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The Capacity of a Vector Gaussian
Arbitrarily Varying Channel

BRIAN HUGHES, MEMBER, IEEE, AND PRAKASH NARAYAN, MEMBER, IEEE

Abstract —The random coding capacity of a vector Gaussian arbitrarily
varying channel (VGAVC) is determined, along with a simple general
method for computing this capacity. The VGAVC is a discrete-time
memoryless vector channel with an input power constraint and additive
Gaussian noise that is further corrupted by an additive “jamming signal.”
The statistics of this jamming signal are unknown and may be arbitrary
subject only to a power constraint.

I. INTRODUCTION

HE AIM of this paper is to determine the maximum

amount of information that can be reliably transmit-
ted across a vector communication channel that is cor-
rupted by additive Gaussian noise and an intelligent jam-
mer. We impose no restrictions on the class of jamming
signals considered, beyond the fundamental limitation of
bounded power. The channel under investigation, called a
vector Gaussian arbitrarily varying channel (VGAVC) is
described as follows (cf. Fig. 1). Once each second the
transmitter sends an m-dimensional random vector, say
uX at time i, representing the output of an information
source of rate R (bits per channel use) to the receiver. The
sequence {u X} can be chosen arbitrarily subject only to a
power constraint (to be specified later). The channel out-
put is defined by

yr=suX +nf +s¥

where {7} }, called the background noise, is an indepen-
dent and identically distributed (i.i.d.) sequence of zero-
mean Gaussian m-vectors with covariance matrix X.. The
sequence {s*} represents hostile jamming or other noise
sources with unknown statistics. The only restriction we
impose on this sequence is a power constraint (also to be
specified later).

There is a rich literature on the discrete arbitrarily
varying channel (AVC). Much of this is summarized in [1].
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Early results relevant to jammed Gaussian channels can be

- found in [2]-[4]; however, the first investigation of a

channel substantially like the GAVC was reported in [5]
and [6], where bounds on the achievable rates of reliable
transmission were reported. Bagar and Wu [7] have investi-
gated the use of essentially the same channel for a differ-
ent source transmission problem in which the source is a
discrete-time memoryless Gaussian source, and reliability
is measured by mean-square distortion. Ahlswede [8] has
established the capacity of the GAVC when {s*} is a
scalar Gaussian sequence with arbitrarily varying variance.
In [9] we determined the random coding A-capacity of the
GAVC for a variety of transmitter and jamming power
constraints. Here we extend some of these results to
VGAVCs, ie., to GAVCs with vector input and output
alphabets.

We are interested in determining the relationship be-
tween achievable error probability and coding rates
when random coding is used. The methods and results of
Blackwell et al. [10] for discrete AVC’s do not apply to the
channels considered here due to the presence of cost con-
straints on the transmitter and jammer power. These con-
straints often lead to results for the GAVC which are
unlike those of discrete AVC’s. This is exemplified by the
observation that unlike discrete AVC’s, the GAVC with
ensemble-averaged power constraints does not have a ca-
pacity in the usual sense [9]. Rather, the achievable error
probability of the code is a continuously increasing func-
tion of its rate. We emphasize that this aberrant behavior
is due to the imposition of cost constraints and not the
continuous input and output alphabets of the GAVC;
indeed, discrete AVC’s with ensemble-averaged cost con-
straints on the transmitter and jammer also generally fail
to have a capacity [11], [12].

Our results can be summarized as follows. A coding
theorem and a strong converse are proved that characterize
the capacity of the VGAVC over the class of power-limited
codes along with a simple and general method for comput-
ing this capacity. We find that the capacity of the VGAVC
has a “water-filling” interpretation, much like the capacity
of the m-dimensional additive Gaussian noise channels
that it generalizes [13, theorem 7.5.1].

The remainder of the paper is organized as follows. In
Section II we define the problem and summarize our
results. Section III contains the proofs of these results.
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II. DEFINITIONS AND SUMMARY OF RESULTS

For our purposes, a codeword of length n is a real m X n
matrix, U= {u,;}7"2,, selected by the transmitter. A jam-
ming sequence of length n is an mXn matrix, S=
{37/, selected by the jammer. Given a codeword U
and a jamming sequence S, the output of the VGAVC is
defined by

Y¥=U+H*+S
where H*= {n}}/"/2, denotes an m X n random matrix
whose columns are ii.d N(0,L), where O is the origin in
R™ and ¥ is a nonnegative-definite m X m matrix.!

An (n, M) (deterministic) block code is a system

Cn= {(Ulv D1)7' : "(UM7 DM)}

where {U, } 4, are codewords of length n, and the decod-
ing sets {D,}M are disjoint Borel subsets of R”*". We
permit the use of random codes, denoted by

Cr={(U*. D).~ (Us. D)} (2.1)

and also random jamming sequences, denoted by S*. The
code C*, the jamming sequence S*, and the background
noise H* are constrainted to be mutually independent.
Both the transmitter and jammer are subject to limita-
tions on transmitted power. For any m X n matrix, say
V={v; denote the (time-averaged) power of V' by

GRS

i=1 =1

m,n
i, j=1

(2.2)

Then for fixed B > 0, we say that the random code (2.1)
satisfies a time-averaged input power constraint almost
surely (a.s.) if

P(U*) <B (as.), (2.3)

A jamming sequence S* satisfies a time-averaged jamming
power constraint if

l<k< M.

P(S*)<v (as.). (2.4)

'We use the following notation throughout this paper: N(g,L) denotes
a Gaussian distribution with mean vector p and covariance matrix ¥.
Asterisks are used as superscripts to denote random quantities and to
distinguish them from deterministic quantities.

STOCHASTIC
DECODER

DESTINATION

|

R |
n, ~ N(0,X) |
|

|

(CORRELATION)

Vector Gaussian arbitrarily varying channel (VGAVC).

In the language of [9], (2.3) and (2.4) are peak power
constraints. '
Given an (n, M) random code C* the (maximum) error

probability is defined by
A(Cr)= sup max Pr{UX+H*+S€D}}
S: P(S)<ylsk=sM
(2.5)
where Bk* = R™*" — D}. We say that an (n, M) random

code C* is an (n, M, A) random code for some 0 <A <1,
if it satisfies (2.3) and if

A(CF) <.

The random coding capacity of the VGAVC over the
class of codes that satisfy (2.3), if it exists, is defined to be
the largest nonnegative number C such that for any € > 0
and 0 <A <1, there exists an (n, M, A) random code with

M > 2n(C~s)
for all sufficiently large n, and for all 0 < A <1 there does
not exist an (n, M, \) random code with

M > 2n(C +¢€)
for all sufficiently large n.

Before proceeding further, it is convenient to make a
simplifying observation. For any m X m nonnegative-defi-
nite matrix X there exists an orthogonal transformation of
R™, say O, and a diagonal matrix diag(a), where a =
(a;,»-+,a,,) and a =0, such that

0Y 07 = diag(a)

where the superscript T denotes the matrix transpose [14].
The codeword power, jamming sequence power, and error
probability of C* are unchanged when Y* is multiplied by
©; therefore, it follows that an (n, M, \) code exists for
the VGAVC with noise covariance matrix ¥ if and only if
one exists for diag(a). We can therefore assume, without
loss of generality, that ¥ = diag(a) and further that a, <

- <a,.

We now present several theorems that fix the value of C.
First consider the special case y = 0 (no jammer is present).
The results here are well-known [13, theorem 7.5.1]. The
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Fig. 2. Water-filling interpretation of parallel discrete-time Gaussian
channels for m =5 (after [13, p. 344]).

channel has capacity C, that is given by?

| b;
max Y, —log, (1+a—') (2.6)

C,=
0 b;=0:Xh<f ;-1 2 ;

if a,>0, and by ;= +co if a;=0. The input power
distribution b° = (b, - -, b?) that attains the maximum in
(2.6) has the form

b? +a,=B,
b =0, (2.7)

where B is such that £b)=B. This distribution has the
simple interpretation illustrated in Fig. 2. We can think of
pouring a volume B of water into a container whose
bottom consists of a series of plateaus whose heights are
equal to the components of a. The level to which this
water settles is B, and b? gives the depth of the ith plateau
below the water’s surface. Consistent with this interpreta-
tion, we call B° the water-filling vector of power B for a if it
satisfies (2.7).

Suppose now that y > 0 (jammer present). Consider the
quantity

if a,< B

ifa,>B

BBV, 02 et (Bee) (28)
where
m 1 b,
r(b,c) = i§1 Elog2 (1+ ai+ci) (2.9)

and e=(1,---,1). In Theorem 3 it will be shown that the
value of the program (2.8) is unchanged if we switch the
order of maximization and minimization, i.e.,

R(BaY)= r(b’c)'

From (2.6), we see that R(f,y) can be interpreted as the
smallest channel capacity that can be inflicted on the

min max
c>0:ec<yb=20:e-b<B

2Only the weak converse is established in [13, theorem 7.5.1]; however,
Theorem 2 confirms that the strong converse holds.
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transmitter by a jammer whose signal is limited to station-
ary memoryless Gaussian noise of expected total power y.
The following theorems, whose proofs are deferred to
Section III, establish that R(B,y) is the capacity of the
VGAVC. The latter channel encompasses a far broader
collection of jamming signals; viz., it includes all (possibly
nonstationary non-Gaussian) signals of power at most y
(i.e., all signals that satisfy (2.4)).

Theorem 1 (Coding Theorem for the VGAVC): Let A
and e be arbitrary positive numbers with A <1. When n is
sufficiently large, there exists an (n, M, ) random code so
that

M > 2n(R(BM=9)

Theorem 2 (Strong Converse for the VGAVC): Let A
and € be arbitrary numbers with 0 <A <1 and ¢>0.
Suppose that an (n, M,\) random code exists. If n is
sufficiently large, then

M < 2MR(B. )+

We now address the problem of computing R(B,y). As
stated earlier, for y = 0 the optimizing power distribution
in (2.6) is easily calculated from (2.7). The following theo-
rem shows that a simple procedure also exists for comput-
ing the power distribution 5° and ¢°, that optimize r (b, ¢)
when y > 0.

Theorem 3: Consider the following two-player zero-sum
game (cf. [15]):

Program I: max min  r(b,c)
b>0:e-b<Bc>0:ec<y
Program II: min max r(b,c).

c>20:ec<ybz20:eb<p

Let ¢® be the water-filling vector of power y for the
background noise power vector a, and let b° be the
water-filling vector of power 8 for a + ¢°. Then ¢° and 5°
are saddlepoint strategies for the game defined above; i.e.,
for any other nonnegative sequences ¢ > 0 and b > 0 such
that e-bh < B and e-c <y where e=(1,:--,1), the follow-
ing double inequality holds:

r(b,c%) <r(8°%c%) <r(b%c). (2.10)

The optimizing power distributions of Theorem 3 also
have a simple water-filling interpretation, illustrated in
Fig. 3. A volume y of water is poured into the container of
Fig. 2. The depth of the ith plateau below the water’s
surface is c¢. We then pour an additional volume B of
water into the container. The amount by which the new
water level rises above the old over the ith plateau is b°. It
is interesting to note that ¢® and b° are “mutually water
filling” in the sense that ¢ is also the water-filling vector
of power y for the sequence a + b°.

III. PrOOFs OF THEOREMS 1-3

We will prove Theorem 3 first, because its conclusions
are required in the proofs of Theorems 1 and 2.

Proof of Theorem 3: It suffices to prove the following
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Fig. 3. Water-filling interpretation of optimizing power distributions

from Theorem 3 (m = 5).

two statements:

b,c®) =r(b°, c°
) pa i _r(B:e?) = (3, c%)
b) min  r(8%¢c) =r(8°%c%)

c>0:e-cxy

where (b, c) is defined in (2.9) and 5° and c© are as
defined in Theorem 3. Statement a) is well-known
[13, theorem 7.5.1]; therefore, it only remains to show b).
The function r(°%-) is convex over {¢: ¢>0}; thus
necessary and sufficient conditions [13, theorem 4.4.1] for
a given sequence ¢’ to minimize r(#°, -) are

ar(b°, ¢
—=p, foralli: ¢/ >0
de;
ar(b°, ¢’
—%——)—Zp, forall i: ¢/ =0 (3.1)
C.

i

for some real p.

We now show that ¢° satisfies these conditions. Note
that the water-filling sequences have the following proper-
ties (see Fig. 3): ¢®> 0 implies ¢ + a,= ¢ + a, and b) =
b%; ¢® =0 implies a,> ¢+ a;, b2+ a;>c{ +a;+b?, and
b? < bY. Therefore, if ¢ > 0, then

0

ar(d°,c) - b0
dc; _2(al.+c,0)(a,.+c?+b?)
_b‘i)

- 2(a,+ ) (ay+ e+ 80
Otherwise, if ¢? =0, then
ar(b°,c®) -5
ac, 2a,(a;+b°)
_.b(ll
>

“2(a,+ Q) (ay+ e+ b))
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Thus (c2,- - -, ¢2) satisfies (3.1) with
- b?
2(a+f)(a+ e +b)

p=

thereby proving statement b). This completes the proof of
Theorem 3.

Proof of Theorem 1: Let € and A be arbitrary positive
numbers with A <1. We now show that an (n, M, A) code
exists with M > 2"REN~9 for all sufficiently large n. We
suspect that the best transmitter strategy and the worst
jammer strategy are both asymptotically Gaussian (as in
[9)). Therefore, define p(Y|U) and p(U) to be the condi-
tional density and unconditional density, respectively, of
Y* when U* has i.i.d. N(0,diag(s%)) columns, S* has i.i.d.
N(0,diag(c)) columns, and Y*=U*+ H*+ §%; ie,

p (i) = inIl [2W(Ci+ ai)] _M/zexp(— iél (—2)1(’—1‘7%)

p(Y)= Ii[l [2w(b?+ci+a,-)] e

ool -§

i=1 2(1’?"' ¢+ ai)

for all Y=y}~ and U= {u,;}7"~,, where b is the
optimal transmitter power vector defined in Theorem 3
and ¢ >0 is an arbitrary jamming power vector. For any
given m X n matrices U and Y and any ¢ > 0, define the

mutual information between Y and U as [13, p. 29]

p(YIU)]
L(U;Y)=log, | ———
( 21 p(Y)
mon y2
=nr(b° ¢)+1 .7 E—
wr{Fsc) ngei’?_;l 2(b,°+c,+a,.)
_ (yij_uij ?
2c,+a;)

Finally, let G, consist of real m-vectors ¢ >0 such that
nc/y has only integer components and such that e-¢ < y;
clearly, it follows that |G,| < (n +1)™.?

To prove Theorem 1, we require the following two
lemmas whose proofs are contained in the Appendix.

Lemma 1: Let U* = {u}}™/., be arandom matrix with
independent elements so that »% has distribution N(0, bY),
and let Y be any m X n matrix. Then

Pr{%IC(U*;Y)>a} < (3.2)

holds for any real a« and ¢ > 0.

Lemma 2: Let U* be as in Lemma 1. Then for any
m X n matrix S that satisfies P(S) <y, there is a jamming

*| 4| denotes the cardinality of the set A.
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power vector ¢® € G, so that
l N
Pr{—Ics(U*; U*+ H*+5) <r(b° c5)— 6} < 28 /4Tm
n

(3.3)

holds for all 0 <8 <5m and n> (1+2/8n2)m?

Remark: Observe that the right side of (3.3) does not
depend on S and tends to zero for all § > 0.

We now proceed with the proof of Theorem 1. Fix ¢ > 0,
and to avoid trivialities, assume that ¢ <10m. Let M =
2[7(R(B:1)=91 For any m X n matrices U and Y we say that
Y is G,-typical of U if and only if

1
—I(U;Y)>r(b%c)—¢€/2
n

holds for some ¢ € G,. Consider an (n,4M) random code
whose codewords {Uy*,- - -, Uy, } are independent replicas
of U*={u}}"Z,, where the components u} are inde-
pendent and N(0, b?) distributed. We decode a particular
received sequence Y as message i if and only if Y is
G,-typical of U* and is not G,-typical of U* for any
J # i; otherwise, we declare an error. Let D* be the set of
received sequences that are decoded as U;*. It is easily seen
that

{Ui*+H*+S€f),.*}=B,.U( UBJ.)

J*i

where
1
= ﬂG {;Ic(lJi*; U*+ H*+8) < r(b°,c)—e/2}
and
1
B = C[E_JG {;Q(U,*; U*+H*+8)>r(b%c)- e/z}.

Therefore, for each S satisfying P(S) <y,
Pr{U*+ H*+SeD*)
<Pr(B)+ ¥ Pr(B)
j#i
g)z—ncz/lssm_{_ Z Z
Jj*iceG,

1
Pe{ LU U H ) > r(80) - o/2)

b s
o-ne/1ssm g (431 1) |G, "=/

) m
;z—n(2/188m +8(ﬂ+1) 2—m:/2 (34)

holds for all n > (14+4/eln2)m?, 1 <i < 4M. The justifica-
tion of these steps is as follows. Step a) follows by observ-
ing that e <10m and

1
B, c {;Ic,(Ui*; U*+H*+S) <r(b°,cs)—c/2>
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and applying Lemma 2 with 8 = ¢ /2. Step b) follows from
applying Lemma 1 to the right-most term in a), and step c)
follows from M < 2"REM=9 G | < (n+1)" and (2.10).
The last line of (3.4), which is independent of S and i,
tends to zero for all € > 0, as desired. The code defined
earlier, however, does not satisfy (2.3) since the codewords
are Gaussian. This can be remedied by selecting a subset
of M codewords as follows. Let A*= {i: P(U*)>p,
1<i<4M}. If |A*| < 3M, select in any way a subset of M
codewords that satisfy P(U;*) < B (together with the cor-
responding decoding sets) and call the resulting code C*;
otherwise, if |A4*|> 3M, declare an error. It follows that

A (Cr) <27 /188 4 8(n +1) 27"/
+Pr{|4*>3M} (3.5)

for all n> (1+4/eln2)m? Note that |A4* is binomial
(4M, p), where p=Pr{P(U*)> B}, and that P(U*) is
gamma distributed with EP(U*) = B. Since the median of
the gamma distribution is less than or equal to the mean, it
follows that p <1/2. By Chebyshev’s inequality [16, p.
190] we have

Pr{|4*>3M} < ﬂl__p_)i < l <2 MRBM -
(BM-4Mp)" M :

Substituting this last result into (3.5), we find that the
right side of (3.5) can be made less than any A >0 for n
chosen sufficiently large. This completes the proof of The-
orem 1.

Proof of Theorem 2: For all ¢ >0 and 0 <X <1, we now
prove that an (n,2"R(E-1*9 X\ random code does not
exist for all sufficiently large n. Let

G= {(Ul’Dl)" 5 (Ups DM)}

be any (n, M, A) deterministic code. Since R(p,-) is con-
tinuous and decreasing, we can choose y <y so that

(3.6)

Let ¢° be the water-filling vector of power y for a. Let

*= {5}~ be an m X n random matrix with indepen-
dent elements so that s* has distribution N(0,¢}). As
defined, S* does not satisfy (2.4). Therefore, define $* = S*
if P(S*) <v; otherwise, $* = 0. Clearly, S* satisfies (2.4),
and by the law of large numbers [16, p. 363]

R(B.7) SR(B.Y)+ 5.

€, =Pr{S*+5*) >0
as n — oo0. It further follows that
A (C) > lsn}'(a;(MPr{Uk+H*+ S*eDp)

> max Pr{U +H*+S*€D}} e,
l<k<M

Let b° be the water-filling vector of power 8 for a + &°,
and for 0 <8 <1 define the following mn-dimensional
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ellipsoidal regions:

m,n y<2
l=1{Y = 1
Es { I,‘]Z=1mn(l+8)(b?+5?+a{) = }
m,n y'l
2=y . <1}.
E; { i,/z=l mn(1-8)(e+a,) }

We require the following two lemmas whose proofs are
contained in the Appendix.
Lemma 3: Let U= {u,;;}{"/L; be any m X n matrix such

that P(U) < B (cf. (2.2)). Then for any § > 0,

— 4
Pr{U+ H*+ S*€ E} —. 3.7
I'{ 8}<mn62 ( )

Lemma 4: Let v(A) denote the volume of any 4C
R™ " and define p = Pr(H*+ $* € 4). Then

v(A) = v(EL\ m)) (3.8)

where g(8)=(1-8)e’, for 0 <8 <1.
To prove Theorem 2, we proceed as follows. Fix 1> § > 0
(to be chosen later). Choose ny=ny(A,8,m,y,¥) =2

(which does not depend on C,) so that
1-A 4 1-A ( 1-A

<
mnd? = 4 2

2/mn
€©S ) >g(8)
(3.9)

for all n > n; this is possible since g(8) <1 forall 1> 8 >
0. Define D/ = D, N E;. From Lemma 3 and (3.9) it fol-
lows that

1-A
Pr{U +H*+S*e D/} > -
From (3.9) and Lemma 4 it follows that
v(D}) = »( E}). (3.10)

The volume of the unit sphere in mn dimensions is

,”mn/Z
mn+2\"
r| ™=
2
Thus, by an elementary change of variables, the volume of
an mn-dimensional ellipsoid with axes {r,; }2; is

mn/2

T m,n
mn +2 11 Tij-
F( ) ij=1
2

Therefore, from (3.10) the volume of D{ U --- U D/, is at
least

77-”1"/2 m
mn —o\n/2
Mm(mn(l—ﬁ)) /2,1:11(12,.4-6?) .
2

On the other hand the volume of D{U --- U D is no
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more than the volume of E} which is
T
Tmn+2\
o[
Therefore,

log,M 7 1 b? m 1+8°
“togy |1+ —— |+ Ziog, | ——
p S,Ez ng( 4+ 2 ng(l—ﬁ)

mn/2 m
2

(mn(l+8))m"/21—l (B,.O%- a,+ Ef»))"/ .
i=1

_ m
:R(B7Y)+—10g2

1+6
7 o

1-6

€ ml 1+6
<R(,B,y)+§+—2— ng(;—g).

Choosing 1:> § > 0 small enough to ensure that

1+8
mlogz(—l‘S) <e,

we conclude that A <1 implies that M < 2"RAN+O for
all n > n,, thereby establishing a bound of the form given
in Theorem 2 for all (rn, M, ) deterministic codes. How-
ever, since the bounds obtained were uniform (i.e., n, does
not depend on C,) over the class of deterministic codes,
they hold for random codes as well. This completes the
proof of Theorem 2.

IV. CONCLUDING REMARKS

We have established the random coding capacity of the
VGAVC when the transmitter and jammer are subject to
time-averaged power constraints. Although the proof of
this result is complicated, the final capacity formula (as
given by Theorem 3) has a simple interpretation: C is
identical to the capacity of the vector additive Gaussian
noise channel that would be formed if the jammer trans-
mitted a sequence of i.i.d N(0,diag(c")) random vectors
(cf. (2.6)). Thus although the definition of error probability
(2.5) presumes that an intelligent jammer will exploit
knowledge of the statistics of the transmitter’s random
code to inflict the largest possible error probability, we
find that the jammer, regardless of how he distributes his
power, can do no more harm (in the sense of limiting
achievable rates of reliable transmission) then memoryless
Gaussian noise with the water-filling power distribution.

The results of this paper generalize [9, theorem 1] to
vector channels. In [9] it was shown that for time-averaged
power constraints on the transmitter and the jammer the
capacity of the scalar GAVC is the same as the Gaussian
channel that results when the jammer transmits memory-
less Gaussian noise at the maximum allowable power. We
might also consider imposing ensemble-averaged power
constraints, as in [9]. Under such constraints it is likely
that the VGAVC, like the scalar GAVC’s of [9], will have
no capacity in the usual sense. The exact form of the
region of achievable rates and error probabilities, however,
is not presently known.
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The capacity of the VGAVC for deterministic codes, if it
exists, remains an open problem, as it is in the scalar case
[9]. The presence of a cost structure on the set of transmit-
ter and jamming symbols causes the results for the GAVC
to be qualitatively unlike those of the discrete AVC. It is
important to note that many methods that have proved
useful in the study of discrete AVC’s, notably the Ahlswede
[17] elimination technique, cannot be applied when cost
constraints are considered [9], [19]. It is likely that new
techniques will need to be developed to deal with the
special features of these channels.
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APPENDIX
Proof of Lemma 1 v
Using the inequality u(r) <2’ for all real 1 (where u(r) is the

unit step function), we derive the following upper bound:

1
Pr{—Ic(U*; Y) >a}
n

3
=

SE{z(L(U";Y)fmx)}
y:zj _ (yij - “i";' 2
A +¢;+a;)  2Ac+a)

E{exp
zzrt(r(bo‘c)-a) ]_—I 1

1 i=1y1+b2/(c; + a;)

= 2rl(r(h°,(‘)—a) Xz—nr(ho,c) - 2—}14:(

= 2n(r(h°,c)*a)

I
-

i, j

3

Step a) follows by observing that if X is N(gp,02) and b<
(26%)7}, then [18, appendix 7C]

() = (A1)

1 bu?
Vi-2b0° exP{ 1—2b02}'
This completes the proof of Lemma 1.

Proof of Lemma 2
Using the inequality u(¢) <2°* for all real ¢t and p >0, we
obtain the following upper bound for all ¢:

1
Pr{;Ic(U*; U+ H*+ S) sr(bo,c)aS}

m,n

= Pr{logze h

i, j=1

2
(nf +s,;) _(ui‘;'+n;“j+sij)2>n8
Ac+a)  2A0+c+a) =

m,n
<27 ] Elexp
i, j=1

P(ni’; +Si,‘)z B P(“i’; + 7 +5ij)2
2(¢;+a;) 2(b,0+c,-+a,~) '
(A2)
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The factors on the right side in (A.2) can be evaluated as follows:
E { exp
=E { exp

XE{exp

p(ny +s,)" p(ur+uy+s,)’
2(c; +a;) 2(b?+c,+a,.)

P("h*,"’“ij)z\
2(c;+a;) )

_p(u;‘;+n,-";+s,j)2 .
2(b? +¢+ a,) s

a) (b?+c,.+a,)

SV [a+e)p+¢ +a]

b) (B0 +¢;+a;)

- 1+p)b0+ ¢ +a;
(1+p)

x E{exp(m(p)(n% +5,)°) )

where

p(1+p)B)
A, +a)((1+0)b0 + ¢, +a;)’

m(p) =

Steps a) and b) above follow from (1). Substituting b) into (A.2),
we find that

1

Pr{—I(.(U*; U+ H*+8) <r(B°,¢)— 8} < e ERCS) (A 3)
n

for all n>1, p>0, and ¢ >0, where

m [
E(p,c,S) =pdln2+ Y [Eln(l—hr,(p)a,)
i=1
1 pb! m(p)c/
+= - ‘
2ln(1+b?+ci+ai) 1-27(p)a; (a4)

where ¢/ =(1/n)%7_;s}. We can assume that £¢/ =1y, since
otherwise we could bound (A.4) below by multiplying the con-
stants ¢/ by y/Zc¢/. Under this assumption we have a simple
lower bound for p <1:

)
E(p,c,S) ; p81In2

'" pb? 7(p)(¢/ +a,)
> 2(1+p) 80 S o1-
i=1 p)b; +ci+ai) 1-2m(p)a;
) 6, 1 »
2081ﬂ2+ —p‘— i IYZT TR Y
1+p 1-p}/2 2(b,~ +c,—+a,)

where

¢ +a;
0,= max .
1<ism\ ¢ +a,

These steps are justified in the following way: a) follows by
applying the inequality In(1+ x) > x/(1+ x) for all x> —1;
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b) follows from p <1 and
7(p)(c/ +a;)
1-27(p)aq,
p(1+0)b0(c/ +a,)
a 2c;+a)((1-02) B + ¢, +a,) +2p(1+ p) be,
¢+ p(1+p)b)
< X
¢ +a; 2((1—p2)b,0+c,+a,.)
06, b
X s .
Z(b, +c,+a,)

A

1-p

We now choose ¢®€G, to give the desired result. Let i

maximize ¢/, and define* ¢’ = y[nc//y1/n for i#i, and ¢’ =y
~¥,.;¢5. 1t follows that

¢/ +a; d+a;
< <l<|—5
¢ +a; ¢ +a;
for i # i; hence 6, = (¢/ + a;)/(¢f + a;). By definition ¢/ — ¢f <

my/n and ¢/ >y/m, so that ¢ >y/m— my/n. If we restrict
n> m?, it follows that

o
X

H m

0, <— <1+

. (A5)

5|

n—m

It follows from (A.5) and b) that for the ¢% chosen earlier,

o P P m
E S S22+ ——— — ——
(p.¢5) 2pbln |1+p 1-p l—pn—m2]
m p°

[ 20% p m m

8ln2— - -
zpoin | 1-p* l-pn-m?|2
2p(8In2—1,)-2p’m, forp<1/2

where 7, =m?/(n—m?). Let p"=(81n2—7,)/4m. Restricting

n>(1+2/81n2)m? and 8 <5m ensures 7, <8In2/2 and 0 <

p° <1/2. Therefore,

(6In2)°> & In2
2om C 4lm

Combining (A.6) with (A.3), it follows that for all 0 < § < 5m and
n>(1+2/8In2)m?

E(p%¢5,8) > (A6)

1 N
PI'{—I‘_(U*; U*+ H*+ S) < r(‘bo,c) - 8} < 2*/182/47m’
n
as desired. This completes the proof of Lemma 2.

Proof of Lemma 3
Let ¥ = (1/n)L" 4} and define
2
mn (uy; +mf +s2

e mn(1+8)(B°+ & +a,)’

4Ix] represents the unique integer / such that x </<x+1.
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It is easy to show that
mob o+ +a;
max i
b;20:Th<B /=1 b + ¢ +a,
Using this, we obtain the following bounds:
m (b;+2+a,) 1
E(Z)= = <
(Z)=% m(1+8)(b?+5?+ai) (1+9)

i=1

m 2(a?+a,.)2+4(2,. +a,)b,

=1 mn(1+8)H (B + & +a,)’

var(Z) =

4 m

>

< 2
m*n(1+8)° 5

b+ +a, 4
7.0 -0 =< 2"
b, +c¢ +a; mn(l-}—s)

We now apply Chebyshev’s inequality [16, p. 190] to obtain
var(Z) 4
2 < 2"
(1-E(Z))" mnd

This completes the proof of Lemma 3.

Pr(Z>1) <

Proof of Lemma 4

For any set BC R”*", let P(B)=Pr(H*+ §* € B). Observe
that H*+ S* has a probability density function that is invariant
on the boundary of E}; further, it is a strictly decreasing func-
tion of 0 < & <1. It follows that P(E}) < P(A) implies »(A) >
v(E?). To see this, note that P(A4 — E}) > P(E} — A) implies
v(A— E3) 2 v(E} - A).

Application of the Chernoff bound [18, p. 97] to P(EZ) yields

P( Esz) < [(1—8)(_’&] mn/2 — [g(s)]mn/z

where g(-) is strictly decreasing from 1 to 0 on 0 <8 <1. Thus
for 8 = g '(P(A)?/™"), we have P(A4) = P(E}), as desired. This
completes the proof of Lemma 4.
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