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A Fuzzy Sliding Controller for Nonlinear Systems
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Abstract—it is well known that sliding-mode control can give requires that every subsystem gives a negative defliifer
good transient performance and system robustness. However, the g given Lyapunov functio’. Then, under the weighted sum
presence of chattering may introduce problems to the actuators. defuzzification method, it can be proved thais negative def-
Many chattering elimination methods use a finite dc gain controller .. ’ . -
which leads to a finite steady-state error. One method to ensure inite for the yvhole system, i.e., the I__yapu_nov stability theorem
zero steady-state error is using a proportional plus integral (Pl) can be applied. Here, a subsystem is defined as the closed-loop
controller. This paper proposes a fuzzy logic controller which com- system under the control of either the SMC or the PI controller
bines a sliding-mode controller (SMC) and a Pl controller. The ad- only. One major difficulty in the stability analysis is that, unlike
vantages of the SMC and the PI controller can be combined and the systems in [1] and [3], there is one more state variable to

their disadvantages can be removed. The system stability is proved, . - .
although there is one more state variable to be considered in the Pl be considered in the Pl subsystem. Fortunately, it can be proved

subsystem. An illustrative example shows that good transient and that by properly designing the input fuzzy sets and the gain of
steady-state responses can be obtained by applying the proposedhe SMC, this problem can be solved.

controller. The stability analysis method will be detailed in Section 1.
Index Terms—Combining controllers, fuzzy sliding, Lyapunov, Then, the stability analysis procedure of the proposed FLC will
stability. be developed in Section lll. Although the stability proof appears

to be complex, the design of the FLC is as easy as following a
few formulas. Section IV illustrates the application of the pro-
posed FLC to a nonlinear plant with external disturbances. Fi-

T 1S WELL KNOWN that sliding-mode controllers (SMCs)nally, a conclusion will be drawn in Section V.

are powerful in controlling nonlinear systems with bounded
unknown disturbances [4]-[6]. They offer good robustness II. STABILITY ANALYSIS METHOD
and transient performance, even in large-signal operatio[&s.
However, since a discontinuous control action is involved,
chattering will take place and the steady-state performance willConsider a single-inputth-order nonlinear system subject to
be degraded. One common method to alleviate this drawba#ernal disturbances. Let the system equation be given by
is to introduce a boundary layer about the sliding plane [5], [6]. .
This method can give a c%/attir—free output respgnpse, bu[t z]if[in]ite & = f(z) +bz)u+w @
steady-state error must exist due to the finite nonswitchifghere z is the state vectorf(z) andb(z) are functions de-
gain of the controller in steady state. Some methods embggibing the dynamics of the plant,is the control input deter-
an SMC in a fuzzy logic controller (FLC) using either thamined by an FLC, ane = [wy,ws, . .., w,]" is the vector de-
output error and the change of output error as inputs (maird¥ribing the external disturbances. It is assumed that the values
for second-order systems) [8], [9], or the distance between t§€y,,  ws,, ..., w, are unknown but constant, and bounded by
states and the sliding plane as input (usually for higher ordghositive constant vecta, = [wy1, wss, . . . , wy,]T such that
systems) [10]. Since switching is not present, the dc gain pf;| < w,; forall j =1, 2,...,n. Theith IF=THEN rule in the
such controller is finite, and steady-state error may still exist.fuzzy rule base of the FLC is of the following form:

There are two methods to achieve zero steady-state error:
switching control and integral control. Under these two cases, Rule i:  1F (premise 1) THEN u = u; (2)
the dc gain of the controller is infinity. To improve the per- L . o .
formance in steady-state, a proportional plus integral (PI) c:oVr\{h ere(premlse) '.Sthe prem|se_of rulewith respecttoacerta n

’ ; eneral input variable; » = w; is the control output of rule.

troller can be considered. This paper proposes an FLC that ¢

bines an SMC and a Pl controller. As the SMC and PI controller'sat p; andr be the degree of membership of fuzzy raland

. . the total number of rules, respectively. Under the weighted-sum
can give good transient and steady-state performance, res'%ﬁa(ﬁjzzification method, the overall output of the FLC is given
tively, the role of the FLC is to schedule them under differen ' P 9

operating conditions [3]. System stability will be proved by gy
newly proposed stability analysis method [1], [2]. This method

. INTRODUCTION

Fuzzy Logic Control System

”
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fuzzy rulei is nonzero, this fuzzy rulgis called aractive fuzzy then by the Lyapunov theorem, the equilibrium point at the
rule for z,; otherwise, it is called amactive fuzzy rule fog,. origin is globally asymptotically stable.

Also, we define a sef4 that contains the rule numbers of the Proof:

active fuzzy rules foe,. An active regionof a fuzzy rule: is

defined as the regiof,. C Z such that the fuzzy rulgis active V =z"Pz (6)
for z, € Z,. V =31 Pz + z* Px. (7
By excluding inactive fuzzy rules, the output of the FLC can
be represented by the following [1]: From (1),
Z I V =(f(z) + b(z)u +w)T Pz + =7 P(f(x) + b(x)u + w)
y — €la ' (4) =F(x)+ B(x)u (8)
Z Hi
i€l where
Property 1: For any inputz, € Z, there exisp, ¢ € 14 such F(z) =(f(z) + w)T Pz + s7 P(f(z) + w) and

thatw, < u; < u,foralli € L.

_ T T
Remark 1: The values op andq may change as the value of B(z) =b(z)" Pz + 2" Pb(z)
2, Or u; changes. Also, if there is only one element jpor all are scalars.
thew;'s are the same for all € Ly, u, = u; = ug. We need to prove that if every fuzzy subsystem gives a nega-
From Property 1and (4), we have tive-definiteV [condition 2)] andu,, < « < w, [condition 3)],

(5) then the overall fuzzy logic control system also gives a nega-
tive-definiteV. First, consider = 0, F(0) = B(0) = 0,
for z, € Z[1]. The significance of (5) is summarized as follows.

= up < u L ugy, equality holds whem; = u, = u,

Property 2: For any inputz, € Z, the output of the FLC V(o) =o.
lies between, andu, if the defuzzification method in (3) is _ ) "
applied. Second, consider # 0, for any inputz, € Z, from condition

Remark 2: It is not necessary to find the valuesafy and 2),
up, 1q iN both the stability analysis and the implementation of
the FLC. In fact,u, andw, are not predefined bounds of the
controlw. They are the control outputs of fuzzy ruleandg.

Definition 2: A fuzzy subsysteassociated with fuzzy rule

V = F(z) + B(z)u; < 0 9)

for all ¢ € I4. Hence, fromProperty 1 there exisip,q € 14

. . . such that

is a system with a plant of form (1) controlled by ondy; which

is the output of fuzzy rulé of the form (2). V =F(z)+ B(x)u, < 0 (10)
B. Stability Analysis Method V =F(x) + B(@)up < 0. 11)

The idea of the proposed stability analysis method is to breg@iken, three cases should be considered.

down the problem of analyzing the stability of the whole fuzzy ~g4e 1: IfB(z) is positive.

logic control system into analyzing the stability of the fuzzy From (10),

subsystems individually. The complexity of the analysis is dras-

tically decreased as it is easier to check whether every fuzzy V= F(x) + B(z)u, < 0.

subsystem can give a negative-defifitdor a given Lyapunov

function V. However, the condition that all fuzzy subsystems Since B(x) is positive,

give a negative-definit&” does not directly imply that the whole .

fuzzy logic control system gives a negative-defiriitetoo. (If V<0 foru<u,. (12)

the whole system gives a negative-defiriife the system sta- _ ] )
bility has been proved by the Lyapunov stability theorem.) We Case 2: IfB(z) is negative.
propose sufficient conditions that make this implication valid. From (11),
They are stated in the following theorem. -

Theorem 1: Consider a fuzzy logic control system described V =F(z) + Blz)u, < 0.
in Section II-A. If

. . . ) _ Since B(z) is negative,
1) there exists a positive-definite, continuously differen-

tiable, and radially unbounded scalar functigh = V<0 foru>u,. (13)
27 Pz, whereP is ann x n constant positive definite
matrix, Case 3: IfB(z) is zero.
2) every fuzzy subsystem gives a negative-defifiitén From (9),
the active region of the corresponding fuzzy rule, and .
3) the defuzzification method of (3) is employed, which V=F() <0
leads toProperty 2such thats, < u < ug, =V <0 forallu.
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-m, -my 0 m, m, .
Fig. 2. Function®(o).
Fig. 1. Membership functions.
plane is hit. It is not needed to know the valuevpf However,
From the above three cases, we have, whatever the valudtdMaximum bound;,, can be evaluated as follows:
B(z), max *(sw)
r(},,,b = 7=
k;
wheremax x(sw) = |s1|wp1 + |S2|wez + - - - + |$n|wsn. Note
By condition 3),V < 0. In conclusionV is negative definite. thatu,, is positive. To carry out the stability analysis, we choose
By the Lyapunov theorem, the equilibrium point at the origin i@h upper bound for and define an error statg as follows:
globally asymptotically stable. _ _ QED o] < 100, (19)
Remark 3: A fuzzy subsystem associated with fuzzy rule

(18)
V<o for u, <u < uyg. (14)

gives a negative-definité in its active region which implies that Co =Yr — . (20)

the plant can be stabilized on applying fuzzy ruladividually  Then, from (16),

whenz is in the active region.

éy, = —oP(0). (21)
[Il. COMBINATION OF SMC AND Pl CONTROLLER On the other hand, from (18) to (20),
An SMC and a PI controller are combined into a single FLC

to control a plant in the form of (1). The input variable of the leo] < 11vps. (22)

FLC is o which is defined as To guarantee the system stability using the proposed stability
analysis method, we need to find a Lyapunov functiérand

o =sx (15) ensure that every fuzzy subsystem gives a negative-definite

in the active region of the corresponding fuzzy rule.

wheres = [s1,s2,---,s,] iS a constant vector. It should be
chosen such that when the system states are in the sliding planer| Subsystem

(i.e.,o = 0), they will slide along the plane to the equilibrium
point. To combine an SMC and a Pl controller into a single FLC, From Rule 1, (15), and (1), we have

the fuzzy rules of the FLC are defined as follows. 6 =sf + sb(sb) " (—sf — kv — kpo) + sw
Rule1: IFoiSSMTHEN 4 = 1©; = (Sb)_l (—Sf — kv — =k;e, — kup — kpo' + sw.
kpo).
Rule2: IF o is LR THEN u = wuy = (sb)! (—sf — Hence, from (17),
kq sgn (0)). 6 = kie, — kyo.

In these rules, SM and LR are membership functions (with pa- _
rametersn, andmy) as shown in Fig. 1, ank;, k,, andky are Also from (21), sinceb(o) = 1, ¢, = —a, we have

gains to be designed. In Rule 1, we define a statéhich will é, 0 —1 ey e,
be used when we analyze the system with the PI controller [a} = [,% —kp} [0} =4 [ } (23)
v :/ o®(o) dt (16) The closed-loop sybsystem behayes I|ke'a linear system. If
the real part of all eigenvalues of; is negative, we can de-

fine a symmetric positive-definite matr@, such that a unique
'symmetric positive-definite matri can be found satisfying
the following equation [6]:

whered(o) is a function ofo, as shown in Fig. 2. Furthermore
we definev,. as the reference value oft is a constant to cancel
out the effect of the unknown disturbanaewhen the sliding

plane is hit. Hence, we have AT P+ PA, = -2Q,. (24)
sw Hence, we can select a Lyapunov functidrsuch that
Up = k_ (17)
i 1 v
_ _ _ _ _ V=le a]P[ﬂ

wherek; is a gain to be determined. In practice, due to the in- 2 o
tegral action as given by (16), the statevill automatically be- 1 p1 p2 | e o5
comeuv,. under a proper design of the controller when the sliding o 5[6” o] p2 pal| | o |’ (25)
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Obviously, from (24) and (25); is negative definite. Moreover,
since P is positive definitepp; and p, must both be positive
because the principle minors #f must be positive.

x,=d6/dt
X=0 ‘\

B. SMC Subsystem

From (25), we have mgsin(0)

V= P1EuEy + D20¢E, + p2e,6 + pioo. (26)

Also from Rule 2, (15), and (1), we have

M U

o =sw— ky sgn (o). 27)

The active region of this fuzzy rule does not include th Q _____Q _____________

origin, so we need to ensure that ordly < 0 for this sub-
system. We divide the active region into two subregions. Wigqg. 3. Aninverted pendulum,
reference to Figs. 1 and 2, the two subregiondare> m, + &
andm; < lo| < mao+ 6.
Case 1:|o| > mao + 6.
From (21),é, = 0. Then, (26) can be reduced to

IV. |LLUSTRATIVE EXAMPLE

Consider a nonlinear inverted pendulum system (Fig. 3) in
the form of (1)

V =psre,0 4 pyoo. (28) &= f(z) + blz)u +w
It can be proved that if where
kg > kivny (29) e —xl}
mo > 11v,. (30) L %2
xr1 = (/]
Ip2| < pa- (31)
. To = 0
Equation (28) is negative. Hencg,is negative def- [ . o .
inite for |¢| > m. + & can be satisfied by properly f(z) = | 98sin(x1) — 0.0523 sin(2z1) ]
designingky, k;, k,, m2 and@, . The detailed proof L 2/3 —0.1cos?(z1)
is given in Appendix A. [ 0
Case2:m; < |o| < ma+§. b(x) = —0.1cos(z1)
From (21),é, = —o®(o). Then, (26) becomes L 2/3 — 0.1 cos?(zy1)
. ~To
V = —p1e,09(0) — pro’®(0) + pre,6 + pioo.  (32) w= _TUJ :

The conditions for (32) to be negative definite are The magnitude ofv; is less than 1. The control objective is to
regulatex to 0. Consider the FLC as described in Section IlI.

kg = %_D (33) Select
P4
and s=[1 02]. (35)
Kt 9 The above values are selected because=f 0, we havet; +
my = 11v.4|p2| < kD + p—) (34) 5z, = 0, which gives a stable system (i.e., the sliding plane
4

o = 0 is stable). Also, we have
wherekp = (11p1vrb+|p2|(m2+6)+p4kiv7,b).The
derivations of (33) and (34) are givenin Appendix B.

In conclusion, to ensure that both the Pl subsystem and Mereover, letk; = 2, k, = 5, and@; = [3 280]; from (24),

SMC subsystem give negative-definité with respect to the we havep; = 85.4, po = —1, andpy = 40.2. Also, from

Lyapunov function of (25), we firstly need to selégt k,, and (18) and (36)w,» = 0.05. In addition, letms = 0.6 > 1luv.,

Q, to satisfy (31) and seleét;, m4, andmsy according to (29), which satisfies (30). Then, from (33) and (34),= 2.567 and

(30), (33), and (34). The values of; andm., should satisfy, m; = 0.0284(< m,). Choosed = 0.001 andw; = 0.99. The

from Fig. 1, the conditionn; < m.. The design may be con-transient responses ef, z, and the control signal are shown

servative because of this condition and conditions (30) and (3i).Figs. 4-6, respectively, under the control of the FLC and

By Theorem 1the equilibrium point afe,, 0]* = 0 is globally an SMC (based on Rule 2 alone). The initial state(®) =

asymptotically stable. Although only — 0 has been proved, [0.5236 0] (0.5236 rad = 30). Both systems are stable and

the conditiorz: — 0 can be ensured by the equation governingave zero steady-state error, even when disturbances are present.

o andz (o = sx). From Fig. 4, it can be seen that the response using the FLC is

max *(sw) = 0.2. (36)
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When the states are near the sliding plane, the PI controller takes
control and ensures that the states eventually reach the origin
under disturbances. Hence, the major drawback of chattering in
sliding-mode control is removed. However, the system robust-
ness relies on the robustness of the PI controller only, when the
states are near the sliding plane. Although there is one more
state variable to be considered in the Pl subsystem, the condi-
tions for obtaining a stable closed-loop system are derived. This
combined controller is applied to a nonlinear inverted pendulum
with disturbances to show its merits. It is found that both good
transient response and zero steady-state error can be obtained

x/rad

2 3 4 s fimes py applying this controller.
Fig. 4. Time response of; . APPENDIX A

02 . : . . It will be proved in this Appendix that (28) will be negative

ol ) if the following three conditions are satisfied:
02 ]Cd > ]Cﬂ},,b
-04p ma > 11vy

xyfrad s oo |p2| <p4.
-08F
Proof: From (27),

At J mc
12t ] 00 =osw — oky sgn (o)
aatlh o E < |sw||a| - kd|a|'
"% 1 2 3 4 5 mes  From (29) and (18),

Fig. 5. Time response ofs. ka > kivpy = max «(sw).

Hence,

oo < 0. (A1)
Now, |o| > m2 + 6 > my for Case 1. From (30) and (22),
lof > |es|. (A2)

uN Hence, consider (28),

V = poey6 + pao6

< |p2¢v6| + psoo

= pzllesllo| + psoo
timels <|pz2lloo| + psoo  [from (A2)]

=|p2llod| — psloo| [from (A1)]

<0 [from (31)].
slightly slower than that using the SMC. However, as shown QED
in Figs. 5 and 6, chattering exists when using the SMC alone.

The steady-state performance of the system is significantly im- APPENDIX B
proved by the proposed FLC.

Fig. 6. Control signal.

Form; < |o| < ma+6,é, = —o®(o). Then, from (26)

V. CONCLUSION and (27),

An approach to combine an SMC and a P! controller usin§ = —P1¢,09(0) — p20°®(0) + p2¢,6 + paoo
an FLC has been proposed in this paper. The role of the FLC is = —p; ¢,08(0) — p20’®(0) + p2c,6 + psosw — pikqglo|
to schgdule different control action according to _the operating < | |[max(—p1 c,®(0)) + max(pz0®(a))
conditions. When the states are far from the sliding plane, the
FLC is, in fact, an SMC driving the states toward the sliding
plane, even under unknown disturbances. The transient perfor-= |o|[max(—p1e,) + max(p0)
mance and system robustness are the same as a pure SMC. + max(pssw)| — pakglo| + p2e,0 (B1)

+ max(pssw)| — pikq|o| + pee.o
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where max(-) denotes the maximum value of its argument. [4] V. I. Utkin, “Variable structure systems with sliding modesEEE

Then, let

kp = (11p1vp + |pa|(m2 + 8) + pskive)  and
ky = 2kp

y2
as in (33). From (22) and (18),

11plvrb > p1|6'v|7

pakivy, = max x(pisw).
Recalling that
me+6 > |o]
then

kp =11p1vep + |p2|(ma + 6) + pakivey

> max(|piey|) + max(|pzo|) + max «(pysw).
Hence, (B1) becomes

V <kple| — 2kplo| + pres6
= _kD|U| + p?e'vd
< —kplo| + max(|p2e,a]).
A sufficient condition forV < 0is

max(|pze,0|)

|o| i . (B2)
Since|a| > my, (B2) can be satisfied by letting
_ max(|p2e,0])
1= 719D
max(|o])
= 11lv,y|pe| ————=  [from (22)]
kp
max(sw — ElﬂD sgn (o))
=110, |pa| P [from (27)]
kp
= 11v,|p2| <1nax <ﬂ> + 3) (sinceps > 0)
kp Da
=11, |p2| <M T 3) [from (18)]
kp " pa

Trans. Automat. Contrvol. 22, pp. 212-222, Apr. 1977.

[5] R.A.DeCarlo,S.H.Zak,andG. P. Matthews, “Variable structure control
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212-232, Mar. 1988.
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Cliffs, NJ: Prentice-Hall, 1991.
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which gives condition (34). In conclusion, conditions (33) and

(34) ensure that/ < 0.
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