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Symbol Error Probability Analysis of a
Multiuser Detector forM -PSK Signals

Based on Successive Cancellation
Gerard J. M. Janssen, Member, IEEE,and Slimane Ben Slimane, Member, IEEE

Abstract—A narrow-band multiuser receiver based on succes-
sive signal detection and subtraction, is considered in this paper.
The symbol error probability (SEP) for -PSK modulated signals
is evaluated and analytical approximations for the SEP of the in-
dividual signals are presented and compared with results obtained
from simulations. For geometrically related signal amplitudes, a
constant minimum distance can be guaranteed independent of the
number of signals. The required amplitude ratio is shown to be re-
lated to and the number of co-channel signals. Optimizing the
transmitted power for the different signals while ensuring the same
SEP is then addressed and closed-form expressions of the signal
amplitude ratios are derived. The effect of inaccurately estimated
signal parameters due to noise is also analyzed. SEP results are pre-
sented for synchronous signals in an additive white Gaussian noise
environment.

Index Terms—Multiuser detection, parameter estimation, signal
cancellation, symbol error rate.

I. INTRODUCTION

A CHIEVING a high spectral efficiency is an important
issue in future mobile communication systems. Increase

of spectral efficiency allows for higher data rates or for more
users to communicate simultaneously in the same bandwidth.
In the third-generation mobile communication systems, code
division multiple access (CDMA) is applied to achieve this
goal. In CDMA, the user signal is coded with a user-signature
which makes it possible to separate and detect users occupying
the same channel simultaneously at the cost of a substantial
increase in the bandwidth required. Recently, multiuser receiver
techniques have been proposed for two narrow-band co-channel
signals based on successive cancellation [2], or maximum-like-
lihood detection which has a much higher complexity [3] and
[4].

In this paper, the symbol error probability (SEP) and the sen-
sitivity to estimation errors of a narrow-band multiuser receiver
for multiple -PSK modulated signals, based on successive
signal cancellation by means of subtraction, is investigated.
Also power relations are derived which in principle allow
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Fig. 1. Principle of the multiuser receiver using successive detection and
subtraction.

assignment of an arbitrary number of co-channel signals for
geometrically related signal powers. In the successive cancel-
lation receiver, which is also applied as a multiuser detector for
CDMA signals [5], the major signal is detected and estimated in
the first detector; this estimate is subtracted from the total input
signal. From this signal, subsequently the next largest signal is
detected, estimated and subtracted, and so on. This principle is
also known as “onion peeling” [6]. By narrowband, we refer
to the fact that no spreading gain or bandwidth expanding
signature code is applied to separate the users like in CDMA.
The structure of the receiver is shown in Fig. 1.

For a single service system (e.g., speech service in GSM), the
same link quality should be provided for all its connections, i.e.,
the average SEP should be the same for all users. An analytical
method is presented to determine the received symbol energies
for each of the -PSK modulated co-channel signals which
result in equal SEP for each of the signals for the multiuser
detector described above. These results will be very useful when
applying transmitter power control.

The signal state structure of multiple signals is investigated
in Section II. In Section III, the SEP of the successive cancel-
lation receiver is analyzed for -PSK modulated signals and
computationally less complex approximations are derived. SEP
simulation results are presented for the Gaussian noise channel
and compared with the proposed approximations. In Section IV,
the required received power of the different signals is optimized
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while keeping their average SEP the same. In Section V, the
effect of nonperfect parameter estimation due to the presence
of noise is considered and analyzed. Conclusions are drawn in
Section VI.

II. SIGNAL STATE STRUCTURE

We consider a symbol-synchronous multiuser system with
active users, all using the same carrier frequency and-PSK
modulation. With such a structure, the bandwidth efficiency
is given by

bits/s/Hz (1)

which increases linearly with the number of users per channel.
Denoting by (Signal ) the transmitted signal of user,
the equivalent lowpass of the received signal sample at a given
symbol interval can be written as follows:

(2)

where is the symbol energy of user
with equal probability of occurrence is related to theth

transmitted symbol of user and is the sampled additive
white Gaussian noise (AWGN). The carrier phasesare inde-
pendent and uniformly distributed over . We further as-
sume that the signals have different energies with

.
Ignoring noise, the interference term in (2) will cause clouds

around the major signal points due to the random phases and
symbols. This is shown in Fig. 2 for four independent 4-PSK
modulated signals where the receiver is locked to the major one.

The task of the first receiver is to detect the cloud belonging
to the correct symbol value of the major signal. After correct
cancellation of the major signal, the remaining signals will form
clouds around the next major signal states, and so on. Withsig-
nals present, the signal state regions are annular-shaped clouds
which are limited by an inner and outer circle with radii

and

respectively. For , the signal states are on a circle with
radius centered around the state of Signal 2.

III. SEP ANALYSIS

A. Conditional SEP

Let us first consider the detection of Signal. Assuming cor-
rect decisions for the first (strongest) signals, the coherent
detector of should be able to lock on its proper signal. In

Fig. 2. Signal clouds around the dominant signal states with
p
E =

2:5 ; k = 1; . . . ; 4, and� = �=6 with random phases for the signals
s ; . . . ; s .

that, after phase compensation the received sample during the
symbol interval at the input of this detector (see Fig. 1) can
be written as

(3)

where is the total phase of Signal
during the symbol interval , which can be considered uni-

formly distributed over . The conditional SEP (no symbol
errors in the stronger signals detected in the stages) for

can be written as shown in (4), at the bottom of the page,
for any and

(5)

for . The parameter is related to the modulation level
and is given by [7]

for BPSK
for higher modulation levels

Using (4), the value for can be solved numerically, however,
the computational complexity increases with the number of sig-
nals. From the observation of Fig. 2, three approximations to the
above conditional SEP can be obtained which will largely sim-
plify its computation.

Approximation 1: Considering a worst case situation for the
detection of where all smaller signals are in-phase and ori-

no error in the stages

(4)
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ented such that the minimum distance to the decision threshold
is achieved, the resulting conditional SEP results in an upper
bound given by

(6)

Approximation 2: A much tighter upper bound is found by
considering that the in-phase smaller signals can be located any-
where on the outer circle of the annular region

(7)

This upper bound becomes the exact conditional SEP for .
Approximation 3: For all signal states can be as-

sumed to be uniformly distributed over the annular region be-
tween and . This results in an approximated con-
ditional SEP having the form of

(8)

For large values of , this approximation is more accurate than
Approximation 2 as discussed in Section III-C.

Example: As an illustrative example, let us assume that the
amplitudes of the different signals are geometrically related
(e.g., obtained by transmitter power control) with

and (9)

The worst case conditional SEP of (6) becomes

(10)

where the function is given by

(11)

is as earlier defined and is the average symbol energy
of Signal 1. It is obvious from the above expression that the
conditional SEP is dependent on the parameters , and the
number of signals .

To be able to detect without inherent errors, the function
has to be strictly positive. The function

has the following interesting properties.

1) For , the function
is a decreasing function of with maximum value

obtained at . This puts a limit on the
maximum number of signals that can be simultaneously
received. Table I gives the value of for which the
function for different s and modulation
levels .

2) For , the function
.

TABLE I
THE SET OF VALUES (�; k;M) FOR WHICH g(�; k;M) = 0

3) For , the function is an
increasing function of with minimum value
obtained at . The number of signals, that can be
simultaneously received in this case, is in principle not
limited. However, the minimum required value ofin-
creases with the modulation level .

B. Average SEP

A symbol error at a given stage of the successive cancellation
receiver will result in a partial suppression or even enhancement
of the signal after subtraction which is translated into interfer-
ence to the next stages. As the stronger signals are detected first,
any error propagation will jam all remaining signals and will al-
most certainly result in symbol errors to these remaining signals.

Theorem 1: The average SEP of Signalof the narrow-band
multiuser receiver which is based on successive signal detection
and subtraction for -PSK signals is given by

(12)

where is the modulation level and is the conditional SEP
of Signal as defined in (4) and (5).

Proof: Let us define the following two events:

error occurred in the stages (13)

no error occurred in the stages (14)

The average SEP of Signalis obtained as follows:

(15)

During the symbol interval , the input sample of detector
can be written as

(16)

where is the estimate of .
The conditional SEP can then be rewritten as follows:

(17)
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The probability of no error in the stages is obtained as

(18)

which is only related to the conditional SEP since the input
sample of any of those stages is free of interference from pre-
vious stages, i.e.,

(19)

When a symbol error occurs at any of the stages, the
remaining signals are jammed after signal subtraction. Thus, the
detection of Signal will simply be based on a guess from
possible symbols. That is

(20)

Replacing (17), (18), and (20) in (15), (12) is obtained and
the proof is complete.

We notice from Theorem 1 that only the strongest signal,
, does not experience error propagation. An-PSK

symbol represents bits. An error caused by error
propagation results in an error of the corresponding bits with
probability 0.5. If all larger signals were correctly detected, a
symbol error results with high probability in one of the adjacent
symbols and with an appropriate mapping scheme causes only
a single bit error. Under these assumptions the bit error rate
(BER) for can be approximated by

(21)

(22)

C. Simulation Results

We compared average SEP results based on the three approx-
imations, as derived in this section against SEP results obtained
from simulations for 4-PSK modulated signals. The results are
generated under the assumption that amplitude and phase are
accurately known at the receiver for all signals, i.e., in case of a
correct decision the signal is completely removed.

In Fig. 3, the SEP results from simulations and approxima-
tions are given as a function of for the case of four 4-PSK
signals with . It is observed that
Approximation 1 is good for Signal 1 but is rather loose for the
other signals. It is also observed that all signals perform better
than the minor signal. Approximation 2 is a much better upper
bound for the SEP, yet still a little loose for the larger signals
because all signal states are taken at .

The results from Approximation 3 are very close to the sim-
ulation results. Note that Approximation 3 is not a bound. For
Signal 1 and Signal 2, the approximation is nearly exact. For
Signal 3, the calculated SEP becomes slightly optimistic com-

Fig. 3. Average SEP for 4-PSK modulation withL = 4 and� = 2:41.
Performance comparison between the different approximations and simulation
results.

pared with that of Signal 4 which is slightly too large. This error
occurs because we assume uniformly distributed signal states
over the annular region, whereas in reality the density of the
signal states is larger at the outside of the annular region than at
the inside for Signal 3, the opposite occurs for Signal 4.
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IV. OPTIMIZATION OF SIGNAL POWERS

We have seen in the previous sections that it is possible to
transmit multiple narrow-band signals over the same bandwidth
and be able to detect them reliably. It has been shown that the
performance is dependent on the relation between the received
powers of the different signals. It is, therefore, important to con-
trol the transmitted power for every signal to ensure the required
quality of service, which requires a feedback channel from the
receiver to the transmitter. A good system should provide the
same link quality for all its connections of the same service type.
Thus, for a multiuser system with single service the best choice
of the parameters s is such that the average SEP is the same
for all the different users. That is

(23)

The above condition ensures the same SEP and minimum re-
ceived power for the different links.

Theorem 2: The conditional SEP that ensures the same av-
erage SEP for all the different -PSK modulated signals of the
multiuser receiver with successive signal detection and signal
subtraction is given by

(24)

where is the preset average SEP required for the different
links, is the error event defined in (14), and is the modu-
lation level.

Proof: From (12) and the condition of (23), the condi-
tional SEP is obtained as

(25)

Using the above expression, we can form the following ratio:

which can be further simplified giving a simple recursive rela-
tion

(26)

Using the above recursion the expression of the conditional SEP
can be proven by induction.

The conditional SEP is illustrated in Fig. 4 as a function of
the preset SEP when signals. We notice that this error
probability is a linear function of over the error probability
range of interest and (24) can be approximated
by

(27)

which becomes exact when .

Fig. 4. Conditional SEP as a function of the preset error probability for the
case of four 4-PSK signals in AWGN channels.

Combining (5) and (24) with , the preset SEP can be
written as a function of the signal-to-noise ratio (SNR) of Signal
1 as

(28)

This error probability is illustrated in Fig. 5 as a function of
and for different number of users,. We notice that for

a given preset SEP, the required SNR for the weakest signal
increases with . This is natural because when increasing the
number of users, the propagation error toward the weakest signal
increases and a higher SNR is then needed to compensate for
that. Surprisingly, this increase in SNR is quite small. For in-
stance, at a preset error probability of only 1-dB increase
in to go from a single user per channel to users per
channel and a 2-dB increase to support eight users per channel.

Given the required SEP of the system (usually determined by
the type of service offered), Fig. 5 can be used to get the SNR
needed for Signal 1. The next step is to determine the required
powers for the remaining signals. The objective is to find
the minimum power needed for every signal such that their av-
erage SEPs are the same. This will not only reduce the trans-
mitted power of the different users but also simplify the perfor-
mance evaluation of the system since the same SEP curve can
be used for the different users.

The required powers of the different signals can be de-
termined from (24) together with one of the expressions of

derived in Section III. Two approximations that result in
closed-form solutions for the signal powers are considered in
Sections IV-A–C.

A. The Gaussian Approximation

In the first approximation, we assume that when detecting
, the linear combination of the smaller—not yet de-

tected—signals can be modeled as a
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Fig. 5. The required SNR for BPSK modulation of the weakest signals for
a given preset SEP and for different number of users.

Gaussian distributed zero-mean random variable with a vari-
ance equal to the sum of their energies. The conditional SEP
from (4) then becomes

(29)

Combining (29) with (24) and solving for the average symbol
energy we get

where

(30)

Given the average symbol energy of the smaller signal, the re-
quired average energy of the next stronger signal can then be
obtained. The signal energies of the stronger signals can also be
written as a function of the symbol energy as follows:

(31)

with

(32)

which is a function of the preset SEP and the modulation
level .

Using the relation between the average energy per symbol and
the average signal power we can write

(33)

where is the symbol duration and is the power of user
. Thus, the coefficient can be seen as the required power

margin between and that ensures the same average
SEP for the different signals.

B. Minimum Distance Approximation (MDA)

In the second case we approximate the conditional SEP
by Approximation 1 given in (6) and introduced in Section III.
This approximation assumes that the resulting signal state is at
the minimum distance to the decision threshold and occurs when
all smaller signals are in-phase and oriented toward one of the
neighboring signal states. Combining (6) with (24) and solving
for the average symbol energy we get

(34)
where

(35)

(36)

and is as earlier defined in (30).
Combining the two expressions of (34), the average symbol

energy becomes

(37)

After some manipulations, the average symbol energy of
Signal can be expressed as a function of the symbol energy
of Signal 1 as

(38)

All signal energies of the stronger signals are now obtained
from that of Signal 1. The coefficient relating these signal ener-
gies is dependent on the SEP and the modulation level .

C. Results

The required power margins between the different
narrow-band signals for equal SEP performance are com-
puted and plotted as a function of the preset SEP based on
both the Gaussian approximation and the MDA. These power
margins are then used to compute the actual achieved average
SEP and compared with the preset SEP. The objective is of
course to have the average SEP of all the signals equal to the
preset SEP.

Fig. 6 illustrates the required power margins of the different
signals with respect to that of Signal 1 to achieve the same SEP
over an AWGN channel for the case of signals and the
BPSK modulation technique. Both approximations as defined in
(31) and (38) are given in this figure. It is observed that, for the
case of the Gaussian approximation, the required power margin
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Fig. 6. Power margins of the stronger narrow-band signals with respect to the
weakest signal as a function of the preset SEP.

between the different signals increases when the preset SEP de-
creases. To better understand this behavior and its relation to the
system parameters, we can take a closer look to the expression
of the power margin given in (31). At low preset SEP
(high SNR) the conditional SEP takes the form of (27) and the
power margin for the Gaussian approximation can be be simpli-
fied to1

(39)

which is independent of the number of usersbut depends on
the preset SEP, the modulation level, and the signal order.

For the case of the MDA, this power margin is almost constant
and hardly changes with the preset SEP. Infact, at low preset
SEP the coefficient of (36) converges to zero and the power
margin for the MDA, given in (38), becomes

(40)

which is also independent of the total number of usersbut
depends only on the modulation level and the signal order

. Note that, for high SNR, the power margin for the MDA is
independent of the preset SEP while that for the Gaussian ap-
proximation increases when decreasing the preset SEP.

In Fig. 7, the average bit-error probabilities (BEPs) of the dif-
ferent signals are given as a function of the SNR, , when
the Gaussian approximation for the power margins is used. It is
observed that the BEP of the different signals are similar and
quite close to the preset SEP for low SNRs ( dB).
However, at high SNRs, the power levels are overestimated by
this method making the BERs deviate from the preset SEP con-
siderably.

1This simplification is obtained by using the approximationerf(x) � 1 �
e in (30) and then combining the result with (32).

Fig. 7. Average BEPs of the narrow-band different signals as a function of
E =N in AWGN channels when the Gaussian approximation is used.

Fig. 8. Average BEPs of the different narrow-band signals as a function of
E =N in AWGN channels when the MDA is used.

The average BEPs of the different signals, when the MDA is
used, are illustrated in Fig. 8 as a function of . We notice
here that this approximation overestimates the required power
margins of the stronger signals making their average BERs
lower than the preset error probability over all the SNR range.
It is observed from this figure that these power margins are
quite high for low SNRs and get smaller as the SNR increases.
Thus, the MDA is better than the Gaussian approximation for
high SNRs while the Gaussian approximation is preferred at
low SNRs.

V. EFFECT OFINACCURATE PARAMETER ESTIMATION

Accurate parameter estimation is crucial for the operation of
the narrow-band multiuser detector based on successive signal
cancellation. In practice, parameter estimation is not perfect due
to the presence of noise and other co-channel signals.

We assume that the user signal is transmitted in short bursts
with symbols per burst, part of which is a training sequence
of consecutive symbols. We further assume that
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the training sequences, denoted , of the different users
are orthogonal with

(41)

Thus, for synchronous multiuser systems, the inaccuracy in pa-
rameter estimations will be caused only by additive noise. Note
that nonorthogonal training sequences and/or nonperfect syn-
chronization between user signals will introduce extra errors in
the signal parameter estimations. However, as shown in [8], with
proper signal processing these extra errors can be reduced con-
siderably. The results there showed that by using training se-
quences with low correlation, signals can be separated almost
completely by applying the bootstrapping technique.

The equivalent lowpass of the received signal, containing the
training sequences of the different signals, during a particular
burst can be written as follows:

(42)

where is the transmitted training sequence of Signal
is the symbol energy, and is a random phase assumed con-
stant during the burst duration. and are independent
zero-mean Gaussian noise processes with equal spectral density

, respectively.
The signal parameters, and , are estimated using the

symbols of the training sequence as follows:

(43)

By averaging over the symbols of the training sequence, the
effect of noise is reduced by a factor of. In that, the noise
components, and , are independent Gaussian random
variables with zero-mean and variance .

Due to this imperfect parameter estimations, a residual in-
terference will remain after signal subtraction even when the
subtracted signals were correctly detected. For instance, with
correct detection of the stronger signals, the input signal
to detector during the symbol interval can be
written as

(44)

where

(45)

with as defined in (2).
Since the training sequences are orthogonal, the terms in the

above summation are independent Gaussian random variables

Fig. 9. Average BER forL = 4 users with BPSK modulation and training
sequences of length 16 and 32, respectively.

[9], [10]. The sample is then a white Gaussian random vari-
able with zero-mean and variance . Thus,
with imperfect parameter estimation, the conditional SEP takes
the form of (4) with replaced by . The
degradation increases for each successive signal to be detected
and is largest for the minor signal (Signal 1). If the bandwidth
of the estimation circuit is much smaller than the matched-filter
bandwidth of the detector then this degradation can be
neglected. Fig. 9 shows the effect of estimation errors on the av-
erage BEP for training sequences of length and
and signals with BPSK modulation. It is observed that
the degradation for the minor signal (worst case) is relatively
small. This degradation, due to estimation errors, can be com-
pensated for by a small increase in SNR.

VI. CONCLUSION

In this paper, we analyzed the SEP performance of a multiuser
receiver for narrow-band -PSK modulated signals, based on
successive signal cancellation by means of subtraction. For a
multisignal environment, three approximations for the condi-
tional SEP were derived and compared with simulation results.
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It has been shown that for signals with geometrically related
amplitudes, two important cases occur. If the amplitude rela-
tion between successive signals (ordered in amplitude) at the
receiver , in principle an arbitrary number
of signals can be stacked. In practice, however, where signal pa-
rameter estimation is inaccurate, this will not be feasible. For

, inherent errors occur if too many signals
are stacked; the maximum number of signalsdecreases with
decreasing and with increasing .

An analytical method is presented to determine the power
margins at the receiver input for multiple co-channel signals
in order to obtain equal SEP for each of the signals. The
required power margins between the different signals for an
AWGN channel are evaluated based on two approximations:
the Gaussian approximation of the undetected signals and the
MDA. It was found that the power margins derived with the
Gaussian approximation are quite accurate for low SNRs but
are much larger (several decibels) than required for high SNRs.
The power margins derived with the MDA method are larger
than needed at small SNR values but give better results at large
SNR values.

Accurate parameter estimation is very important for the pro-
posed multiuser detector. It has been shown that parameter esti-
mation errors due to noise can be modeled as a small decrease
in the SNR after each cancellation. This degradation can be re-
duced by increasing the length of the training sequence, or com-
pensated for by adding an extra SNR margin.
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