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An Explicit Construction of a Sequence of Codes
Attaining the Tsfasman—Vladut—Zink Bound
The First Steps

Conny Voss and Tom Hgholdt, Member, IEEE

Abstract—We present a sequence of codes attaining the Tsfas-
man-Viidut~Zink bound. The construction is based on the tower
of Artin—Schreier extensions recently described by Garcia and
Stichtenoth. We also determine the dual codes. The first steps of
the constructions are explicitely given as génerator matrices.

Index Terms— Algebraic geometric codes, asymptotically good
codes.

1. INTRODUCTION

ET F, be the finite field of cardinality ! and let (F});>1

be a sequence of algebraic function fields over IF; where
F;/F, has genus g; and N; = N(F;) places of degree one
such that g; — oo and

lim N;/g; > 1. (1

It is well known (see [6], [8]) that in this situation one
can construct asymptotically good sequences of algebraic
geometric (geometric Goppa) codes over F;.

Let Ni(g) := max{N(F)|F- is a function field of genus
g over F;} and

A(l) := lim sup Ni(g)/g.

g—00 )
The Drinfeld—VIidut bound (see [1]) tells us that
A <Vi-1

and it was shown by Thara [3] and Tsfasman, V1idut, and Zink
[7] that, if ] = ¢2 is a square

Alg*) =q-1.

For [ a square, | > 49 and lim; .. N;/g; = A(l) the
Tsfasman—VI1ddut-Zink (TVZ) theorem [7] says that the pa-
rameters of the related algebraic geometric codes are better
than the Gilbert~Varshamov bound in a certain range of the
rate. In [4] and [9] it is shown how to reach the TVZ bound
with a polynomial construction but the complexity of this
algorithm is so high that the actual construction, i.e., generator
or parity-check matrices of the code, is intractable. In a recent
preprint by Feng and Rao [10], the authors claimed to have
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found asymptotically good codes in an elementary way using
socalled generalized Klein curves which ate defined by the
equations

3 3 ,
Tip®i+ & + @i =0,0=1,---,m—1

over GF (8). Pellikaan tried to figure out whether their claim
was correct (the curves are asymptotically bad as recently
found out by Garcia and Stichtenoth) and suggested the curves
with equations :

CHRES + a? + 41 =0, i=1,---,m—1over GF(4).

It turned out that this gave a tower of Artin-Schreier
extensions which enabled Garcia and Stichtenoth to generalize
to an arbitrary square power g and to calculate the genera and
the number of F,-rational points and therefore to prove that
the curves were asymptotically good, so we have a tower of
function fields (F});>; over Fgz reaching the Drinfeld—Vladut
bound A(q%) = ¢ — 1. The function fields of this tower are
defined in the following way:

Definition 1.1: Let Fy := F2(xy) be the rational function
field over Fpe. For n > 1 let

Fn+1 = Fn(zn+1)

where 2,4, satisfies the equation

q — g+l
zn+1 + Zn41 = Z‘;Zl

with

Tp = Zp/Tn1 (‘for n > 2).

In this paper we first present sequences of asymptotically
good algebraic geometric codes related to the function field
tower of Garcia and Stichtenoth, and we determine their dual
codes as well.

For a function field F;/F 2 an algebraic geometric code C;
is of the form C; = C¢ (Di, Gl) with D; = P+ -+ P, where
the P;’s are pairwise-distinct places of degree one in F;/F 5,
and G; a divisor of F; /F ;2 such that supp(G;) Nsupp(D;) =
). Then

Ci = {(f(Pr),- -+, f(P))If € £(Gi)} € (Fg2)™

For applications of such codes in practice one needs an
explicit description, which means an explicit basis for the
vector space L£(G;) or a generator matrix of the code C;.

0018-9448/97$10.00 © 1997 IEEE
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Fig. 1.

The second function field F, in the tower is the Hermitian
function field and the related codes C5 in our sequences are the
well-known Hermitian codes (see, e.g., [6]). In the second part
of this paper we will describe the codes C3 corresponding to
F3 in detail by constructing a basis of £(G3) and a generator
matrix for C3. As in the Hermitian case, it turns out that the
dual codes of the codes Cs are of the same type.

From the special case G35 = sP,,, where s >0 and Py is
the pole of z; in F3s, we get the pole numbers of P.,. While
in F> the pole numbers of the pole of z; are generated by
only two numbers, namely, ¢ and ¢ + 1; it turns out that in
F3 one in general needs more than three numbers to generate
the whole set of pole numbers.

Our bases for the vector spaces £(G3) consist of monomial
expressions in z1, zo, and z3 (where negative exponents are
possible) which makes it easy to give a generator matrix
for the codes 3. One could maybe hope that, in a similar
manner, a general description of the spaces £L(G;) for ¢ > 1
would be possible, but unfortunately already for G4 monomial
expressions in &1, 2, T3, and 24 are not sufficient to generate
the whole space.

II. PRELIMINARIES

We start with some notation and definitions that are used
throughout this paper. Many of them are the same as in [2].

Fi,i2>1 function ficlds as defined in Definition 1.1;
9: = g(Fi)  genus of F;/Fg;

P(F) set of places of the function field F//F ;3
N; = N(F;) number of places P € P(F;) of degree one;
Up normalized discrete valuation associated with

P;
Diff (F,,/F}) different of the extension F, /F}, (k <n);

Lur] vl [ro]  »2
[wr] (o] [ e
4
T N i B
Lsel  [we]  [r@] Pu
Q, Lse] L1 P
Q,  [r] w2
Q, Poo
cong, /r, (A) conorm of a divisor A of F in F, (k<n);
PN EF restriction of a place P € P(F,) to

Fy, (n > k‘)

We recall some properties of the function fields F; /F ;> (see
[2, Lemmas 2.1, 2.2]).

Lemma 2.1:

i) Suppose that a place P € P(F,) is a simple pole
of z, in F,. Then the extension F,1/F, has degree
[Fr+1: F] = ¢ and P is totally ramified in F,,1/F),.
The place P’ € P(F,. 1) lying above P is a simple pole
of Tp+1-

ii) For all n > 1 there is a unique place Q,, € P(F,,) which’
is a common zero of the functions z1, 29, 23, - - -, 2,,. Its
degree is deg @Q,, = 1. For 1 < k < n, the place @, is
also a zero of zy, and we have vg, (z1) = ¢°~!. In the
extension F, 1 /F, the place @, splits into ¢ places of
F41 of degree one (one of them being 1)

We introduce the following sets of places and divisors:

Definition 2.2: See Fig. 1.

i) For n > 3, let

S = {P € P(F)|PNFp_y=Qn_1and P # Q,}

and

pfM= 3" P

Pes{™
ii) For 1 < ¢ < |(n—3)/2], let

S .= (P € P(F,)|P N Fyy € S"TY}
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and

DW= Y P
pesi™
iii) Let

T® .= (P e P(R)|PNF, =Q and P # Q5}

and
E® = Z P
PeT(®)
and for n > 3, let

7™ .= (P e P(F,)|PNF,_; e T}

and

EM:= M P

PeT(”)

iv) For n > 4 and n = 0 mod 2, let
U1(1n_)1 = {P € P(Fn)lp NF,—1 € S(n 4)/2}

and

MD = S P

peUt™),
and forn > 5 and 1 <4 < |(n — 2)/2], let

US) = {P € P(F)|P N Froy € USTHY

and

i) E:
2z+1 T P.
(n)
Pesz+1

v) Let Py € P(F}) denote the pole of 24 in F; and for
n > 2, let Péf ) be the unique extension of P, in Fj,.

IIi. SEQUENCES OF ASYMPTOTICALLY
GooD CODES AND THEIR DUALS

Definition 3.1: For o € F,» we denote the zero of x1 —
in #} by P,. We define

ION Z P,
ogF 2
GW =3P,
D@ :=Q,+ E® +

>

OtG]FqQ\{O}
with 0<s<¢®+¢°—q—2

COnp, /Py (PO!)

G® = p®
and for n > 3

D™ :=Q, + D{ + Z cong, /5, (Pa)

aEFqg\{O}
L(n—=3)/2]
G = N mMT) +rE™ 1 5P
=1

where

) -3
0<m; <g"* ', for 1<i< FTJ

0<r<g" '4¢"%-q-2
0<s<g" ™ +4q"—qg—2.

Definition 3.2: For i > 1 we define the algebraic geometric
codes

C; == Cp(DW G0,

Observe that the codes (' are generalized Reed—Solomon
codes and the codes Cs are Hermitian codes (see [6]).

For ¢ > 3 and 2¢g; — 2 < deg G < (¢% — 1)g*~* + ¢ the
code C; is an [n;, k;, d;] code of length n; = (¢ —1)¢* "' +¢,
dimension k; = deg G 4+ 1 — g; and minimum distance
d; > n; — deg G®, where

' L(i=3)/2] ,
deg G = (¢ —1) Z miq" +(g—1D)r+s
j=1

and (see [2, Theorem 2.107)

¢+ gt = gD/2 2 9q0-D2 11 ifi=1mod 2
qz + qz—ll _ %q(lz/2)+1
_8gif g gy

gi =
ifi=0mod 2.

Thus for the codes we get

G kg L 9
T L5 g Ty
and the right-hand side is 1—1/¢ in the limit as ¢ — co, which
exactly is the Tsfasman-VIiddut—Zink bound.
In the following, we want to determine the dual codes of the
codes C;,7 > 3. From [6, Proposition 11.2.10], we know that
O+ is again an algebraic geometric code Cc (D™, H®) with

H® = p& — g® 4 () )
where 7; 15 a Weil differential of F; / -4z such that
vp(mi) = —1 and (1) =1 Aforall P < DO - (3)

(7;, is the local component of 7; at the place P).
In order to determine the codes C3- we therefore have to find
a Weil differential of F; with the property (3) and to determine
its divisor. Since the divisor of such a differential depends on
the different of F;/Fy, we first compute the different.
Proposition 3.3: For n > 2 we have

[((n—-3)/2] n—2j—3

Z 2 M

Diff (£, /F1)= (g — 1)(g + 2)

n—3 n—2
+ Z ¢ E™ + Z g P
i=0 =0
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Proof: For n > 2 we have for the different (see [6,
Coroliary TI1.4.11])
Diff (F,/F,) =Diff (F,,/F,_1)
+ COIl]:’n/}:’m_1 (DIH (Fn—l/Fl))

By [2], all places of F,,_; appearing in the different of
F,_1 over F} are totally ramified in F,,, and Diff (Fy/F}) =
(g - V(g +2)P2 and for n > 3

Diff (Fn/Fp-1) = (¢ — 1)(g + 2)

(n—38)/2]
o M)+ E™ 4+ P
j=1

The proposition now follows by induction. U
Next we determine the principal divisor (z1)™ of z; in F,.
Lemma 3.4: For n > 3 we have
L(n—3)/2] L(n—2)/2) '
(xl)(n) :Q'n + Z Dz(n) + Z qn_2_2ZM2(?_|)_1
i=0 i=1

+ qn—2EE'1,) _ qn—lpo(:)'

Proof: By Lemma 2.1 and Definition 2.2 we obviously
get

(z1)® = Q2 + E® — ¢P®
and
(ml)(s) =Q3+ Dég) + qE(3) - qug).

Observing that for n > 4 and » = 0 mod 2 we have

Ul = S((Zf_ 4)/2)+1- the assertion follows immediately by

induction. . 0
Lemma 3.5: Let z := z{ — z;. Then for n > 2
L(n=3)/2]
D ()™W=D™y S pm
i=1
L(n=2)/2]

+ Z qn—2i_2M2(?_2_1
=1
+ qn—2E(n) _ qn—{-lpo(:)

i) (dz)™ =(¢-1)(g+2)
L(n=3)/2] n—2j—3

n—3
> Y dMGL+ Y dEW
1==0

7=1 1=0
n—2 ]
+ <(q -D(g+2)> ¢ - 2q"_1) P,
=0
Proof:

i) is an immediate consequence of Lemma 3.4.
ii) For the differential dz we have

dz = d(ar:‘{2 —z1) = —dz;

and therefore for its divisor in Fy,, (dz)™ = (dz;)™.
By [6, Remark IV.3.7.(c)]

(dz1)™ = —2(21)) + Diff (F,/Fy)

and we obtain the assertion from Proposition 3.3. [

Obviously z~'dz is a Weil differential of F,/F_ with
property (3), and hence we get with (2) and Lemma 3.5 the
following result for the dual codes of the codes C;,i > 3:

Theorem 3.6: For ¢ > 3 we have

Og(D(i), G(i))l _ C’E(D("),H(i))

with
L=z . , T ,
HO= 3" M), 4pEOePO~ ¥ DP-5MP,
j=1 Jj=1

where

5 = 1, f1=0mod?2

‘710, ifi=1mod 2.

c=¢Mtqg-qg-2-3s

p=q¢"'+q¢P—q-2-7

L 3
pi=q"F N g2 p; for 1<j< V_TJ

Remark 3.7: It is well known that the dual code of a
Hermitian code Cy again is a Hermitian code, namely, for
0 < 8 < ¢®>+¢%— g— 2 one has (see [6, Proposition VIL.4.2])

Ce(D®, sPO)E = CL(DP, o PY))
with o =¢® +¢> —g—2—s.

From Theorem 3.6 we get a similar result for the codes Cj,
that is

Ce(D®,rE® + sPR)* = Co(D®, pB + o PY)

withp=¢?-2—rando=¢*+¢*>—¢g—2—s.

For 4 > 4 it is not completely true that the dual codes are of
the same type as the codes C;, since the divisors H(*) prescribe
in addition some zeros for the functions.

IV. THE CODES RELATED TO F3/F

Our next aim is to describe the codes corresponding to
F3/F ;2 explicitely which means that we want to determine
a basis for a space £(G(®)) and a generator matrix for Cs.
Since we are only dealing with the codes related to F3, we set

E:=E® py:=D® D:=D®

Glr,s) == G®

Py :=P£)

where }
0<r<¢®-2 0<s<¢g*+¢¢-q-2
and
2 —4g< (g-Dr+s<g*—*+q.
Then by Definition 3.2
C(r,s) :== Ce(D,G(r,s))
is an [n, k,d] code with
n=¢"~¢"+q, k=(-Ur+s—q¢*+2
and i
d>¢*—*+q—(¢g—1)r—s. ()
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We want to construct a basis of L£(G(r,s)) where all
elements are of the form

shxzl  with 4,49, € Z.
With Lemma 2.1 we get for the principal divisors of 21, 2,
and z3 in F3

(z1) = Q3 + Do + qF — ¢* Py
(x2) = ¢Qs + ¢Dg — qE — qPw
(23) =q(q+1)Q3 — (¢ + 1)E — (¢ + 1) P

and from the valuations of xq, zs, and z3 at the different
places we get the conditions on the exponents iy,42,j such
that z3* 2?23 € L£(G(r, s)). The difficult part is to find enough
linearly independent elements of that form.

Definition 4.1: We define the following sets:

Ii(r,s) :={(41,12,5)]0 £ 41,0 < i, < g — 1,
isg+jlg+1) < s —iag?,
i2q+j(g+1) <7 +iig}

Ir(r,s) :={(41, —i2, 7)1 < iz < q,01 > 42¢,0 < j < g— 1,
Jlg+1) < s +izq —iaq?,
Jlg+1) <7 +iaq +iag,

(i — 1, —ig+q,5) & Ii(r,8)}

Is(r,s) = {(—iy, 02, §)|1 < i1,1 iy < g — 1,
19 > 41,0 <7 < g1,
isq+ j(g+1) < s +i14?,
isg + (g + 1) <7 —i1q}

I(r,s) :=I1(r,s) U Is(r,s) U I5(r, s)

Lemma 4.2: For 11,01 € Zand 0 < ig,0l5,5,k < qg—1we
have

®

12 +iag+ g+ D) =h® + g+ k(g+1)
& (i17127j) - (ll)l27k;>'

Proof: Trivial. O
Theorem 4.3: The set

B(r,s) = {a2 2 2|(41, 49, 5) € I(r,s)}

is a basis of L(G(r,s)) over Fp.
Proof: Using (5) and Definition 4.1 one can easily verify
that

(:clfx?zg) > —G(r,s) for (i1,i2,7) € I(r,s)

which means that B(r,s) C L(G(r, s)).
Let u = z{*z32] € B(r,s). Then

~vp_(u) =192 +iag+ (g +1)

and from Lemma 4.2 we obtain that all elements in B(r,s)
have different orders at P.,, which implies that they are
linearly independent. (Observe that for (21,49, 7) € Iz(r, s) we
have (i1 — 1,42+ q,7) ¢ I1(r,s) and i1¢® + i2q+ j(g+ 1) =
(31 — 1)g% + (i2 + @)g® + j(g + 1))

Since the dimension of C(r,s) is k = (¢—1)r+s—¢>+2¢
(see (4)) it remains to prove that #I(r,s) = k. In order to
count the elements of I(r, s) we need some preparations.

Definition 4.4: For | € Z we define

1) h(l) = #{(2,j)|0§ 1,05 < g1,
ig+j(g+ 1) <1}

0, if1<0
l .
q, ifl>¢%~1.

For [ > ¢> — ¢ — 1 we have (see [6, p. 212)

M) =1+1-39(¢-1) ©®)
and it is easy to check that for [ > 0
W) + u(l + q) = A + q). (N

Now we set (for r and s as usual)

e

Lemma 4.5:
De—1<d<e¢ife<gorr # 1.
iiy)d=¢g—2ifc=qandr = 1.
i) If d = O then
a=qg~-1 and 7>¢*>—q—3, or
a=¢q~-2 and r=¢*—-2, or
c=q=2 and e=r=1

Proof: We write s = cq(q2 ~1)+Fwith0 < < ¢ —q.
Recall that

2q3—4q<(q—1)r+s<q4—q2+q.

From this follows that 1 < ¢ < g, andif c=qgthenr =0
and f<q,orr=1and 8 =0. If c<g, then

((¢=1)/g)c—=1/g<a/g<((g—1)/q)(c+1)

thus ¢ — 1 < d < ¢. 1) and ii) now follow immediately.
Suppose d = 0. i) and ii) yield either ¢ = 2 = ¢ and
r=1=aorc=1 For ¢ =1 we have

a=q—1+[(B~7r)/q(qg+1)]
and
s=¢"—q+8>2¢"—4g—(g—Dr

that implies

Ca>q—24+(¢"-3-7)/(g+1) = 2¢—3—(r+2)/(qg+1) > ¢—2

and since d =0 alsoa < ¢g— 1. If ¢ = g — 1, then
¢*+9>B—r>q"~3q—qr
hence + > ¢? — ¢ — 3, and if & = ¢ — 2, then
O>ﬂ~r>q3—3q—q7’

hence r = ¢% — 2. O
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Definition 4.6: We define the set

'](lr’ S) = {(217“227.])11 S i? S (I;il Z i2q50 S j _<.. q— 11
J(g+1) < s+ i2q — i1¢?,
Jlg+1) <r+izq+i1q}.

The following remark is easy to check.
Remark 4.7:

D I(r,s)=J(r s\J(r — g - q,$)
i) r+ig<s—ig? = i<a

i) h(r—gq) = h(r - EJQ)
{r/a)-1
+ Z p(r —iq) forr > 2q.
i=1

With Remark 4.7 ii) and Definition 4.4 i) we obtain

#I1(r,5) = Y _(h(r +ig) = h(r — ¢ + ig))

=0
le/4?]
+ Y (h(s—ig®) — h(s — (i +1)¢%))
i1=a+1
=h(s - (a+1)¢°) + Xa:(h(r +iq)
=0
— h(r — ¢ +ig)). ®

(Observe that in the definition of I+ (r, s) we have i3 < g—1.)
By Remark 4.7 i), ii) and Definition 4.4 ii) follows

d a
#Ix(r,5) = Y ( > wlr +isg+irq)

i2=1 \<1=i2q
a+1
= > ulr— (¢’ +q) +izg +irq)
21=02¢
da  [ls+iz9)/4°)
+3 1 Y wls+ig—idd)

1g=1 i1=a+1
L(s+i29)/d"]
- Z (s +iaq —i14%) | + €(a)
i1 =a+2

where

(s — (d+1)q(q® — 1)) = ulr +d(@® + q)),

ela) = ifd < canda = —-1mod ¢

0, else.

Thus by (7)

#I:(r,s) =h{(s+dq— (a+ 1)q2) —h{s—(a+ 1)¢?)
+e(a) — h(r — g+ d(4* + )

d
+h(r—q)+ Z(h(r + aq + iq)
i=1
— h(r — ¢* + ag + iq)). C)]

Finally, from Remark 4.7 iii) we get

lr/ql

#Iy(r,s) = Y h(r—iq). (10)
i=2

Lemma 4.8: For d > 1 we have
s—i—dq—(a—i—l)qzzqz—q—l
and
r—¢+qtag+dg>q*—q—-1

Proof: We write again s = cq(q? — 1) + 8 with 0 <
B<q®~q. Asd>1and (¢g— 1)r + s> 2¢* — 4¢g we have

(g+1)(2¢° —¢-1)
=20+ ~2q—1<gr+s+d@+q) +q-1
=(g+1)s+d(g®+q) — qlcg(¢®* - 1)

+B8-r)+qg—1.
Therefore,
B-r
2> ~q—1<s+dg— 2(0 1)
¢“—-q—1Z QQ(Q)q(q+1)
<s+dg —ag®
and hence

s+dq—(a+l)q2 > —g-1.
Moreover,

(a+1)(2¢* - 2¢-1)
=2¢° -3¢ —1<gr+s+(d-1)(+q) +g-1

thus
2q2—2q—1<r+cq(q—1)+p—~1+(d~1)q
= g+1
<r+aq+dg
which implies
r—¢®+q+agt+dg>q —g-1. O

The next proposition finishes the proof of Theorem 4.3.
Proposition 4.9:

#1(r,s) = (¢ - Vr+s—q° +2q.

Proof: First we consider the case d > 1. Using (8)—(10)
we find

#1(r,8) =h(s+dg—(a+1)g%) +e(a)—h(r—g+d(g*+q))

d+a Lr/4)
+ " (h(r+ig)—h(r—q*+ig)+ Y h(r—iq)
i=0 =1

= h(s+dg—(a+1)g?)+e(a) —h(r— ¢ +d(a*+9))

q
+Z h(r—q*+dg+aq+iq) (11)

i=1
For ¢>d and a = —1 mod g it is easy to verify by (7) that
h(s 4+ dg — (a + 1)g*) + ¢(a)
=h(s+q+dg—(a+1)¢*) —q.
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The assertion for d > 1 is now an immediate consequence of
(11), (6), and Lemma 4.8. Let now d = 0. Using (8)~(10),
Lemma 4.5 iii), and (6) we obtain

#I(r,s) =h(s — (a+1)¢*) + e(a) + z“: h{r +iq)
i=0
q [r/ql
— " hr—ig)+ Y h(r—ig)
i=g—a =2
1 q g-1
h(s—¢®+q) + Zh(r + 1)
ifa=gq— 11:1
q—2

=Y hs = +a®)+ Y h(r+ig)

1=0
fa=g—2andc=1
h(4) +1 4+ A(1) + h(3)
L ife=qg=2
=(g—r+s-q¢>+2¢ O

Corollary 4.10: The pole numbes of P, in Fy are of the
form

116" +i2q +i(g+ 1) with (ir,is,5) € [ J1(0,5).
s>0

Example 4.11: Tt is well known that the pole numbers of
P, in the Hermitian function field are generated by ¢ and ¢-+1,
which implies that the set generated by g% and ¢q(q + 1) is a
subset of the pole numbers of P, in F3. One would perhaps
guess that there 1s just one other generator needed to get the
whole set, but that is not true as the following examples show.

For ¢ = 2 the generators are: 4,6,9,11."

For ¢ = 3 the generators are: 9, 12,22, 28,32, 35.

For g = 4 the generators are: 16, 20, 37, 58, 65,70, 75, 79.

Our next aim 1s to specify a generator matrix for the codes
C(r, s). First we introduce some new notations. We define for
a € Fpe\{0} the set

M, = {(/877) € (qu)g‘lgq + 0= aft!
and 77+ = (a7 BT}

For a € F2\{0} and (8,v) € M, let Psp, € P(F3) be the
common zero of 1 — a, 2z, — 4, and z3 — . From the equations
of the function fields I and Fy over Fp follows obviously
that such places exist and that for o € F.2\{0}

Z Pa.sy.

(By7)EMao

congp, /p, (Pa) =

We define moreover My = {e € Fple? + ¢ = 0} and
Pyo. € P(F3) the common zero of z1, z2, and 23 — ¢ for
€ € My. Now we can rewrite the divisor D as

D=ZP006+ Z Z Pogy

ec Mo a€F 2\{0} (B,7)eMa

Next we fix some ordering on the set

M = {(a, 8,7)|Papy < D}

and define for m = 41¢° + doq + §(q+ 1) with i3,i9,5 € Z
the vector

Um = (Uoz,@'y)(a,ﬁ,fy)EM
where
a2 I@i2,\/j’
Uagy = § 0,
¥,
Corollary 4.12: Let
{miYin = {ind® + 120 + 50+ V)| (i, 42, 5) € I(r,8)}

with m; <myyq for 1 <1 < k—1. Then the k x (¢* ~ ¢* +¢)
matrix Whose rows are Um,, - -, Um, iS @ generator matrix of
C(r, s).

Proof: This is an immediate consequence of Theorem
4.3 and the fact, that for v = z{'z¥23 € B(r,s) we have
W(Pagy) = tapy-

The codes from F3 considered here are better than BCH
codes, and are comparable with the codes coming from the
function field studied by Petersen and Sgrensen in [3]. These
codes over F2 have n = ¢* and

if 3£ 0
if @« =0 and (41 # 0 or i3 # 0)
fao=0and i; =i, = 0.

k+d> g -3¢+ 1q+1

where the codes we consider have n = ¢* — ¢% + ¢ and
E+d>q*—q¢®—q* + 3q.

Finally, we give an example showing that one cannot find
analogous bases for the spaces L£(G) with i > 4. By
an analogous basis we mean a set of linearly independent
functions of the form

1—1
f=1]=i4 € o). (12)
I=1
Example 4.13: We consider the function field Fy/F,4. Its

genus is g4 = 13 and the pole numbers of the functions
fe L(?4P§f)) that are of the form (12) are

0,8,12,16,18, 20, 22, 23, 24.

From the Weierstrass Gap Theorem (see [6, Theorem 1.6.7])
we see that three pole numbers are missing.

Remark 4.14: Already in this simple example we see, that
the functions of the type (12) only generate a subspace of
L{GW) for i > 4. An idea could be to consider sequences
of subcodes of the codes C; in Definition 3.2 replacing the
spaces £(G()) by the largest subspaces generated by functions
as in (12). However, after computing many examples of such
subcodes in Fy and Ff, to us such an attempt appears not very
promising, since we got the impression that those subcodes
are asymptotically bad.
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