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Penalized Discriminant Analysis éfh Situ
Hyperspectral Data for Conifer Species Recognition

Bin Yu, Senior Member, IEEEl. Michael Ostland, Peng Gong, and Ruiliang Pu

Abstract—Using in situ hyperspectral measurements collected information for forest species discrimination. Our belief is
in the Sierra Nevada Mountains in California, we discriminate six  supported by initial results, in which an artificial neural

Species of conifer trees using a recent, nonparametric Statistics ey ork algorithm using the spectral derivative technique
technique known as penalized discriminant analysis (PDA). A fully discrimi d si i . 12
classification accuracy of 76% is obtained. Our emphasis is on successfully discriminated six conifer species [12].

providing an intuitive, geometric description of PDA that makes However, neural networks can be tricky to tune, and the
the advantages of penalization clear. PDA is a penalized version parameters are difficult to interpret. We desire a classifier that

Of Fisher's linear discriminant analysis (LDA) and can greatly is easy to imp'ement and that provides h|gh accuracy and a
improve upon LDA when there are a large number of highly o4y physical interpretation. Penalized discriminant analysis
correlated variables. . ) .
(PDA) as developed by Hastat al. [13] is reviewed here as
a promising technique for realizing these goals. Like linear
l. INTRODUCTION discriminant analysis (LDA), PDA produces linear combina-

LASSIFICATION of forest species is important in natutions that show how the components of the predictor vector
ral resource management, environmental protection, bp;pntribute to the discrimination rule. Unlike LDA, which is
diversity, and wildlife studies. Conventionally reliable methknown to fail when faced with the high dimension and high
ods for tree species recognition depend mainly on costgQrrelation of adjacent spectral bands, PDA often performs
time-consuming, and labor-intensive inventory in the field ovell with hyperspectral data. Furthermore, the penalization of
on interpretation of large-scale aerial photographs. The USPA has a nice geometric interpretation that makes clear how
of these methods is frequently limited by cost and time arfdPA escapes the pitfalls of LDA in situations such as ours.
is not applicable to large areas. Another option is the u&¥ our data, PDA roughly doubled the accuracy of LDA and
of hyperspectral data such as those obtained from field amarrowly outperformed a well-tuned neural network similar to
imaging spectrometers. An important step toward large-scéi@se in our previous work [12].
application of this approach is the successful classification ofOur particular example is not definitive about the general ap-
individual trees using ground-based hyperspectral measupéicability of PDA for forest species recognition. As Section |l
ments. will describe, our data are exclusively young conifers mea-
Such data were used to estimate biochemistry constituestsed vertically tens of centimeters above tree canopies, and
[1]-[4] and were shown to detect subtle spectral changes sgfectral reflectance properties from such data may not scale
various targets [5]. But many studies used spectra measuvgdto the conifers’ adult counterparts. However, the success in
either from tree leaves only [6], [7] or from selected conthis specific problem is clearly promising.
ponents of forest stands such as branches of needles, shobistead of an exhaustive survey, we would like to mention
stacks, barks, and litter and soil [8], [9]. Although valuable fdbriefly a few discrimination methods applicable to hyperspec-
understanding the underlying biophysics and biochemistry, thial data. A binary coding algorithm (BCA) [14] encodes
“decomposed” approach requires difficult, nonlinear modedsich hyperspectral band to zero or one according to the
in order to characterize properties of remotely sensed foregjn of the first order derivative and the difference between
canopies in terms of these constituent parts [10], [11]. the spectral value and the mean of all the bands. Any of a
Different from the “decomposed” approach, our goal isumber of multivariate binary data classification procedures
to use hyperspectral data measured directly from above ffit5] could then be used. This encoding characterizes the
est canopies in the field. We believe that the high spectiggneral pattern of a spectral curve and can be useful in
resolution data in hundreds of bands provide a wealth discriminating populations with very different general patterns.
However, this is not suitable for conifer species discrimination,
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This paper is organized as follows. Section Il describes the TABLE |
study area and data collection process. Section Il carefully STE NAMES AND SAMPLE DISTRIBUTIONS
introduces PDA, emphasizing a geometric point of view that is Site Trees per | Reps per | No. of
helpful in understanding how PDA can improve over LDA. A Z | Description Species Tree | Obs
simulation in that section demonstrates the geometric intuition I Sequoia 2 6 2
in high dimensions. In Section 1V, we give an example of PDA i E"ff"“‘i““ 100 f (8
analysis using our data. Section V contains some concluding T i ; ) o0
remarks. 51 Valley 2 2 2|
6 | Hand-weeded 6 1 36
Il. STUDY AREA AND DATA DESCRIPTION o P
['wo observations from site 2 were mistakenly lost.

A. Study Area

Hyperspectral measurements were taken at the Blodgett Ft

est Research Station of the University of California, Berkele

located in the American River watershed on the western slo 1(9) onIy._ Mea;ure_ments were made at heights !ess than 1.5m
of the central Sierra Nevada, El Dorado County, CA. T ifom vertical directions, 15-20 cm above canopies. We do not

vegetation consists of the normal associates of the Sie r%lhege :jhat ‘3 result b all_seté ctm t?] samtple of onllyt_younr\g):j g]ees
mixed-conifer forest type, the major tree species inclu &n be directly generalized 1o the entire population. Ratnher,

five conifers: sugar pine (SRinus lambertiang Ponderosa we believe that our work is suggestive of possible benefits,

pine (PP,pinus ponderosga white fir (WF, abies concoloy, re(Iunml?g furthfr u:jveit_ltgatl(?n on the adult popula(';lon. 510
Douglas fir (DF,pseudotsuga menzigsiincense cedar (IC, ark current and white reference were measured every 5-—

calocedrus decurreds and one hardwood, California blackmin as necessary to reduce the effects of possible illumination
oak (uercus kelloggli All but the black ,oak are Ioresen,[dif“ferences. A total of 322 reflectance spectra were measured

in our data. In addition, we also measured the giant sequgigm the six conifer species in equal proportions at each of

. . . . . the six locations. For some locations, each tree was measured
GS,sequoiadendron gigante species native to the Sierra . ; ’
( g g9 Yna sp ultiple times. We denote our data Wy, Y;, Z;) where

Nevada but not found in the Blodgett Forest and which h ;
-+, z;x ) is the vector of spectral reflectances

been planted in selected sites since the 1900’s. Major shrubp — (@i, -

species include manzanita, deerbrush, white thorn, and bce‘glirespon.dlng tq ourt band§, and;, Zi). are catego_ncal
clover. variables indicating the species and location, respectively, of

the associated tree. We will make use of standard statistical
terminology by referring tq.X;, Z;) as predictors.

1e under a clear sky with air temperatures ranging from 20 to
°C. We measured young conifer trees (four to seven years

B. Spectral Reflectance Collection

Field measurements were taken with the PSD1000 [17]@ Preprocessing and Aggregating Data

high spectral resolution spectrometer designed for use with aFor all analyses that follow, we perform the following

portable computer and capable of precise measurements from ) .
210 to 1050 nm. The PSD1000 covers over 1500 bands With;z)irrt]aprocessmg of our data. First, spect_ral curves are truncated
average band width of about 0.5 nm and spectral resolutionbo% ow 350 nm apd aboye 900 nm, since the measuremepts
) o . are extremely noisy outside of this range. This leaves us with
gpprommgtely 2.6 nm. The field of view of the spectromet (073 bands, each with a width of about 0.51 nm. Next, we take
Is approximately 22. Three types of spectral measuremenssm]ple averages over blocks of six neighboring bands, leaving

can_be que: dark current (the response of the system "iSwith K = 179 bands. We then normalize the spectral curves
no light being exposed to detectors), white reference (specifa

from a standard white panel with close to perfect diffusion ?r constant area by dividing b)_/ the mean reflectance for that
: : rve. That is, we replace;; with

and sample (spectra obtained from the target of interest). To J

avoid saturation or shortage, an integration time for collecting 1

photons is selected based on the illumination condition and a:“/ ¥rd Z xij | - (1)

by adjusting the sampling frequency. A reflectance spectrum j

can be generated by dividing the sample radiance by

radiance from the standard white reference under the s

light condition.

At Blodgett Forest, six sites (see Table I) were chosen f

;lilﬁee benefit of such a normalization is the suppression of

{ﬁ]umination differences. Fig. 1(a) shows a plot of unnor-
rTT}aIized x;; versus band wavelength for eight observations
I

hyperspectral measurements at different times in multiple ye ur DF and four PP). Fig. 1(b) shows the same curves

for long-term monitoring of selected tree species. Canopy siZaie" normalization. Notice the clearer separation between the

at sites 2, 3, and 6 are smaller than those at sites 1, 4, angd5cles over a wide range of frequencies in Fig. 1(b).

Site 1 has the largest canopies with a dry soil background free

of litter and understory vegetation. Sites 4 and 5 have more Ill. METHODS

litter and understory vegetation surrounding the tree canopieddigh dimension, strong correlation within the vectar,
than all the other sites. Our measurements were collec@ud similarity of classes make our discrimination problem
between June 2 and 3, 1996 between 11:00 and 13:00 lodificult. Standard techniques, such as LDA, are known to
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with 47 Sy 3 = 1 such thatf = Y5 | «;(87m; — BTM)?
is maximized. HereM = 2_; ™ M; is the overall population
mean vector. Some trivial algebra yields= 57 X3 /3, where
by definitionSp = 5| m;(M; — M)(M; — M)7.

To maximize f, note that the ratigg = 81 X53/87 2w 3
is identical tof under the constraint? Xy = 1. But since
g does not depend ofy3||, we can do (unconstrained) maxi-
mization of g and then rescale any solution Rys7 > 3 to
satisfy the constraint. Differentiation leads to the eigensystem
E;‘}EB/J = ¢gf. In this way, the3’s are seen to be the properly
scaled eigenvectors corresponding to thg G — 1 nonzero
eigenvalues of;;* £ 5. We haved < G — I if the G means
lie in a hyperplane of dimension less théh— 1, since this
implies X5 has reduced rank.

Let X = (z1, ---, xx ) denote a test sample to be classified.
LDA forms the K x d matrix Brpa whosejth column isf;.
It next forms thed-vector B{,, X, whose components are
sometimes callediscriminant variablesLDA then classifies
according to Euclidean distances between discriminant vari-
ables and the transformed class means. Nanielg, classified
into group
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There are several appealing aspects of this methodology.
First, it is intuitive, since groups are easier to tell apart if
their means are well spread out relative to the within group
variability. Second, the reduction frork to d dimensions
allows easy graphical inspection of the training and test
| s ] data. Third, an equivalent classification results from replacing
the first term in (2) with the Mahalanobis distan¢& —
Mj)TE‘;}(X — Mj) (cf. [13]). This in turn is the well-known
4(')0 500 6(‘)0 7(')0 8(')0 960 Bayes Rule when the populations are Gaus;ian.

Wavelength (nm) We note that many authors define LDA in terms of the
b) training sample estimates 84, ¥y, andx;. This is certainly
reasonable, since the population parameters are rarely (if
Fig. 1. (a) Unnormalized_spectral reflectance curves for two species and gver) available. However, we draw the distinction between
same curves now normalized by (1). ) " . . .
the population and sample quantities since, as we will show in
Section 1lI-D, the high variance of the plug-in estimate®if
perform poorly in such contexts. Haste al. [13] introduced is the primary obstacle to a successful LDA in our context. It
a penalized variation on LDA, the aforementioned PDA, th# precisely this obstacle that penalization addresses.
could be a considerable improvement. In this section, we
carefully describe LDA and PDA in order to give interestegy saoometric Perspective of LDA
researchers the tools to perform PDA and the intuition to ) ) ) o )
understand the source of the improvements. In Section IV, well this section, we give a geometric interpretation of LDA

give an example. Readers interested in theoretical details’®f & = 2 dimensions andz = 3 classes. Although it is
PDA are referred to [13]. impossible to graph in higher dimensions, the ideas here are

the key to understanding the benefits of penalization. Some
) ) . . helpful geometric discussion of LDA also can be found in
A. Fisher's Linear Discriminant Analysis (LDA) [19].

LDA [18] is a classical technique that assumes only that Fig. 2 graphically demonstrates LDA. In Fig. 2(a), the num-
the data are drawn fro® groups withK-dimensional group bered ellipses are 50% probability contours of bivariate Gauss-
mean vectorsM;,j = 1,---, G common within group ian densities with common covariance and means marked 1, 2,
covariance matrixXy, and proportionsry, ---, mg of the and 3. The constraint? X3 = 1 corresponds to the ellipse
groups in the population. LDA searches for successive lineaiout the origin. Our discussion centers on the following trivial
combinations of the data such that the group means of thexpression off:
linear combinations are spread out as much as possible relative
to the within group variation. Specifically, we find € R f=18IPut 2 pu (3)

Normalized Reflectance
1.0

0.5

0.0
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— observation is closer to the first class mean in a Euclidean

[Te}

T N sense, once transformed by the LDA linear combinations, it is

° / closer to the second mean (which is clearly where it should

- 2 3 be classified given the within class covariance).

! A problem with LDA is that with many highly correlated
>3 - predictors there is too much flexibility in the choice of the

#'s for the method to be robust to a poor estimateXif .

== DA High correlation yields a constraint ellipsoid with the major
axis much longer than the others. In three dimensions, this is

0 B much like a long, thin cigar with tips very far from the origin.

e L ¢ w w In higher dimensions, we still can think of the two regions

05 00 05 10 15 20

X of the ellipsoid’s surface near the intersections with the major
@ axes as “tips.” A poor estimate dfy causes the ellipsoid
to be poorly oriented compared to the ellipsoid based on the
0 ‘ true Xy . This is clearly undesirable since, just as in the two-
dimensional example above, the left term of the product (3)

2 encourages movement toward the tips of the ellipsoid. But with

| the cigar potentially misoriented, the negative impact on the

553 ] right term in (3) may not always compensate for the positive
=
&

0.5

easy to estimate, and second, there are not as many dimensions
| in which to find a route toward the tip of the cigar for which
C ‘ ||3]| dominates the right term of (3). For instance, in Fig. 2(a)
05 00 05 10 15 20 S . h i
B1T(X.Y) the ellipsoid has a one-dimensional surface. However, with
) thirty to hundreds of dimensions, as in problems such as ours,
the constraint surface is very high-dimensional, and LDA is

Fig. 2. (a) Equal probability contours of three densities and constrai ; ieOri i i
BTy 3 = 1. A: direction most separating the means; B: first LDA direction;gijSt sure to find a route along the misoriented ellipsoid to

C: direction keeping within class variation smallest and (b) same curves af@gt near the tip.
transformed into discriminant variable space. Plus marks a new observationThis tendency of LDA to favors’s too far in the tips of

to be classified. the constraint ellipsoid results in grossly inflatgd||'s and
overly rough or wiggly (when plotted against index) directions.

wherew = 3/||3||. Thus, f is a product of two quantities, Fig. 5 gives an example. The extreme roughness is a property

one depending only on the norm gfand the other only on Of the tips of the constraint ellipsoid (true or misoriented), as

the direction. Point A in Fig. 2(a) is one of two points orfletermined by the extreme correlation structureig. It is

the ellipse (the other being A reflected about the origin) th#te misorientation from the poor estimate ;- that allows

maximizeSUTEBu. S|m||ar|y’ point C is one of the two points LDA to drift too far out into these tipS. This drlftlng is what

that maximizeg|3||. Neither A nor C is a satisfactory choicestatisticians refer to as over-fitting, and manifests itself (as we

for separating the groups. In direction A, the means are w#lill see) in perfect classification on the training set, but very

separated, but groups two and three overlap substantially fré@Pr performance on the test set. In later sections, we show

the high within group variation. In direction C, the withinhow penalization can be used to limit this drifting.

group variation is small, but the means from group one and

two are nearly on top of each other. As we move along the . o )

constraint ellipse from A to C, we gain in (3) from increasin§- Peénalized Discriminant Analysis (PDA)

|I3]| on the one hand, but on the other hand we lose, sinceTo improve the performance of LDA, Hasté al. [13] add

the right term decreases asmoves away from the direction a penalty term to the within species covariance maltix.

passing through A. The point B is exactly where the loss&pecifically, they replac&y- with i, = 2y 4 2, whereQ

start to overtake the gains. Thysjs locally maximized at B, is a K by K matrix such thas” 3 is large for “undesirable”

which is therefore the first LDA directiof;. Another local /3. In our context, undesirable could mean spatially rough

maximag, can be found between A and the reflection of ®r having large||3||. We discuss details of selecting such a

about the origin (not shown in Fig 2). penalty matrix below. One then proceeds exactly as before.
Fig. 2(b) shows the density contours transformed by theet Bppa denote theK x d matrix, whose columns are

two LDA linear combinations3; and .. Specifically, let eigenvectors ok, X g [classify using the analog of (2)].

» = (=, )T denote the coordinates with respect to the original Penalizing is a fairly common practice in the statistical

basis in Fig. 2(a), then theaxis in Fig. 2(b) is3{ » and they- literature [20]. In fact, Friedman’s regularized discriminant

axis4 z. The small cross symbol represents a new observatianalysis [19] is basically PDA with an additional parameter

to be classified. Although in original coordinates this newhat controls how much the individual within group covariance

° e effect of increasing||3||. The net result is & too far out
- 2 . in the tip of ¥ Sy /3 = 1. This is less of a problem in low
! _ | dimensions for two reasons. First, with few parametEss, is

0.0

1 T
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matrices are shrunk toward a common value. Trading a small

amount of bias for a reduction in variance is a standard

parameter estimation point of view of penalization (cf. [20]).

Since estimating a large number of parameters with limited

data results in high variance amdy, has K(K + 1)/2

parameters to estimatéd ~ 100), it is easy to see why such >

a tradeoff could be beneficial in our setting. PDA‘;r
Here, we return to geometry to interpret the effect of penal- ‘

ization. The new constraint ellipsoid defined Y>3 = 1 ,

will differ from the unpenalized ellipsoid in that the penalty B

term will causd|3|| to be smaller in the undesirable directions. - | e

This of course impacts (3), driving down the objective function 05 00 05 10 15 20

in these directions and forcing more desirable directions into X

preference. Fig. 3. Cons‘trainw'f(z‘_m + Qs5)8 =1 ands! Sy 8 = 1. B: first LDA
In the sequel, we consider two types of penalty matricgdrection: b: first PDA direction.
For penalizing high local variation, we consider a second

derivative-type penalty matrix2,. Namely, let D, denote D. Effect of Covariance Estimation on LDA and PDA

k—1 ?y gdlmensmnal first difference operator matrix. For In this section, we use a simulation to demonstrate the ideas
example, Ly 1 of the previous sections in a high-dimensional setting. We
simulate 20 vectors of training data of dimensign= 50 from

1.5

1.0

LDA

0.5

0.0

0.5

(1) _1 _(1) 8 @) each of three Gaussian distributions, the mean vectors of which
0 0 1 1 ) are parabolic when considered as a function of index. Namely,
M;(i) = 0.01 % (25 — i)?, M>(i) = 0.6 + 0.008 * (25 — i)?,
Then define and Ms(i) = —0.6+0.012 (25 — i)% for i = 1,-+,50. The
common within group covariance matriy; is defined such
that the th element isl — 0.01 —nl|. These precise
Qp = ADED%_ Dy_,Dy. (5) (m, n) *|m —n| P

numbers are not so important. The means and covariance
structure are selected to resemble our hyperspectral data in
a}erms of very high correlation and smooth, similarly shaped
underlying means. We then generate 50 vectors of test samples
from each of the three distributions. Next, we compare eight
different classifiers of the test data. The first four are LDA
with:

1) Xw and Xz known;
) only >Xp known;

The nonnegative parametaris called thesmoothing param-
eter, since it controls how much of a price is paid for loc
variation. A second shrinkage-type penalty is of the form

Q. = My (6)

wherely is the K x K identity matrix. This is a similar idea
to ridge regression analysis. The name shrinkage comes fror@
the fact that up to &, the penalty tern?' Q53 reduces to the ) only Xy known;
usual Euclidean norrij3||?. In other words, the penalty favors 4) neither known.
A's that are close to the origin. The next four are the same but use a PDA with a shrinkage
We now apply our geometric interpretationte. By adding Penalty and a value of chosen because it performed well on
a constant to the diagonal elements ¥4y, the shrinkage Preliminary simulations. Wheixy, or X5 is unknown, it is
penalty simply rounds and shrinks the constraint ellipsoid (@stimated from the training sample in the standard way. For all
Fig. 3). Compared with the unpenalized ellipsoid, the newight classifiers, we record the test set classification accuracy
more circular constraint allows less of a reward in (3) in th@nd 31, the first linear combination.
form of a larger||3|| for moving into the tip. So the PDA Table Il reports the twenty-fifth, fiftieth, and seventy-fifth
direction moves only to the poirii instead of all the way percentiles of three quantities of interest from 25 independent
down to the point B as with LDA. simulations as described above. The first quantity is the test-
The penaltyQ2p, is not so simple to interpret. We note thaset classification accuracy (or “rate”). L6t denote the first
one can change basis in such a way ®at is diagonal (but LDA direction based on the truEy, and¥p (i.e., the Bayes
with differing elements along the diagonal) with respect to tHeule), and then the remaining quantities of interest are the ratio
new basis [21]. Thus, the penalty amounts to shrinkage widh norms+ = ||3:]|/]|3*|| and the angle between directions
respect to the new basis, where the different coordinates Are= cos™ (87 8*/||41|l||3*]]) in degrees. The four broad
shrunk unequally. columns of the table correspond to the states of knowledge
There are other possibilities for the choice @f and one as defined in the previous paragraph.
should use the science underlying the application to guide thisWwhen both parameter matrices are known, neither LDA nor
decision. For instance, if there is a reason to insist on mdP®A depends on the training data. Hence, the only numbers
local smoothness at some wavelengths than others, this cablak vary in the left column are the classification rates, which
be accommodated easily by modifyiiy,. still depend on the random test samples. In terms of accuracy,
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TABLE 1l
RESULTS FROM25 SMULATIONS. RATE IS TEST SET ACCURACY. r IS RATIO OF THE NORM OF THE ESTIMATED LINEAR COMBINATION TO
THE NoRM OF THE OPTIMAL (BAYES RULE) LINEAR COMBINATION. 6 IS THE ANGLE IN DEGREES BETWEEN THE ESTIMATED
AND OpTIMAL DIReECTIONS (NOTE: FOR A LiST OF 25 NUMBERS WHOSE VALUES SORTED IN ASCENDING ORDER ARE

(1), **, T(25), THE TWENTY-FIFTH, FIFTIETH, AND SEVENTY-FIFTH PERCENTILES AREZ(7); £(13), AND Z(19), RESPECTIVELY)

known l Yw & Ep 3B Yy

percentile 25 50 5 25 50 75 25 50 5 25 50 75

rate  LDA .87 00 93| H2 5T 62 80 83 RS A48 .55 BR

PDA 87T 80 93| 82 82 90| 85 .87 88 0T 83 88

r LDA 1.0 1.0 10238 29.5 40.0 1.6 1.7 1.8 | 223 259 i37.1

PDA 0.8 0.8 0.8 1.9 20 20| 09 1.0 Lo 20 20 21

# LDA 0.0 0.0 0.0]80.2 84.9 87.7|49.7 543 59.6 | 832 859 &8I.T

PDA | 15,5 155 15,5 | A8.6 62.9 684 | 37.7 10.6 7.5 | 598 617 69.9

PDA matches LDA very closely in the left column. Hence,
one loses very little by invoking a modest penalty in the ideal
situation when all is known. More importantly, whéiyy is
unknown, we see that PDA does appreciably better than LDA.
Where the accuracy of the median LDA result falls from 90%
to under 60%, PDA falls only 8%. To explain this, we see
that the LDA 3, is far too large { =~ 30) and is nearly
orthogonal toj3* (§ ~ 85°), while PDA keeps||3:|| under
control (+ = 2) and closer to the optimal directiqd ~ 65°).
It is interesting that thé’s for PDA are still quite large, but the
minor, consistent improvement is enough to yield the benefit °1, : ‘ . —
in terms of test set accuracy. The differences between cases 2 -8 -6 -4 -2 0
(X5 known) and 4 (nothing known) are minor. Logh

Neither method suffers much from needing to eStimaﬁ?g. 4. Classification accuracy as a function of smoothing parameter
Y in case 3 £,, known). This agrees with our geometric
discussion of a misoriented constraint ellipsoid as the madifcreases, the accuracies of both forms of PDA improve
source of our problems. Knowingiy gives us a perfectly until peaking and then declining again. PDA wifty, has a
oriented ellipsoid. Consequently,is only inflated by about slightly higher peak than witR (76.7 versus 74.2%), and the
70% or so for LDA, as opposed to a factor of about 30 whefarmer has a less abrupt dropoff in performance for nonideal
Xw must be estimated. Similarly, is much better behaved. choices of\. Since the besh will have to be estimated, this
However, it is noteworthy that even here penalization improvegcond property is quite important. Cross validation is one
slightly on &, » and test set accuracy. tool for such estimation. A discussion of the strengths and
weaknesses of cross validation can be found in Efron [22].
Neural networks similar to [12] achieved accuracies between

We now demonstrate PDA using the hyperspectral da#@-75% depending on a variety of tuning parameters such as
detailed in Section Il. From the 322 observations, we formtae number of hidden nodes.
test sample consisting of the 60 observations from site 3 plusAlthough not shown, we repeated the analysis on other
the 60 observations from site 4. The 202 observations frgmartitions of test and training sample, and the results were very
the other four sites form the training sample. We compasémilar. LDA had classification accuracies between 18-50%,
classification accuracy using PDA with two types of penaltieshile the well-tuned PDA increased accuracies to between
and a range of values for the smoothing paramgtdihe case 60-90%. The peak accuracies were comparable for the two
A =~ 0 corresponds to LDA and is included for comparisortypes of penalties, but as in Fig. 2 yielded high accuracy
We present plots of the discriminant variables and directionser several orders of magnitude in the smoothing parameter,
in order to highlight the effect of penalization on discriminantvhereas{2s was more peaked. Overall, the best test set
analysis. The PDA analysis itself is done in Splus using theerformance for{;, occurred withlog;y A =~ —2, which is
mda() collection of functions written by Hastie and Tibshirania bit lower than the best smoothing parameter value in Fig. 4.
These functions are documented and publicly available fromA final interesting observation from Fig. 4 is that the range
the S archive of StatLib at http:/lib.stat.cmu.edu. of X's for which PDAQY;; attains its highest test set accuracy is

Fig. 4 shows the classification accuracy for PDA witljust about at the point where the method starts to misclassify on
second-derivativé2, and shrinkageé2s penalties for various the training set. This phenomenon also occurred consistently
choices of the smoothing parameterFor the smallest levels in our examples. This observation could be used (instead of
of A, neither penalty has any effect, and the classification ¢soss validation) as a rough guide to selact
just that of LDA. The overall classification accuracy (humber Fig. 5 plots the first two of the fivg's (rescaled to have
correctly classified divided by number of test samples time®rm 1) versus index for LDA (dashed) and PDB, with
100%) is about 38.3% for LDA. As the level of smoothindog;; A = —0.5. Similar to our simulations in Section IlI-D,

100

Classification Accuracy(%)
40 60

80

20

,,,,,,, Training sample (derivative)

— Test sample (derivative)
Test sample (shrinkage)

IV. EXAMPLE WITH HYPERSPECTRALDATA



YU et al: PENALIZED DISCRIMINANT ANALYSIS FOR CONIFER SPECIES RECOGNITION 2575

™ -1
S ‘ :
N |
S R
(o]
& =]
3° x
S ! e = #
TS o Q.S
Eo S
S ‘ =) s
o ’ o
= 5.
. o . . ‘ O T e T T
| T i T 0
400 500 600 700 800 900 2454 2'4f$X 2462
wavelength (nm) B
a
@ (@
— P | 6
a | 1 % 6
o o 6 55 4 5 3
| S 526§ 3
w s a 26 3 6 33
ac ‘ ! B p 46l 1 1
o > P 2 1 3
N | ) ™ 2450 1 ;
A | - 2 ‘ 1158 54 1
£ ‘ 5 2 36%61 "6
z9 : ‘ ?@ 8 % s s
P ‘ B 5 5 444
1 | ? 103 ‘}; 4
7 | 3 4
"Y)_ J ! d I B I H T
o T T 1 —1 i I '
400 500 600 700 800 900 2.454 2'315%( 2462

wavelength (nm)
b

Fig. 6. First two LDA discriminant variables: (a) training sample: groups

1, 2, and 3 are well separated from each other and the other three groups

(bunched together in the center) and (b) test sample: locations of the training
group centroids are given by large dots.

Fig. 5. (a) First direction/3,/||3:]|, versus index for LDA (dashed) and
PDA-Qp with log,q, A = —0.5 (solid) and (b) second direction.

||51]] was about 30 times as big for LDA as for PDA. This,
along with the extreme difference in smoothness between e the test sample, which can be seen by the closer agreement
two methods, suggests that PDA has effectively prevented theiween the 1's, 2's, and 3's and their respective centroids in
B3's from wandering off into the tips of the constraint ellipsoidFig. 7(b).

The four plots in Figs. 6 and 7 further illustrate the benefit
of penalization. Fig. 6(a) is a scatter plot@f X versusgl X  Since the PDA3’s are less influenced by training sample
for the training sample and using LDA. The numbers denof®ise, we can hope that they (or at least the first few that
the species label¥;, where for clarity, the numbers 1-6 areXplain the majority of the variability) have meaningful phys-
used to label species according to alphabetical order (i@l interpretations. Rewriting the left term in the argument

DF =1, ---, WF = 6). Clearly, 3, and 3, only separate the of (2), the distance in discriminate space of a test sample
first three species (as one would expect given this informatidi, - - Zx) from the jth class mean is just

s, B4, and 55 address the remaining three species). But the d K

separation is extreme. Fig. 6(b) is the test sample analog of Z Z Bi(k)* (n, — M;(k)). @)

Fig. 6(a). The scales of the axes do not match, but shaded i=k k=1

circles mark the location of the training sample centroidsnerefore, coordinates of th# vectors that are large in mag-

Clearly, the classes are considerably mixed up on the @§{ide correspond to bands that are influential in distancing an
set. While this 2-D projection does not tell the entire storgpservation from a potential class.

of the classification rule (which incorporates all five directions Focusing on the solid lines in Fig. 5(a), we see that there
jointly), it is suggestive of the extent to which LDA has overfigre no large bands above about 750 nm, which agrees with

the training data. _ . our understanding of the spectral information just beyond
Fig. 7 is the PDA analog of Fig. 6. Again, we take PDAhe red edge/, has some moderate weights in this range
with 2p andlog;o A = —0.5. When comparing the training but no very large weights3s through 35 (not shown) are

sample discriminant variables between LDA and PDA, we seémilar. Elsewhere, we see the largest individual weights at
that the general orientation is the same, but the PDA classgsproximately 350, 430, 480, 700, and 730 nm fhrand

are less separated, and the within class variation is largar.415, 610, and 725 nm fof;. Most of those spectral
Consequently, by resisting the overfit, PDA performs bettbands are in the blue spectral range (400-500 nm) and the
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We employed PDA with two types of penalties and varying
smoothing parameter. Our results suggest that derivative style
penalties (5) are preferable to shrinkage style penalties (6) in
that the former are more resistant to poor choices of smoothing
parameter\. With a well-chosen smoothing parameter, PDA
classifies about twice as well as LDA: 76.7% to 38.3%.
Moreover, when we split our data so that trees from the test
site are included in the training set, our classification accuracy
is around 90%, which is similar to previous results using neural
networks under similar conditions [12]. Thus, PDA’s accuracy
seems comparable to neural networks. However, unlike the
complicated nonlinear classifier, PDA is useful for data reduc-
tion, and the “principle component” directions are physically
interpretable as directions where the important spectral bands
for classification are emphasized. This interpretability may be
useful in the selection of subsets of bands for classification,
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p2Tx
242
S
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which we hope to address in the future.
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Fig. 7. First two discriminant variables for PDA with?p and
log;g A = —0.5: (a) training sample and (b) test sample: locations of
the training group. [

0.32
(1]

(2]

red (600-700 nm) and red edge (670-740 nm) regions. Thiél
information could be useful for selecting a much smaller
subset of bands for classification in the event that collecting
hyperspectral data is not feasible. Of course, in that situatiof!
one might also be interested fagionsof fairly large |3;(k)]
(such as around 615 nm fgh) rather than large individual [6]
weights, since we expect a physically meaningful location to
be more of a regional than pointwise phenomenon. Distillingz]
such potentially useful information from the erratic LDAs
seems unlikely. The black box of neural networks is similarly[g]
not helpful when such physical interpretation is desired.
[9]
V. CONCLUSIONS

Emphasizing a geometric point of view, we describe o]
novel, nonparametric statistical classification technique known
as PDA [13]. The geometry sheds light on how, in the prop {1]
context, penalization is able to improve substantially upon
LDA. A simulation further demonstrates the dire consequences
of poorly estimatingXy, and how these are mitigated by!l2
penalization. Finally, an analysis of our situ hyperspectral
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