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An Optimal Algorithm for Global Termination
Detection in Shared-Memory Asynchronous

Multiprocessor Systems
Ho-fung Leung and Hing-fung Ting, Member, IEEE

Abstract —In the literature, the problem of global termination detection in parallel systems is usually solved by message passing. In
shared-memory systems, this problem can also be solved by using exclusively accessible variables with locking mechanisms. In this
paper, we present an algorithm that solves the problem of global termination detection in shared-memory asynchronous
multiprocessor systems without using locking. We assume a reasonable computation model in which concurrent reading does not
require locking and concurrent writing different values without locking results in an arbitrary one of the values being actually written.
For a system of n processors, the algorithm allocates a working space of 2n + 1 bits. The worst case time complexity of the

algorithm is n n+ +2 1, which we prove is the lower bound under a reasonable model of computation.

Index Terms —Termination detect, shared-memory multiprocessor systems, optimality.
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1 INTRODUCTION

216,'(5�D�V\VWHP�RI�DV\QFKURQRXV�SURFHVVRUV�ZKLFK

FRPPXQLFDWH�WKURXJK�VKDUHG�PHPRU\��,Q�VXFK�D�V\VWHP�

WKH�SURFHVVRUV�FRRSHUDWH�WR�SHUIRUP�D�WDVN��$�SURFHVVRU�FDQ

VHQG�MREV�WR�RWKHU�SURFHVVRUV�DW�DQ\�WLPH��*OREDO�WHUPLQDWLRQ�RI

DQ�H[HFXWLRQ�UHIHUV�WR�D�VLWXDWLRQ�LQ�ZKLFK�DOO�SURFHVVRUV�DUH

HLWKHU�VOHHSLQJ�RU�DERXW�WR�VOHHS��DQG�WKHUH�LV�QR�MRE�LQ�WKH

V\VWHP��7KH�GHWHFWLRQ�RI�JOREDO�WHUPLQDWLRQ�RI�H[HFXWLRQ�LQ

VXFK�V\VWHPV�LV�QRQWULYLDO��-REV�FRXOG�EH�VHQW�ZKHQ�WKH�WHUPL�

QDWLRQ�GHWHFWLRQ�DOJRULWKP�LV�EHLQJ�H[HFXWHG��,W�LV�SRVVLEOH�WKDW

JOREDO�WHUPLQDWLRQ�LV�ZURQJO\�UHSRUWHG�LI�WKH�DOJRULWKP�LV�QRW

GHVLJQHG�WR�FDWHU�IRU�DOO�SRVVLEOH�HYHQW�VHTXHQFHV�

,Q�WKH�OLWHUDWXUH��JOREDO�WHUPLQDWLRQ�GHWHFWLRQ�LV�DFKLHYHG�E\

PHVVDJH�RU�WRNHQ�SDVVLQJ�>�@��>�@��>�@��>�@��>�@��:KLOH�WKHVH

VFKHPHV�DUH�VXLWDEOH�IRU�GLVWULEXWHG�V\VWHPV��WKH\�LQFXU�RYHU�

KHDG�LQ�VKDUHG�PHPRU\�V\VWHPV��LQ�ZKLFK�PHVVDJH�RU�WRNHQ

SDVVLQJ�LV�QRW�QHFHVVDULO\�WKH�PRVW�HIILFLHQW�PHDQV�RI�LQIRU�

PDWLRQ�H[FKDQJH�DPRQJ�WKH�SURFHVVRUV��)RU�VKDUHG�PHPRU\

V\VWHPV��D�VFKHPH�IRU�WHUPLQDWLRQ�GHWHFWLRQ�PD\�GHSHQG�RQ

RQH�RU�PRUH�H[FOXVLYHO\�DFFHVVLEOH�YDULDEOHV�>�@��>�@��>�@��$Q

H[DPSOH�RI�VXFK�D�VFKHPH�FDQ�EH�IRXQG�LQ�&UDPPRQG©V�SDSHU

>�@��LQ�ZKLFK�D�JDUEDJH�FROOHFWLRQ�DOJRULWKP�IRU�DQ�DV\Q�

FKURQRXV�PXOWLSURFHVVRU�V\VWHP�LV�GHVFULEHG��,Q�WKH�V\VWHP�

HDFK�SURFHVVRU�PDQDJHV�VRPH�SULYDWH�PHPRU\�FHOOV��$�PHP�

RU\�FHOO�LV�FRQVLGHUHG�WR�EH�JDUEDJH�LI�LW�LV�QRW�DFFHVVHG�E\�DQ\

SURFHVVRU��7KH�JDUEDJH�FROOHFWLRQ�DOJRULWKP�FRQVLVWV�RI�WZR

SKDVHV��,Q�WKH�ILUVW�SKDVH��QRQJDUEDJH�FHOOV�DUH�PDUNHG��,Q�WKH

VHFRQG�SKDVH��JDUEDJH�FHOOV�DUH�FROOHFWHG��1RWH�WKDW�LI�D�QRQ�

JDUEDJH�FHOO�FRQWDLQV�D�SRLQWHU��WKHQ�WKH�FHOO�V��SRLQWHG�WR

VKRXOG�DOVR�EH�PDUNHG��,I�WKH�SRLQWHU�SRLQWV�WR�DQRWKHU�SURFHV�

VRU©V�SULYDWH�PHPRU\��WKHQ�WKDW�RWKHU�SURFHVVRU�VKRXOG�EH�LQ�

IRUPHG�WR�PDUN�WKH�FHOO�V��SRLQWHG�WR��(IIHFWLYHO\��MRE�LV�VHQW

IURP�D�SURFHVVRU�WR�DQRWKHU��7KH�PDUNLQJ�SKDVH�WHUPLQDWHV

ZKHQ�DOO�WKH�QRQJDUEDJH�FHOOV�DUH�PDUNHG��+HQFH��D�PHFKD�

QLVP�LV�QHHGHG�WR�GHWHFW�WKH�FRPSOHWLRQ�RI�WKH�ILUVW�SKDVH�VR

WKDW�WKH�VHFRQG�SKDVH�FDQ�VWDUW��7R�GHWHFW�WKH�WHUPLQDWLRQ�RI

WKH�PDUNLQJ�SKDVH��WKH�DOJRULWKP�H[SOLFLWO\�PDNHV�XVH�RI�D

VLQJOH�JOREDO�YDULDEOH��FDOOHG�¦D�JOREDO�FRXQWHU�RI�LQGLUHFW

SRLQWHUV�WR�PDUN§���7KLV�JOREDO�FRXQWHU�LV�LQLWLDOL]HG�WR�]HUR�

(YHU\�WLPH�D�SURFHVVRU�VHQGV�MRE�WR�DQRWKHU�SURFHVVRU��WKLV

JOREDO�FRXQWHU�LV�LQFUHDVHG��6LPLODUO\��D�SURFHVVRU�GHFUHDVHV

WKH�YDOXH�RI�WKH�JOREDO�FRXQWHU�ZKHQ�LW�ILQLVKHV�D�MRE�UHFHLYHG

IURP�RWKHU�SURFHVVRUV��7HUPLQDWLRQ�LV�GHWHFWHG�LI�HYHU\�SURF�

HVVRU�VWRSV�DQG�WKH�YDOXH�RI�WKLV�JOREDO�FRXQWHU�UHWXUQV�WR�]HUR�

2EYLRXVO\��IUHTXHQW�ORFNLQJ�RI�WKLV�JOREDO�FRXQWHU�LV�QHHGHG�

7KLV�UHGXFHV�WKH�HIILFLHQF\�RI�WKH�V\VWHP�DV�D�SURFHVVRU�QHHGV

WR�ZDLW�IRU�WKH�ORFN�WR�EH�UHOHDVHG�

,Q�WKLV�SDSHU��ZH�SUHVHQW�DQ�DOJRULWKP�IRU�JOREDO�WHUPLQD�

WLRQ�GHWHFWLRQ�LQ�VKDUHG�PHPRU\�DV\QFKURQRXV�PXOWLSURFHVVRU

V\VWHPV��$Q�LPSRUWDQW�IHDWXUH�RI�WKH�DOJRULWKP�LV�WKDW�LW�UH�

TXLUHV�QR�ORFNLQJ�DW�DOO��7KH�PHPRU\�PRGHO�ZH�XVH�LV�D�FRQ�

FXUUHQW�UHDG�FRQFXUUHQW�ZULWH��&5&:��PRGHO��,Q�RWKHU�ZRUGV�

ZH�PDNH�WKH�IROORZLQJ�DVVXPSWLRQV�RQ�WKH�VKDUHG�PHPRU\

DUFKLWHFWXUH��7KH�YDOXH�RI�D�YDULDEOH�FDQ�EH�UHDG�VLPXOWDQH�

RXVO\�E\�PRUH�WKDQ�RQH�SURFHVVRU�ZLWKRXW�KDYLQJ�WR�EH�ORFNHG

ILUVW��DQG�LI�PRUH�WKDQ�RQH�SURFHVVRU�VLPXOWDQHRXVO\�ZULWH

�SRVVLEO\�GLIIHUHQW��YDOXHV�WR�D�YDULDEOH��WKHQ�WKH�DFWXDO�YDOXH

ZULWWHQ�ZRXOG�EH�RQH�DUELWUDULO\�FKRVHQ�IURP�WKHVH�YDOXHV��)RU

D�V\VWHP�RI�Q�SURFHVVRUV��WKH�DOJRULWKP�QHHGV��Q�����ELWV�DV�LWV

ZRUNLQJ�VSDFH��*OREDO�WHUPLQDWLRQ�FDQ�EH�GHWHFWHG�ZLWK�D

ZRUVW�FDVH�WLPH�FRPSOH[LW\�RI�n n+ +2 1��:H�QRWH�WKDW�D

SRVVLEOH�KDUGZDUH�VROXWLRQ�WR�WKLV�SUREOHP�LV�WR�PDNH�XVH�RI

¦FRPSRVLWH�UHJLVWHUV§�>��@��>��@��
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• +��/HXQJ�LV�ZLWK�WKH�'HSDUWPHQW�RI�&RPSXWHU�6FLHQFH�DQG�(QJLQHHULQJ��WKH
&KLQHVH�8QLYHUVLW\�RI�+RQJ�.RQJ��6KDWLQ��+RQJ�.RQJ�
(�PDLO��OKI#FVH�FXKN�HGX�KN�

• +��7LQJ�LV�ZLWK�WKH�'HSDUWPHQW�RI�&RPSXWHU�6FLHQFH��WKH�8QLYHUVLW\�RI
+RQJ�.RQJ��3RNIXODP��+RQJ�.RQJ��(�PDLO��KIWLQJ#FV�KNX�KN�

0DQXVFULSW�UHFHLYHG�1RY�����������
)RU�LQIRUPDWLRQ�RQ�REWDLQLQJ�UHSULQWV�RI�WKLV�DUWLFOH��SOHDVH�VHQG�H�PDLO�WR�
WUDQVSGV#FRPSXWHU�RUJ��DQG�UHIHUHQFH�,(((&6�/RJ�1XPEHU�'������

&
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7KLV�SDSHU�LV�RUJDQL]HG�DV�IROORZV��,Q�6HFWLRQ����ZH�SUHVHQW

D�VLPSOH�DOJRULWKP�WR�LOOXVWUDWH�WKH�EDVLF�LGHD��7KH�ZRUVW�FDVH

WLPH�FRPSOH[LW\�RI�WKLV�VLPSOH�DOJRULWKP�LV��Q������,Q�6HFWLRQ

���ZH�SUHVHQW�DQ�LPSURYHG�DOJRULWKP��ZKLFK�KDV�D�ZRUVW�FDVH

WLPH�FRPSOH[LW\�RI�n n+ +2 1��:H�SURYH�WKDW�WKLV�LPSURYHG

DOJRULWKP�KDV�DFKLHYHG�WKH�ORZHU�ERXQG�LQ�WHUPV�RI�WLPH�FRP�

SOH[LW\�XQGHU�D�UHDVRQDEOH�PRGHO�RI�FRPSXWDWLRQ��6HFWLRQ��

FRQFOXGHV�WKH�SDSHU�

2 THE abg  ALGORITHM

,Q�WKLV�VHFWLRQ��ZH�GHVFULEH�D�VLPSOH�DOJRULWKP�IRU�VROYLQJ�WKH

JOREDO�WHUPLQDWLRQ�GHWHFWLRQ�SUREOHP��:H�DUH�QRW�FRQFHUQHG

ZLWK�KRZ�MREV�DUH�VHQW�EHWZHHQ�SURFHVVRUV��,QVWHDG��ZH�DV�

VXPH�WKDW�WKH�IROORZLQJ�SURFHGXUH�DQG�IXQFWLRQV�DUH�SURYLGHG

E\�WKH�V\VWHP��:H�FRQVLGHU�SURFHVVRUV�H[HFXWLQJ�WKH�VOHHS

VWDWHPHQW�WR�EH�VOHHSLQJ�DQG�WKH\�DUH�FDOOHG�WKH�VOHHSLQJ�SURF�

HVVRUV��3URFHVVRUV�ZKLFK�DUH�QRW�H[HFXWLQJ�WKH�VOHHS�VWDWHPHQW

DUH�VDLG�WR�EH�DZDNH�DQG�WKH\�DUH�FDOOHG�DZDNH�SURFHVVRUV�

+RZHYHU��LW�VKRXOG�EH�QRWHG�WKDW�ZH�DOVR�UHJDUG�D�SURFHVVRU�DV

VOHHSLQJ�HYHQ�LI�LW�LV�DZDNH�EXW�LV�JRLQJ�WR�VOHHS�LPPHGLDWHO\

ZLWKRXW�H[HFXWLQJ�DQ\�RWKHU�VWDWHPHQWV��/HW�-4>L@�GHQRWH�WKH

MRE�TXHXH�RI�SURFHVVRU�3L�

• SURFHGXUH�HQTXHXH�-��-4>L@���$GGV�WKH�MRE�-�LQWR�-4>L@�

3L�ZLOO�EH�DZDNHQHG�LI�LW�LV�VOHHSLQJ��&RQWURO�ZLOO�QRW�EH

UHWXUQHG�WR�WKH�FDOOHU�XQWLO�MRE�-�LV�VXFFHVVIXOO\�DGGHG�WR

MRE�TXHXH�-4>L@�

• IXQFWLRQ�GHTXHXH�-4>L@���5HPRYHV�DQG�UHWXUQV�WKH�ILUVW

MRE�IURP�MRE�TXHXH�-4>L@��7KLV�IXQFWLRQ�FDQ�EH�H[HFXWHG

RQO\�E\�SURFHVVRU�3L�

• IXQFWLRQ�HPSW\�-4>L@���5HWXUQV�WUXH�LI�MRE�TXHXH�-4>L@

LV�HPSW\��IDOVH�RWKHUZLVH��7KLV�IXQFWLRQ�FDQ�EH�H[HFXWHG

VLPXOWDQHRXVO\�E\�PRUH�WKDQ�RQH�SURFHVVRU�

2.1 The Algorithm
)RU�HDVH�RI�SUHVHQWDWLRQ��ZH�DVVXPH�WKURXJKRXW�WKH�SDSHU�WKDW

WKHUH�LV�D�GHGLFDWHG�SURFHVVRU�LQ�WKH�V\VWHP��FDOOHG�WKH�GHWHFWRU�

ZKLFK�H[HFXWHV�WKH�WHUPLQDWLRQ�GHWHFWLRQ�DOJRULWKP��,Q�DQ�DFWXDO

LPSOHPHQWDWLRQ��WKH�UROH�RI�VXFK�D�GHWHFWRU�FDQ�EH�SOD\HG�E\�DQ\

RQH�RI�WKH�SURFHVVRUV�LQ�WKH�V\VWHP�
)ROORZLQJ�LV�D�VLPSOH�VWUDWHJ\�IRU�VROYLQJ�WKH�JOREDO�WHUPL�

QDWLRQ�GHWHFWLRQ�SUREOHP��7KH�GHWHFWRU�PRQLWRUV�DOO�RI�WKH�Q
SURFHVVRUV�DV�ZHOO�DV�WKHLU�MRE�TXHXHV�FRQVWDQWO\��2QFH�LW�ILQGV
WKDW�DOO�SURFHVVRUV�DUH�VOHHSLQJ�DQG�DOO�RI�WKHLU�MRE�TXHXHV�DUH
HPSW\��LW�DVVXPHV�WKDW�QR�QHZ�MRE�ZRXOG�EH�JHQHUDWHG�DQG�WKH
V\VWHP�LQGHHG�JOREDOO\�WHUPLQDWHV�

+RZHYHU��WKHUH�LV�RQH�SUREOHP�ZLWK�WKLV�VWUDWHJ\��,W�ZRUNV

RQO\�LI�WKH�GHWHFWRU�FDQ�VLPXOWDQHRXVO\�LQVSHFW�DOO�Q�SURFHVVRUV

DQG�WKHLU�MRE�TXHXHV��+RZHYHU��WKH�GHWHFWRU�FDQ�RQO\�FKHFN

RQH�SURFHVVRU�DW�D�WLPH��,W�FDQQRW�SURQRXQFH�WKDW�WKH�V\VWHP

JOREDOO\�WHUPLQDWHV�HYHQ�LI�LW�ILQGV�RXW��DW�GLIIHUHQW�WLPH��WKDW

DOO�RI�WKH�Q�SURFHVVRUV�DUH�VOHHSLQJ�DQG�WKHLU�MRE�TXHXHV�DUH

HPSW\��7KLV�LV�EHFDXVH�D�SURFHVVRU�ZKLFK�LV�IRXQG�WR�EH

VOHHSLQJ�FRXOG�UHFHLYH�MREV�IURP�RWKHU�SURFHVVRUV�LPPHGL�

DWHO\�DIWHU�LW�LV�FKHFNHG��,Q�RUGHU�WR�DUULYH�DW�D�FRUUHFW�FRQFOX�

VLRQ��WKH�GHWHFWRU�PXVW�DOVR�HQVXUH�WKDW�QR�MRE�LV�VHQW�GXULQJ

WKH�WLPH�LQWHUYDO�LW�FKHFNV�WKHVH�Q�SURFHVVRUV�

7KH�abg�DOJRULWKP�LV�DQ�LPSOHPHQWDWLRQ�RI�WKH�DERYH�LGHD
ZLWKRXW�XVLQJ�ORFNLQJ��7KH�DOJRULWKP�DOORFDWHV��Q�����ELWV�LQ

WKH�VKDUHG�PHPRU\��ZKLFK�DUH�QDPHG�WKH�a����a����º��aQ���b��
��b����º��bQ�����£�L�£�Q���DQG�g��ELWV��7KH�aL��DQG�bL��ELWV�DUH�VHW

DQG�UHVHW�E\�SURFHVVRU�3L�RQO\��7KH�LQWXLWLYH�PHDQLQJ�RI�WKHVH

ELWV�DUH�DV�IROORZV��aL�LV�VHW�LI�DQG�RQO\�LI�WKHUH�LV�D�MRE�VHQW�WR

SURFHVVRU�3L��bL�LV�VHW�LI�DQG�RQO\�LI�SURFHVVRU�3L�LV�DZDNH��7KH

g��ELW�LV�VHW�LI�DQG�RQO\�LI�MRE�KDV�EHHQ�VHQW�E\�RQH�SURFHVVRU�WR
DQRWKHU�VLQFH�WKH�ODVW�WLPH�g��LV�UHVHW��7KH�g��ELW�FDQ�EH�VHW�E\
DQ\�SURFHVVRU��+RZHYHU��LW�LV�UHVHW�E\�WKH�GHWHFWRU�RQO\�

:KHQ�WKH�V\VWHP�QHHGV�WR�SHUIRUP�D�WDVN�FRRSHUDWLYHO\��WKH

GHWHFWRU�DGGV�LQLWLDO�MREV�WR�WKH�MRE�TXHXHV�RI�WKH�SURFHVVRUV�

VHWV�DOO�a��DQG�b�ELWV�WR���DQG�WKH�g��ELW�WR����DQG�ZDNHV�XS�DOO
WKH�Q�SURFHVVRUV��7KHQ��HYHU\�SURFHVVRU�3L����£�L�£�Q��H[HFXWHV
WKH�SURFHGXUH�WDVN�L���3URFHVVRU�3L�VHQGV�D�MRE�-�WR�DQRWKHU

SURFHVVRU�3M�E\�H[HFXWLQJ�WKH�SURFHGXUH�VHQG-RE�-��M���7KH�MRE

-�ZLOO�WKHQ�EH�DGGHG�WR�WKH�MRE�TXHXH�RI�3M��1RWH�WKDW�SURFH�

GXUH�VHQG-RE�-��M��LV�GHILQHG�LQ�VXFK�D�ZD\�WKDW�LW�GRHV�QRW

UHWXUQ�XQWLO�-�LV�SURSHUO\�DGGHG�WR�-4>M@�

2QFH�WKH�V\VWHP�VWDUWV��WKH�GHWHFWRU�H[HFXWHV�WKH�SURFHGXUH

PRQLWRU�ZKLFK�FKHFNV�WKH�V\VWHP�FRQVWDQWO\��:H�VD\�WKDW�WKH

V\VWHP�JOREDOO\�WHUPLQDWHV�LI�DQG�RQO\�LI�HYHU\�SURFHVVRU�HL�

WKHU�LV�H[HFXWLQJ�WKH�VOHHS�VWDWHPHQW�LQ�WDVN�L���RU�KDV�FRP�

SOHWHO\�ILQLVKHG�H[HFXWLQJ�WKH�VWDWHPHQW�LPPHGLDWHO\�SUHFHG�

LQJ�WKH�VOHHS�VWDWHPHQW��:KHQ�WKH�GHWHFWRU�GHWHFWV�JOREDO�WHU�

PLQDWLRQ��LW�DGGV�D�VSHFLDO�MRE�),1,6+�WR�WKH�MRE�TXHXHV�RI�DOO

WKH�SURFHVVRUV�

7KH�SURFHGXUHV�DUH�GHILQHG�DV�IROORZV�

SURFHGXUH�WDVN�L�

^

IRUHYHU�GR�^

LI�HPSW\�-4>L@��WKHQ�^

aL�� ���

LI�HPSW\�-4>L@��WKHQ�^

bL�� ���

VOHHS�

��XQWLO�VRPH�RWKHU�SURFHVVRU�H[HFXWHV

HQTXHXH� ¢J ��-4>L@���

bL�� ���

`

aL�� ���

`

-�� �GHTXHXH�-4>L@��

LI�-� �),1,6+�WKHQ

H[LW

HOVH

H[HFXWH�-�

`

`

SURFHGXUH�VHQG-RE�-��M�

^

HQTXHXH�-��-4>M@��

ZKLOH��aM� ���DQG���HPSW\�-4>M@���
���&RPSRVLWH�UHJLVWHU�LV�DQ�DUUD\�OLNH�KDUGZDUH�GHYLFH�WKDW�SURFHVVHV�FDQ�ZULWH

LQWR�WKHLU�FRPSRQHQW�LQ�D�FRPSRVLWH�UHJLVWHU�DQG�WKH\�FDQ�UHDG�WKH�HQWLUH�UHJLVWHU�LQ
DQ�DWRPLF�VWHS�
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��$W�WKLV�SRLQW��HLWKHU�aM� ���RU�HPSW\�-4>M@���

g��� ���
`

SURFHGXUH�PRQLWRU��

^

K�� ���

ZKLOH��K� ����^

K�� ���

��QRZ�FKHFNV�b���b���º��bQ�LQ�VHTXHQFH��

IRU�L�� �������º��Q�GR�K�� �K�⁄�bL�

��QRZ�FKHFNV�g��
K�� �K�⁄�g��
��QRZ�UHVHWV�g��
g�� ���

`

��$W�WKLV�SRLQW��LW�FDQ�EH�VXUH�WKDW�WKH�V\VWHP

JOREDOO\�WHUPLQDWHV���

IRU�L�� �������º��Q�GR�HQTXHXH�),1,6+��-4>L@��

`

2.2 The Correctness of the abg  Algorithm
,Q�WKLV�VXEVHFWLRQ��ZH�VKRZ�WKDW�WKH�V\VWHP��LQGHHG��JOREDOO\

WHUPLQDWHV�ZKHQ�WKH�SURFHGXUH�PRQLWRU�H[HFXWHG�E\�WKH�GH�

WHFWRU�H[LWV�WKH�ZKLOH�ORRS�DQG�DGGV�),1,6+�WR�WKH�MRE�TXHXHV

RI�DOO�WKH�Q�SURFHVVRUV�

/HW�WL����£�L�£�Q��DQG�Wg��GHQRWH��UHVSHFWLYHO\��WKH�WLPH�ZKHQ
WKH�bL���DQG�g��ELWV�DUH�FKHFNHG�E\�WKH�GHWHFWRU�IRU�WKH�ODVW�WLPH

EHIRUH�WKH�SURFHGXUH�PRQLWRU�WHUPLQDWHV��)URP�WKH�GHILQLWLRQ

RI�SURFHGXUH�PRQLWRU��LW�IROORZV�WKDW�t t tn1 2< < <L �< tg ��bL��

ELWV�DUH�HTXDO�WR���DW�WL����£�L�£�Q��DQG�g��ELW�LV�HTXDO�WR���DW�Wg
�)LJ�����

Fig. 1. The final round of execution.

,Q�WKH�IROORZLQJ�OHPPDV��-�LV�D�MRE�JHQHUDWHG�E\�3M��/HW�W�-�

GHQRWH�WKH�WLPH�ZKHQ�-�LV�DGGHG�WR�-4>L@�IRU�VRPH�L�

/(00$������,I�W�-����WM��WKHQ�-�ZLOO�EH�UHPRYHG�IURP�-4>L@�EH�

IRUH�WL�

3522)��$VVXPH�WKDW�W�-����WM�7R�DGG�-�WR�-4>L@��3M�H[HFXWHV�WKH

SURFHGXUH�VHQG-RE�-��L���/HW�W�EH�WKH�WLPH�ZKHQ�3M�VHWV

WKH�g��ELW�LQ�VHQG-RE�-��L���:H�FODLP�WKDW�W���WL��,I�W�≥�WL�
WKHQ�WKH�LV�g��ELW�LV�VHW�DIWHU�WL�DQG�LW�LPSOLHV�WKDW�g�� ���DW
Wg���7KLV�OHDGV�WR�FRQWUDGLFWLRQ�

1RWH�WKDW�3M�ZLOO�QRW�VHW�WKH�g��ELW�XQWLO�aL� ���RU�-4>L@

LV�HPSW\��,I�-4>L@�LV�HPSW\�DW�W��WKHQ�-�PXVW�KDYH�EHHQ

UHPRYHG�IURP�-4>L@�EHIRUH�W���WL��DQG�WKH�OHPPD�IROORZV

LPPHGLDWHO\��2WKHUZLVH��VLQFH�aL� ���LPSOLHV�bL� ����ZH
KDYH�aL�DQG�bL�DUH�VWLOO�VHW�VRPH�WLPH�EHWZHHQ�W�-��DQG

W���WL���6LQFH�bL� ���DW�WL��3L�PXVW�KDYH�UHVHW�aL��FKHFNHG

-4>L@�DQG�GHTXHXHG�-�EHIRUH�WL� �

/(00$������)RU�DQ\�1 £ £ £i j n ��3L�LV�VOHHSLQJ�DQG�-4>L@�LV

HPSW\�GXULQJ�WKH�WLPH�LQWHUYDO�WL�DQG�WM�

3522)��:H�SURYH�LW�E\�LQGXFWLRQ�RQ�M��)URP�WKH�SUHYLRXV

OHPPD�DQG�E\�WKH�GHILQLWLRQ�RI�W���LW�LV�WULYLDO�WKDW�WKH

OHPPD�LV�WUXH�IRU�M� ����$VVXPH�WKDW�WKH�OHPPD�LV�WUXH

IRU�M� �N���Q�DQG�FRQVLGHU�WKH�FDVH�ZKHQ�M� �N������)URP

WKH�LQGXFWLRQ�K\SRWKHVLV��ZH�KDYH��IRU�DOO���£�L�£�N��3L�LV

VOHHSLQJ�DQG�-4>L@�LV�HPSW\�EHWZHHQ�WLPH�WL�DQG�WN��$OO

RI�WKHVH�SURFHVVRUV�UHPDLQ�VOHHSLQJ�LQ�WKH�WLPH�LQWHUYDO

>WN��WN��@�XQOHVV�WKHUH�LV�VRPH�DZDNH�SURFHVVRU�DGGLQJ

MRE�WR�WKHLU�MRE�TXHXHV��+RZHYHU��IRU�DQ\�DZDNH�SURFHV�

VRU�3O��ZH�PXVW�KDYH�O�!�N�DQG�IURP�WKH�SUHYLRXV�OHPPD�

DQ\�MRE�VHQW�WR�3L�E\�3O�DW�RU�EHIRUH�WN���£�WO�LV�UHPRYHG
IURP�-4>L@�EHIRUH�WL�£�WN��+HQFH��DOO�RI�WKHVH�VOHHSLQJ
SURFHVVRUV�UHPDLQ�VOHHSLQJ�DQG�WKHLU�MRE�TXHXHV�UHPDLQ

HPSW\�EHWZHHQ�WLPH�WN�DQG�WN���

:H�FODLP�WKDW�-4>N����@�LV�DOVR�HPSW\�DW��WN����)RU

DQ\�MRE�-�LQ�-4>N����@�DGGHG�E\�3O�DW�RU�EHIRUH�WN���

WKHUH�DUH�WZR�SRVVLEOH�FDVHV

��� O�!�N������$V�W�-����WO��IURP�WKH�SUHYLRXV�OHPPD��ZH

KDYH�-�UHPRYHG�IURP�-4>N����@�EHIRUH�WN����,Q�RWKHU

ZRUGV��DW�WN����WKHUH�LV�QR�MRE�LQ�-4>N����@�ZKLFK�LV

DGGHG�E\�3O�ZLWK�O�!�N�����

��� O���N������/HPPD�����DVVHUWV�WKDW�DOO�WKH�MREV�DGGHG

E\�3O�EHIRUH�WO�DUH�UHPRYHG�IURP�-4>N����@�EHIRUH

WN����)URP�WKH�SUHYLRXV�GLVFXVVLRQ��ZH�NQRZ�WKDW�3O

LV�DVOHHS�GXULQJ�WKH�WLPH�LQWHUYDO�>WO��WN��@�DQG�WKHUH�LV

QR�MRE�-�IURP�3O�ZLWK�WO�£�W�-��£�WN����+HQFH��DW�WN���
WKHUH�LV�QR�MRE�LQ�-4>N����@�ZKLFK�LV�DGGHG�E\�3O�ZLWK

O���N�����

7RJHWKHU�ZLWK�WKH�IDFW�WKDW�bN��� ���DW�WN����ZH�KDYH�3N��

LV�VOHHSLQJ�DQG�-4>N����@�LV�HPSW\�DW�WN����7KHUHIRUH��WKH

OHPPD�LV�WUXH�IRU�M� �N�����DQG�E\�PDWKHPDWLFDO�LQGXF�

WLRQ��WKH�OHPPD�LV�SURYHG�IRU�DOO���£�L�£�M�£�Q� �

$Q�LPPHGLDWH�FRQVHTXHQFH�RI�WKH�SUHYLRXV�OHPPD�LV�WKDW

DOO�WKH�3LV�DUH�VOHHSLQJ�DQG�DOO�WKH�-4>L@V�DUH�HPSW\�DW�WQ�

+HQFH��QR�PRUH�MREV�ZLOO�EH�JHQHUDWHG�DIWHU�WQ�DQG�ZH�KDYH�WKH

IROORZLQJ�WKHRUHP�

7+(25(0������7KH�V\VWHP�JOREDOO\�WHUPLQDWHV�DW�WLPH�WQ�

2.3 The Complexity of the Algorithm
)LUVW�RI�DOO��OHW�XV�GHILQH�WKH�PHDVXUH�RI�FRPSOH[LW\�LQ�WHUPV�RI

WKH�QXPEHU�RI�TXHULHV��PDGH�GXULQJ�WKH�H[HFXWLRQ��)RU�DQ\

TXHU\�4��ZH�VD\�4�LV�IUHH�LI�LW�LV�PDGH�EHIRUH�WKH�V\VWHP�JORE�

DOO\�WHUPLQDWHV��2WKHUZLVH��ZH�VD\�WKDW�4�LV�H[SHQVLYH��7KH

QXPEHU�RI�IUHH�TXHULHV�LV�QRW�RXU�FRQFHUQ�KHUH��,Q�IDFW��LW�LV

XQERXQGHG�E\�DQ\�IXQFWLRQ�RI�Q��WKH�QXPEHU�RI�SURFHVVRUV�LQ
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WKH�V\VWHP��2Q�WKH�RWKHU�KDQG��WKH�QXPEHU�RI�H[SHQVLYH�TXH�

ULHV�GHSHQGV�RQ�WKH�DOJRULWKP��,W�LV�HVVHQWLDO�WR�PLQLPL]H�WKH

QXPEHU�RI�H[SHQVLYH�TXHULHV�VR�WKDW�WKH�GHWHFWRU�ZRXOG�GHWHFW

JOREDO�WHUPLQDWLRQ�DV�VRRQ�DV�SRVVLEOH��7KH�ZRUVW�FDVH�WLPH

FRPSOH[LW\�IRU�DQ\�JOREDO�WHUPLQDWLRQ�GHWHFWLRQ�DOJRULWKP�LV

GHILQHG�WR�EH�WKH�PD[LPXP��RYHU�DOO�SRVVLEOH�H[HFXWLRQV�

QXPEHU�RI�H[SHQVLYH�TXHULHV�WKDW�WKH�DOJRULWKP�PDNHV�

7+(25(0������7KH�ZRUVW�FDVH�WLPH�FRPSOH[LW\�RI�WKH�abg��DO�
JRULWKP�LV��Q�����

3522)��:KHQ�WKH�V\VWHP�JOREDOO\�WHUPLQDWHV��DOO�WKH�b�ELWV�DUH
UHVHW��+RZHYHU��WKH�g��ELW�PD\�VWLOO�EH�HTXDO�WR����,W�WDNHV
DW�PRVW�Q�H[SHQVLYH�TXHULHV�R�FKHFN�WKH�b�ELWV�EHIRUH�WKH
g��ELW�LV�FKHFNHG�DQG�UHVHW�E\�WKH�GHWHFWRU��$V�WKH�g��ELW
LV�HTXDO�WR���ZKHQ�LW�LV�FKHFNHG��WKH�GHWHFWRU�PDNHV�DQ�

RWKHU�Q�����TXHULHV�EHIRUH�LW�FDQ�EH�VXUH�WKDW�WKH�V\VWHP

JOREDOO\�WHUPLQDWHV��+HQFH��WKH�ZRUVW�FDVH�WLPH�FRPSOH[�

LW\�RI�WKH�abg��DOJRULWKP�LV��Q����� �

3 AN OPTIMAL ALGORITHM FOR DETECTING
GLOBAL TERMINATION

7KH�abg��DOJRULWKP�KDV�D�ZRUVW�FDVH�WLPH�FRPSOH[LW\�RI��Q����
EHFDXVH�LW�ZDVWHV�D�ORW�RI�H[SHQVLYH�TXHULHV��(YHQ�WKRXJK�WKH

V\VWHP�KDV�JOREDOO\�WHUPLQDWHG��WKH�Q�b�ELWV�DUH�FKHFNHG�DOO
RYHU�DJDLQ�LI�WKH�g��ELW�LV�IRXQG�WR�EH����,QWXLWLYHO\��RQH�FDQ
UHGXFH�WKH�ZDVWH�DQG�GHVLJQ�D�PRUH�HIILFLHQW�DOJRULWKP�E\

FKHFNLQJ�WKH�g��ELW�PRUH�IUHTXHQWO\��,Q�WKH�IROORZLQJ�VXEVHF�
WLRQ��ZH�SUHVHQW�DQ�LPSURYHG�DOJRULWKP�EDVHG�RQ�WKLV�LGHD�

:H�GHULYH�D�ORZHU�ERXQG�RQ�WKH�WLPH�FRPSOH[LW\�IRU�VROYLQJ

WKH�SUREOHP�XQGHU�D�UHDVRQDEOH�PRGHO�RI�FRPSXWDWLRQ�DQG

WKH�DOJRULWKP�LV�RSWLPDO�XQGHU�WKLV�PRGHO�

3.1 An Improved Algorithm

7KH�LPSURYHG�DOJRULWKP�LV�YHU\�VLPLODU�WR�WKH�abg��DOJRULWKP
H[FHSW�WKDW�WKH�g��ELW�LV�FKHFNHG�ZKHQHYHU�WKH�GHWHFWRU�KDV
FKHFNHG� n �b�ELWV��7KH�SURFHGXUHV�IRU�FKHFNLQJ�DQG�XSGDWLQJ
WKH�a��DQG�b�ELWV�DUH�H[DFWO\�WKH�VDPH�DV�WKRVH�LQ�WKH�abg
DOJRULWKP��,Q�RWKHU�ZRUGV��WKH�SURFHGXUHV�WDVN�DQG�VHQG-RE�DUH

XQFKDQJHG��+RZHYHU��WKH�SURFHGXUH�PRQLWRU�IRU�GHWHFWLQJ

JOREDO�WHUPLQDWLRQ�LV�PRGLILHG�DV�IROORZV�

SURFHGXUH�QHZBPRQLWRU��

^

K�� ���

ZKLOH��K� ����^

K�� ����L�� ���

ZKLOH��L�£�Q��^
K�� �bL�⁄�K�
L�� �L�����

LI�L�PRG� n � ���WKHQ�^

K�� �K�⁄�g���
LI�K� ���WKHQ�^K�� ����g�� ����L�� ��`�

`

`

K�� �K�⁄�g���
g�� ���

`

��$W�WKLV�SRLQW��LW�FDQ�EH�VXUH�WKDW�WKH�V\VWHP

JOREDOO\�WHPLQDWHV���

IRU�L�� ����������Q�GR�HQTXHX�),1,6+��-4>L@��

`

7KH�FRUUHFWQHVV�RI�WKH�LPSURYHG�DOJRULWKP�IROORZV�GLUHFWO\
IURP�7KHRUHP������7R�ILQG�WKH�QXPEHU�RI�H[SHQVLYH�TXHULHV
PDGH�LQ�WKH�ZRUVW�FDVH��ZH�REVHUYH�WKDW�ZKHQ�WKH�V\VWHP
JOREDOO\�WHUPLQDWHV��WKH�g��ELW�ZLOO�EH�FKHFNHG�DQG�UHVHW�DIWHU�DW
PRVW� n H[SHQVLYH�b�TXHULHV��7KHQ��DOO�WKH�Q�b�ELWV�DQG�WKH�g��
ELW�ZLOO�EH�HTXDO�WR����7KHQ��WKH�GHWHFWRU�QHHGV�WR�FKHFN�DOO
WKH�b�ELWV�DOO�RYHU�DJDLQ�DQG�DOO�WKHVH�Q�TXHULHV�DUH�H[SHQ�
VLYH��,Q�DGGLWLRQ��LW�VWLOO�QHHGV�WR�FKHFN�WKH�g��ELW�ZKHQHYHU�LW
KDV�FKHFNHG� n �b�ELWV��WKHUH�DUH� n �H[SHQVLYH�TXHULHV�IRU
FKHFNLQJ�WKH�g��ELW��$GGLQJ�WKH�QXPEHU�RI�WKHVH�TXHULHV�WR�
JHWKHU��ZH�KDYH�WKH�IROORZLQJ�WKHRUHP�

7+(25(0������7KH�ZRUVW�FDVH�WLPH�FRPSOH[LW\�RI�WKH�LPSURYHG

DOJRULWKP�LV�n n+ +2 1�

3.2 A Lower Bound
$Q\�DOJRULWKP�ZKLFK�VROYHV�WKH�JOREDO�WHUPLQDWLRQ�GHWHF�
WLRQ�SUREOHP�KDV�WR�FKHFN�ZKHWKHU�D�SURFHVVRU�LV�VOHHSLQJ
DQG�ZKHWKHU�WKHUH�LV�MRE�VHQW�LQ�D�SDUWLFXODU�WLPH�LQWHUYDO�
7R�DEVWUDFW�DOO�WKH�LPSOHPHQWDWLRQ�GHWDLOV��ZH�DVVXPH�WKDW
WKHUH�DUH�WZR�NLQGV�RI�TXHULHV�LQ�RXU�PRGHO�RI�FRPSXWDWLRQ�

���b�TXHU\��:KHQ�WKH�GHWHFWRU�PDNHV�D�b�TXHU\�4b��L���WKH

V\VWHP�UHVSRQGV�ZLWK�D�¦�§�LI�SURFHVVRU�3L�KDV�QRW�ILQ�

LVKHG�DOO�WKH�MREV�RQ�KDQG��2WKHUZLVH��LW�UHVSRQGV�ZLWK�D

¦��§

���g��TXHU\��:KHQ�WKH�GHWHFWRU�PDNHV�D�g��TXHU\�4g�DW�WLPH

W��WKH�V\VWHP�UHVSRQGV�ZLWK�D�¦�§�LI�WKHUH�LV�D�QHZ�MRE

JHQHUDWHG�GXULQJ�WKH�WLPH�LQWHUYDO�>WO��W@��ZKHUH�WO�LV�WKH

WLPH�ZKHQ�WKH�SUHYLRXV�g��TXHU\�ZDV�PDGH���2WKHUZLVH�
LW�UHVSRQGV�ZLWK�D§��§

,Q�WKLV�VXEVHFWLRQ��ZH�VKRZ�WKDW�DQ\�JOREDO�WHUPLQDWLRQ

GHWHFWLRQ�DOJRULWKP�KDV�WR�PDGH�DW�OHDVW�n n+ +2 1�H[SHQ�
VLYH�TXHULHV�LQ�WKH�ZRUVW�FDVH�WR�DUULYH�DW�D�FRUUHFW�FRQFOXVLRQ�

7KLV�VKRZV�WKDW�WKH�LPSURYHG�DOJRULWKP�LV�RSWLPDO�XQGHU�WKLV

PRGHO�RI�FRPSXWDWLRQ�

:H�GHULYH�D�ORZHU�ERXQG�RQ�WKH�ZRUVW�FDVH�WLPH�FRPSOH[�

LW\�IRU�VROYLQJ�WKH�SUREOHP�E\�DGYHUVDU\�DUJXPHQWV��VHH�WKH

ERRN�E\�+RURZLW]�DQG�6DKQL�>��@���)LUVW��ZH�FRQVWUXFW�DQ�RUD�

FOH�)�ZKLFK�DQVZHUV�DOO�WKH�TXHULHV�PDGH�E\�WKH�GHWHFWRU�

7KHQ��ZH�VKRZ�WKDW�WKHUH�H[LVWV�D�VFHQDULR�LQ�ZKLFK�WKH�V\VWHP

UHVSRQGV�WR�WKH�TXHULHV�LQ�H[DFWO\�WKH�VDPH�ZD\�DV�WKH�RUDFOH

GRHV��)LQDOO\��ZH�SURYH�WKDW�DQVZHULQJ�WKHVH�TXHULHV�LQ�VXFK�D

ZD\�ZRXOG�IRUFH�DQ\�JOREDO�WHUPLQDWLRQ�GHWHFWLRQ�DOJRULWKP�WR

PDNH�DW�OHDVW�n n+ +2 1�H[SHQVLYH�TXHULHV�
)LUVW�RI�DOO��OHW�XV�KDYH�VRPH�GHILQLWLRQV��)RU�DQ\�TXHU\�4��

ZH�VD\�4�LV�DFWLYH�LI�)�UHVSRQGV�ZLWK�D�¦�§�WR�WKH�TXHU\��2WK�

���L�H���WKH�FKHFNLQJ�RI�bL��ELWV�DQG�WKH�g��ELW�

���,I�WKH�GHWHFWRU�KDV�QRW�PDGH�DQ\�g��TXHU\�EHIRUH�W��WKHQ�WO�LV�WKH�WLPH�ZKHQ�WKH
DOJRULWKP�VWDUWV�
���%��LV�GHILQHG�WR�EH�WKH�VHW�RI�b�TXHULHV�PDGH�EHIRUH�WKH�GHWHFWRU�PDNHV�WKH

ILUVW�g��TXHU\�
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HUZLVH��ZH�VD\�LW�LV�LQDFWLYH��)RU�DQ\�L�≥����OHW�4g�L�EH�WKH�LWK�g
�TXHU\�PDGH�E\�WKH�GHWHFWRU�DQG�%L�EH�WKH�VHW�RI�DOO�b�

TXHULHV�PDGH�EHWZHHQ�4g�L¤��DQG�4g�L�
��/HW�WL���DQG�WL���EH�WKH

WLPH�ZKHQ�WKH�GHWHFWRU�PDNHV�WKH�ILUVW�DQG�WKH�ODVW�b�TXHU\�LQ�%L�

UHVSHFWLYHO\��:H�VD\�%L�LV�DFWLYH�LI�4g�L�LV�DQ�DFWLYH�TXHU\�

2WKHUZLVH��%L�LV�LQDFWLYH��)LJ�����

Fig. 2. The definition of Bi .

7KH�RUDFOH�)�UHVSRQGV�WR�WKH�TXHULHV�DV�IROORZV�

���$OO�WKH�b�TXHULHV�DUH�LQDFWLYH��L�H���)�DOZD\V�UHVSRQGV
ZLWK�D�¦�§�WR�DQ\�b�TXHU\�

���4g���LV�DQ�DFWLYH�TXHU\��)RU�DQ\�TXHU\�4g�L��L�!����UHVSRQVH

RI�)�GHSHQGV�RQ�WKH�VL]H�RI�%M��%M�������%L¤��ZKHUH�M�LV

WKH�ODUJHVW�LQWHJHU�VXFK�WKDW�M���L�DQG�%M�LV�DFWLYH��0RUH

SUHFLVHO\��)�UHVSRQGV�ZLWK�D�¦�§�WR�4g�L�LI�DQG�RQO\�LI

• B Bj i< ��DQG

• B n ni < + 2 ��DQG

• B nkj k i< <Â < �

:H�QRZ�GHVFULEH�D�VFHQDULR�VXFK�WKDW�WKH�V\VWHP�ZLOO�UH�

VSRQG�WR�WKH�TXHULHV�H[DFWO\�WKH�VDPH�DV�)�GRHV��)RU�DQ\

TXHU\�4b��M��PDGH�DW�WLPH�W��LI�SURFHVVRU�3M�LV�VWLOO�DZDNH�MXVW

EHIRUH�W��LW�ILQLVKHV�DOO�WKH�MREV�RQ�KDQG�DQG�JRHV�WR�VOHHS�EH�

IRUH�W��7KLV�LV�SRVVLEOH�EHFDXVH�RI�WKH�DV\QFKURQRXV�QDWXUH�RI

WKH�SUREOHP��)RU�TXHU\�4g�L��WKHUH�LV�QR�SUREOHP�LI�LW�LV�LQDF�

WLYH��7KH�SURFHVVRUV�VLPSO\�GR�QRW�JHQHUDWH�DQ\�MRE�LQ�WKH

WLPH�LQWHUYDO�WKH�GHWHFWRU�PDNHV�WKH�TXHULHV�4g�L¤��DQG�4g�L�

+RZHYHU��LI�4g�L�LV�DFWLYH��WKHQ�ZH�PXVW�EH�VXUH�WKDW�WKHUH�LV�DW

OHDVW�RQH�SURFHVVRU�DZDNH�MXVW�EHIRUH�WL����WKH�WLPH�ZKHQ�WKH

ILUVW�b�TXHU\�LQ�%L�LV�PDGH��2WKHUZLVH��QR�QHZ�MRE�FDQ�EH�JHQ�

HUDWHG�DQG�WKH�UHVSRQVH�WR�4g�L�FDQQRW�SRVVLEO\�EH�¦��§�,QWXL�

WLYHO\��DQ\�DZDNH�SURFHVVRU�VKRXOG�FRQVWDQWO\�VHQG�MREV�WR�DOO

WKH�RWKHU�SURFHVVRUV�ZKHQHYHU�LW�LV�SRVVLEOH��L�H���QRW�LQ�D�WLPH

LQWHUYDO�FRUUHVSRQGLQJ�WR�DQ�LQDFWLYH�%L�
��$VVXPH�WKDW�WKH

V\VWHP�EHKDYHV�LQ�WKLV�ZD\��7KH�IROORZLQJ�OHPPD�VKRZV�WKDW

WKHUH�LV�DOZD\V�DQ�DZDNH�SURFHVVRU�MXVW�EHIRUH�WL���

/(00$������4g�L�LV�DQ�DFWLYH�TXHU\��WKHQ�WKHUH�LV�DW�OHDVW�RQH

DZDNH�SURFHVVRU�MXVW�EHIRUH�WL����WKH�WLPH�ZKHQ�WKH�ILUVW�b�
TXHU\�LQ�%L�LV�PDGH�

3522)��:H�SURYH�WKH�OHPPD�E\�LQGXFWLRQ��$VVXPH�WKDW�WKHUH

DUH�WRWDOO\�P�DFWLYH�g��TXHULHV�DQG�OHW�4g ,ij
�EH�WKH�MWK�DF�

WLYH�g��TXHULHV��:H�SURYH�WKH�OHPPD�E\�LQGXFWLRQ�RQ�M�

)URP�WKH�FRQVWUXFWLRQ�RI�)��ZH�KDYH�L�� ���DQG�WKH�OHPPD

LV�WUXH�EHFDXVH�WKH�SURFHVVRUV�DUH�DZDNHQHG�EHIRUH�WKH

GHWHFWRU�PDNHV�DQ\�TXHULHV��$VVXPH�WKDW�WKH�OHPPD�LV�WUXH

IRU�DOO�M�ZLWK���£�M���N�£�P�DQG�FRQVLGHU�WKH�TXHU\�4g ,ik
��/HW

LN¤�� �V�DQG�LN� �W��)LJ�����

%\�PDWKHPDWLFDO�LQGXFWLRQ��WKHUH�LV�DW�OHDVW�RQH

DZDNH�SURFHVVRU�MXVW�EHIRUH�WV����WKH�WLPH�ZKHQ�WKH�ILUVW

b�TXHU\�LQ�%V�LV�PDGH��%\�WKH�QDWXUH�RI�WKH�V\VWHP��WKLV

SURFHVVRU�ZLOO�ZDNH�XS�DOO�WKH�RWKHU�Q�¤���SURFHVVRUV

DQG��VLQFH�WKH�V\VWHP�LV�DV\QFKURQRXV��ZH�FDQ�DVVXPH

WKDW�LW�LV�GRQH�EHIRUH�WV����$IWHU�WKDW��WKHUH�PD\�EH�SURF�

HVVRUV�ZKLFK�DUH�IRUFHG�WR�VOHHS�EHFDXVH�RI�WKH�b�
TXHULHV��+RZHYHU��WKH�VOHHSLQJ�SURFHVVRUV�FRXOG�EH

DZDNHQHG�E\�RWKHU�SURFHVVRUV�LPPHGLDWHO\�DIWHU�WKH�b�
TXHULHV�DUH�PDGH��+HQFH��ZH�FDQ�DVVXPH�WKDW�DOO�WKH

SURFHVVRUV�DUH�DZDNH�LPPHGLDWHO\�DIWHU�WV����%\�WKH�FRQ�

VWUXFWLRQ�RI�)��WKHUH�DUH�DW�PRVW�Q�¤���b�TXHULHV�EHLQJ
PDGH�EHWZHHQ�WV���DQG�WW����7KHUHIRUH��DW�PRVW�Q�¤��

SURFHVVRUV�ZRXOG�EH�IRUFHG�WR�VOHHS�DQG�WKHUH�LV�DW�OHDVW

RQH�SURFHVVRU�DZDNH�MXVW�EHIRUH�WW����+HQFH��LW�LV�DOVR

WUXH�IRU�M� �N�DQG��E\�PDWKHPDWLFDO�LQGXFWLRQ��WKH�OHPPD

LV�WUXH�IRU�DOO���£�M�£�P� �

Fig. 3. The b  and g  queries.

7+(25(0������$Q\�JOREDO�WHUPLQDWLRQ�GHWHFWLRQ�DOJRULWKP�KDV

WR�PDNH�DW�OHDVW�n n+ +2 1�H[SHQVLYH�TXHULHV�

3522)��:LWKRXW�ORVV�RI�JHQHUDOLW\��ZH�DVVXPH�WKDW�WKHUH�LV�QR

LQDFWLYH�%L�ZLWK�VL]H�JUHDWHU�WKDQ�n n+ 2 ��2WKHUZLVH�

WKH�WKHRUHP�LV�REYLRXVO\�WUXH��/HW�4g�O�EH�WKH�ODVW�DFWLYH

g��TXHU\���)URP�WKH�SURRI�RI�WKH�SUHYLRXV�OHPPD��WKHUH
LV�D�VFHQDULR�LQ�ZKLFK�DOO�WKH�Q�SURFHVVRUV�DUH�DZDNH

ZKHQ�DQ�DFWLYH�g��TXHU\�LV�PDGH��+HQFH��WKHUH�PXVW�EH

DW�OHDVW�Q�b�TXHULHV�DIWHU�4g�O��2WKHUZLVH��ZH�FDQQRW�EH

VXUH�WKDW�WKH�V\VWHP�KDV�JOREDOO\�WHUPLQDWHG��,Q�RWKHU

ZRUGV��WKHUH�PXVW�EH�D�M�!�O��VXFK�WKDW�%O�LV�DFWLYH��%O���

���%M�DUH�LQDFWLYH�DQG� B nkl k j< £Â ≥ ��:H�FDQ�DVVXPH

WKDW�WKH�V\VWHP�JOREDOO\�WHUPLQDWHV�EHIRUH�WO������WKH�WLPH

ZKHQ�WKH�ILUVW�b�TXHU\�LQ�%O���LV�PDGH��DQG�WKXV�DOO�WKH

���2I�FRXUVH��DQ\�DZDNH�SURFHVVRU�VKRXOG�JR�WR�VOHHS�LPPHGLDWHO\�EHIRUH�DQ\�b�
TXHU\�LV�PDGH�DERXW�LW� ���7KHUH�LV�DW�OHDVW�RQH�DFWLYH�g��TXHU\��4g���
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TXHULHV�PDGH�DIWHU�WO�����DUH�H[SHQVLYH��)URP�WKH�FRQ�

VWUXFWLRQ�RI�)��ZH�KDYH� B B l k jl k≥ < £, ��+HQFH��WKHUH

DUH�DW�OHDVW�M�¤�O�!� n
Bi
�H[SHQVLYH�g��TXHULHV��7RWDOO\��WKHUH

DUH�DW�OHDVW�Q��� n
Bi
�H[SHQVLYH�TXHULHV�EHLQJ�PDGH�DIWHU

WO������+RZHYHU��REVHUYH�WKDW�WKH�EHKDYLRU�RI�WKH�V\V�

WHP�FDQ�EH�FKDQJHG�D�OLWWOH�VR�WKDW�LW�ZLOO�DQVZHU�WKH

TXHULHV�H[DFWO\�WKH�VDPH�ZD\�DV�EHIRUH�EXW�WKHUH�DUH

HYHQ�PRUH�H[SHQVLYH�TXHULHV��,Q�WKH�QHZ�VFHQDULR��WKH

V\VWHP�JOREDOO\�WHUPLQDWHV�LPPHGLDWHO\�EHIRUH�WO����WKH

WLPH�ZKHQ�WKH�ILUVW�b�TXHU\�LQ�%O�LV�PDGH��$V�%O�LV�DF�

WLYH��IURP�WKH�SUHYLRXV�OHPPD��WKHUH�LV�VWLOO�DQ�DZDNH

SURFHVVRU�DQG�D�QHZ�MRE�LV�JHQHUDWHG�EHIRUH�WO����6R�

HYHQ�LI�WKH�V\VWHP�JOREDOO\�WHUPLQDWHV�MXVW�EHIRUH�WO���

4g�O�LV�VWLOO�DFWLYH��,Q�WKH�QHZ�VFHQDULR��WKH�WRWDO�QXPEHU

RI�H[SHQVLYH�TXHULHV�EHLQJ�PDGH�ZRXOG�EH�DW�OHDVW�Q��

Ω%OΩ������� n
Bl
��0LQLPL]H�WKH�H[SUHVVLRQ�DQG�ZH�KDYH

WKH�QXPEHU�RI�H[SHQVLYH�TXHULHV�EHLQJ�PDGH�DUH�JUHDWHU

WKDQ�n n+ +2 1� �

4 CONCLUSIONS

,Q�WKLV�SDSHU��ZH�SUHVHQW�WKH�abg�DOJRULWKP�DV�ZHOO�DV�DQ�LP�

SURYHG�YHUVLRQ�IRU�JOREDO�WHUPLQDWLRQ�GHWHFWLRQ�LQ�D�VKDUHG�

PHPRU\�DV\QFKURQRXV�PXOWLSURFHVVRU�V\VWHP��8QOLNH�WKRVH

XVHG�LQ�WKH�OLWHUDWXUH��RXU�DOJRULWKPV�UHTXLUH�QHLWKHU�PHVVDJH

SDVVLQJ�QRU�ORFNLQJ�RI�JOREDO�YDULDEOHV��:H�VKRZ�WKDW�WKH

ZRUVW�FDVH�WLPH�FRPSOH[LW\�RI�WKH�LPSURYHG�YHUVLRQ�LV

n n+ +2 1��8VLQJ�WKH�WHFKQLTXH�RI�RUDFOH�FRQVWUXFWLRQ��ZH
SURYHG�WKDW�WKLV�LV�WKH�ORZHU�ERXQG�XQGHU�D�UHDVRQDEOH�PRGHO

RI�FRPSXWDWLRQ�
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