ]

so Ag, # 0. + A5 Ay Ay + Al Alps + AT AL AT,
We give here, in order of resolution, all the *‘solvable’’ +Aps AL Ay + Al Alss

equations, and the way we used them:

Iis: Ag Ags Ags + A35A23 + Ag A“l + AZ?

+ A3 A% + A5 Ay + AR AL, =0 Lgg: AS; Al + ATS AN, + AT ATS + AT 4L,
= Agyi= Ag Ags Ay + A5 A AL, + A61A87 + A + AR Al + Al AT AL, + Al Aty Al
+ A A% + AL Ay + ATAY, + Ay Ay Al + AF Al + ALy ATys Al
Il%: A2 A L+ A A61A6 + A sAg A23 + Ag.,AglAgS + A% ALy, + Al ATy Aty + ATy Alss )
s+ AR+ A%, + A4, + Ay AT Ay + Als A Ay + Alss Al ATy = 0

A'3°A + A A AL =0
= Ags = AZA + ABPAL Ay + AT A ALy + Ay AL,
+Ag Ags A + AS AL + AR AL + AS'AZ,
Ligy: Ags =0= Ags =0

128 383
= A191 - A125A171A127 + 125A127 125 175 + Al25A127
2 383
+Al A127 + A125Al7lA127 + Al75Al27Al25
3 510 3 4
+Al25Al7lA127 + Al25Al7lA127 + Al75A127

L: 1 =0. O
+ AN AL Ay + Ay Al + Al A s Ay
ApPPENDIX C
B(511, 123) Has MintMuM DisTance > 123 + Ay Al Alzs + Al A Al
. _ 4341
We consider Newton’s identities for 0 < i < n = 511 for the Lo A125 + Ay = 0= Ay = Als

code B(511, 123), and for the weight 6 = 123. We want to prove
that there exists no codeword of weight §.
The nonzero power sum symmetric functions of the code are L= Als+1=0=Aps=1

1404 Al27 + AlZSAl‘lS =0 ="41'15 = A127Al25

A, Apas, Avzrs Argrs Apgss Aggss Aggrs Tipo: Adyy + Algy + Afgs = 0 Ayyyi= Aygy + Al
Ao, Azigr Anss Azzgs Asss. Ippg: 1=0. a
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