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Abstract

In this paper, we give an explicit methodfor mappingany simply con-
nectedsurfaceonto the spherein a mannerwhich preservesangles. This
techniquerelieson certainconformalmappingsfrom differentialgeometry.
Our methodprovidesa new way to automaticallyassigntexturecoordinates
to complex undulatingsurfaces. We demonstratea finite elementmethod
thatcanbeusedto applyour mappingtechniqueto a triangulatedgeometric
descriptionof a surface.

1 Introduction

Thetechniqueof texturemappingis basedonmappinganimageeithersynthesized
or digitizedontoa givensurface.Thecomputergraphicsliteraturehasmany such
workson this topic, e.g.,see[12] andthe referencestherein. We will not review
all the literatureon this subjecthere,but just someof the key works in orderto
contrastourapproach.

Parameterizationof polygonalgeometricsurfaceshasdirectusefor whatGomes
et al. referto asimagemapping[13], acategoryof techniqueswhich includestex-
turemapping[6] [14] [15], reflectionor environmentmapping[4], bumpmapping
[5], andlight mapping[20]. As its nameimplies,imagemappingassociatesacoor-
dinatein imagespacewith everylocationonthesurfaceof ageometricobject.The
discretesamplesof an imagerasteraddressedby the coordinatesin imagespace
areappliedto thegeometricobject.

The mathematicalbasisof this mappingdetermineswhetherthe imagepro-
vides the objectwith the appearanceof surfacetexture, a specularreflection,or
someothereffect. In this paper, we will focusonly on mappingssuchastexture
mappingthatarea functionof surfacelocationandnot those,for example,based
onsurfaceorientation.

No matterwhatkind of imagemappingis used,theparameterizationfunction
that relatesthegeometryof theobjectto imagespacemustbedetermined.Three
roughcategoriesof mappingfunctionsexist [25] [13]. Thefirst is asimplechange
of coordinatesfrom geometryspaceto imagespace. Surfacepatchesandother
parametricsurfaces,for instance,canoftenbemappedusingtheirnaturalparamet-
ric coordinatesystem.Thesecondcategory, describedby Bier andSloan[3], uses
an auxiliary surfaceasan intermediatebetweengeometryand image. The third
category projectsthe surfaceonto anothersurfaceor geometricsolid. For com-
plex non-parametericobjects,finding a usableparameterizationfunctioncanbea
difficult task.

In practice,thetechniquesusedto assignparametersto undulatingsurfacesare
oftenad hoc andmaysuffer from distortions,singularities,or othershortcomings.
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Severalmorerigoroustechniqueshavebeenproposedtoparameterizecomplex sur-
faces.Benniset al. describea flatteningandcuttingtechnique[2]. More recently,
Leeet al. have developeda multiresolutionapproachbasedon Loop subdivision
[18]. Lévy andMallet usean algorithmfor non-distortedmappingsfor triangle
meshesover cutsandotherdiscontinuities[19]. This mappingmethodcombines
planargraphtheorywith penaltyfunctionsto preserve right angles.Theuseof har-
monic mapsfor mappingsurfaceswith boundaryconditionsis suggestedin [10]
for multiresolutionanalysisof meshes.This approachmay have the undesirable
propertyof triangleflipping.

In this paper, we proposea methodbasedon a key fact in conformalgeom-
etry. Indeed,one can prove that any surfacewithout holesor self-intersections
canbemappedconformallyonto thesphere,andany local portion thereofontoa
disc. This mapping,calleda conformal equivalence, is one-to-one,onto,andan-
gle preserving.Moreover, onecanexplicitly write down how the intrinsic metric
on the original surfaceis transformedand thusareasand the geodesicsaswell.
Specifically, theelementsof thefirst fundamentalform

���������	��

aretransformed

as
�����������������


for somepositive function
�

dependingon the point of the sur-
face.For this reason,conformalmappingsareoftendescribedasbeingsimilarities
in the small. This meansthat the mappingcanbeusedto mapany planarimage
or structureon thesphereto our givensurfacein anangle-preservingmanner, and
vice versa.Locally shape is preserved and distances and areas are only changed
by a scaling factor.

We shouldnote that the mappingwe constructis bijective (onto andone-to-
one),andthusthereis no problemwith triangles“flipping” or overlappingwhen
mappedto ��� . Further, themethoddoesnotrequirecutsto bemadeonthesurface.
Themappingis seamlessandthusavoidstheproblemof blendingtexturestogether
acrosscuts.

Besidestexturemapping,onemayusethis techniqueto find longitudeandlat-
itudelinesaswell asa northandsouthpoleon a givensurface � by mappingthe
correspondinggeometricfeaturesof thesphereonto � in this conformalmanner.
Sinceanglesarepreserved, the imagesof the longitudesand latitudesareguar-
anteedto beorthogonalto eachother. Surfacedeformationandflatteningis also
very usefulfor certainproblemsin medicalimagingsuchasfunctionalmagnetic
resonance;see[1, 7, 23, 24] andthereferencestherein.

What makesour methodpracticalandeasyto implementis the key observa-
tion thattheconformaltransformationmaybeobtainedasthesolutionof asecond
order elliptic partial differential equation(PDE) on the surfaceto be deformed.
For triangulatedsurfaces,thereexistsapowerful, reliablefinite elementprocedure
which canbeemployedto numericallyapproximatetheconformalmappingfunc-
tion. Theheartof thisproceduresimply involvessolvingapairof systemsof linear
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equations.
We shouldnote that beyond imagemapping,the ability to parameterizear-

bitrary objectsof a given topology hasa variety of applications. For example,
physicalpropertiesor othervariablescanbeassociateduniquelywith locationson
asurface.

Theoutlineof this paperis asfollows. In Section2, we sketchtheanalytical
procedureto find theconformalmapping.Thedetailsof this arefilled in theAp-
pendixof Section6. In Section3, wedescribehow thenumericalalgorithmworks
on a triangulatedsurface. In Section4, we demonstrateour procedureon some
surfacesbothsyntheticanddigitized,andin Section5 we make someconclusions
aboutfurtherresearch.

2 Brief Sketch of Mathematical Theory

In this section,we outline the mathematicaljustificationof our surfacemapping
procedure.See[1] andtheAppendixof Section6 for moredetails.We startwith
thebasicassumptionthatthegivensurfaceis a topologicalsphere.Thismeansthe
surfacehasnoholes,handles,or self-intersections.

Let � denotea sucha surfacein ��� . Let ��� denotetheDirac delta(impulse)
functionat ����� , � theLaplace-Beltramioperatoron �! #"��%$ � and& thesquareroot
of '�( . (TheLaplace-Beltramioperatoris thegeneralizationof theusualLaplacian
operatorto a smoothsurface.See[21, 11] andSection6.) Let � � denotetheunit
spherein ��� andlet ) be the complex plane. Recall from the Introductionthat
a conformalequivalenceis a one-to-one,onto mappingwhich preserves angles.
We cannow statethe following resultwhich providestheanalyticalbasisfor our
texturemappingprocedure:

A conformalequivalence*,+-�. #"��%$0/1� �  #" northpole$0234) maybeobtainedby
solvingtheequation �,* 3 5�6687 '9& 668:<; � �>= (1)

Thederivationof this equationmaybefound in theAppendixof Section6. This
resultmeansthatwe cangettheconformalequivalenceby solvinga secondorder
partialdifferentialequationon thesurface.Fortunately, on a triangulatedsurface,
this may be carriedout usinga finite elementtechniquewe will describebelow.
Also, weshouldnotethattheequivalenceabove is uniqueup to scalingandtrans-
lation.
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3 Finite Element Approximation of Conformal Mapping

Wehave just sketchedtheanalyticalbasisfor conformallymappingasurfaceonto
asphere.Wewantnow to describeanumericalprocedurefor carryingthisout. We
now assumethat � is a triangulatedsurface.Wecontinueto usethenotationof the
previoussection,andlet ? 3A@CBED bea triangleonwhosefacethepoint � lies.

3.1 Finite Element Formulation

We will now briefly outline the finite elementmethodfor finding the conformal
mapping * which is the solutionto the PDE (1). See[16] for detailsaboutthis
method.

First we constructa weak formulation of the PDE (1), i.e. we multiply the
equationwith anarbitrarysmoothfunction F andintegrateby partsto getG4GIHKJ *KL J FNM>� 3 GOGIH 5�6687 '9& 66P:<; FQ���IM-�3 6 F687 � � 
 '9& 6 F6P: � � 
 (2)

where
J * is thegradientwith respectto the inducedmetricon � . Onecanshow

that * satisfies(1) if andonly if (2) holdsfor all smoothfunctionsF .
Next, werestrictourattentionto thefinite dimensionalvectorspaceRTS � � 
 of

piecewise linearfunctionson � , andseeka *��URTS � � 
 suchthat(2) holdsfor allF��VRTS � � 
 . For eachvertex RW��� , let XZY bethecontinuousfunctionsuchthat[\] \^ X Y � R 
 3 ( �X Y �`_�
 3Aa �b_dc3 R �b_ avertex
�X Y is linearoneachtriangle.

(3)

ThentheseX Y form a basisfor RTS � � 
 , andsoany *E��RTS � � 
 canbewritten
as * 3 eR vertex of � *fYgXZY
for somecomplex numbers* Yb= Further, since(2) is linearin F , it is enoughto show
that(2) holdswhenever F 3 XNh for some

_ =
In short,we want to find a vectorof complex numbers* 3 � *fY 
 , containing

oneelementpervertex, suchthatfor all
_

,e Y * Y GOGiJ X Y L J XZh<M>� 3 6 X h687 � � 
 'U& 6 X h68: � � 
 = (4)
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3.2 Formulation in Matrix Terms

The formulation (4) is simply a systemof linear equationsin the complex un-
knowns * Y .

Let usintroducetherealmatrix j 3 � j,Y h 
 wherej Y h 3 G4G4J X Y L J XNhkM-� �
for eachpairof verticesR �	_ = It is easyto seethatif R and

_
arenotconnectedby

anedgeof a triangle,then j Y h 3Aa = Thusthematrix j is sparse.
Supposethat R c3 _ , and R _ is anedgebelongingto two triangles,say R _Kl ,

and R _ � . A classicalformulafrom finite-elementtheory[16], thensaysthatj Y h 3 ' (m "fnpoIqgr lts npoIqkr �u$ � (5)

where r l is theangleat thevertex
l

in thetriangle R _Kl , and r � is theangleat
thevertex � in thetriangle R _ � .

If R 3 _ , thenonehas j YQY 3 ' eY rv h j Y h = (6)

Wenow considertheright-handsideof (4). Recallthat � is apointon theface
of sometriangle ? 3w@CBED = If _1x�y" @ � B � D $ � then XNh is identicallyzeroon ?
andsotheright-handsideof (4) is zero.

Sosuppose
_ �z" @ � B � D $ � andchoosethe

7
andthe

:
axissothat @ and B

arealongthis axis,andthepositive
:

axispointstowards D . Since XNh is linearon? , 6 XZh687 3 XNh � B 
 '{XZh � @ 
| B ' @ | � 6 XNh68: 3 XNh � D 
 '}XNh ���~
| D ' ��| �
where

�
is theorthogonalprojectionof D on @�B .

Wederive explicit formulasfor
�

and XNh ����
 asfollows. Let � besuchthat� 3�@ s � � B ' @ 
 =
Since

� D ' �~
��W� B ' @ 
 , wehave� D ' @ '�� � B ' @ 
	� B ' @K��3Aa �
so � 3 � D ' @ � B ' @K�| B ' @ | � =
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Therefore,againby thelinearityof X h on thetriangle ? , wehaveX h ����
 3 X h � @ 
%s � � X h � B 
 '}X h � @ 
�
 =
If wedefinetwo realvectors� 3 � �>h 
 3 �p�������� � � 
�
 and � 3 � �ph 
 3 �p�f������ � � 
�
 ,

thentheabove formulasyield

� h '9&�� h + 3 [\\\\] \\\\^ a
_�x�U" @ � B � D $ ��Q���� �8� � s & ���8���� �8� � _ 3�@ ����� �8� � s & ���� �8� � _ 3�B �& �Q���� �8� � _ 3�D =

andthesystem(4) becomes,in matrix terms,j�* 3 ��'9& � = (7)

3.3 Solving the System of Equations

The systemof linearequations(7) canbe solved usingstandardtechniquesfrom
numericallinearalgebra.In practice,we solve for therealandimaginarypartsof* 3y¡ s &`¢ separately, i.e. wesolve j ¡£3 � and j�¢ 3 � =

Note that since ¤ h j Y h 3¥a for all R , the matrix j 3 � j Y h 
 is singular,
andsowe needto show thatsolutionsto j ¡93 � and j�¢ 3 � exist. In addition,
we will show that j enjoys severalpropertieswhich make thesesolutionseasyto
computenumerically.

We remarkthat if j ¡¦3�a for somenon-zerovector ¡§3 � ¡ Y 
	� thenall the
elementsof ¡ arethesame.To demonstratethis,supposej ¡¨3Aa . ThenclearlyeYP© h j Y h ¡ Y ¡ h 3Aa = (8)

Further, by definitionof thematrix j Y h wehaveGªG HE« J 7 « � M-� 3 eY�© h j Y h ¡ Y ¡ h (9)

where
7 �¬RTS � � 
 is the functionwith

7 �`_�
 3¡ h for all vertices
_

. Equations
(8) and(9) togetherimply that

7
is constant,andhencethatall ¡ h areequal.We

concludethatthekernelof j is® + 3 "�¯ � ( � ( � =°=°= � ( 
�± « ¯V�V�V$ =
By construction,j is asparse,real,symmetricmatrix. Therelation(9) implies

that j is positivesemi-definite,andtogetherwith theanalysisabove,weseethat j
7



maps
®�² �

theorthogonalcomplementof
®

, bijectively to itself. Thustheequationj ¡U3 F is solvableif andonly if F}� ® ² (i.e. ¤ h FIh 3ªa ), andthis solutionis
uniqueup to additionof anelementof

®
. Wenotethat � and � areindeedin

®³² =
Sincej , restrictedto

® ²
, is sparse,symmetricandpositivedefinite,equationsj ¡¨3 � and j�¢ 3 � areparticularlywell suitedfor numericalsolutionby thewell-

known conjugategradientmethod.Although j is singular, this methodinvolves
only multiplicationsby j and additionof vectorsin

® ²
, andso quite literally

solvestheequationsfor j restrictedto
®³²

.
The speedof the conjugategradientmethodallows us to find ¡ and ¢ in a

combinedtime of under3 secondsfor a surfacewith 8128triangles,usinga Sun
UltraSparc10.

3.4 Algorithm for Texture Mapping

We may summarizeour procedurefor texture mappingvia the constructionof a
conformalmap * asfollows:
Input: A triangulatedsurface � , andanimageto beusedasa texture.

(1) Computethe elementsof the matrix j , andthe vectors � and � , usingthe
formulasfrom section3.2.

(2) Solve thesystemsof linearequationsj ¡¨3 � and j�¢ 3 'C� .
(3) Compose* 3�¡ s &�¢ with inversestereoprojectionto geta conformalmap

to theunit sphere.Specifically, sendthepoint ¡ s &`¢ to thepoint
� m ¡ x>� ( s´ � 
	� m ¢ x>� ( s ´ � 
	� m ´ � x>� ( s ´ � 
 '¦( 
 , wheré � 3y¡ � s ¢ � =

(4) Computethesphericalcoordinatesof thepointsonthesphere.Thesewill be
new texturecoordinates.

Output: Texturecoordinates,andrenderedoriginal surface,usingthenew texture
coordinatesto index into theinput image.

4 Computer Experiments

Weillustratethetexturemappingprocedureonanumberof surfacesbothsynthetic
anddigitized.

Figures1 through3 areconcernedwith mappingtexturesonto syntheticsur-
faceswhichcontainhighly concaveandconvex areas.In Figure1, weconformally
mapa mandrill imageonto a syntheticsurface. Similarly in Figure2, we con-
formally mapa thermalimageof theearthontoa synthetictooth-shapedsurface.
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Noticehow in bothcasesthelocal geometryis very well-preserved,andthemap-
pingsareperformedwithoutany tearsor seamsin theimage.Eachimagein Figure
3 shows two copiesof theearth,onemappedto theoutsideandanotherto the in-
sideof a vase-shapedobject. The rim of the vaseis not a boundary, but rathera
fairly sharpedgebetweenthe insidesurfaceof thevaseandits outside.Thevase
is thusa topologicalsphere.This exampledemonstratesa moregeneralproperty
of ourmethod;wehave foundit to bequiterobustin thepresenceof edgessuchas
thosefoundonpolyhedralsurfaces.

In Figure 4, we performeda white mattersegmentationof the brain whose
points are coloredaccordingto meancurvature. (For detailsabouthow sucha
segmentationmaybeperformedwe refer thereaderto [17, 23].) To geta surface
triangulation,weusedtheVisualizationTool Kit (VTK). Usingourconformalgeo-
metrictechnique,wethenmapthehighly convolutedbrainsurfaceontothesphere.
Noticehow thesulci (indentations)andgyri (protrusions)areclearly represented
on thespherewith a nicepreservationof the local geometry. Suchmappingtech-
niqueshave usesin functionalmagneticresonanceimagingfor thebrainflattening
problem.Sinceit is importantto visualizefunctionalMRI datafor neuralactivity
within thefoldsof thebrainsurface,flatteningmethodshavebecomeanimportant
areaof researchin medicalimaging;see[1, 7, 23, 24] andthereferencestherein.

Figure 5 shows how orthogonalcoordinatesystems,i.e. parameterizations,
canbeestablishedon surfacesusingour technique.Thecoloredareascorrespond
to sphericalrectangleswith boundarieslying on lines of longitudeand latitude.
Noticethatwhentheserectanglesaremappedfrom thesphereto thesesurfaces,the
cornersof therectanglescontinueto meetatrightangles,dueto theconformalityof
themapping.As mentionedbefore,theconformalmappingfrom thesurfaceto the
sphereis notunique.Essentially, this is becausewecancomposethemapwith any
conformalmappingfrom thesphereto itself. However, if wespecifytheimageon
thesphereof threepointson theoriginal surface,thenthereis only oneconformal
mappingwhichsatisfiesthiscondition.Wecantakeadvantageof this fact,because
it allowsusto specifywhich two pointson thesurfacewill correspondto thenorth
andsouthpoleson thesphere.In Figure5, wehavechosenthesepointssothatthe
southpoleis asfar awayaspossiblefrom thenorth.

Figure6 shows how decimationof trianglesaffectsthemapping.One-fourth
of the triangleson eachsurfacewereremoved to createthenext surface,andthe
conformalmappingwasre-calculated.Fromleft to right thesurfacesarecomposed
of 32512,8128,2032and508 triangles. We madeconsistentchoicesfor north
andsouthpoleson eachsurfaceso that the imagescould be comparedvisually.
Removal of trianglestendsto flattenoutportionsof thesurface,andthischangein
geometryresultsin aslightshiftingof thetexture.

Figure7 shows theeffect of affine transformationson theprocedure.Thesur-
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facein theupperleft cornerwastransformedthreetimesby multiplying its vertices
by fixedmatriceschosenat random.Conformalmappingsto thespherewerethen
calculated.Again, thepoleswerechosenconsistentlyto aid in visualcomparison.
Affinetransformationsaltersurfaceangles,andsonaturallythetexturecoordinates
we calculatearenot completelyaffine invariant. However, we notethat continu-
ously deformingthe surfaceresultsin continuouschangesin texture coordinates
andsosingularitiesin thetexturemapdonot form. Here,althoughthedifferences
betweenthesurfacesarerathersevere,thetexturemappingremainsrelatively con-
sistent.Giventheseresults,we arevery encouragedthatthis processmaybeused
for automatictexture mapping. A simpleexamplewould be applyinga mottled
apple-skintextureto any surfacethatis reasonablyapple-shaped.

5 Conclusions

In this section,we summarizea numberof the key aspectsof our method. Fur-
ther, we show how themethodavoidssomeof theproblemsoftenassociatedwith
surfacemapping,anddiscussapplictionsandareasfor possiblefutureresearch.

5.1 General Remarks

In this paper, we have describeda generalmethodfor mappingcertainsurfacesto
thespherein a mannerwhich preservesthe local geometry. Sinceanglesarepre-
servedby this mapping,a texture,whenappliedto thesurface,hasmuchthesame
appearancethat is hasin theplaneor on thesphere.Themethodalsoprovidesan
effective way to establishorthogonalcoordinatesystemson thesesurfaces.Since
themappingis naturallybijective, thereis no inherentproblemwith trianglesover-
lappingor “flipping” whenmappedto theplane.Nor doesthemethodrequirecuts
to bemadeon thesurface;it is a seamlessmappingandsoavoids theproblemof
blendingtogethertexturesacrosscuts. The formulationof thepartialdifferential
equationwhichis centralto themethodprovidesit with anattractivesimplicity and
elegance.

Thesimplicity of theequationformulatedallows usto usestandard,powerful
numericalmethodsto solve it. Thefinite elementmethodfrom numericalpartial
differentialtheoryappliedto our systemwith theproperboundaryconditionsfor-
mulatedabove, togetherwith theconjugategradientmethodfrom numericallinear
algebra,form a robustandreliablesolutionsystem.As seenin theexamples,this
robustnessshows up in the stability of the methodwhen appliedto surfacesof
varyingshapeandtriangulation,even in thepresenceof sharpedges.In addition,
thespeedof theconjugategradientmethodmakesthefindingof thesolutionquite
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practical.

5.2 Other Applications

We have shown how our methodcanbeusefulin automatictexturemapping,and
in theconstructionof coordinatesystemson evenhighly undulatedsurfaces.We
have alreadydiscussedthe applicationof our techniquein medicalimageryfor
functionalmagneticresonancedatain orderto solve in a naturalmannerthebrain
flatteningproblem.Moreover, a numberof pathologieshave beenassociatedwith
deformationsof brainstructures.We arevery hopefulthatour conformalmethod-
ologywill beusefulin quantitatively describingsuchpathologies.

Our conformalgeometricapproachcanalsobeutilized for severalotherprob-
lemsin computergraphicsincludingdefiningthenorthandsouthpolesona given
surfaceandin the computationof shading maps. Traditionalcomputergraphics
shadingis doneby applyingsyntheticlighting calculationsateachpolygonvertex,
theninterpolatingbetweenthe verticesto find approximationsto thosevalueson
theinteriorof thepolygons.Thecostof thiscalculationobviouslygoesupwith the
numberof polygons.However, coarselytesselatedobjectsappearmorerealisticif
shadingis doneatafinerscale,andfinely tesselatedobjectsareexpensive to render
in part becauseof the large numberof lighting calculations.Also, it is harderto
do complex shadingoperationsin hardwarewherevertex-level shadingis usually
performed. Shadingmapsget aroundseveral of theseproblemsin a numberof
applications.Given a mappingfrom 3D geometryto a 2D texture, lighting and
interpolationcanbeperformedon a regulargrid in two dimensionalspaceinstead
of threedimensions.Texturemappingis thenusedto maptheresultof theshad-
ing calculationsbackontothesurface.We planto applyour methodologyto this
problemaswell.

5.3 Future Research

We arecurrentlyworking on theproblemof globalareaandlengthdistortion. It
is a classicalresult in differentialgeometry(see,for example,[8]), that it is not
possibleto mapageneralsurfaceto thesphereor planewithoutsomedistortionof
lengths,andso at besta compromisemustbe madebetweenlengthpreservation
andconformalityof themap.

We aretestingcertainvariationalmethodsto find a suitablecompromisebe-
tweenourconformalmappingsandoneswith minimalareaandlengthdistortions.
Wearealsoworkingonextendingourmethodto surfaceswith moregeneraltopol-
ogy, suchassurfaceswith holesor boundaries.
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6 Appendix: Derivation of Partial Differential Equation

In this section,we outline thederivation thepartialdifferentialequation(1). See
also [1, 11, 21] and the referencestherein. Let � be a point on the surface � ,*�+C�µ/ � � be a conformalequivalencewhich sends� to the north pole, and
let

� 7 � : 

be conformalcoordinateson � near � such that

7 3 : 3¶a at � .
Conformalcoordinates

7 � :
aresuchthat the metric at the point � is of the formM�· � 3 ¯ � 7 � : 
 � � M 7 � s M : � 
 = We canalwaysensurethatat theparticularpoint � ,¯ � � 
 3 ( � J ¯ � � 
 3¥a = It canbeproven that suchconformalcoordinatesalways

exist [8]. In thesecoordinates,the Laplace-Beltramioperatortakes the simpler,
morefamiliar form � 3 (¯ � 7 � : 
 ��¸ 6 �687 � s 6 �6P: �>¹ =

Set º 3 7 s & : = Sincethemapping* 3 * � º 
 is one-to-one,it follows that *
hasasimplepoleat º 3Aa , andhenceaLaurentseriesrepresentation* � º 
 3 @º s B s D º s j�º � s =�=�=
Weinterpretthisequationin thesenseof distributionsandapply � to bothsidesto
get �E* 3A@ � 5 (º ; �
thenon-negative powersof º beingharmonicnear� . We needonly find * up to a
constantmultiple,sotaking @�3 ���» ,(m½¼ � 5 (º ; 3 (m½¼ � 5 66P7 '9& 668: ;�¾ oI¿ « º «3 (m½¼ 5�66P7 '9& 668:À; � ¾ oI¿ « º «3 (m½¼ 5�66P7 '9& 668:À; � m½¼ � � � º 
�
N�
wherewe have usedthe fact that

���» ¾ oI¿ « º « is the fundamentalsolution for the
operator� . Thisgives(1), �,* 3 5�6687 '9& 668:<; � �>=
Acknowledgments
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Figure1: Mandrill ImageonSyntheticSurface
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Figure2: ThermalImageof EarthonSyntheticSurface
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Figure3: Earthon InsideandOutsideof aVase

Figure4: Two Viewsof FlattenedWhiteMatter
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Figure5: OrthogonalCoordinateSystems

Figure6: Effectof TriangleDecimation

Figure7: Effectof AffineTransformations
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