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Capacity of the Gaussian Arbitrarily
Varying Channel

Imre Csiszar and Prakash Narayan, Member, IEEE

Abstract —The Gaussian arbitrarily varying channel with input con-
straint I" and state constraint A admits input sequences x = (x,, "+, x,)
of real numbers with Lx? < nl" and state sequences s =(s,.--,s,) of
real numbers with ):sizsn/\; the output sequence x + s+ V, where
V=, --V)isa e of independent and identically distributed
Gaussian random variables with mean 0 and variance o . It is proved
that the capacity of this arbitrarily varying channel for deterministic
codes and the average probability of error criterion equals %log(l +
/(A +0?)if A<T and is 0 otherwise.

Index Terms — Arbitrarily varying channel, Gaussian, capacity.

I. INTRODUCTION

RBITRARILY varying channels (AVC’s) were intro-

duced by Blackwell et al. [S] to model communication
channels with unknown parameters that may vary with time
in an arbitrary and unknown manner during the transmission
of a codeword. In this paper, attention is restricted to AVC’s
without memory; further, it is assumed that the sequence of
channel states is selected arbitrarily subject to a constraint
specified later, and possibly depending on the codebook but
independently of the codeword actually sent.

AVC’s exhibit various mathematical complexities even in -

the case of discrete alphabets (cf. Csiszar—Korner [6, Section
2.6]). In particular, their capacity may depend on whether or
not random codes are permitted, and whether the average or
maximum probability of error criterion is used. The random
coding capacity admits a simple characterization as a min-max
of mutual information, a result dating back to Blackwell
et al. [5]. In contrast, the problem of capacity for determinis-
tic codes is much harder. In particular, for the maximum
probability of error criterion, a single-letter capacity formula
is known only under certain conditions on the structure of
the AVC (cf. Ahlswede [2] and Csiszar—Koérner [7]).

Unless stated otherwise, the term capacity will hereafter
always refer to capacity for deterministic codes and the aver-
age probability of error criterion. In the absence of state
constraints, Ahlswede [1] proved that this capacity was either
equal to the random coding capacity or otherwise to zero.
The necessary and sufficient condition for positive capacity,
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as well as capacity under a state constraint, have been
determined by Csiszar—Narayan [8]; it was further shown
that Ahlswede’s alternatives do not necessarily obtain under
a state constraint.

Less attention has been bestowed in the literature on the
capacity of AVC’s with continuous alphabets. Presumably
motivated by random coding capacity, there have been
game-theoretic considerations concentrating on the min-max
of mutual information (cf. McEliece [11]). Hughes—Narayan
[10] have used a geometric approach to determine the ran-
dom coding capacity of the Gaussian AVC defined formally
in the following paragraph. Blachman [4] has provided lower
and upper bounds on capacity in a communication situation
differing from ours in that the interference (i.e., state se-
quence) could depend on the actual codeword transmitted.
Our incomplete understanding of his paper seems to indicate
that he, too, considered random coding capacity. To our
knowledge, Ahlswede’s [3] is the only paper treating the
capacity of a continuous alphabet AVC for deterministic
codes. His AVC (a Gaussian channel with the noise variance
arbitrarily varying but not exceeding a given bound) allowed
a very simple approach, which may not be extendable to
other cases of interest.

In this paper, we determine the capacity of the Gaussian
AVC formally defined as follows. Let the input and output
alphabets, and the set of states, be the real line. For any
input sequence x=(x,,-*-,x,) and state sequence s=
(s;,*,s,), let the output be x+s+V, where V=
(Vy,-+-,V,) is a sequence of independent and identically
distributed (i.i.d.) Gaussian random variables with mean 0
and variance o2. We adopt an input constraint I' and state
constraint A, namely the permissible input sequences of
length n are those satisfying

n
2
llxll®= 3} x?<nl,

i=1

(T'>0) (1.1)

and the permissible state sequences are those satisfying

llslI* = }: s?<nA,

i=1

(A>0). (1.2)

A code of block-length n comprises a set of codewords
x;, ", xp, each in R” and a decoder ¢: R" —{0,---, N}.
The average probability of error of this code, used on the
Gaussian AVC as above when the state sequence is s, equals

Pri{o(x,+s+V)#i}.
1

(13)

]*[\12

1
E(S) = /_V-
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The capacity C of the Gaussian AVC with input constraint
I' and state constraint A is the largest number with the
property that for every 8§ > 0 and sufficiently large n, there
exist codes with N > exp{n(C — 8)} codewords, cach satisfy-
ing (1.1), such that the supremum of &(s) subject to (1.2)
converges to 0 as n —> o,

Our main result is the following.

Theorem 1: The capacity of the Gaussian AVC with in-
put constraint I' and state constraint A is

1 r
C= EIOg(1+A+UZ)’ 1fI‘>A'
0, ifT<A

According to Hughes—Narayan [10], the random coding
capacity of the Gaussian AVC equals 3 log(1+ I /(A + ¢2)).
Thus, in this case Ahlswede’s alternatives do obtain. Yet a
proof of the theorem above by the elegant “elimination
technique” of Ahlswede [1] is not apparent. Rather, we shall
use the straightforward but more computational method of
Csiszdr—-Narayan [8]. Suitable approximation arguments
would enable a derivation of our theorem directly from the
results of [8]. Instead, we prefer to present a more transpar-
ent and direct proof, which will also serve to keep this paper
self-contained.

We also determine the capacity of the noiseless additive
AVC whose output is x+s rather than x+s+V. The
capacity of this AVC is defined similarly to that of the
Gaussian AVC with the exception that (1.3) is now replaced
by

1
E(s)=N|{i:¢p(x,+s)¢i}[. (1.4)

Theorem 2: The capacity of the noiseless additive AVC
with input constraint T" and state constraint A is

g1+ 2], itrsa

p— +

c= 2°g( A)’ e
0, if T<A.

Whereas this result is not a formal special case of Theo-
rem 1, both theorems can be proved by the same method.
We shall prove the simpler Theorem 2 first so that the
reader may better understand the key ideas. Observe that
Theorem 1 requires a separate proof only in the case A + o2
>T. In fact, since (1.2) implies for an arbitrary € > 0 that
s + V112 <n(A +0?+€) with probability arbitrarily close to
1 if n is sufficiently large, in the case A+o%<T the
assertion of Theorem 1 follows immediately from that of
Theorem 2.

Actually, we shall show that the capacity as claimed in
Theorems 1 and 2 can be achieved using the minimum-dis-
tance decoder, namely

. . 2 . .
m):{:, iflly =2l <lly = %I, for j =4
0, ifnosuch 1 <i< N exists.

(1.5)

It is worth pointing out that the result of Theorem 2 with this
decoder provides a solution to a weakened version of the
unsolved sphere-packing problem. This problem seeks the
exponential rate of the maximum number of nonintersecting
spheres of radius VA in R” with centers in a sphere of radius
VT . In our case, the spheres may intersect but for any given

s in R” of norm <VA, only for a vanishingly small fraction
of sphere centers x; can x; +s be closer to another sphere
center than to x;. The number C in Theorem 2 then gives
the exponential rate of the maximum number of spheres
satisfying this condition. A similar weakened version of the
sphere-packing problem in Hamming space was solved in [8]
as a special case of the coding theorem for the binary adder
AVC.

11. PROOF OF THE MAIN RESULT

The proof of the converse parts of Theorems 1 and 2
being standard, is relegated to the Appendix. The essential
contribution of this paper consists in the direct part of
coding Theorems 1 and 2.

Our goal is to show that, when I > A, for al} sufficiently
large n there exist N = exp(nR) codewords x,- -, x, in R"
satisfying llx;I> < #l, i=1,---, N, with R arbitrarily close to
the asserted capacity value, such that for a suitable decoder
¢ the average probability of error &(s) is arbitrarily small
uniformly subject to |lsl|* < nA.

Using the minimum distance decoder ¢ of (1.5) for the
noiseless AVC, (1.4) becomes

1
2(s) = —ﬁl{i: llx; +s = x;17 <llsl>, for some j #i}|, (2.1)

and for the Gaussian case, (1.3) gives

1
N;

Mz

Pr{Hxi +s+V— x,H2 <lls+ VI3,
1

é(s)=

for some j # i}. (2.2)

We can assume without any loss of generality that I'=1,
0 < A < 1. Further, (2.1) and (2.2) remain unchanged if all
vectors are multiplied by 1/ Vn . Hence it suffices to prove
that for every sufficiently small 8 > 0 and sufficiently large n
there exist N = exp(nR) unit vectors x, -, x5 in R" with
C —-28 < R<C—6 where C=1log(1+1/A) for the noise-
less AVC and C=1log(1+1/(A+a?) for the Gaussian
AVC, such that &'(s) is arbitrarily small, uniformly subject to
IIsIi* < A, where

- 1 . 2 2 . .
é'(s) = NH“ llx; + s — x;i" <llsll*, for some j# z}} (2.3)
in the noiseless case, and

1 N
JORST ¥ Pr{lle; +s+V—xilP <lls +VIP,

i=1
for some j # i} (24)

in the Gaussian case where V =(V,---,V,) is now a se-
quence of i.i.d. Gaussian random variables with mean 0 and
variance o2 /n.

We claim that the unit vectors x,,- -, x, of the following
Lemma 1 do possess the property above if 7 and e are
sufficiently small.

Lemma 1 (Codeword Properties): For every € >0, 8Ye <
n<1, K>2e and N =exp(nR) with 2e <R <K, for n>
ny(e,m, K) there exist unit vectors x,," - -, x in R” such that
for every unit vector u in R" and constants «, 8 in [0,1], we
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have
1) |{j: (x;,u) Za}‘sexp{n(lR+§Iog(lfa2)l+ +e))
and, if a>n, a®+ B2>14+n —exp(—2R),

1
2) NH' ‘(x_/’xi)|2a’ (x,r,u)lzﬁ,for somej;éi”
<exp(—ne).

Here (-,-) denotes inner product and |-|* denotes “the
positive part of.” This lemma is an analog of the key Lemma
3 of [8)], and can be proved similarly. The proof is in the
Appendix.

Commencing with the noiseless case, in order to bound
(2.3) for |IslI* < A, note that
lx; + 5= a1 = e, 12 + s + e 12

+2(x;,8) —2(x;, x;) —2(x;,8). (2.5)

Hence
1
é’(S‘) = N‘{{ (xjss)_‘_(xj?xi) 21+(xns)»

for some j#i}‘
|{i: (x;,5) <—n}]

1
+ N’{l (x;,5)+(x;,x;) >1—n, for some j%i}'.
(2.6)

The first term of the sum in (2.6) can be bounded by Lemma
1(D). In fact, letting u be the unit vector such that

s = ullsl), 2.7

(x,.s) < —n implies by the assumption A <1 that (x;,u)<
i y p i

—n. Thus if R> —1log(1—n?), we get that

1
1 (xivs) < =< < [0 [(xiow) |2 )

I
z|~ z[=

exp{n(R+%log(l—n2)+e)}
= exp n(%log(l—n2)+e)}

{
confofe- T}

as n oo,

(2.8)

The second term of the sum in (2.6) can be bounded using 2)
of Lemma 1 by suitably partitioning the set of possible values
of the inner product (x;,x;). To this end, let a;=1—17
VA <a,< - <ap=1-27, with a,,, —a,<7n, k=
1,---,K —1. Then (x;,s)+(x;,x)>1-n implies that
(x,x)za,, and if o <(x,x)<a;,, then necessarily
(x;,8)>1—2n — a,. The latter, in turn, implies by (2.7) that

(x;,u)>(1—27 —a;)/VA . Hence

1
N|{i: (x;,8)+(x;,x,)>1—mn, for somej#i}l

K-11

SZN

k=1

1-2n—a;

VA

{i: (x;, %))z, (x,u) =

for some j # i}

1
+ Nl{l (x;,x;) =1-2n, for some ja&i}|.

To complete the proof of the direct part of Theorem 2, it
suffices to check for every (@, 8)=(1—-27,0) and (a;,1-27
—a,)/YA), k=1,---,K, the condition a®+p?>1+n-
exp(—2R) of 2) of Lemma 1. (The condition a > 7 is clearly
satisfied provided 7 <min{3,(1— \/7\—)/2}.) Differentiation
shows that a?+(1—2n—a)?/A is minimized by a=(1-
2m)/1+ A, and the minimum equals (1—2%)?/1+ A. Thus,
the condition to be satisfied is

(1-27)°
T 4 n—exp(~2R
I - ep(-2R)
or,
R<-~1ogl1 (1-20)° (2.9)
<-= +p-—>|. :
2 BT T A

Obviously, if C—28 < R <C — § for any fixed & > 0, where

1 | 1 1 o1 1
=3 Og(HX)_"i Og( - 1+A)’

the inequality (2.9) will be satisfied if 7 is sufficiently small.

The proof for the Gaussian case (Theorem 1) is similar but
bounding (2.4) is not as easy. We first present two simple
technical lemmas.

Lemma 2: Let the r.v. U be uniformly distributed on the
unit n-sphere. Then for every vector u on this sphere and
any 0 < a <1, we have

(n-1,2 1

Pr{|(U,u)|za} <2(1-a?) , ifazm.

Proof: Denote the angle between the unit vectors U and
u by ®(U, u). Then by Shannon [12, (28)],

1 sin""lg
Pr{OU,u) <0} s == —m . 00 <m/2.
With « = cos 8, it follows that
(=12

Pr{(U,u)Za}S‘/ziﬂ_; (1*(12 s(l—az)(n_l)/z,

. 1

if > N TTh
The proof is completed by observing that Pri(U,u) < — a}=
Pr{(U, u) = a}. |

Lemma 3: Let u and v be unit vectors with [(u,0) < 7.
Then for any unit vector x, the component x * of x orthogo-
nal to span{u,»} has norm

et <1—(u,x)—(v,x)*+4n. (2.10)
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Further, for any pair of constants «, 3,
lau + ol < (a + B2)(1+7). (2.11)

Proof: Let v'=(v —(u,v)u)/ |lv —(u,v)ull be the unit
vector orthogonal to u such that spanf{u,v’}=span{u,v}.
Then

() (e @@ (@)=
’ lo—(u,v)ul 1+7
2 (I(#,x)[=n)(1~n)
=|(v,x)|-27.

Since |lxt}1> =1—(u, x)* —(¢',x)?, this implies (2.10). Fi-
nally

Nau+ Bol> = a?+ B2 +2aB(u,v)

2aB
2482 (w, v))
<(a?+p%)(1+n),
as Rap /(a? + B2)| <1, thereby proving (2.11).

Continuing with the proof of the direct part of Theorem 1,
note that on account of (2.8) it suffices to consider only those
terms in (2.4) for which [(x;, u)| < n, where u is a unit vector
satisfying s = ul|s|l. We shall bound these terms using

e, + s +V = x> =l + lls + VI + llx; 112
+2(x;,8)+2(x;,V)
—=2(x;,x;) —2(x;,8) =2(x;, V). (2.12)

Dccomposmg x; and V into components in M, ,
and in M, we have

( ,.,VM/.,) ( M,.‘u,VM,.*.,)
= (x;, VM) + (M, ¥). (2.13)

') is a sequence of i.i.d. Gaussian random
0 and variance %/ n, we have as n -

=(a2+Bz) 1+

= span{x;, u}

iu

Since V=(V,," -
variables with me
that

Pr{|(x;,V)|>n}—=0, Pr{ll¥Mu|>n}-0

uniformly in ¢/ and u. This along with (2.12), (2.13), implies
that

Pr{llx; +s+V— x| <ls+¥I?, for some j+ i
=Pr{(x,,x,.)+(x $)+ (M0 V) > 14 (x;,8)
+(x, V) = (%}, V), for some j# i}
< Pr{{(x}%, V) > 1=3n~|(x;,x) |~ |(x;.5) |,

forsomejaéi}“, (2.14)

for all sufficiently large n, whenever (x;, u)l <.
Hence, in order to show that &'(s) in (2.4) goes to 0
uniformly subject to |Is||® < A, it suffices to prove that

1 —
N L Pr{(

iNxjall<n

a V)>lf3n~|(x,,x)|

—|(x;,u) VA, for somej#i} (2.15)

converges to 0 uniformly for unit vectors u € R", as n - o,

To this end, we partition the set of all possible values of

the inner products (x;,x;) and (x;,u). Let a;=0<a; <
<aK-landB| 0<pB,< '<BL-1W1thaA+| a; <

k=1, K—1,and B,,,—B;<m, =1+, L—1. Fur-
ther let

Fik1={ii j*Fi, a S‘(xj’xi)lsakJrl’
SI(X.;,")ISB/H}
and
G={(k,):1<k<K,1<sl<L,ey2m,
al +BI>1+n—exp(—2R)}.
Then the expression (2.15) is

< X I{t

(k,I)EG

> P

ilx, )< (kLDEG
>1—5n—ak—ﬁ,fK}}.

As the first term above goes to zero uniformly in u as n >
by 2) of Lemma 1, it remains to consider only the second
term. Recalling agam that V=(V,,---,V,) is an iid. se-
quence of N(0,02/n) random varlablcs we note that
Pr{Vl®> a2+ n)— 0 as n—o, Therefore, it suffices to
prove that

1
5 £ T wlu
ix,wl<m (k,DEG j€Fiu

(/45,¥) 159 -~ /R )} (216)

goes to 0 uniformly in u.
Now, observe that

”‘-,M|<|

I,\[$¢}|

U {(iji.Au’V)

j € Fiy

2
Wi?<o?+m,

xx) 2 ags (x50 2 BY|

_<_| jil(xj e x; + Bu)l = ai +B,}|

. Bi
= {" Gz s, +B,u||}
where w={(a,x; + ;u)/ lle;x; + Bull. By Lemma 3 (for
Kxpwl <), lagx; + Byall < /(i + BF)(1+ 1) , so that

2 2
. ai + B
IF;kAS{/:l(x,,w);Z - }
+
1 al + B?
oo tm2
by Lemma 1(i)
1 X , +
<expi{n +510g(1—ak—ﬁ,+7)) +e 217)

for all n sufficiently large, where we can assume that
al+BF<1+n (2.18)

(as otherwise F;; = ¢).



ta
[

Further, by Lemma 3, lf x —x’(r u) represents the unit
vector in the direction of x , for j € F;;, we have IIxM | <

\/1— xj,x,-) (x,,u) +477 <\/1*CVA B} +4n if
I(x;,uw)l <mn. Hence

Pr{IVIP <o +m, (M0 V) > 1-5n - a, — BN }

—a; —BYA -5
1/1—&,\ ﬁ,+477

\V||2=r}

where F(r)=Pr{llVi®<r}

(x( L)> - BYA =59
WV r(1 - af - B +4m)
HVH2:r} dr(r)

< PI‘{”V”ZSUZ +7,(x),V)>

: 1—a;—BVA =5
[T (xf,V)>__L__’7
0 Vl—a,\ B,+4n

“dF(r),

1-a,

_ f{r3 +7 Pr
0

a— VA =5
sPr{(u’,U)> i i
\/(0' +7’1)(1*“/\ B; 7L4"1)

(2.19)
where U is a r.v. distributed uniformly on the unit n-sphere
and #' is any fixed unit vector in R”. Together with (2.17),
this implies that (2.16) is overbounded by T, ,)QGA(,(",), where

A‘k'”=eXP{ R+%10g( - Bi +m) )}
Pri(uU)> ﬂw} (2.20)
\/(U +n)(l—ak B,+4n)

Hence it suffices to show that A{}) — 0 as n - for every
(k,heG.
Since (k,I) & G, there are two cases to consider:

a) ap<m, al+BF>1+n-—exp(—2R),
and

b) al+BE<l+n—exp(-2R).
We first observe that in both cases

- BVA —=517>0 (2.21)

provided that 7 is chosen sufficiently small. Indeed, in case
a), the expression in (2.21) is =1 VA —6m. In case b), the

1—ay

assumption R<C—8=1%log(l+1/(A+0?)— 5 implies
that
al+Bi<l+n—~ exp(26)
1+ 3
At+o
<l+n- exp(28).

1+A

1EEE TRANSACTIONS ON INFORMATION THEORY. VOL. 37. NO. 1. JANUARY 1991

Since
ac+ BVA =/ (af + B7)(1+ A)
(as can be directly verified by squaring both sides), this yields
ay—BYA —5n>1-5n

—/1=A(exp(28)—1) +n(1+A) >0

if n is sufficiently small.
Now, in case a) we obtain, using Lemma 2, that

(1—ap—p/a-sn) |
(0'2+n)(l*a,%~,3,2+4n)
(lf\mffm)z (n-1,2
<exp(ne) l—mﬁ -0

if € and 7 are chosen small enough.
In case b), we have R+ 3log(1—aZ — g7 +1)> 0. Then,
using Lemma 2 we obtain from (2.20) that

Bf+n)+f}

(1_ak,ﬁlf_5n)2 (n—1)/2
-1
B} +4n)

AW < exp(ne) [l -

1
Elog(l—ak—

AP <exp {n R+

- (a— +n)(1*ak

:exp{

-exp {(n -1)

1
log(l—a,\ B, + n)+ ne}

1
R+ — log(l—ak B,2+n)

i (1—a,— By/A ~5n)°
+zlog[1_(0 +n)(1—ak Bﬁ%)”}

1
R+e+5log|:1—a£—ﬁf+4n

I}

2
l1—a—-BVA =5
7(‘1’7B)=1—a2—32+4n_( a fg‘/— 1]) ’
g +mn

1
gexp(R+5]0g(1+n)+e)

“exp {(n -1)

(1= e = BiA =5m)’

azw‘-n

Evaluating the maximum of

we obtain by differentiation that the maximum is attained at
1-5n

S —— = aVA
“ 1+A+a’+7 B a/A

and the value of the maximum is
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Thus, in case b), AY? -0 if

(2.22)

1 1-57)°
R<f210g{1+477- { ") }—

1+A+0’+7

Obviously, if C—28 <R <C —§ for any fixed § > 0, where

1 1l | 1
A+O’2)—-E Og( B 1+A+crz)’

the inequality (2.22) will be satisfied if n and e are suffi-
ciently small.
This completes the proof. O

1
= log|1+
C 3 og(

I11. Discussion

We have established the capacity of the Gaussian AVC
with input constraint I', state constraint A, and noise power
o2, for deterministic codes and the average probability of
error criterion. It is 0 if A>T, and equals the capacity of an
ordinary memoryless channel with additive Gaussian noise of
power A + o2, for the same input constraint T, if A <T. The
limiting value of this capacity as o2 - 0is, as expected, the
capacity of the noiseless AVC with input constraint I" and
state constraint A. The previous result solves a weakened
version of the problem of determining the exponential rate
of the tightest sphere-packing in R” as n — oo,

A comparison of the Gaussian AVC with the discrete case
treated in [8], [9] indicates that the former is simpler in that
it does not call for a complex decoding rule. Indeed, simple
minimum-distance decoding suffices to achieve capacity. On
the other hand, since the powerful and intuitive method of
types is unavailable, the computations are less lucid and
appear to rely, to a degree, on analytical artifices.

One generalization of Theorem 1 is immediate. Namely, if
in the representation x + s +V of the channel output, the
variances of the independent, zero-mean Gaussian compo-
nents of V are allowed to vary arbitrarily subject to o; < o,
i=1,---, N, the capacity remains unaltered. Indeed the only
change neccssnated in the error-bounding is the rep]acement
of Vi*’<e?+n in 2. 15) and (2.18) by [V|*<a?+m,
where V=(V,0 /o,- -, V,0 /) has iid. _components, fol-
lowed by the observation that (x V)= (x V), where Hx’H <1
since X/ is obtained by multiplying the components of the
unit vector x/byo, /o<l i=1,"n

A further generalization with arbitrarily varying noise vari-
ances subject only to (l/n)):;’:,a',-2 < o2, when we believe
the capacity to yet remain unchanged, does not yield to such
a simple artifice. On the contrary, it apparently requires
more complex calculations, including a generalization of
Lemma 1. Indeed for more general AVC models with contin-
uous alphabets, the direct approach may well become un-
manageable, thus necessitating recourse to the method of
approximations by discrete AVC’s.

APPENDIX

We shall first prove the converse parts of Theorems 1 and
2, followed by the proof of Lemma 1 (cf. Section I).

The fact that I' < A implies C = 0 follows by a well-known
argument of Blackwell er al. [5]. Namely, let x, -

7xN’
N =2, be arbitrary codewords in R”

satisfying (1.1),

and—assuming [ < A —consider the state sequences §, =
x5y = Xy. Then for any decoder ¢,

Pr{<p(x,-+s,-+V)¢i}=Pr{¢(x,+s,-+V)#i}
>1-Prip(x; +s5,+V)*j}

whenever i # j. Hence

™Mz

— Ze(s)— Pr{cp(x,+sj+V)#i}

j~l

1Mz

J

”'Mz

g[ r{o(x;+s,+V)#i

+Pr{<p(xj +5,+V) #j}]
1 N(N-1) 1

=N T 2 Tr
1 for at least one je{l,- -, N}.

Next, to prove that C < Tog(1+ T /(o2 + A)), consnder an
i.i.d. sequence $=(S, - * S ) of Gaussian random variables
(also independent of V) with mean 0 and variance A'<A.
Given any code with codewords x,,- - -, xy, and decoder ¢,
the expectation of 2(S) (cf. (1.3)) equals

and consequently &(s;) >

Ee(S)—i Y Pr{e(x;+S+V)=i)

1*1

while

Fe(S) < max E(s)+Pr{||S|l2> nA}.

s:lisli <nA

Since varS; = A'< A, it holds that Pr{||S|I>>nA}— 0 and,
therefore, if max . 5 €(s) <e, we have

N

L Y Pri{o(x;+S+V)#i}<2e,
N

for n = ny(e, A).

Here the feft side is the average probability of error of the
given code on the “ordinary” memoryless channel with addi-
tive Gaussian noise of variance A’'+ o-2. Hence, by the con-
verse to the coding theorem for such charmels it follows that

C<Cmtiog14 —
=~ + .
=73 Og( A’+02)

Since A’ < A was arbitrary, this completes the proof of the
converse part of Theorem 1 (and, with the obvious changes,
also that of Theorem 2).

We now prove Lemma 1. We shall show that N = exp(nR)
randomly selected unit vectors will possess, with probability
arbitrarily close to 1, all the properties states in Lemma 1. Its
proof entails Chernoff bounding applied to dependent ran-
dom variables, which is provided by the following

Lemma Al: Let Z,,---,Z, be arbitrary
fAZ,,-++,Z,) be arbitrary with 0 < f; <1, i=1,---,
condition

E[f:(zh T

implies that

{ Zfl(zl‘ ’

i=1

rv.’s and
N. Then the

ZHZ,, -+,Z;_)J<aas, i=1,",N,

WZ)> t} <exp{— N(tlog2-a)}.
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Proof: This lemma is the same as Lemma Al of [8], with
the exponentials and logarithms to the base 2 in the latter
replaced by natural exponentials and logarithms.

Proof of Lemma 1: Throughout this proof “for large n”
will mean “for all n larger than some threshold n, depend-
ing only on €, n, and K.”

Let Z,,--+,Z, be independent r.v.’s each uniformly dis-
tributed on the unit n-sphere. First, fix a unit vector u in R"
and a,B in [0,1]. The main step of the proof consists in
asserting the doubly exponential probability bounds that for
large n

Pr {1{;’: (Z;,u)l > a}|>exp {n(

+
+ —

)

1
R+Elog(1—a2)

2

(A1)

1 ne
sexp(faexp(j)
and if

3
a=>—, a2+BZ>1+—‘—:l—exp(—2R),

N3

(A2)
1
Pr{ﬁ’{[: (Z;,Z))>a,(Z;,u)l>B, for some j#i}!

>exp(— ne)}

1 ne
$4exp(éT66xp(7)).

To establish (A1), (A3), we shall apply Lemma Al to
Z,, -,Zy for two different choices of the functions f;.
Observe that (A1) holds trivially if £log(1—a?)+e/2>0,

ie., if @ <yl-exp(—e€). Hence, restricting attention to
azyl—exp(—¢€) >0, let

-

The hypothesis of Lemma Al is then satisfied by Lemma 2
with a=2(1-a?)" "2 for large n. Thus with =
(1/N)exp{n(IR +1log(1—a?)|* +€/2)} in Lemma Al, we
get

(A3)

1, if I(Z,,u)l >a

0, otherwise

Pr{%’{j: (Z;,u)l Za}l

1
R+ Elog(l—az)

3l

1
R+Elog(l—a2)

1
>Nexp{n

ael 3
.10g2—2(1—al)‘”—”/z)]}.

The inequality (A1) would then follow if we showed that the
term within the square brackets, denoted A(n, R,€,a), was
bounded below by 1 exp(ne /2) for large n. There are two
cases to consider.

a) If

sexp{—

1
R>7Elog(1—az), (A4)

observe that

1 €
h(n,R,e,a)=exp{n R+Elog(l—a2)+§)}log2

n

;1 log(lva2)>

—Zexp(nR)exp{
:exp{n(R-F%lOg(l_az))}
.{exp(n{)-logz—kxp{—%IOg(l*az)}}

ne
zexp(7)~log2726pr (by (A4))

1 ne
enl2)
for large n.
b) If
1
Rs—ilog(l—az) (AS)
then
ne
h(n,R,e,a) = exp(T)-logZ
n—1
—2exp(nR)exp{ log(l—az)}

ne
zexp(T)-log2~2epr (by A5)

with the bounding completed as in case a).
Turning to (A3) next, define

a,={ji<i, |(2;,u)|= B}

and

)

First note that {4, # A, for some i}C{lA4yl>exp(n(IR
+ Llog(1— BH)I* + € /21, which by (A1) has probability less
than exp(— 1 exp(ne /2)) for large n. Next, let

1
B, i - _g2
-4 lf|A,|<exp{n(R+zlog(1 B8?)

1

¢, otherwise.

[z,

{

Z)- { 1, if|(Z,,2,)|> a for some j € 4,
0, otherwise.

Then for large n

1
Pr{NHi: (2,,2,)|2 «, |(Z;,u) = B, for some j < i}|
>exp(— ne)}
1 ne
son(-4on( )

1 N
“’r{ﬁ T Zy o Z) > exp(~ ne) b (A6)

i=1
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The second term on the right side of (A6) will be bounded
using Lemma Al. To this end, we introduce the event
(l(Z,,u)I > 7 /4} and note from Lemma 2 that its probability
is less than 2(1—n%/16)"="/2 for large n. Also, writing

-—(Z wu+Z+, we see that (Z,,Z)=(Z,uXZ;,u)+
(z,z;* ) Hence

E[fi(zlv'"’Zi)|zl!'”vzi—1].

=P Z,,Z >aflz,,,Z;_
o Uz 2)l=az 2
SPr{|(Z,~,u)|_>_%}

n
+ Pr{l(l,,u)|< e I(z,,2)|z alz,, -,z,._l}

J€ A;
n? (n-1/2 n
sZ(]—E) + X Pr{](z,,zfﬂza—z Z= 1zj}
JE A;
"']2 (n—=1/2 n
=2(1_E) + T br{|(z.20)|2a-F).
j€A;
(A7)

Now, (z;, 2"} =(z;*, Z)), where ||z} 1% = 1-(z;,u)? <1-B%
Then if & is any fixed unit vector in R", we obtain for large n
that
n
a——

4

V1-p?

(n—1)2

Pr{'(zj,Z,L)

'Zaw%}sPr I(@,2,)|=

<2|1- (A8)

by Lemma 2 if @ — n /4 <y/1— B*; otherwise the probability
is trivially zero. Since |A;l<exp{n(|R+1log(1—pgH)I* +
€ /2)}, we obtain from (A7) and (A8) that the hypothesis of
Lemma Al is satisfied with
"
€
+ p—
(a—n/4)°

2
=2(1—%) +2exp{n( R+
I_W)} (A9)

n—1
-exp{Tlog

if @ —m/4 <y1- B2, and otherwise with

(n—1)/2 1
5 log(

172 (n—1/2
=201-L
( 16) (A10)
Thus, with t = exp(~ ne) in Lemma Al, we get
{ Zf.(zn »Zf)>eXP(-n€)}
i=1
<exp{— N[exp(—ne)log2—a]}. (All)

We claim that for large n
1
a<Eexp(—ne). (A12)

Observe that for large n (using the hypothesis n > 8Ve)
2

21 "_)
16

establishing (A12) when a —n/4>V1- B2 (cf. (AL0). If
—n/4 <y1- B2, the second term in (A9) is, for large n,

(n—=1/2 172 1
< 2exp{—(n—1)3—2} szexp(—ne)
(A13)

+

1
+—2—log(1—[32)

log|1-

<2exps{(n—1)

3e
+—+

) (A14)

We distinguish between two cases.
a) If R> —3log(1— B?), then the bound in (A14) is

[Eas o [1-57= (o2}

= ZCxp{(n -1)

[ 3e
(n-1) R+T+ log(l-a -B%+ ]

{ -
amfelpmlzriza) )

L2
by (A2)

1-a?-B2+n/2
- ~B2+3n/4

'/\

-n/2
| 4437

3e
sZexp{(n—l) +—4—]}, using log x < x —1

Se .
sZexp{—(n—l)T}, by the hypothesis 7 > 8Ve

szexp(—ne)
for large n.
b) If R<—3log(1— B?), the bound in (A14) is
[ 712
3e 1 ("“Z)
=2exp{(n—1) T+510 l——l_—Bz—
(3¢ 1 n?
xp{(n—l) T+§log(l—ﬁ)]}, by (A2)
1
szexp(—ns)

for large n, using the condition of the lemma that n > 8ve .
Thus, in both cases, the term in (Al4) is less than
+exp(—ne). This, together with (A13), establishes (A12).
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Then from (A6) and (A11), we obtain that for large n

1
Pr{ﬁj{i: (z,.2,)i = a,|(Z;,u)l = B, for some j < i}|

>exp(—ne)}

1 ne
sexp(—zexp(—z—))

1
+cxp{— N[exp(— ne)log2~ Eexp( - ne)]}

1 ne
sZexp(—ﬁexp(7)),

where we use N =exp(nR)> exp(2ne).

By symmetry, the same bound holds if ““for some j <i” is
replaced by “for some j > i,” thereby validating the claim in
(A3).

The doubly exponential bounds in (A1), (A3) imply that -

for any finite set ./ of unit vectors in R" with [./]
increasing exponentially in n, and any finite subsets 4 and
B of [0,1], the probability of the joint occurrence of the

events

+

1
|{j: \(Zj,u)\za}|_<_exp{n R+Elog(1—a2) +§

forall ue.”" and a € A4, and

1
N‘{i: (2,.2,)| = «, (Z,,u) = B, for some j # i}|

<exp(— ne)
for all €./, and a€ A, B< B satisfying (A2) will be
arbitrarily close to 1. We complete the proof of the lemma by

observing that for an appropriate choice of ./, 4 and B as
above, if x,- - -, x, are unit vectors satisfying
"
€
+ —
2

(A15)

1
R+ Elog(l—az)

'{jl [Cx;,ue)l Za}‘s exp{n(

forall ue.””" and a € A, and

N’{i: I(x;,x)l>a,l(x;u)l=p, for some j#i}l

<exp(—ne), (Al6)

for all ue./" and a€ A, B B satisfying (A2), then
Xy, X will satisfy (A15) with € /2 replaced by e for every
unit vector u € R" and every a €[0, 1], and satisfy (A16) for
every unit vector u €R” and every a €10, 1], 8 [0, 1] satisfy-
ing a>n, a?+B2>1+n-exp(—2R). Indeed, it suffices
to choose .”" as a v-dense subset of the unit sphere in R”,
and A and B as v-dense subsets of [0,1], with » > 0 suffi-
ciently small.
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