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Abstract—We consider a slotted ring that allows simultaneous
transmissions of messages by different nodes, known as ring with
spatial reuse. To alleviate fairness problems that arise in such
networks, policies have been proposed that operate in cycles and
guarantee that a certain number of packets, not exceeding a given
number called a quota, will be transmitted by every node in every
cycle. In this paper, we provide sufficient and necessary stability
conditions that implicitly characterize the stability region for such
rings. These conditions are derived by extending a technique
developed for some networks of queues satisfying a monotonicity
property. Our approach to instability is novel and its peculiar
property is that it is derived from the instability of a dominant
system. Interestingly, the stability region depends on the entire
distribution of the message arrival process and the steady-state
average cycle lengths of lower dimensional systems, leading to
a region with nonlinear boundaries, the exact computation of
which is in general intractable. Next, we introduce the notions
of essential and absolute stability region. An arrival rate vector
belongs to the former region if the system is stable under any
arrival distribution with this arrival vector, while it belongs to
the latter if there exists some distribution with this rate vector for
which the system is stable. Using a linear programming approach,
we derive bounds for these stability regions that depend only on
conditional average cycle lengths. For the case of two nodes, we
provide closed-form expressions for the essential stability region.

Index Terms— Essential and absolute stability regions, linear
programming, Loynes scheme, mathematical induction, quota
policy, ring networks with spatial reuse, stability analysis.

1. INTRODUCTION

E consider a unidirectional ring with spatial reuse, i.e.,
a ring in which multiple simultaneous transmissions
are allowed as long as they take place over different links (cf.
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[8,] [12], [15]). While rings with spatial reuse have higher
throughput than standard token-passing rings, they also intro-
duce the possibility that some overloaded nodes may block
other nodes from accessing the ring. To avoid this problem,
the following policy is proposed in [8], [12] for the operation
of the ring: Each node is assigned a number called a “quota.”
The policy operates in cycles. A node is allowed to transmit
packets generated locally during a cycle, as long as the number
of these packets that have already been transmitted does not
exceed its assigned quota. A cycle ends when the quotas of
all nodes are delivered to their destinations. In this way, the
operation of a node with regular traffic requirements is not
adversely affected by nodes that may become overloaded. The
policy requires a distributed mechanism by which every node
realizes that all the other nodes completed their quota and
thus a cycle ends. Such a mechanism is provided in [12].
An analysis of the throughput characteristics of this policy
is presented in [15]. It should be pointed out that in [15] it
was assumed that all nodes were overloaded, i.e., they had
infinite queues and the measure of interest was the average
number of packets originated at a node (throughput) that could
eventually be delivered to their destination. It was shown that
by appropriately picking the quotas, all feasible throughput
vectors could be achieved. Therefore, the situation where a
node is blocked from transmitting its own packets because of
transmissions from other nodes can be effectively eliminated.
In this work we assume a stochastic input with arrival rates of
packets to each node that are finite, and we are interested in
the region of arrival rates for which the queues of all nodes
have proper probability distributions (stability region).

The primary goal of this work is to obtain the stability
region of the ring network with finite quota and to compare
it with the maximum achievable stability region for such
ring networks derived in [15], [18], [29]. We demonstrate
(cf. Example 1 in Section II-A) that the stability region
of the system with the fixed quota mechanism is reduced
relative to the stability region of other policies that lack
the fairness properties that the quota mechanism provides
(cf: [18], [29]). The second motivation is to extend the
stability approach of Georgiadis and Szpankowski [16], [17]
and Szpankowski [27], [28] to ring networks with spatial reuse,
and other queueing networks that operate in cycles and satisfy
a monotonicity property. The sufficient conditions for stability
are derived by means of a technique that is based on an
application of mathematical induction, stochastic monotonicity
properties, and Loynes stability criteria. A special technique,
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based on the structure of the complement of the stability
region and the construction of a dominant system, permits
the derivation of the necessary stability conditions from the
instability condition of the dominant system. In the process, we
provide a decomposition and characterization of the instability
region of the system. While this decomposition has been used
before on an intuitive basis, it is not as obvious as might
seem at first. We illustrate this point by a simple example (see
the discussion following Proposition 4 in Section III-A). The
general steps of the above stability analysis have been applied
to the analysis of other systems as well (cf. [16]-[18]). It
should be stressed, however, that this general construction of
[16], [28] requires detailed and subtle modifications for almost
every queueing network which may be far from trivial, and
this paper is a typical example.

As it turns out, the exact computation of the stability region
for the ring with spatial reuse depends on the distribution of
the arrival processes as well as the steady-state average cycle
lengths of lower dimensional systems and this often renders
this computation intractable. This leads us to the introduction
of the notions of the Essential and Absolute Stability Regions.
The first contains any arrival vector such that for every
distribution with this arrival rate vector the network is stable.
The second contains any arrival rate vector for which there
exists some distribution with this arrival rate vector under
which the network is stable. In this paper, we present a method
based on linear programming (cf. also [19] for another usage
of linear programming to stability problems) that permits the
development of upper and lower bounds on the Absolute and
Essential Stability Regions using only the knowledge of the
conditional average cycle lengths. For the case of two nodes,
we provide a closed-form expression for the Essential Stability
Region in terms of the conditional average cycle lengths. The
conditional average cycle lengths are fundamental quantities
of the system operation, whose statistics depend only on the
packet destination probabilities, and nor on the steady-state
" quantities or the packet arrival distributions. In this sense,
they are the simplest quantities on which the stability analysis
can be based. We note, however, that due to the complicated
expression for the cycle lengths (cf. (1)), even these quantities
cause computational difficulties. For a small number of nodes,
the conditional average cycle lengths can be computed directly,
while asymptotic results for a large number of nodes can be
found in [15].

Stability criteria for Markov chains and more general queue-
ing systems have a long tradition. In recent years, resurgence
of interest in these problems arose due to novel applications.
It resulted in an excellent book of Meyn and Tweedie [24].
This book as well as most research in this area is based on the
so-called Lyapunov or test function approach. Construction
of this function is quite troublesome for multidimensional
Markov chains. A general approach to such a construction
was suggested in 1981 by Malyshev and Mensikov {22]. This
general construction still fails for many important distributed
systems; however, recently some progress has been achieved
(cf. [6], [14], [19], [25]). Our approach is nonstandard and it
is based on a different philosophy, but it has some similarities
with the faces and induced Markov chains of Malyshev and
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Menshikov [22]. As mentioned above, in our analysis we apply
mathematical induction (that recently became very popular
in stability analysis [7], [16], [17], [23], [26], [28]), Loynes
stability criteria (cf. [1], [5], [3] for extensions and other
applications), and stochastic monotonicity. Monotonicity was
recently used in [4], [7], [13], [23] to establish stability
regions for other multidimensional queueing systems and
computer networks. Finally, we should mention a recent new
development in this area suggested by Dai [10], and Dai and
Meyn [11] who used the fluid approximation to derive general
stability criteria for queueing networks. For a more exhaustive
discussion of the existing literature on stability criteria the
reader is referred to [5], [11], [16], [24], [27], [28].

The paper is organized as follows. In the next section we
formulate a stochastic model for the network under considera-
tion. Section III contains our main results: In Section III-A we
present the construction of the exact stability region. Bounds
on the stability region are provided in Section III-B. For a ring
with two nodes we present in Section III-C the derivation of
the Essential Stability Region. Finally, Section IV contains
proofs of the results needed for establishing the necessary
conditions for stability, and describes a novel approach to the
instability analysis.

II. MODEL DESCRIPTION AND PRELIMINARY RESULTS

We consider a unidirectional ring network consisting of a
set.of M nodes with cardinality, |M| = M. Node + € M
transmits in its outgoing link either packets arriving to this
node from the outside world (i.e., “external” packets) or
packets that were originated at some other node and have to
cross node 7 in order to reach their destination. Time is divided
in slots, packets are of fixed size, and each slot is equal to the
length of a packet. We assume zero propagation delay. A node
can transmit a packet on the outgoing link at the same time
that it receives another packet in the incoming link. A node
receiving a packet whose destination is another node in the ring
(ring packet) may relay the packet in the outgoing link in the
same slot, i.e., the ring has cut-through capabilities. Moreover,
a ring packet has nonpreemptive priority over the packets that
exist in the node queue. Packets are removed from the ring by
their destination (not by the source as in standard token rings).
We study the following policy, which is a generalization of a
policy proposed in the literature (cf. [8], [12]).

Al) The system works in cycles, and the kth cycle starts
at time 7. We write N{(k) = (Ny(k), -, Nu(k)) to
denote the number of packets in the node buffers at the

beginning of cycle £ = 1,---. The number of external
packets that node ¢ is allowed to transmit during cycle
k is

Qi(k) = min {f:(Ni(K)), Q:},  Qi>0

where f;(+) is a nondecreasing and contractive function,
Le.,

fi(s1) = fi(s2) < 81— 52

whenever s; > so. The quantity Qi is called the (max-
imum) quota. At each time slot during a cycle, a node
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may transmit packets that are either generated locally
or by some upstream node, according to the policy II7
described in {15, Section IV]: The kth cycle ends when
all Q;(k) packets, 1 < ¢ < M, are delivered to their
destinations. Algorithmic and implementation details can
be found in [8], [12], [15], however, of interest to our
discussion here is only the statistics of the length of time
needed to complete a cycle (cf. (1) below). The standard
ring network operating with the quota allocation policy
corresponds to the case when fi(s) = s.

As part of the technique used in the proof of the stability
conditions we need to analyze a system ©M, where in
addition to the set M of regular nodes there is also a set
U of “persistent nodes,” which operate as follows:

A2) i) There are no external packet arrivals at node ¢ € U,
and ii) a node i € U participates in the policy described
in Al by generating locally and transmitting exactly Q;
“dummy” packets in a cycle (in addition to the packets
that may have originated in some other node but have
to be retransmitted by node ¢ in its outgoing link in
order to reach their destination). While the nodes in
U affect the duration of the cycles, by definition they
do not have queues and we are interested only in the
stability of the queue length process of the nodes in M.
As will be seen in the next section, the introduction of
persistent nodes assures that-when some regular nodes
behave like persistent ones, the system consisting of the
rest of the nodes is a copy of the original system, but of
lower dimension. This property permits the application
of mathematical induction. The case i =  corresponds
to the ring we are interested in.

Next, we make an assumption regarding the statistics of
external packet arrival process at the ring nodes:

A3) We denote by R;(t) the number of external packets
arriving at station ¢ € M in slot ¢ > 1. The nth
packet originated at node ¢ € M UU has destination
D;(n) € M UU. The processes {R;(t)}i2;,1 € M
and {D;(n)}2,,i € M UU consist of independent and
identically distributed (i.i.d.) random variables and are
independent of each other. We set A; = ER;(1),i € M
and

pij = Pr{D:(1) = j}, i,j € MUU.

Clearly, Zjepmuu pij = 1 for i € MUU.

Before proceeding, we must introduce some new notations.
Boldface letters denote vectors, while calligraphic ones denote
sets of nodes. Our main goal is to study the ergodicity of the
embedded Markov chain

N(k) = (N1(k), -+, Nm(k)) for k=0,1,---.

We write M 4 = M — A (while nonstandard, this notation sim-

plifies the presentation significantly). We will often consider -

the partition (My,V) of the set M, where V C M. For a
vector £ = (1, -+, zp) we set 2 = {;}ica. In particular,

we write N(k) = (N4 (k), N*(k)). For M-dimensional
vectors z,y,z < yreads z; < y; forall 1 <¢ < M.

As already observed in [12], [15], the behavior of the
network depends crucially on the cycle length Ty, = Tx 41 — Tk
which is also called the evacuation time. Let T(q) (or Tx(q))
be the length of cycle k when the quota vector is

QMuu(k) =q= (QI7 ey dqM, 7qM+|Z/(|)‘
It was shown in [15] (cf. [18]) that!

Tiq) = max { max, Hi(0). 1 M
where H;(q) is the total number of packets out of ¥;e pmuu ¢
originated in a cycle at any node (i.e., regular or persistent)
that have to pass through the outgoing link of node 7 in
order to reach their destination. Note that H;(g) includes the
packets originated at node ¢. Also, note that the statistics of
T(q) depend only on the vector g and the packet destination
probabilities p;;.

In passing, we should mention that in order for all nodes to
realize the end of a cycle, a distributed mechanism is needed
[12]. The implementation of this mechanism increases the
evacuation time by two slots and the results in this paper can
be directly applied by simply replacing T'(g) with T(q) + 2.
We also mention that (1) holds under any work-conserving
policy, i.e., any policy that instructs each node never to idle
whenever it can transmit packet in its outgoing link (see [18]).
Therefore, the order by which packets are served at a node
is immaterial.

Below we establish a monotonicity property of the cycle
lengths. As we will see, this is a relevant property of the cycle
lengths from the stability point of view. In fact, our analysis
holds for any other system which, in addition to operating
in cycles during which a certain quota can be transmitted by
each node and satisfying the statistical assumptions in A3,
has the property that the cycle lengths are independent of the
past history given QMY (k) = q and satisfy the monotonicity
property presented in the next proposition.

Proposition 1: Let q; < g,. Then

Ti(q1) <st Tr(gs)

where <., means “stochastically smaller.”
Proof: Follows easily from (1). ]
Let us now consider a modified system in which a set
V C M of users becomes persistent, that is, every user in
1 € V transmits Qi packets (i.e., it transmits “dummy” packets
when their queues are empty or possess less than ¢); packets).
From the point of view of the nodes in the set My, the nodes
in V behave exactly as the persistent nodes in the set /. Note,
however, that there is a difference between the nodes in U
and V in that the nodes in V receive external packets and,
therefore, have queues formed. We denote such a system as
M VM Define
NV ) = B (0,8 ()

UIn [15] it was assumed that g; > 1 for some node :. In our model,
however, it is possible that all nodes have empty queues at the beginning of
a cycle, in which case Tk (0) = 1. For this reason we include the maximum
with 1 in (1).
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as the queue length vector in the system ™M VM I the

next result, we prove that the queues in the modified system
dominate stochastically the queue length in the original system.
This property is crucial to applications of our method.
Proposition 2: Consider two partitions (My,,V;) and
(My,, V) such that V; C V;. Then for every k = 0,1,---
(k)

(My, V1) (My,,V2)

N (k) < N 2

provided

(Mvy;, V1) (My,,V2)

N (0)=N (0).

Proof: The proof follows the steps of the proof of the
monotonicity property of the queue lengths in token-passing
rings. For details, the reader is referred to Georgiadis and
Szpankowski [16, Theorem 4]. [ ]

III. MAIN RESULTS

This section presents our main results. In the sequel, we
construct the stability region for the network, derive some
bounds on the stability region, and finally provide in a closed-
form the essential stability region of a ring with two nodes.

A. Construction of the Stability Region

Consider the system ©**¥ consisting of a set M of regular
nodes and a set I of persistent nodes. Our goal is to establish
stability conditions for the queue length vector N**(k). By
stability we mean the existence of the limiting distribution.

The process N°V!(k) is an embeded Markov chain. Indeed,
we have for every ¢ € M

Tk+1—1

> Ri(t)

t=7g

Ni(k +1) = Ni(k) — 3)

Under A1-A3 and (1), the above set of stochastic equations
forms an M-dimensional Markov chain defined on a countable
state space.

In the sequel, we will use the following property of multidi-
mensional Markov chains defined on a countable state space:
To establish ergodiciry of N M(k) it suffices to show that every
component N;(k),i € M of N (k) is substable (ie., the
one dimensional process NV;(k) is bounded in probability as
k — oo). This fact is easy to prove on a countable state
space, and the reader is referred to [16], [28]. On a general
state space, the situation is more complicated, and one should
consult Meyn and Tweedie [24]. This fact, called isolation
lemma in [27], [28], permits the study of the stability of each
queue in isolation.

We now begin the construction of the stability region
(i.e., the set of node arrival rates) of system QMU based
on the knowledge of the stability region and the steady-
state average cycle lengths of lower dimensional systems. We
denote stability region of a whole system as S, We write

SMEn D, denote the stability region of the dominant
system WM DM Ghich arose by making the ith node
behave like a persistent one. Note that while node ¢ in the
dominant system behaves like a persistent one, this node
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still has a queue formed, and therefore region ‘g(M“}’{i})’u

consists of M-dimensional (not of (M — 1)-dimensional as
the region S 491}y vectors. For simplicity, whenever
there is no possibility for confusion, we omit the set I/ from
the notation in ©, 0,5, or S. For example, unless otherwise
specified
oM = eMH
QMv\V = gMv ULV

g(M{i)v{i}) E'S‘(M(i}){i})vu

The construction of the stability region follows the steps
developed in [16] and [28]. We will therefore skip the details
of a rigorous derivation and instead we will explain in some
detail the main idea behind each step. The construction is done
inductively as follows:

Step 1: Derive the (sufficient) stability condition for a ring
with one regular node and an arbitrary set I{ of persistent
nodes. In this case, we have a single queue (at the regular
node) and the derivation of the stability condition is easy.
Specifically, let 7 be a single regular node in the ring. Then,
since the queue length N;(k) is a Markov chain, using the
Lyapunov test function method (cf. [24]) one directly proves
that the chain is ergodic if

A< Q)

ET(Q)

where, we recall, that T(Q) denotes the cycle length when
QM (1) = Q at the beginning of a cycle. That is,

ET(Q) = E[1|@M™ (1) = Q).

Step 2: Assume that we derived the stability region for a
ring with M — 1 regular nodes and an arbitrary set U of
persistent nodes. We next seek to define the stability region of
a ring with a set M, |M] = M, regular nodes, and an arbitrary
set U of persistent nodes, in terms of the stability regions and
the steady-state average cycle lengths of lower dimensional
systems. This is done by taking a set V C M,V # 0, of
regular nodes and making them behave like persistent ones,

i.e., by considering the system (9 ). By Proposition 2

(M,0) (My, V)
NME) =N"" (k) <« N7 (k)
provided that NM( 0) = A v)( 0). Therefore, ©M is
stable whenever 8" is, ie., SM D 5 (M) Since V

is arbitrary, we conclude that
—=(My,V

where V # 0. However, it follows again from Proposition 2
that if 7 € V), then

g(Mm i) S5 —S—(MVYV)‘

Therefore,

S./\A 2 U E(M{i)'{i})'
1EM
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In fact, it turns out (see Theorem 2 below) that for the problem
at hand, we have equality (with the possible exception of
boundaries) in the previous subset relation. With a slight abuse
of notation, to avoid the introduction of new symbols, we will
also denote the set

U g_(M(i}»{i})
iEM
by SM.
Step 2a: Next, we determine the stability region

§(Mm’{i}) of system @(M“}’m), in terms of the stability
region and the steady-state average cycle lengths of the

system ©Mun{s} which is of dimension M — 1, and

therefore, its stability region has been determined by the
inductive assumption. It should be noted that this is the point
where the “fixed but arbitrary” set Z{ is used in the proof since
now we can claim that ©*¢:3-{%} is a “smaller copy” of the
original system. Specifically, in system @(M“}’{l ), the set
of persistent nodes is ¢/. However, in system @ e1{%}] the
set of persistent nodes is ¢ U {i} # U. Therefore, we could
not have applied the inductive hypothesis if the assumption
in this hypothesis did not involve an arbitrary set U. To
determine 5711 we apply the isolation lemma, i.e., we
look for conditions under which each queue in the set M,
under system @—(Mm’{l}), is substable. For this, we look
first at the queues in the set My;, which evolve exactly
as in system ©M:1:{#}, Therefore, these queues are stable
as long as AMt} e §Mer{d which by the inductive
hypothesis is known.

Step 2b: It remains to determine conditions under which the
queue at node {4} is (sub) stable in system —@_(M“}'{Z}), which
is done as follows. Assuming that ™} € SM1:{%}, we can
construct a stationary and ergodic version of the queue length

M . . . . . .
vector N* "} (k) by starting it from the stationary distribution.

Provided that this is done, the cycles in E(M“} A ), denoted as
TM¢3 (k), form a stationary and ergodic sequence (by similar
arguments to the one presented in [16], [28]). We set TMuy =
TME1(1). More generally, in the following we denote by
TMv the steady-state cycle length in the system ©*v'Y,
provided that this system is stable.? Since the queue length
of node i satisfies (3) and the cycle lengths are stationary, an
application of Loynes’ criterion [21] shows that the queue at
node ¢ is stable if

X < Q;/ETM®

which completes the construction of the stability region. O

My {31

In summary, system @( is stable when

M ¢ E(M{t)v{i})

— . M{i} My 7{7:} . ___Q‘L_
{/\../\ e SMu and /\,<ETM“}}.

ZNote that by definition, T9 is the steady-state cycle length in the system
@0"\", that is, in the system where all nodes behave like persistent nodes,
ie., node i € U U M generates Q; packets during a cycle. Therefore, in this
case we have T% = T(Q).

Repeating the previous argument for all ¢ € M, we finally
have the following result.
Theorem 1: Let

M M e gMli) gnd y < D
S g/t{,\.,\ € M and)\1<ETM{i}}. )

Then, system © is stable if A € SM. n
Using the stability condition of the one-dimensional system
as described above and iterating the recursive formula (5), we
obtain a more explicit form for the stability region.
Corollary 1: Let ¥ be the set of permutations of the set
M = {1,2,--- M} and let 0 = (o(1),---,0(M)) € Z.
System ©M is stable if A € SM, with

SM — U Qo(l)

{AZA0(1)<W, { EM} 6)
€D

where M, (I)=U'Z1{s(n)} (by convention US_; {a(n)}=0).
]

Theorem 1 provides sufficient conditions for the stability
region of the M-dimensional system in terms of the sufficient
conditions for the stability region (through S*M3#Y{i}) and
the steady-state average cycle lengths (through ETMe1) of
M — 1-dimensional systems. As we will see below, with
the exception of the boundaries, these conditions are also
necessary.

We now start discussing the necessity of the conditions in
(5). The following decomposition is crucial for the analysis.
Its proof is presented in Section IV.

Proposition 3: Let SM be the complement of the stability
region S™. Then, the following decomposition holds:

s= |

{,\:,\MV eSMVYV N> 95 for alljev}
VCM

1= ETMv
(M

where V ranges over all nonempty subsets of M. [ ]

In order to prove the necessary stability condition we need
the following general result that is of its own interest. Its proof
can be found in Section IV.

Proposition 4: Let X™(n),n = 1,---, be an M-
dimensional Markov chain (not necessarily denumerable).
Assume that it is known that if the process starts from state
uec RM thenforalli € VC M

lim X;(n) = oo.

Then, given any bounded one-dimensional set A, there is a
state ¢ € RM such that ¢; ¢ A for all ¢ € V and

Pr{X;(n)¢ 4,i€V,n>1X(1)=¢}>0

that is, with positive probability all components of X (n) with
indices belonging to V never return to the set A. |

We are now ready to show that with the exception of
the boundaries, condition (5) is necessary for the stability
of the ring with spatial reuse. In addition, we provide a
characterization of the instability region. Specifically, we show
that with the exception of the boundaries, when the system
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is unstable, we can identify regions where some queues are
substable and the remaining queues tend to infinity with
positive probability. Note that while it is easy to show that
instability of one queue leads to instability of the whole
system (for a formal proof see, for example, [28]), in general,
instability of a multidimensional Markov chain does not imply
that at least one of the components converges to infinity. It is
easy to construct multidimensional systems where fluctuations
of the queue lengths between large and small values occur
when the system is unstable (cf. [22]). Consider, for example,
the case of two queues with packets of unit length, served by a
single server and assume that the server serves exhaustively the
queue that it visits. If \; < 1 for = 1,2 but A; + A2 > 1, then
the system is unstable while the queue sizes of both queues
return to zero infinitely often with probability one, for all initial
states.

The next theorem completes the construction of the stability
region for the ring with spatial reuse.

Theorem 2: System ©M is unstable if A € SM, where S
is the complement of S*' minus the boundary points, that is,

ey

VeM

{A:A/\AV ES’J\AV,V7 /\J>E?/{A for all] GV}

8)

where V ranges over all nonempty subsets of M. Furthermore,
in the region

C

for all » GV}

SMV) = {,\: AMY e gMu Y A,»>EQM

®)

all queues j € My are substable while all queues ¢ € V tend
to infinity with positive probability.

Proof: Consider the dominant system @ MyV) and let

e SM(V). Since AMY € SMv:V | the queue lengths i Y (k)
constitute an ergodic Markov cham and starting from any state
we have
k
MES

m=1

lim = ET™v.

k—oo k
Since, in addition A; > QJ-/ETMV, an application of Loynes
method [21] for instability shows that starting from any
state, limg_oo Vj(k) = oo for all j € V. Setting A =

[0, maxjey Q] in Proposition 4, we conclude that there is

a state ¢ € RM such that if the process N ¥ (k) starts from
state e, then there is a set of sample paths {2, of positive
probability such that N;(k) > Q],j eVforallk=1,2,--

Observe now that by deﬁnmon on the set €2, the queues in
the original system © and in the dominant system @( V)
are identical and therefore limy o N;(k) = oo for all j € V.
This implies that the Markov chain N** (k) is transient. The
fact that all queues in My are substable follows directly from

Proposition 2 and the ergodicity of M Y (k).
We present next in some detail an example that illustrates the
complications involved in the calculation of the exact stability
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region of the system and the strong dependence of the stability
region on the distribution of the arrival rates. [ |

Example 1 (Stability Region of a Two-Node Ring with Quo-
tas 1 and 2): Consider the ring with i = 0,01 = 2,02 = 1,
and fi(s) = s,i = 1,2 (fi(s) is defined in condition Al in
Section II). The stability region can be expressed as follows:

2 1
{1,2} _
S = {/\1 < ET{Z} /\ ETQ}
2 1
{Al <gro < ET{l}}

= sitHygit? (10)
where T{#} is the steady-state cycle length in a system with
node {i} being regular and the other one persistent.

Let us assume the simplest destination probabilities, namely,
p12 = po1 = 1. Then the computation of the first set on
the right-hand side in (10) is straightforward. Indeed, observe
that by the choice of the destination probabilities, a node
transmits in its outgoing link only packets originated at itself.
The interaction between the two nodes in this case is due only
to the fact that one node may have to wait until the other
one completes transmission of its quota packets. Recalling the
definitions after (1) we have,

Hi(Q1(k), Q2(k)) = Qu(k) (k) = Qa(k)

where H;(Q1(k), Q2(k)) represents the number of packets out
of Q1(k) + Q2(k) that will pass through the outgoing link of
node 7 to reach their destination. If nodes 1 and 2 are persistent,
we have H]_(QI,QQ) = 2 and HQ(Ql, Qz) = 1. Therefore,

Hy(Q1(k), Q2

~

T = T(Q1, Q2) = max {2,1} = 2.

If, on the other hand, node l is persistent while node 2 is
regular, then since Q2(k) < Q2 = 1 we again have

ET® = lim E{max {H1(Q1,Q2(k)), H2(Q1, Q2(k))}}
= klim F {max{2,Q2(k)}} = 2.
Therefore,

{172}_ 2 1
5] _{/\1< ET{Z}’/\2< T

} ={\1 <1, <0.5}.
We consider now the second set 52{1’2}. The quantity that
needs to be determined in this case is the expected cycle length
in steady state, when node 2 is persistent and node 1 is regular,

that is,
BT = Jim E{max {Q1(k), 1}}. (11)

—00

Let Ni = Ni(k) be the queue size at node 1 at the beginning
of the kth cycle. Let R(z) be the z-transform of R;(1), the
number of arrivals to node 1 in the first slot (recall that we
assume that {R;(k)}32, are iid.). Let [ = 7, be the time
when the kth cycle starts. Then, it is easy to see from the
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Fig. 1. Stability region for the ring of Example 1.

definition of Q1(k) that max {Q1(k),1} = 1 when Ny <1
and max {Q1(k),1} = 2 otherwise. Therefore,

(Ne = 2)" + Ra(D1{v, <1y
+ (Ra(l) + Bo(l + 1)) 1w, >2)
= (Ne = 2)" + Ri(D) + Ri(D)1 (v, 22}
The sequence Ni,k = 1,2,--- constitutes a one-dimen-
sional Markov chain which by construction is stable in the
region 52{1’2}. Indeed, in this special case, the condition for

stability of Ny is A; <1 which is guaranteed since by the
definition of region 52{1’2

2 1
s{L2 - {)\1 < ET®’/\2 < T7m }

:{/\1<1,/\2<

Nk+1 =

(12)

1
ET{1} }’
and one must determine ET{!} to characterize the stability
region.

In order to estimate ET{'}, let 7, denote the steady-state
probability that there are n packets in the queue of node 1
at the beginning of a cycle. Taking z-transforms in (12) and
considering the steady state, we have

N(z) =R(z)(Pr{N <1} + Ex"7?IN > 2)
R(z)Pr{N > 2})

:R()<W0+7r1+R Zﬂ'n )

= (mo + m1)R(2) + R2(Z) *N(2)

+mz Y)R*(2)

where N(z) is the generating function of Vi in the steady

state. From the above we conclude that

(mo + m1)22R(2) — (mo + m12)R%(2)
- R*(2) '

Using standard arguments based on the analyticity of N(z),
we find that the probabilities g, 7, are determined by the

— (moz™? (13)

N(z) = (14)

C Arrival Distribution
—_— : D;
......... )
- :f

£

Region ABED is common

to all three regions

system of equations

(2—/\1)7T0+(1—)\1)7T1 =2 -2\ (15)
mo(za + 1) + 22,m =0 (16)

where z, is the unique root in [—1, 0] of the equation
R(z) = —=z. a7

Since the cycle length is either 1 if there is 0 or 1 packet in the
queue of node 1 at the beginning of a cycle, or 2 otherwise,
we can easily compute the average steady-state cycle length
as follows:

ET{I} =mg +m +2(1 — T —71'1)
4z,
+ (1 — /\l)za —_

and, therefore, we finally obtain

(1= A1)

- 224

st = {Al STl Gk V.Sl Al)}.

AN 4Za

Note that one should not conclude that in the previous formula

the limit of
22a + (1 — )\1)Za - (1 - /\1)

4z,

as A\; — 1, 1s % In fact, 2z, depends implicitly on A; and,
therefore, other limits are also possible.

The root z, of (17) depends on the distribution of the arrival
process to node 1 and as a result the same is true for the
stability region. To demonstrate this strong dependence, we
plotted in Fig. 1 the stability regions for the following arrival
distributions to node 1:

1) D! = {Pr{Ry(1) = 0},Pr {Rl( ) =
2}} = {e?,20(1 — a), (1 — a)?},0 <
binomial with parameters (a, 2);

2) Dz-{l 0? — e~ /(1-) o2 ae_l/(l‘“)} 0<a<1;

3) D¥ = {1 — ae" /(1% — 0.502 qe~ /(1) ,0.502},
0<a<

1}, Pr{Ry(1) =
a < 1. This is
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Note the strange at first sight behavior of the region corre-
sponding to distribution D?. This curve implies that for certain
values of (A1, A2) it is possible to make an unstable system
stable by keeping Ao constant and increasing 1. The physical
explanation of this behavior is that as A\; — 1, the probability
that a single packet arrives at a slot dominates quickly over
the probability that two packets arrive at a slot. This results in
the queue at node 1 to be more likely of size 1, and therefore
the cycle lengths are also more likely to be 1 than 2. But then
there are fewer slots wasted by node 2 waiting for node 1 to
complete its quota during a cycle and therefore the unstable
queue at node 2 may become stable.

As one can observe, the region ABED is common for
the three arrival distributions. However, the rest of the region
depends strongly on the arrival distribution. From (17) it can
be seen that if the number of arrivals in a slot is always even,
that is, if Pr{R;(1) = 2k + 1} = 0 for all integers k > 1,
then 2, = —1 and the stability region is ABED. On the other
hand, when the number of arrivals during a slot is either 0
or 1, ie, Pr{R;(1) = 0} + Pr{R;(1) = 1} = 1, it can be
easily seen that the stability region is ABCD. As we will
see in the next section, the region ABED is a subset of the
stability region for any arrival distribution, a

The previous example also shows the price that has to be
paid in order to achieve fairness with the quota mechanism.
The maximal stability region of the ring with spatial reuse (i.e.,
the region inside which there is always at least one policy that
can stabilize the system) is determined by (cf. [15], [18])

M
S = {A:Zx\iaij<1 fOI‘j S M}

i=1

where a;; = Pr{ a packet generated by node ¢ has to
cross node j}. In [18] we presented a policy whose stability
region is S. Under the latter policy, nodes are assigned quotas
dynamically by setting Q;(k) = N;(k) (i.e., at the beginning
of the kth cycle the quota assigned to node i is equal to the
queue length in this node at the beginning of the cycle). In
Example 1, region S corresponds to the area ABCD. We see
that the stability region under the fixed quota policy is a strict
subset of S. It should be mentioned, however, that under the
policy that dynamically adapts the node quota, an overloaded
node will cause an overload to all other nodes, a situation that
does not occur under the fixed-quota policy.

B. Bounds on the Stability Region Through
Linear Programming

Example 1 demonstrates that even in the simplest case
the stability region of the system depends strongly on the
distribution of the arrival process. While in this case the
computations are feasible, as the number of nodes and/or the
quota sizes increase the computation of the exact stability
region quickly becomes intractable.

The strong dependence of the stability region on the arrival
rate distribution as well as the steady-state average cycle
lengths of lower dimensional systems, makes it worthwhile
to search for the following regions of arrival rates.

A
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Essential Stability Region (ESR): The set of arrival rates
MM with the property that the system is stable under
any arrival distributions as long as the nodes have the
corresponding arrival rates M

Absolute Stability Region (ASR): The set of arrival rates
A with the property that there is at least one set of
node arrival distributions with corresponding rates M
such that the system is stable.

The ESR is the intersection of the stability regions under
all arrival distribution while the ASR is the union of these
stability regions. Clearly, ESR C ASR. The ESR is useful
in situations where the arrival distributions are not known a
priori, a common situation in many practical systems. Besides
the theoretical interest in the ASR as the region outside which
the system cannot be stabilized under any arrival distribution
with the given arrival rates, it might also have practical
implications when the input traffic can be controlled before
entering the network.

Based on Theorem 1 and Corollary 1, we will now develop
bounds for the ESR and ASR, respectively, that depend
only on the conditional average cycle lengths ET(g) which
are easier to compute than the steady-state average cycle
lengths appearing in Theorem 1. We must emphasize that the
conditional average cycle lengths are fundamental quantities
which can be computed without resorting to steady-state
quantities. The computation of ET(q) depends only on the
packet destination probabilities p;; and ¢, and for a small
number of nodes can be estimated directly based on (1).
For a large number of nodes and a large quota, computing
even ET(q) is not easy, however, asymptotic results for these
quantities exist [15]. The bounds are derived by associating
the stability of the system to a solution of some linear
programming optimization problems whose constraints are
derived from the flow balance equations..

Our first goal is to find an upper bound on the average

steady-state cycle length ET¢ in system 6(9’,1}) where (for
simplicity of notations we set) G = My, that is independent
of the arrival distribution. As will be seen, this leads to a subset
of the ESR. When X € 59, then by definition the nodes in the
set G constitute a stable system. Let w(n),n = {n;,j € G}
be the steady-state probability of the process of node queue
lengths at the beginning of a cycle and™for [ € G define a
one-dimensional distribution as

mi(n) = Z w(n).

n,n;=n

(18)

Standard arguments based on the regenerative theorem can be
used (see, e.g., [2], [16] for similar results) to show that the
following flow equations are satisfied for the system consisting
of the nodes in G:

MET9 =Y q(n)m(n), l€g (19)
n=0

where g;(n) = min { fi(n), @1} is the number of local packets
transmitted by node ! in a cycle when the number of packets
at that node at the beginning of the cycle is n. Equation
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(19) states simply that in steady state, the average number
of arrivals at node [ in a cycle is equal to the average number
of external packets transmitted by node [ during a cycle.

Let now ETS(q),q = {g;:j € G} be the conditional
average cycle length in system © V) when node j € G
transmits ¢; packets in a cycle (and by definition a node
§ € ULV transmits Q ; packets). Then, the average steady-state
cycle length satisfies

G
ET? = (g(n))r(n) (20)
nET

where g(n) = {Qj(nj)lj € G}. Define next for m = {m;,

j€Gh 0<m; <Qy
w(m), if0<m; <Q;—1,
for all Z €g
smy={ _» wm), ifm;=Q,jELCE

T ) m;2Q;,5€K

and 0 < m; < Q; -1,
J € Ok.
In terms of these variables, and based on the fact that g;(n;) =

Qj when n; > Q]-, we can rewrite the equations in (19) and
(20) as follows:

Al ZETQ (m))z(m) = Z qi(n) Z z(m), L€
Zx(m) =1
" a(m) >0 @

where m = {m;,j € G},0 < n; < Q;.

From the above discussion we see that with every partition
(G,V) of M we can associate a polytope ©(9Y) defined by
the constraints in (21). Let us define 79, as the solution of
the following linear programming optimization problem:

{Z ETY(q(m))z m)} (22)

Notice that the solution to this optimization problem requires
only the knowledge of the values of the conditional average
cycle lengths which are usually easier to compute than the
corresponding steady-state quantities.

Using the notation from Corollary 1,
following two regions:

G _
Tma.x’"

H(m)epls )

let us define the

M 20
s2 {,\ Moty < s leM}
Qa i
M= {,\:/\U(l) < T—M% le M. (23)
max
But, from the definition of TS, we have
MW > prM-O ) e M
which implies that for any permutation o(-)
Lyt csm. 24

D 1 c
0.8} e
0.6
)
~<
0.4+ E
0.2
o " 1 " 1 n 1 " L "
A0 02 04 06 08 1g
)\l
Q,,=0y,=-75

Fig. 2. ESR and ASR bounds.

Defining next

g =

min

{ZET‘; q(n)) ()} (25)

and using similar arguments we have that

Sytcu
leM}.

In conclusion we have the following theorem.
Theorem 3: Let us define T9,, and 7Y, as in (22) and

(25), respectively. Then, we obtain a lower bound L™ on the
stability region S™ as follows:

M= clUsy =s

z(n) Gp(g V)

where

M_ )y Qo1)
Ua = {/\ )‘a'(l) < TMa(l)’

min

(26)

where L is defined in (23). Similarly, an upper bound is
M=JsHtclJuM=uM
o o

where UM is defined in (26). n
Since by construction any arrival vector A that belongs to
L™ results in a stable system, we conclude that LM is in fact
a subset of ESR. Similarly, U™ is a superset of ASR.
Example 2 (Again the Ring from Example 1): Consider the
ring from Example 1. Referring to Fig. 1, it can be easily
checked that in this case the lower bound on the ESR is
the region ABED, while the upper bound is the region
ABCD. For the same ring, assume now that the destination
probabilities are pj2 = p21 = 0.75. Referring to Fig. 2,
the bounds on the ESR and ASR are the regions ABED
and ABEF D, respectively. For arrivals rates in ABED the
system is stable irrespective of the distribution of the arrivals.
For rates outside the region ABEF D, there is no distribution
of arrivals that can stabilize the system. As we will see in
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the next section, the region ABED is in fact the ESR for the
system with two nodes. O

C. ESR for the Ring with Two Nodes

In this section we derive explicitly the ESA region for a
two-node ring network, that is, M = {1,2} and U = 0,
with fi(s) = s (the most interesting case in practice) and
arbitrary quota sizes. Although in this case the ESA is simply
the union of two polytopes, the exact calculation still requires
the computation of the conditional average cycle lengths, not
an easy task in general.

To establish the just announced result, we need the following
lemma that we prove in the Appendix:

Lemma I: The functions

plny = ZLE11 2 ET@L0) - 1 <n<q,
sy = PTQ) “ETO00) -y <,
are nondecreasing. [

Based on Lemma 1 we can now determine the ESR for the
ring with two nodes.

Theorem 4: The Essential Stability Region for system
©{1.2} coincides with the lower bound in Theorem 3 and
is given by

L:{M Q ’<ET(Q1,Q2>_@>
ET(01.0) \ @& @&

AL+ A<l 27

U {,\2 < ——22—7—,
ET(Q1,Q2)

A1+<—-—-——ET(Q1’Q2) @& Ao <1} (28)
Q2 Q2

Proof: The subset of the lower bound in Theorem 3
determined by the permutation o(1) =1, 0(2) = 2 is

L3 = AP T ?f}
ET(QhQZ) Tmax
where
Ti) =  ma ZETn Qz2)z(n)

{z(n)}epm} (21

and the polytope o{111{2}) is defined by the constraints

M ZET n, Q2)z an;(n
=0
& )
Sam)=1, a(n)20, 0<n<Q
n=0

(29)
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We will show that the solution to the above maximization
problem is obtained at the point z* defined as z*(n) =0, 1 <
n < Ql -1, and

Q1 — ET(Q1,Q2)\1

z*(0) = —= T (30)
Q1+ Q2A1 — ET(Q1,Q2)A1
.l A Q2M
= — — — 31
SO = S o BTG
It will follow that
T = ET(0,Q2)z"(0) + ET(Q1, Q2)a" (@)
_ _ 010
_ O1 + Q2A1 — ET(Q1,Q2)\
and, therefore,
Q> Q> ET(Ql,Q2)
A = = —_— 32
2T ik + 1 Q1 S

which is equivalent to the second inequality in (27).

Since entirely analogous arguments hold for the permutation
o(1) = 2, o(2) = 1, we conclude that region L is a subset of
ESR. To show that it is indeed equal to the ESR, it is sufficient
to provide arrival distributions under which the described
region is actually the stability region of the ring. This can
easily be done, by considering that the number of packets
arriving at node ¢ in a slot is either 0 or Q;. In this case, the
number of packets at node i at the beginning of a cycle is
either 0 or a multiple of Q;. For the permutation (1) =1,
o(2) = 2, this implies that mi(n) = 0,1 < n < Q — 1.
But since the variables z(n) = m1(n),0 < n < Q1 —1 and

(Ql) =2 c} m1(n) have to satisfy the flow equations for
node 1, i.e., constraints (29), we conclude that 7; (0) = z*(0)
and £%° 5 ™ m(n) = z*(Q1). It follows that i = BT,
which 1rnp11es that the ESR for this system is the one described
in the theorem.

We now show that z* is the solution to the maximization
problem (29) by considering the associated Kuhn-Tucker
conditions (cf. [20]). We need to show the existence of unique
u, > 0,0 £ n < Ql, (inequality constraints) and 21,45
(equality constraints) such that

D upz*(n) =0

2) -—ET(’R Qz) — Up + fl()\lET(TL Q?) - TI,) + 4y =0.

Since /\1<(Q1/ET(Q1,Q2) it follows that z*(0)>0,

(Ql) >0, and, therefore, ug = ug, = 0. This implies that
E i = 1,2 are determined uniquely by the solution of the
system

AlET(O, Q2)€1 + EZ = ET(Oa QZ)

(MET(Q1,Q2) — Q1) + £2 = ET(Q1,Q2)-  (33)
Next, un,0<n< Ql are determined from
(MET(n, Q2) — )1 + £p = un + ET(n, Q). (34)

Substituting the values of #; determined from (33) in (34), we
find that the condition that the u,, are nonnegative is equivalent
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to the condition

ET(Q1,Q2) ~ ET(0,Qs)

Q1
Z ET("aQ?) _ET(OaQZ), 0<’ﬂ<Q1. (35)
n
The truth of (35) follows from Lemma 1. |

IV. PROOF OF INSTABILITY RESULTS

In this section we prove two auxiliary results, namely,
Proposition 3 (cf. Section IV-A) and Proposition 4 (cf. Section
[V-B) that are crucial for our main instability result, namely,
.Theorem 2. These propositions allow us to conclude the
instability of the system from the instability of the dominant
one and may be useful in other situations as well.

A. The Decomposition Result

We start with the decomposition formula (7) of Proposition
3. First, we need two simple facts.
Lemma 3: Let V1 C Vo C M. Then

ETMv2 > ETMw1,

Proof: The proof follows directly from Propositions 1
and 2. |
Lemma 3: Let Vi, V, be subsets of M such that V; -V, #
0. Then,

Byl NnSsMv: =

where

R
BVI:{A-'\ v ESMV 7/\j_>_ET/€tV1’ ]EVl}.

Proof: Let Vy = Vi — V. By (6) of Corollary 1 we can
write S™v2 as a union of sets

§Mva — ch

where each C, contains the following constraint for some
1 € Vo

Q
TR (36)

where V2 V,UV,. But, since by Lemma 2, ETMv > ETMv1,
constraint (36) contradicts the constraint

Qs
;>
N 2 praty

which all rate vectors in By, must satisfy. |

Now we are ready to establish our decomposition formula
.

Proposition 3: Let S be the complement of the stability
region S™. Then, the following decomposition holds:

sM=J

VM

A<

Q; ;
TTMy forall jeV 5.

{,\:,\Mv eSMYY N>

where V ranges over all nonempty subsets of M.

Proof: Let @, be the set of all subsets V of M with
cardinality |V| = n < M and ®, = U}_, ;. We will show
that we can write ,

SM = ( N sﬁv”)U U Bv
VeD,

Ves,

(37

where

By = {/\:/\Mv € SMvY X > 9,

FTMy forall j € V}.

Notice that setting n = M in (37) is equivalent to the desired
result. The proof of (37) will be by induction on n.
For n = 1, taking complements of (5) in Theorem 1 we have

S(':AA .: m {DiJ U D,‘Q} = U { ﬂ Di,s,}

ieM 3 teM
={ N Du} U { N Dm} 3
iemM s#1 Liem
where 8 = (s1,-+,8m),8s =1or2,and 1 =(1,1,---,1)

D, = SéM(i%{i}

and
= My Myiyi{i} S L
Dt {/\J\ o o N2 TG (-

Now, by Lemma 3 we have that if ¢ # 7, then D;, N
SMeyAd} = (. This implies that for i # j, D;2 N D;2 = 0
and D; ;N D;1 = D; . This in turn implies that if s; = 2 and
s; =1 forall j # ¢, then N; D; 5, = D; » while if 5; = 2 and
s; = 2 for at least one j # i, then N; D;,, = 0. Therefore,
we can write (38) as follows:

Séw = <m D,‘71> U <U Di’2>.
ieM 1EM

The last equality is equivalent to (37) for n = 1.
Assume now that (37) is true for n < M. We will show that

) s U &

Vea, VED, 41

My, V
N s
Ved, 11

which implies (37) for n + 1. Exactly as in the case n = 1,
we can write

Sé/v[v’v = Ev,l U Ey)z

where
By, = m Sé‘AVU{i}y{i}UV
iEMy
and
Ey

— AMvuuy Myugy{iuv . ____91_ *
) U {/\J\ € $ N2 M }
€My
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Therefore, we again have,

N s U{ N Ev,sm(w}

Ved, s \Ved,
Vea, s#1 \vee,
where 8 = (51, --,$ M)),si =1 or 2, and m(V) is a one-
to-one mapping from @, to {1,---,(¥)}. It is easy to see
that
ﬂ By = ﬂ SMvY,
ved, VeEP, 41

It remains to show that

U{m E} U B
s#1 \VeEP,

Vednt

For this we can use arguments similar to the case n = 1 after
observing that for V € &,

m Ey_(iy2 = By.
i€y

which completes the proof. |

B. A General Result for Unstable Markov Chains

Here we establish Proposition 4 concerning the probabilistic
behavior of an unstable Markov chain. For convenience, we
repeat below the proposition.

Proposition 4: Let XM(n), n = 1,--- be an M-
dimensional Markov chain (not necessarily denumerable).
Assume that it is known that if the process starts from state
ue RM thenforalli e V C M

lim X;(n) = occ.

n—oQ

Then, given any bounded one-dimensional set A, there is a
state ¢ € RM such that ¢; ¢ A for all s € V and

Pr{Xi(n) ¢ A,i€V,n>1X(1) =c}>0

that is, with positive probability all components of X (n) with
indices belonging to V never return to the set A.

Proof: Let B = {s € RM:s; € A,for somei € V}.
Assume that

Pr{X(n) ¢ B, foralln > 1|X(1) =8} =0
for all states s ¢ B. This implies that for all states s
Pr{X(n) € B,

for somen > 1| X(1) =8} =1. (39

We will show now that (39) implies that for any state 8

Pr{X(n) € B, i.0.}X(1) =8} = L.
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Let
Ci = {w: X(n) € B for at least [ times}.
Since {X(n) € B,i.0.} = N2, Cj, we have that

Pr{X;(n) € B, i0o. |[X(1) =8} = lErEOPr {C1|X (1) = s}.

Therefore, it suffices to show that Pr {C;| X (1)=8}=1,I>1.
From (39) we see that this is true for [ = 1. Assume now
that it is true for [. Define the random time 7T as the first
time that the process visits the set B for the [th time. Since
Pr{C/|X(1) = 8} = 1, we conclude that T is finite almost
surely. Therefore,

Pr{Ci+11X(1) = s}
=Pr{X(T +n) € B for somen > 1|X(1) = 8}

= /Pr{X(T+n) € B for some n > 1| X(T + 1) = z,
X(1)=8}dPr{z|X(1)=s}. (40)

Since T is a stopping time and X (n) is Markov, we conclude
that

Pr{X(T+n)€ B for some n>1|X(T + 1)=2,X(1)=s}
=Pr{X(n)€B, for some n>1|X(1)=z}
=1.

This together with (40) implies that Pr {Ci+1|X(1) = 8} = L.
Since Pr{X(n) € B, io. |[X(1) = 8} = 1 and |V|< o0,
starting from any state at least one of the components j € V
of the Markov chain visits the set A infinitely often. But this
contradicts the assumption that starting from state u

lim X;(n) =00, 1€V.

n—oo

This completes the proof. [ |

V. CONCLUSIONS

We derived the necessary and sufficient conditions for the
stability of a ring with partial reuse. These conditions define
implicitly the stability region of the system. Specifically, the
stability region of an M-dimensional system is defined in
terms of the stability regions and the steady-state average
cycle lengths of (M — 1)-dimensional systems. Therefore, in
principle, if the stability region of the system with one node
is known, the stability region of higher dimensional systems
can be determined. It should be stressed, however, that the
calculation of the steady-state average cycle lengths of lower
dimensional stable systems is also required. While knowledge
of the stability region of lower dimensional systems is neces-
sary for this calculation to be meaningful, the calculation itself
is a whole new problem which quickly becomes intractable. As
a result, the stability regions are in general very complicated.
We developed bounds on the stability region using a Linear
Programming approach, where only the conditional average
cycle lengths (not steady-state) are used.

The results presented here can be directly applied to any
multidimensional queueing system that operates in cycles



[N

GEORGIADIS er al.: STABILITY ANALYSIS OF QUOTA ALLOCATION ACCESS PROTOCOLS IN RING NETWORKS 935

during which certain quota of packets can be transmitted by
each node. The only quantity that will change is the formula for
the conditional average cycle lengths which is the fundamental
quantity determined by the operation of the policy for serving
the various queues. Whether the developed bounds are easy to
calculate depends on how easy it is to calculate the conditional
average cycle lengths.

We saw that the algorithm operating with fixed quota results
in a reduced stability region relative to the algorithm studied
in [18], where the quota vary dynamically. However, as a
result of keeping the quota fixed, no node is ever blocked for
a long time from transmitting its locally generated packets. In
practice this is significant enough to justify some reduction in
the stability region. Besides, it has been shown in [15] that if
the statistics of packet destination probabilities p;; are known,
then the quota can be chosen so that each node acquires its
required throughput. In the absence of such knowledge, the
problem becomes more difficult. In [9], mechanisms have been
proposed by which the nodes adjust their quota according
to ring load conditions. Simulation results show that these
mechanisms result in an increase in throughput while still
guaranteeing that a node is not blocked for a long time from
transmitting its locally generated packets.

APPENDIX
PROOF OF LEMMA 1

In this Appendix we prove Lemma 1 which we repeat below
for convenience.
Lemma 1: The functions

ﬂnwzﬁuwQ“”);ET“%Jn, 1
wODFZETUqu——ETHLQg’ .

n

IA
3
IN
&
N

INA
S
IN
(9)

are nondecreasing.
Proof: Let d; be the destination of the kth packet
transmitted by node 7, 4+ = 1,2,.and let

Xk = 1(a,(k)=2}, Vi := Lidy (k)=1}-

In other words, Xy is 1 if the kth packet generated by node
2 will have to go through node 1 and similarly for Yj. We
know that (see (1))

n Ql
T(Q1,n) = max Ql -+ ZXk,n-i— ZYk
k=1

k=1

41
and, therefore,

Q1
Xk,n— Ql +ZYI¢

k=1

where V = Ql - Z?;l Y, (therefore, 0 < v < Ql). Let
Z = 3;_; Xk and

W =nmax{Z+X,41,n+1-V}—(n+1)max {Z,n-V}.

To show that ¢(-) is nondecreasing, it is sufficient to show
that for 0 < v <

E{W[V=0v}>0, 1<n<Qs. (42)
Notice first that if V = v and Z >n — v then
W =nmax{Z+ Xp11,(n+1)—v}-(n+1)Z
=npmax{X,t1,n—-v—-2Z} -2
ZTLX”+1 - Z. (43)

On the other hand, if V =v,n—v>0and 0< Z <n—wv

W =nmax{Z + Xp+1,n+1—-v}—(n+1)(n—-v)
= max {nXp+1 +n(Z — (n—v)) — (n —v),v}
2V (44)

If n — v < -1, taking into account that Z > 0 and Vis
independent of Xy, k = 1,---,(2, we conclude from (43)
that '

E{W|V =v} =E{W|V =v,Z>n - v}
>nEX,41 —EZ

=ngaz — ngaz = 0.

Assume now that n — v > 0. Then, from (43) and (44) we
have that

E{W|V =v} 2 E({(nXn+1 — Z)1{z5n-u} }IV = V)
+vE({1{o<z<n-n} }V =)
=ngee Pr{Z >n - v} - E(Z1{z5n-v})
+vPr{0<Z<n-v} (45)

where in the last equality we used the fact that the random
variables V, Z and X, are independent. To simplify the
notation set gap = g. Since by definition £Z = ng, we have
from (45)

E{W|V =v} > E(Z1{0<z<n-v}) — (ng —v)
Pr{0<Z<n-v}

or, setting m = n — v

E{W|V = v} > E(Z1(o<z<m}) — (ng —n+m)

-Pr{0<Z <m}. (46)
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To show that E{W|V = v} > 0, it is sufficient to have
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To show that (49) holds argue as follows:

E(Z1i0<z<m}) 2 (ng —n+m) Pr{0<Z<m} @47) n—mo iXk<m
. n k=1 B
or equivalently .
n—m
> P Xk =
E(Z{0<Z <m})>ng—n+m. (48) - n r kz::l k=
. n—m n! m S
Recalling that Z = £7_; X and that X} take only the values =— ml(n — )] g™ (1 —q)
0, 1 we have ) ( 1)"
n—
=(1- : m1 n—m-1
n ( )m,(n_m_l),q (1-9
E(Z{0<Z<m}))=nE|Xi1[{ ) Xi<m net
k=1 =(1-¢q)Pr ZXk—m
n k=1
=nPr{X;=18> Xy<m -
k=1 >q(l—gq)Pr ZXk:m
n k=1
Pr Xlzl,ZXkSm—l
-n k=2 which completes the proof. [ |
k23
Pri{d Xp<m ACKNOWLEDGMENT
k=1

n—1
q Pr ZXk <m-1
k=1

n
Pr ZXk <m
k=1

In the last equality we used again the fact that Xj, (m

k = 1,---,n are i.i.d. The probabilities in the last equality
are related as follows:

n n . —1
Pr ZXkSm =Pr ZXkSm,nZ:XkSm—l
k=1 k=1 k=1

n n—1
+ Pr ZXkSm,ZXkZm
k=1 k=1
n-—1 7
=Pr ZXk <m-1
k=1 (8]

n—1
+Pr{X,=0> Xe=m ol
k=1
n—1 [10]
=Pr Z Xi<m-1
k=1 (1)

n-1
+(1—-¢q)Pr ;Xk:m 12

Using these facts we find after some simple calculations that  [13]
in order to prove (48) it is sufficient to prove (14]
(15]

(1—%‘—) Pr ingm
k=1

n—1 [16]
>q(1—q)Pr ZXk=m
k=1

(17

The authors wish to thank the anonymous referees and
the associate editor for many suggestions and comments that
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