The Recursive Multi-Frame Planar Parallax Algorithm

Abstract evation map using the parallax present in multiple images
taken from a moving vehicle whose egomotion has been
This paper presents a method for obtaining accurate densgreviously obtained.
elevation and appearance models of terrain using a single A common method for passive range estimation is the
camera on-board an aerial platform, which has many appli-yse of a stereo camera pair [5, 6]. Stereo systems, however,
cations including geographical information systems, robot cannot attain the desired accuracy given constraints on reso-
path planning, immersion and visualization, and surveying |ution and platform space. For a stereo system the variance
for scientific purposes such as watershed analysis. Whermf depth estimates:] grow quartically with depth—that is,
given geo-registered images, the method can compute terthe variance of expected differences between the true depth
rain maps on-line in real time. This algorithm, called the gnd the estimat&[(z — 2)?] = O(z*)—which in our case
Recursive Multi-frame Planar Parallax algorithm, is a re- is unacceptablé.
cursive extension of Irani et al.’s multi-frame planar parallax  |n g rigid scene, however, we can treat multiple images—
framework and in theory, with perfectly registered imagery, obtained as the vehicle moves through space—as a multiple
it will produce range data with error expected to increase camera system. We describe here a recursive method based
between linearly and with the square root of the range, de-on multi-frame planar parallax framework [7, 8] that uses
pending on image properties and whether other constantgnyltiple image pairs, which have baselines larger than that
such as framerate and vehicle velocity are held constantphysically attainable on the platform, to reduce variance.
This is an improvement over stereo systems whose expectegye show that in theory we can recover range with a variance
errors are proportional to the square of the range. We showhat is asymptotically quadratic in the depth.
experimental evidence on synthetic imagery and on a real The novelty of this result is a method which i (e-
video sequence taken in an experiment for autonomous hegyrsjvein the sense that the cost of incorporating measure-
licopter landing. ments from a new image is proportional only to the number
of pixels in the image and doestdepend on the number of
frames already seenij)it is dense, in the sense that it pro-
vides estimates of depth for any sufficiently textured region;

In this paper we address the problem of recovering an ac—.(”i) it is more accurate than instantaneous stereo; i (

o ) . : is direct (see the discussion, pro: [9], con: [10]), by which
curate digital elevation map (DEM) with a passive sensor :
. — . Wwe mean that the algorithm does not depend on the match-
such as a camera, and doing so at close to framerate. Digita

. 2 ) : - .~ "Ing of features, but rather expresses a cost function directly
terrain models have applications ranging from visualization .

(e.g. Google Earth and NASA's World Wind [1]) and hy- in terms of the image, and the gradlents.of the cost function
. . . are computed by linearization of the brightness constancy
drological analysis [2], to robot path planning [3]. Though .
) : ; constraint.
active technologies such as radar and LIDAR are available

and tend to have very high accuracy, passive sensors are Other methods feature some, but not all, of these ele-

cheaper, usually have a smaller form factor, consume 'esgn?i?;&t Frofr (raxdanrlri,irﬁl;ndlfradtjurStm?]Str[r:]th]i |itff;enc])prtrl]mlal
power, and being emissionless are more difficult to detect,EStimator for dete g structure a otion ro ui-

Fora sl plafosueh a5 a it airwtile (AV) ] 21° 1S 1% SO Spenteress e v et
passive sensors may be the only viable option. P ' ty

. . to recover structure recursively. Stereo and multi-baseline
We plan to use DEMs to evaluate landing sites for an un- y

manned aerial vehicle, such as a helicopter. Therefore thémathOdS are the most favored methods for recovering dense

DEM needs to be accurate. A suitable area is a clearing aPtr:gng:]ref’ ?% [1ﬁ’d T3t] i )nge%ardl::g l\s;ltetrt(:nci) errfdt, l\icl?/tth![cies
least 200ft in diameter, clear of obstacles larger than a soc? afer [6], and later Xiong and Matthies [14], investi-

cer ball, and having a siope no greater than 4 cegrees. IELE SR 2 HEC T IEE L
addition, we must usually perform this selection task from y ’ P

an altitute of at |¢a3t 300ft above ground |e_Ve| (AG I—_)- We 1At a range ofl00 meters, a baseline afmeter, and focal lengtfi =
present an algorithm for accurately estimating a digital el- 500, standard deviation of is approximateh20 meters.

1 Introduction




is a related framework based on registration using a plane irany single pixel, namely:
the scene [7]. Irani et al. [8] propose a method for estimat-
ing pl_anar parallax_, _and from it t_he depth, using more than var(?) — E[(z B 2)2] - E
two views, though it is not recursive. Their work is the clos-
est in spirit to ours. We improve on this method in that we 4
present a Recursive Multi-Frame Planar Parallax (RMFPP) ~ e var(e), 1)
algorithm. Other closely related works are Zucchelli et al. f
[15], in which they sparsely estimate structure and motion wheree is the error in the disparity estimate, and where we
and update a dense structure map; and Matthies et al. [16]nave taken the first-order Taylor series approximation in
in which they propose a Kalman filter for updating dispari- about0 in the second equation. Generally (@rdepends
ties. on the image derivatives along the scanline. Using a sin-
Here we employ a direct method that takes advantagegle stereo measurement would be ill-advised at distances
of the observation that for a smoothly moving camera, the greater thary - b—corresponding to a disparity equal to one
initial small-baseline disparity estimates may lead to inac- pixel—above which the predicted standard deviation would
curate range estimates, they are nevertheless accurate dibecome larger than the range.
parity measurements. Furthermore, later improvement in  Can we achieve greater accuracy in range using only pas-
the range estimates will not drastically change the refinedsive means? We can fight uncertainty by increasirar by
small-baseline disparities. Therefore, in the cost function utilizing the independence in the measurements, if there is
described in [8], the image need not be rewarped and relin-any. Often itis not practical to increase the baseline between
earized. Instead the linearized terms are kept and encodetivo vehicle-mounted cameras beyond some fixed limit, but
in sufficient statistics (mean and variance) and a 1D Kalmanon a moving aerial vehicle we can get wider baselines for
filter is run for each pixel. free. If the camera’s motion can be recovered (either by
The method described here is subject to several assumpstructure-from-motion methods or by some combination of
tions. We reiterate that this method updates estimates ofnertial and GPS systems) then we can use multiple mea-
structure only; we assume that the positions and orienta-surements to reduce error. If the measurements are to some
tions of the cameras have been previously determined. Welegree independent. then we can drive down uncertainty.
havenot found a method to recursively estimate structure
and motion which is both dense and direct—its possibility
seems unlikely but remains open. We also rely on the usual
assumptions: validity of the brightness constancy constraint
within some regions, rigidity of the scene, and the presence
of sufficient texture. Finally, the motions between the cam-
era positions should be sufficiently small—though this con-
straint can be lessened by the use of image pyramids.

2 Analysis of Depth Errors

] ] . ) _ Figure 1: Idealized flight for purposes of analyzing range
In this section we model range errors in a stereo pair and iNaceuracy.

an idealized multiple-baseline system. For a fixed-baseline
stereo pair, the predicted standard deviation is quadratic in  Monocular camera at constant velocity and framerate.
the range, i.eE[(2 — 2)?]'/2 = O(z?). Using the simple  We consider the following situation, depicted in Figure 1:
case of a camera moving in a straight line at constant ve-an aerial vehicle flying at constant altitude above a terrain
locity, we show that by appropriately weighting pair-wise with average relative heightmeters, at constant horizontal
estimates we can theoretically attain errors betw@en)  velocity v. Assume that the position of the vehicle is known
andO(='/?), depending on the correlation between dispar- without error at all times, and that a downward pointing on-
ity estimates. board camera with field of view captures an image every
Fixed-baseline stereoConsider a rectified stereo pair ¢ seconds. The baseline between the first faitld frame is
separated by a baselihgobserving a point at depth The  p, — kvt and the number of times a point a distandeom
relationship between disparity and depth is givenzby- the camera is seen is at mest 22 tan g/vt ~0z/v.
fb/6, whered is the disparity andf is the focal length. Let us use a single pair of frames separated by a wider

Ignoring quantization errors and mismatches, we can obtairhaseline and determine the resulting range error. Choose
an approximation of the variance of the depth estimate atine first frame and the - n-th frame, wherec < 1—



that is, a frame a constant fraction in between the first andof measurements is = 1.
the last frame in which there is overlap in the two views
of the ground. Then the predicted accuracy (variance) is
Z2var(e)/c? £26%.2 This is a significant improvement over =
the fixed baseline case. Instead of being quadratic in the =
range, here the predicted standard deviation is proportional @
to the range. .
Can we do better than error linear in range byPS&aggamiagements
tiple measurements? We can get the most out of mult-=1 ¢
ple measurements when they are known to be indepenqgeif@g 1 1 1
However, in simulated experiments withif noise, we find p =1/3 50 100 150 200
that errors in disparity estimates are correlated with corretereo range (m
lation coefficient up t0.6; i.e. if ¢;; is the errorin the  Figyre 2: Predicted standard deviations for stereo and multi-
estimate of disparity between frameand;j, then we find  paseline as a function of range. The single curve shows
there to be correlation between errers, andey,s. LetUS  range error for stereo when using the smallest baseline (the
construct a linear estimator which is blind to the generally first two frames in the idealized aerial image sequence) for

gnknovyn correlation coefficient, and then evaluate the es-he values reported in the text. The (red) shaded area shows
timator’s squared error while assuming a non-zero correla-the range of errors of a multiple-baseline linear estimator

r2

tion. _ for p ranging between and1.
Let 2, be the measurement of depth using thth es-
timated disparityj, = 0x + €, between frames and . To summarize, by combining multiple measurements

If off = 2"var(e)/ f?k*T?v* is Z;’s variance, which we  and wider baselines we can conceivably obtain between lin-
have c_alculatec_i using formula (1), then the_minimum vari- ear and quadratic variance in range estimates as a function
ance linear estimate of usingm = c - n estimatess, is of true range, a vast improvement over quartic variance ob-
2 = YL, wity, wherewy = o,.%/ > Jj_Q' Since  tained with a stereo pair. In the rest of the paper we describe
the first image does not change it is reasonable to assumg recursive algorithm for densely reconstructing terrain, in

change withk. However, as we have discussed, we cannot

guarantee statistical independence ofd¢he
Predicted error. It is difficult, if not impossible, to em-

pirically determine the correlation among for real im- 3  Multi-Frame Planar Parallax
ages. However, if we have evidence that the correlation

is bounded, then we can gauge the effect of correlation onryq 1y iti_frame planar parallax (MFPP) method is a gener-
the accuracy of the linear estimator. Assume that, for Someyji»ation of stereo rectification to more than two frames that
0<p <1 Blege] < pvar(e) forall j andk. The expected 54 first described by Sawhney [7], and was later extended
squared error, as a function affor the linear estimator de- 13 et al. [8]. Whereas stereo rectification yields images
fined above is: where the disparity (or optical flow) is parallel to scanlines

4 2 } and is inversely proportional to range, MFPP registration
E[(2-2)% = La;(e) < Z w—f +p Z ijk) yields images such that the ratio of disparities along epipo-
f 1gkgmbk 1<j<k<m ;b lar lines can be expressed in terms of a view-independent
~ (c12+cap2?) - vare) ) shape parameter that encodes depth.
Suppose a camera takes images 1, ..., m of a rigid
for 2 >> vt, and where:; andc; depend ort, v, 0, ande,  scene. Let the rotation and translation taking the first coor-
and are given in formule?@) of the appendix. If thereisno dinate system to théth one be given byR;, T}), so that
correlation, i.ep = 0, then the resulting estimator hasrange R; = | andT; = 0. We choose a virtual reference plane

error proportional to the square root of the range. Whenin the scene and then construct the homograptjeshich
there is non-zero correlation, then the variance is asymp-ransform thei-th frame such that points on the reference
totically linear. In Figure 2 we plot formula (2) using the plane have zero disparity, and such tHat= I so that the
following values:t = 3.7571s, v = 14ms1, 0 = 50°, first frame acts as a reference frame. Déte the unit nor-

c = 1/4,andp = 0, 1/3, 2/3 and 1, andz ranging be-  mal of the reference plane in the coordinate system of the
tween20 and200m; note that at = 17.11m the number first camera, and let; be the perpendicular distance of the

°Note thatf andé are usually coupled with the resolution of the cam- Z'th viewpoint from the ylrtual pIane. The homqgraphlrﬁs
era, but are constant for a fixed camera. which transfer the-th view to the reference view via the




reference plane are given by:

Hi = (3

1 -1
= K (Ri - T,-NT) K1,
dy
whereK is the constant intrinsic calibration matrix of the
camera. LetE; = (ef el e!’)T = —KR"T; be the
image of thei-th viewpoint in the first view, i.e. one of the
epipoles in the stereo pair defined by the first attdviews.
Suppose thatX € R? is a point in space in the coor-
dinate system of the first camera. Lef = (z;,y;) for
i = 1,..,m be X’s projection into each image, and de-
finep = p1. Letn(z,y,2) = (z/z,y/2) andn*(z,y) =
(z,y,1). If X lies on the reference plane, then:

m(Hi7"(pi)) -
—_— —

/

p (4)

Pi

In general,X does not have to lie on the reference plane,

Given the imageg; and parallax generatodg, the goal
is to find a functiong such that (6) is true for all values
of p. Irani et al. [8] proposed to minimize the residual of
the brightness constancy constraint over all images and all
pixels, as in the following expression:

e(9) =Z//[I{(q) —Ti(q + di(p, G(p)))ﬁlq dp, (8)

" Pqe
win(p)

where integrals are a convenient notation for sums and
win(p) is ak x k window centered ap. They minimize
the functional in an iterative fashion, alternating between
optimzation over the space of shape functighand opti-
mization over the set of epipoles, until convergence. They

compute gradients by linearizing the image about an initial
estimate.

so this equation is not necessarily satisfied. Neverthelesss Recursive Cost Function

the difference betweep and p;’ must be parallel to the
epipolar line throughp and~=(E;). Sawhney [7] proves that
if p=(z,y), then:

(2) (4)
di(p,v) = p—pi' = 77() [e@)z e@)] ®)
d; — Yeéz €z Y — €y
wherey = G(p) is a view-independent scalar defined at
each point in the first image. The differenédg(p, ) is
called theparallax. In this formulation the set of par-
allax vectors at a single poimh are expressed in terms
of the known E;’s and d;’s, and the unknown but view-
independenty. Furthermore, one can show that= h/z,
where z is the depth ofX in the first view andh
NT X + d, is the signed perpendicular distanceXffrom
the reference plane. We can recovdrom ~ using the fact
thatX = 2K~ ! 7*(p) (see appendix).

4 Non-recursive Cost Function

The geometric model given in equation (5) gives us an im-

Estimating parallax in real-time necessitates a recursive al-
gorithm, by which we mean an algorithm which has a con-
stant time (per pixel) update, such as the linear Kalman fil-
ter. In the formulation above, after every new estimite
during gradient descent, we need to re-warp all previous im-
ages. Furthermore, with each additional frame, we need to
perform an additional rewarping at every iteration. We can-
not afford such a computation, which grows linearly with
the number of frames.

A recursive algorithm is possible because of the follow-
ing observation. Consider the example from Section 2 of
images taken uniformly along a line. For a single point in
the scene we have the disparities from the reference image
to the k-th image: §.(2) = kvt/z. At baselines that are
small relative toz, depth estimates are very inaccurate be-
cause;,(z) is small. Conversely, large changes:tmduce
relatively little variation ind,. Though the true may be far
from initial estimates, re-warping is not necessary because
it will not result in a “large” change. Said another way,
though the depth may be inaccurate, the flow will generally

age model, an analog to the brightness constancy constrainflways have the same relatively low error, and the warping

We will try to satisfy this constraint by optimizing over the
space of functiongy(p). The brightness constancy con-
straint is of the form:

77 (q) — (g + 6:(p.G(p))) (6)

whered; (p, v) is the parallax generator defined in (§)p)
is the function giving a value of for each pixel, and is
the plane-registered image obtained by wargipby H,:

I;(q) = Li[=(H '7"(q))], @)

where functionsr and=* are defined above.

0,

will generally be accurate (have low residual compared with
the reference image) at a majority of the pixels. However,
we count on small changes to effect depth estimates, and so
linearizations (intensities and local derivatives) of the past
images are maintained in a second order approximation of
the cost function. The condition for this working, then, is
that updates to the disparity must not exceed the range of
the linear approximation of the image at each point. Thus
regions of images which ateo “textured” will pose prob-
lems.

The goal is to turn the minimization of the batch func-
tional ¢ into a recursive procedure, where the addition of



frames results in a warping procedure which iterates only
over the new frame, with as little loss of accuracy as possi-
ble. To do this, first we decomposeas defined in (8) into a
set of individual pixel cost functions as follows:

ci(p,y) = / ri(p,v(p))* dq

g ewin(p)

wherer; is the residual:

ri(p.) = I7(q) — Ti(q + 8:(p.7))).-

The total non-recursive cost functional is then the sum over
allimages and all pixels:(G) = 3=, [ ci(p,G(p)).

In the recursive formulation we propose a cost function
which is linearized in past terms but iterated until conver-
gence on the latest image. We denotey the final esti-
mate ofG after the last iteration on thieth frame. Then, for
example after thé-th frame has arrived, we defir€) to be
the per-pixel cost up to and including th¢h frame (not to
be confused with the image-specific terpi

py) = 3 e)
=alpy)+), o p.69 (D) + (G(p) - 7))

compute 2nd order Taylor seriesjratG(7) (p)
~ci(p,y) + SAT(p) A2 + SBEV(p) y + £CE(p)

whereXA®, = B® andxC® are respectively the coeffi-

frame. In this sense, the algorithm is implicitly an iterated
extended Kalman filter, where the mearat each pixel is
the minima of the cost function given byXB(®) /$A®)
(pixel-wise), and the variances given hyXA® (again,
pixel-wise).

The procedure, to be fully outlined in Section 7 is this:
with G¢—1) we iteratively minimizes(®, in the j-th step
arriving at a new intermediate estimag&’). Upon con-
vergence the lagi(*/) becomes(¥).

6 Computation of v and Flows

Now that we have a cost function to minimize and have
found and linearized its gradient, we discuss the recursive
computation of the cost coefficieniA(®, B, Given

the current estimate of the shape parametdor a pixel

p = (z,y) in the reference image:

B9 (p)
24 (p)’

v (11)

the current estimates of the flows at that pixel are deter-
mined as in equation (5), i.€u,v) = §;(p,7). We warp

Z7 (as definined in equation (7)) using these flows, e.g.
Ty (x,y) = I (x — u,y — v); if the flow estimates are per-
fect and the brightness constancy constraint holds, Then
will be indistinguishable fromT;. Using this warped image

and the derivative$, andZ, of the reference image, we can
calculate the addend terms of equations (9)-(10), densted

cients ofy2, v and1 in the Taylor series expansion. Their andB, by:
expressions, except f&C(") which has no bearing on the 0
radient, are given below: d;a ez’ avy? d? a?

g J Alp) =2~ (Ir(p)— b7 >,B(p)=2 2 12)

SAD (p) = EA“‘”(p)Jr/[Té(q,g(i‘l)(p))]qu 9)
aewin(e) where

2B®(p) = £B""V(p) + / [2 ri(a.G" V(p))- Z(p) = Zuw(p)—Ti(p) — Zu(p) u—T,(p) v
e o = (Va—ed) Z(p) + (9 y~ o)) 7,(p)

(ri(g, 6V (p)) — GV (p)ri(q, 6" V(p))) rdq(lo)

werer, = dr; /0, both of 2A) and©B® are zero, and
we ignore second-order termsqf Note that the last term
in 3A, for example, is the result of a linearization (q)
about a different point from the terms before it, namely
whichever was the latest estimateoht p.

The final result is the following cost functional for the
frames up to and including theth one:

eWQZ/wW@mp

which, very roughly, is linear in some sufficient statistics
in the firsti — 1 frames, and remains non-linear in thth

(eg) Y- di) i

andZ, andZ, are ther andy derivatives ofZ;, respectively.

7 Complete Algorithm

We are now ready to give the complete Recursive Multi-
Frame Planar Parallax algorithm. The state variakblas

¥ B, residual, andnumValid, each the same dimensions as
the image<;, are initialized ta). Every imageZ; utilizing

the reference imadg, is processed as follows:

process_image( Z;, Ri, Ti, Z:, XA, XB, residual,



numValid):
1. V z,y, vald(z,y) = 1
2. I; computed using eq. (7), clear valid
for mappings outside of image; erode
valid by 2 pixels
3 V z,y st vald(z,y) == 1, estimate v as
in eq. (11) using {XA,XB}
4: for up to Niter iterations
5: {XAlter,XBlter} = {XA,XB}
6: calculate flows as in eq. (5)
I Z., warped from Z; using flows
8: calculate {A,B} as in eq. (12)
9: vV z,y st vald(z,y) == 1,
YAlter + = average_window _filter (A)
Y Blter + = average-window_filter (B)
10: vV z,y st vald(z,y) == 1, estimate v
as in eq. (11) using {XAlter, X Blter}
11: if average change in valid region of
G was small, then break
12: end for
13: calculate flows as in eqn (5)
14: 7,, warped from Zj using flows
15: V z,y st vald(z,y) == 1,

residual (z,y) += [T1(z,y) — Zuw(z,y)|
numValid (z,y) + +
16: {XA, ¥B} + = last averaged

line 9 (only for valid pixels)

{A,B} from

We mention several specific implementation issues be-
low, which are: (1) how to prevent changes to points that
go out of view; (2) how to decide whether a pixel is an out-

the x,y plane spanned by the data that contains less
than 0.1% of the points. Finally, points are again itera-
tively rejected based on being too many standard devi-
ations above the mean in their woddccoordinates, or

in Var (z).

Third, using the recovered depths each pixel in the ref-
erence image is back-projected into world coordinates (see

Appendix), resulting in a space point which is integrated

into a modular fixed-grid elevation and appearance map. By
modular we mean that we store fixed resolution, E56¢: 16,
cells, andfill in cells only when data is available in that loca-

tion. All values contained in the same grid square (not cell)

are optimally combined using their estimated variances.
Fourth, and finally, a new reference images set when:
(i) the percentage of pixels that are valid after aligning the
next image is below a given threshold (we use 50%)jidr (
after a set maximum number of images since the last refer-
ence change to reduce mapping latency (we use 20). Space
points are generated upon every change in reference image.
To reduce the movement due to parallax, we use a horizon-
tal reference plane (in world coordinates) at the height of
the mean terrain elevation in the reference image, an ap-
proximation of which is available from a separate motion
filter.

8 Results

lier; (3) how to integrate measurements from multiple runs We tested this algorithm on both synthetic and real image
into a single coherent map; and (4) when to choose a newsequences. For the synthetic tests, we developed a closed-

reference image.

First, thevalid matrix prevents changes to the state vari-
ables for points that go out of view. A pixel i, is set
to invalid for the current image when the homograpty
maps the corresponding pixelIj to a pixel outside of;.
The matrixnumValid counts the number of images in which
each pixel inZ; is valid.

loop simulation system for a simple aerial vehicle that in-
cludes a simple vehicle dynamics simulator, a trajectory
planner for executing a simple search pattern, and a syn-
thetic view generator that renders images from DTED el-
evation data and Terraserver satellite imagery. Using this
framework enables us to compare our reconstructed terrain
to the ground truth and perform error analysis.

Second, we combine several heuristics to choose when a First we present a comparison of stereo, wide baseline

pixel is an outlier:
1. Flows may not extend past the edge of the image.
2. All generated points must be valid in at least

stereo, and RMFPP on synthetic data. Figure 3 shows er-
ror results for a single pair of stereo images, or a single
reference image and consecutive frames until the next ref-
erence change, of a 50 meter/sec flight over mountainous

images since the last reference change (encoded iRgrain using a camera with a focal length of 251 meters and

numValid); they must have an average absolute resid-
ual (residual/numValid) no larger than a fixed con-
stant; and they must be no closer thapixels from
the edge of the image.

. The remaining points are then iteratively filtered for
outliers, on each iteration rejecting points that are

240x320 images, alongside ideal standard deviation curves.
The stereo images were chosen to be the first two images of
the RMFPP sequence and the wide baseline stereo images
were chosen to be the first and last images of the RMFPP
sequence. Note that theaxis is absolute height and that
the terrain is centered around an elevation of 950 meters, so

too many standard deviations above the mean in theirthe relative heights are in the range 550-2350 meters. The

world x or y coordinates. This is followed by itera-
tively discarding all points witi{(z, y) coordinates in
any 25th (5x5 equal-sized blocks) of the portion of

ideal curves are only valid up to a global scale based on
the properties of the images, but it is clear that the algo-
rithms perform as the expected functions of relative height.
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Figure 3: Ideal (solid) and experimental (solid with crosses) error analysis for stereo (red), wide baseline stereo (green), an
RMFPP (blue). Left: Experimental mean absolute error vs height. Right: Ideal error standard deviation (up to scale) and
experimental error median deviation vs height.

In the experimental error distributions we only count points
about which the algorithms are certain (we do not penalize
for holes or for pixels that are removed by filtering prior to
map integration), although we note that RMFPP produced
a result with few holes while the wide baseline stereo only
produced results in about half of the image due to the re-%
duced overlap of its views.

Figure 4 shows the result of RMFPP on images rendered
from an outwardly spiraling synthetic flight at 100 me-
ters/sec and 1500 meters absolute elevation (the terrain is i
the range 775-1025 meters) using the same camera paral
eters as in the previous experiment. The reconstructed ap
pearance is overlayed on the reconstructed elevation. Notj
that the black regions in the center of the reconstruction arg
invalid regions that are not explored by the trajectory. We
also include a histogram of elevation errors and a plot of the
correlation between elevation errors at neighboring pixels.
The correlation between errors at neighboring pixels shows
that the method captures the relative height of the terrain
even when its absolute estimate has error.

Figure 5 shows the result of RMFPP on images captured -
from a real autonomous flight at FIXME meters/sec and
FIXME meters absolute elevation (the terrain is in the range =«
FIXME meters) using the a camera with a focal length of
FIXME capturing 320x240 images. FIXME: say something
else.

9 Conclusion Figure 4: Synthetic images experiment: (a) The recon-
structed appearance draped over the reconstructed elevation.

This paper has introduced the Recursive Multi-Frame Pla- The inset shows the simulated vehicle trajectory. (b) His-

nar Parallax algorithm, which is a direct, dense, accurate, togram of height errors in meters. (c) Correlation between

and recursive method for recovering shape from a monoc- height errors at adjacent pixels.

ular sequence of images with known motions. These capa-

balities were desirable from the point of view of an aerial

7



[10]

[11]

[12]

[13]

[14]
Figure 5: Real images experiment: The reconstructed ap-
pearance draped over the reconstructed elevation.

vehicle requiring on-board real-time terrain analysis. We [15]
have demonstrated the algorithm on both synthetic and real
image sequences, and have shown that its performance is
close to that of the batch method, and to the theoretical per{16]
formance of linear variance derived for pure translation.

References

P. H. S. Torr and A. Zisserman, “Feature based methods
for structure and motion estimation,” Proc. International
Workshop on Vision AlgorithmSeptember 1999.

B. Triggs, P. F. McLauchlan, R. |. Hartley, and A. W. Fitzgib-
bon, “Bundle adjustment — a modern synthesis,"Proc.
International Workshop on Vision AlgorithmS&eptember
1999.

M. Okutomi and T. Kanade, “A multiple-baseline stereo
method,”|IEEE Trans. on Pattern Analysis and Machine In-
telligence vol. 15, pp. 353-363, April 1993.

G. P. Stein and A. Shashua, “Direct estimation of motion
and extended scene structure from a moving stereo rig,”
Tech. Rep. AIM-1621, Massachussetts Institute of Technol-
ogy, 1997.

Y. Xiong and L. Matthies, “Error analysis of a real-time
stereo system,” ifProceedings of Computer Vision and Pat-
tern RecognitionJune 1997.

M. Zucchelli and H. I. Christensen, “Recursive flow based
structure from parallax with automatic rescaling,’Bnitish
Machine Vision Conferenc&eptember 2001.

L. Matthies, T. Kanade, and R. Szeliski, “Kalman filter-based
algorithms for estimating depth from image sequences,”
ternational Journal of Computer Visiowol. 3, September
1989.

[1] E. Sokolowsky, H. Mitchell, and J. de La Beaujardiere, Appendix: World Coordinates

“Nasa’s scientific visualization studio image server,Piroc.
IEEE Visualization 2005p. 103, 2005.

(2]

Combining the equation for height above the reference
S. K. Jenson. and J. O. Domingue, “Extracting topographic plane in the frame of the reference camera and the defini-

structure from digital elevation data for geographic informa- tion of -y, the pointp = (z,y) in the reference image has

tion systems analysisPhotogrammetric Engineering and
Remote Sensingol. 54, no. 11, pp. 1593 — 1600, 1988.

[3] B. Sofman, J. Bagnell, A. Stentz, and N. Vandapel, “Terrain
classification from aerial data to support ground vehicle nav-
igation,” Tech. Rep. CMU-RI-TR-05-39, Robotics Institute,

Carnegie Mellon University, 2006.

where X'’
dimensional space, the poitX and its covariance in the

coordinate in the frame of the reference camera

T ONTX' —4

K=t 7* (p).

: (13)

Back-projecting into 3-

[4] J. McMichael and M. Francis, “Micro air vehicles—toward a frame of the reference camera Qo¥) are given by:

new dimension in flight,” tech. rep., DARPA, 1997.
(3]

O. FaugerasT hree-Dimensional Computer Visiomhe MIT
Press, 1993.

L. Matthies and S. A. Shafer, “Error modeling in stereo nav-
igation,” J. of Robotics and Automatiprvol. RA-3, June
1987.

H. S. Sawhney, “3d geometry from planar parallax,Hro-
ceedings of Computer Vision and Pattern Recognjtiame
1994.

(6]

(7]

[8] M. Irani, P. Anandan, and M. Cohen, “Direct recovery of
planar-parallax from multiple frames,Trans. on Pattern

Analysis and Machine Intelligenceol. 24, November 2002.

M. Irani and P. Anandan, “About direct methods,” Rroc.
International Workshop on Vision Algorithm&eptember
1999.

E)

_ d1 X’
NT X" —
Cov(X) = JVar(y)JT

X =

where Var(v) =
di
2
(N X"~ 7)

DA

and J= X' (14)

To construct an elevation map over multiple reference

frames, the point and its covariance can be transformed into
the world coordinate system using the known location and

orientation of the reference camera.



