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AbstractWe present a new technique for the embedding of large cube-connected cycles networks(CCC) into smaller ones, a problem that arises when algorithms designed for an architec-ture of an ideal size are to be executed on an existing architecture of a �xed size. Usingthe new embedding strategy, we show that the CCC of dimension l can be embeddedinto the CCC of dimension k with dilation 1 and optimum load for any k; l 2 IN , k � 8,such that 53 + ck < lk � 2, ck = 4k + 33 � 22=3k , thus improving known results. Our embeddingtechnique also leads to improved dilation 1 embeddings in the case 32 < lk � 53 + ck .
Index TermsParallel computations, parallel architectures, interconnection networks, graph embedding,network simulation, cube-connected cycles network.



1 IntroductionOver the past few years, a lot of research has been done in the �eld of interconnectionnetworks for parallel computer architectures (for an overview, cf. [19]). Much of thework has been focused on the capability of certain networks to simulate other networkor algorithm structures, in order to execute parallel algorithms of a special structuree�ciently on di�erent processor networks (see e.g. [5, 17, 25]). One problem that is ofspeci�c interest in this context is that many existing algorithms are designed for arbitrarilylarge networks (see e.g. [19]), whereas, in practice, the processor network will be �xedand of smaller size. Thus, the larger network must be simulated in an e�cient wayon the smaller target network. There is an enormous literature on this problem (seee.g. [3, 8, 14, 15, 21, 23, 24, 26, 30]).Customarily, the simulation problem is formalized as the emdedding problem of one graphin another (for a formal de�nition of the embedding problem, see Section 2). The \quality"of an embedding is measured by the parameters load, dilation, and congestion. Theimportance of the di�erent parameters becomes apparent through the following result.Proposition 1 [20]:If there is an embedding of G into H with load `, dilation d, and congestionc, then there is a simulation of G by H with slowdown O(`+ d+ c).As a consequence, the load `, dilation d, and congestion c have been investigated forembeddings between many common network structures like hypercubes, binary trees,meshes, shu�e-exchange networks, deBruijn networks, cube-connected cycles, butter
ynetworks, etc. Most of the work was done on one-to-one embeddings (for an overview, seee.g. [25, 29]), but results on many-to-one embeddings can also be found (see e.g. [2, 6, 7,9, 12, 13, 16, 18, 22, 26, 27]). In this paper, we focus on many-to-one embeddings of thecube-connected cycles network (CCC). The CCC was introduced as a network for parallelprocessing in [28]. It has �xed degree, small diameter, and good routing capabilities [19].It can execute the important class of normal hypercube algorithms very e�ciently (seee.g. [19]). In addition, there is also a strong structural relationship to the deBruijn,shu�e-exchange, and butter
y networks [1, 10]. Hence, the e�cient implementation ofalgorithms on CCC networks (of �xed size) is of importance. According to Proposition 1,one way of executing algorithms designed for a CCC network of arbitrary size e�cientlyon a CCC network of realistic (�xed) size, is to �nd embeddings of large CCC's intosmall CCC's minimizing the parameters load, dilation, and congestion. In this paper, wefocus on load and dilation. Using our embedding strategy, many important algorithms forlarge CCC's can be implemented very e�ciently on a CCC network of realistic size.Many-to-one embeddings of the CCC network have been investigated in [2, 6, 12, 16, 27].In [6, 12, 27], embeddings with optimum dilation and load are presented in the case ofembedding CCC's of dimension l into k where kjl. The authors also restrict themselvesto special kinds of embeddings of a very regular structure, like coverings [6], homogeneousemulations [12], and homomorphisms [27]. Because of the very restricted nature, Bod-laender [6] and Peine [27] are also able to classify their embeddings completely. In [2], ageneral procedure is described for mapping parallel algorithms into parallel architectures.This procedure is applied to the CCC network achieving dilation 1, but very high load.1



Also, only special kinds of embeddings, so-called contractions, are considered. In [16],the embedding problem for CCC's is investigated taking into account general embeddingfunctions and any possible network dimension. More precisely, it is proved that the cube-connected cycles network of dimension l, CCC(l), can be embedded into CCC(k), l > k,with (a) dilation 2 and optimum load & lk � 2l�k'.(b) dilation 1 and load8>>>><>>>>: & lk � 2l�k' for lk � 2;&2p� 1p � 2l�k' for p 2 f2; 3; : : :g such that 2p� 3p� 1 < lk � 2p� 1p :In this paper, we present a new technique for the embedding of large cube-connectedcycles networks into smaller ones. Using the new embedding strategy, we show:Let k; l 2 IN , k � 8, such that 53 + ck < lk � 2, ck = 4k + 33 � 22=3k . Then, there isa dilation 1 embedding of CCC(l) into CCC(k) with load & lk � 2l�k' :This is optimal, and improves the results from [16]. Our embedding technique also leadsto improved dilation 1 embeddings in the case 32 < lk � 53 + ck .The general strategy of the embeddings is the same as in [16], namely to map 2l�k cyclesin CCC(l) of length l onto one cycle in CCC(k) of length k and to allocate the nodesof the guest cycles as balancedly as possible on the host cycle. But in order to improvethe results from [16], a completely di�erent way of allocating the guest nodes on the hostcycle is introduced.The paper is organized as follows. Section 2 contains the de�nitions of the terms used inthe paper. Section 3 presents the new embedding strategy. Section 4 presents the derivedresults. The Conclusion gives an outlook on further consequences of the new embeddingtechnique.2 De�nitions(Most of the terminology is taken from [19, 25].) For any graph G = (V;E), let V (G) =V denote the set of vertices of G, and E(G) = E denote the set of edges of G. Let�a denote the binary complement of a 2 f0; 1g. For � = a0a1:::am�1 2 f0; 1gm, let�(i) = a0 : : : ai�1�aiai+1 : : : am�1.Cube-Connected Cycles Network. The (wrapped) cube-connected cycles network ofdimension m, denoted by CCC(m), has vertex-set Vm = f0; 1; :::; m�1g�f0; 1gm, wheref0; 1gm denotes the set of length-m binary strings. For each vertex v = (i; �) 2 Vm,2



i 2 f0; 1; :::; m� 1g; � 2 f0; 1gm; we call i the level and � the position-within-level (PWL)string of v. The edges of CCC(m) are of two types: For each i 2 f0; 1; :::; m � 1g andeach � = a0a1:::am�1 2 f0; 1gm, the vertex (i; �) on level i of CCC(m) is connected� by a cycle-edge with vertex ((i+ 1) mod m;�) on level (i + 1) mod m and� by a cross-edge with vertex (i; �(i)) on level i.For each � 2 f0; 1gm, the cycle(0; �)$ (1; �)$ : : :$ (m� 1; �)$ (0; �)of length m will be denoted by C�(m) or C�.CCC(m) has m2m nodes, 3m2m�1 edges and degree 3. An illustration of CCC(3) isshown in Figure 1.
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2 Figure 1: The cube-connected cycles CCC(3)Graph Embeddings. Let G and H be �nite undirected graphs. An embedding of Ginto H is a mapping f from the nodes of G to the nodes of H. G is called the guest graphand H is called the host graph of the embedding f . The load of the embedding f is themaximum number of vertices of the guest graph G that are mapped to the same hostgraph vertex. [The optimum load achievable is the ratio djV (G)j=jV (H)je of the numberof nodes in G and H.] The dilation of the embedding f is the maximum distance in thehost between the images of adjacent guest nodes. A routing is a mapping r of G's edges topaths in H, r(v1; v2) = a path from f(v1) to f(v2) in H. The congestion of the embeddingf is the maximum number of edges that are routed through a single edge of H.Lexicographic Orderings. Let Lex : f0; : : : ; m� 1g� f0; 1gn ! IN0, Lex(i; a0 : : : an�1)= i2n + a02n�1 + a12n�2 + : : : + an�120 : Then, the lexicographic order on f0; 1; : : : ; m �1g � f0; 1gn is de�ned by(i; �) < (j; �) , Lex(i; �) < Lex(j; �) ;and the lexicographic distance between (i; �) and (j; �) is de�ned as jLex(i; �)�Lex(j; �)j :Balanced Allocations. Let a1; b1; a2; b2 2 IN0 such that b1 � a1, b2 � a2, b1 � a1 �b2 � a2. Let r 2 IN . A functiond : fa1; a1 + 1; : : : ; b1g � f0; 1gr ! fa2; a2 + 1; : : : ; b2gis called a balanced allocation of fa1; : : : ; b1g�f0; 1gr among fa2; : : : ; b2g according to thelexicographic order on fa1; : : : ; b1g � f0; 1gr if d satis�es the following properties:3



� d(a1; 0r) = a2; d(b1; 1r) = b2;� d is monotonic nondecreasing in the lexicographic ordering of the arguments [i.e.,d(i; �) � d(i0; � 0), if (i; �) � (i0; � 0) according to the lexicographic order onfa1; : : : ; b1g � f0; 1gr],� &b1 � a1 + 1b2 � a2 + 1 � 2r'� 1 � jd�1(j)j � &b1 � a1 + 1b2 � a2 + 1 � 2r' for all j 2 fa2; : : : ; b2g .[Note that such an allocation function d can always be constructed for the parametersa1; b1; a2; b2; r as above.]3 The General Embedding StrategyThe basic idea of the embeddings presented here is to map 2l�k cycles C�1 ; C�2 ; : : : ; C�2l�kin CCC(l) of length l onto one cycle C� of length k in CCC(k) and to allocate the l � 2l�knodes of C�1 ; : : : ; C�2l�k appropriately among the k nodes of C�.Formal Construction:Consider numbers �(0); �(1); : : : ; �(k � 1), where each �(i) 2 f0; 1; : : : ; l � 1g, and each�(i) < �(i+1). Let ��(0); ��(1); : : : ; ��(l� k� 1) 2 f0; 1; : : : ; l� 1g n f�(0); �(1); : : : ; �(k�1)g such that ��(0) < ��(1) < : : : < ��(l � k � 1). [Note that f�(0); �(1); : : : ; �(k �1)g _[ f��(0); ��(1); : : : ; ��(l � k � 1)g = f0; 1; : : : ; l � 1g.]Let a�(0); a�(1); : : : ; a�(k�1) 2 f0; 1g. The cycles fCa0a1:::al�1 j a��(0); a��(1); : : : ; a��(l�k�1) 2f0; 1gg of CCC(l) are mapped onto the cycle Ca�(0)a�(1):::a�(k�1) in CCC(k) such that thenodes 0; 1; : : : ; l � 1 of each Ca0a1:::al�1 are allocated appropriately among the nodes ofCa�(0)a�(1):::a�(k�1) .The exact allocation of the nodes of fCa0a1:::al�1 j a��(0); a��(1); : : : ; a��(l�k�1) 2 f0; 1gg onCa�(0)a�(1):::a�(k�1) is determined by an allocation functiond : f0; 1; : : : ; l � 1g � f0; 1gl�k ! f0; 1; : : : ; k � 1gwhich speci�es, for each node number 2 f0; 1; : : : ; l� 1g on the guest cycle Ca0a1:::al�1 andeach cycle index a��(0)a��(1) : : : a��(l�k�1), the position on the host cycle Ca�(0)a�(1):::a�(k�1) .[On each host cycle Ca�(0)a�(1):::a�(k�1) , a�(0); a�(1); : : : ; a�(k�1) 2 f0; 1g, the same allocationfunction is used.] Formally, the embedding f : V (CCC(l))! V (CCC(k)) is of the formf(i; a0a1 : : : al�1) := (d(i; a��(0) : : : a��(l�k�1)); a�(0) : : : a�(k�1))for all 0 � i � l � 1, a0a1 : : : al�1 2 f0; 1gl.The load of f is determined by the allocation function d. Therefore, d should allocate theguest nodes as balancedly as possible on each host cycle. In the sequel, d will be chosensuch thatd(�(i); �) = i for all 0 � i � k � 1, � 2 f0; 1gl�k.4



This guarantees that all the cross-edges(i; �)$ (i; �(i)); i 2 f�(0); �(1); : : : ; �(k � 1)g;of CCC(l) are mapped onto a corresponding cross-edge in CCC(k). All the other edgesof CCC(l) are mapped onto a path on a single cycle C� in CCC(k). So, in this case thedilation is directly dependent on the allocation d of the guest nodes on the host cycle andstands partly in contrast to the desired balancedness of the allocation as explained above.For low dilation, the values of �(0); �(1); : : : ; �(k � 1) should be allocated relativelybalancedly among 0; 1; : : : ; l � 1, and the nodes (i; a0a1 : : : al�1) and (j; b0b1 : : : bl�1) ofthe cycles C�1 ; C�2 ; : : : ; C�2l�k of CCC(l) with a small lexicographical distance between(i; a��(0) : : : a��(l�k�1)) and (j; b��(0) : : : b��(l�k�1)) should be mapped close together on the cy-cle C� in CCC(k).In [16], for 1 < l=k � 2, it was shown that the values of �(0); �(1); : : : ; �(k � 1) can bespeci�ed such that the following holds:a) �(i + 1)� �(i) � 2 for all 0 � i < k � 1.b) The nodes f(�(i); a0a1 : : : al�1) j a��(0); a��(1); : : : ; a��(l�k�1) 2 f0; 1gg are mapped onto(i; a�(0)a�(1) : : : a�(k�1)) for 0 � i � k � 1, a�(0); a�(1); : : : ; a�(k�1) 2 f0; 1g.c) The nodes f(��(i); a0a1 : : : al�1) j 0 � i � l�k�1; a��(0); a��(1); : : : ; a��(l�k�1) 2 f0; 1ggcan be allocated balancedly in certain sections of the host cycle Ca�(0)a�(1):::a�(k�1) ,a�(0); a�(1); : : : ; a�(k�1) 2 f0; 1g, while maintaining dilation 1 at the same time.Here, for 53 + ck < lk � 2, ck = 4k + 33 � 22=3k , we show that �(0); �(1); : : : ; �(k � 1) can bespeci�ed such that the following holds:a) �(i + 1)� �(i) � 3 for all 0 � i < k � 1.b) The nodes f(�(i); a0a1 : : : al�1) j a��(0); a��(1); : : : ; a��(l�k�1) 2 f0; 1gg are mapped onto(i; a�(0)a�(1) : : : a�(k�1)) for 0 � i � k � 1, a�(0); a�(1); : : : ; a�(k�1) 2 f0; 1g.c) The nodes f(��(i); a0a1 : : : al�1) j 0 � i � l � k � 1; a��(0); a��(1); : : : ; a��(l�k�1) 2f0; 1gg can be allocated balancedly on the complete host cycle Ca�(0)a�(1):::a�(k�1) ,a�(0); a�(1); : : : ; a�(k�1) 2 f0; 1g, while maintaining dilation 1 at the same time.The main new technical contribution will be to show that the guest nodes f(�(i) +1; a0a1 : : : al�1); (�(i) + 2; a0a1 : : : al�1) j a��(0); a��(1); : : : ; a��(l�k�1) 2 f0; 1gg can be al-located in an appropriate way among the host nodes f(j; a�(0)a�(1) : : : a�(k�1)) j j 2fi � 1; i; i + 1; i + 2gg for 0 � i < k � 1 such that �(i + 1) � �(i) = 3, while main-taining dilation 1 at the same time.
5



4 Improved Dilation 1 Embedding of the CCCTheorem 1:Let k; l 2 IN , k � 8, such that 53 + ck < lk � 2, ck = 4k + 33 � 22=3k . Then, there isa dilation 1 embedding of CCC(l) into CCC(k) with load & lk � 2l�k'.Proof:(A) l � k evenWe show that the construction of Section 3 can be adapted to yield an embedding ofCCC(l) into CCC(k) with dilation 1 and load & lk � 2l�k' .For this, we specify the allocation d and the indices �(i) for the embedding f in theconstruction of Section 3.For 0 � i � l � k2 � 1, leth(i) := & i � 2ll � k � 3k2l�k'+ 1 :[Then, h(0) = 1, h l � k2 � 1! = l � 3 .] For 0 � i � l � k � 1, let��(i) := 8>><>>: h� i2� if i even,h�� i2�� + 1 if i odd.Let �(0); �(1); : : : ; �(k � 1) 2 f0; 1; : : : ; l � 1g n f��(0); ��(1); : : : ; ��(l � k � 1)g such that�(0) < �(1) < : : : < �(k�1). [Note that f�(0); �(1); : : : ; �(k�1)g _[ f��(0); ��(1); : : : ; ��(l�k � 1)g = f0; 1; : : : ; l � 1g.]For the time being, we only construct the allocation d : f0; 1; : : : ; l � 1g � f0; 1gl�k !f0; 1; : : : ; k� 1g partially, namely we specify d(i; �) for i 2 f�(0); �(1); : : : ; �(k� 1)g. Letd(�(i); �) := i for all 0 � i � k � 1, � 2 f0; 1gl�k. (*)[Later on, d(i; �) is speci�ed for i 2 f��(0); ��(1); : : : ; ��(l�k�1)g. For the moment, d(i; �)may have an arbitrary value for i 2 f��(0); ��(1); : : : ; ��(l � k � 1)g.]Now, the embedding f of CCC(l) into CCC(k) is de�ned as in the construction of Section3: f(i; a0a1 : : : al�1) := (d(i; a��(0) : : : a��(l�k�1)); a�(0) : : : a�(k�1))for all 0 � i � l � 1, a0a1 : : : al�1 2 f0; 1gl.6



Note that (*) guarantees that all the cross-edges(i; �)$ (i; �(i)); i 2 f�(0); �(1); : : : ; �(k � 1)g;of CCC(l) are mapped onto a corresponding cross-edge in CCC(k) [see Claim A1 below].Now, we construct d(i; �) for i 2 f��(0); ��(1); : : : ; ��(l�k�1)g. Let a�(0); a�(1); : : : ; a�(k�1) 2f0; 1g. For the time being, we allocate the guest nodes f(i; a0a1 : : : al�1) j i 2f��(0); ��(1); : : : ; ��(l � k � 1)g; a��(0); a��(1); : : : ; a��(l�k�1) 2 f0; 1gg balancedly on the hostcycle Ca�(0)a�(1):::a�(k�1) according to the lexicographical order on f0; 1; : : : ; l�1g�f0; 1gl�k,i.e. we use an allocation function ~d : f��(0); ��(1); : : : ; ��(l � k � 1)g � f0; 1gl�k !f0; 1; : : : ; k � 1g such that� ~d(��(0); 0l�k) = 0; ~d(��(l � k � 1); 1l�k) = k � 1;� ~d is monotonic nondecreasing in the lexicographic ordering of the arguments [i.e.,~d(i; �) � ~d(i0; � 0), if (i; �) � (i0; � 0) according to the lexicographical order onf0; 1; : : : ; l � 1g � f0; 1gl�k],� & l � kk � 2l�k'� 1 � j ~d�1(j)j � & l � kk � 2l�k' for all j = 0; 1; : : : ; k � 1.[At this point, we are not concerned with the obtained dilation. We will see later onthat the allocation ~d can be changed into an allocation d : f��(0); ��(1); : : : ; ��(l � k �1)g � f0; 1gl�k ! f0; 1; : : : ; k � 1g which guarantees dilation 1, while maintaining thebalancedness of the allocation.]Let r(i) := h(i)� 2i� 1 for all 0 � i � l � k2 � 1. Then, according to Claim A2 below,a) ~d(h(i)� 1; �) = r(i) for all 0 � i � l � k2 � 1, � 2 f0; 1gl�k,b) ~d(h(i) + 2; �) = r(i) + 1 for all 0 � i � l � k2 � 1, � 2 f0; 1gl�k.Also, according to Claim A3 below,a) r(i)� 1 � ~d(h(i); �) � ~d(h(i) + 1; �) � r(i) + 2for all 0 � i � l � k2 � 1, � 2 f0; 1gl�k,b) j ~d�1(r(i)� 1) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj � & l � kk � 2l�k'� 1for all 0 � i � l � k2 � 1,c) j ~d�1(r(i) + 2) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj � & l � kk � 2l�k'� 1for all 0 � i � l � k2 � 1. 7



[As h(i) � 1; h(i) + 2 2 f�(0); �(1); : : : ; �(k � 1)g, h(i); h(i) + 1 2 f��(0); ��(1); : : : ; ��(l �k � 1)g, the dilation of the embedding f (using the allocation ~d for d(i; �), i 2f��(0); ��(1); : : : ; ��(l � k � 1)g) would be 2.]Then, according to Claim A4 below, ~d can be changed to an allocation d such that:1.) Let 0 � i � l � k2 � 1. For 1 � j � 4 , letnj := jd�1(r(i)� 2 + j) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj ;~nj := j ~d�1(r(i)� 2 + j) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj :Then,n1 = ~n1 ,n2 � maxf~n2; ~n1 + 1g if ~n1 > 0 ,n2 = ~n2 if ~n1 = 0 ,n3 � maxf~n3; ~n4 + 1g if ~n4 > 0 ,n3 = ~n3 if ~n4 = 0 ,n4 = ~n4 .2.) For 0 � i � l � k2 � 1, � = b��(0)b��(1) : : : b��(l�k�1) 2 f0; 1gl�k :r(i)� 1 � d(h(i); �) � r(i) + 1,r(i) � d(h(i) + 1; �) � r(i) + 2,jd(h(i) + 1; �)� d(h(i); �)j � 1,jd(h(i); b��(0) : : : b��(l�k�1))�d(h(i); b��(0) : : : b��(2i�1)�b��(2i)b��(2i+1) : : : b��(l�k�1))j � 1,jd(h(i) + 1; b��(0) : : : b��(l�k�1))�d(h(i) + 1; b��(0) : : : b��(2i)�b��(2i+1)b��(2i+2) : : : b��(l�k�1))j � 1.It follows that the �nal embedding f (using the allocation d) has dilation 1 and load& lk � 2l�k' : 2Claim A1 :The cross-edge (i; �) $ (i; �(i)), i = �(m), 0 � m � k � 1, of CCC(l) ismapped by f onto a cross-edge in CCC(k).Proof of Claim A1 :f maps (i; �) = (i; a0a1 : : : al�1) onto(d(i; a��(0) : : : a��(l�k�1)); a�(0) : : : a�(k�1))and (i; �(i)) onto(d(i; a��(0) : : : a��(l�k�1)); a�(0) : : : a�(m�1)�a�(m)a�(m+1) : : : a�(k�1)) :8



From (*),d(i; a��(0) : : : a��(l�k�1)) = d(�(m); a��(0) : : : a��(l�k�1)) = m:Hence, there is a cross-edge in CCC(k) between the two image nodes of (i; �) and(i; �(i)).Claim A2 :a) ~d(h(i)� 1; �) = r(i) for all 0 � i � l � k2 � 1, � 2 f0; 1gl�k,b) ~d(h(i) + 2; �) = r(i) + 1 for all 0 � i � l � k2 � 1, � 2 f0; 1gl�k.Proof of Claim A2 :Proof of a) :First, notice that h(i) � 1 = �(r) for some r 2 f0; 1; : : : ; k � 1g. Hence, accordingto (*), it su�ces to show thatr(i) = r :For this purpose, observe thatr = jf0; 1; : : : ; h(i)� 1g \ f�(0); �(1); : : : ; �(k � 1)gj � 1= h(i)� 1� jf0; 1; : : : ; h(i)� 1g \ f��(0); ��(1); : : : ; ��(l � k � 1)gj= h(i)� 1� 2i= r(i) :Proof of b) :First, notice that h(i) + 2 = �(r) for some r 2 f0; 1; : : : ; k � 1g. Hence, accordingto (*), it su�ces to show thatr(i) + 1 = r :For this purpose, observe thatr = jf0; 1; : : : ; h(i) + 2g \ f�(0); �(1); : : : ; �(k � 1)gj � 1= h(i) + 2� jf0; 1; : : : ; h(i) + 2g \ f��(0); ��(1); : : : ; ��(l � k � 1)gj= h(i) + 2� (2i+ 2)= h(i)� 2i= r(i) + 1 : 9



Claim A3 :a) r(i)� 1 � ~d(h(i); �)for all 0 � i � l � k2 � 1, � 2 f0; 1gl�k,j ~d�1(r(i)� 1) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj � & l � kk � 2l�k'� 1for all 0 � i � l � k2 � 1,b) ~d(h(i) + 1; �) � r(i) + 2for all 0 � i � l � k2 � 1, � 2 f0; 1gl�k,j ~d�1(r(i) + 2) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj � & l � kk � 2l�k'� 1for all 0 � i � l � k2 � 1.Proof of Claim A3 :Proof of a) :The number of nodes in f(��(i); �) j 0 � i � l � k � 1; � 2 f0; 1gl�kg between(h(i); 0l�k) and (��(l � k � 1); 1l�k) in lexicographical order is (l � k � 2i) � 2l�k . Ifthis number does not exceed the minimal capacity (k�r(i)+1)� & l � kk � 2l�k'� 1!of the nodes between r(i) � 1 and k � 1, then a) follows. Hence, we have to checkthat (l � k � 2i) � 2l�k � (k � r(i) + 1) �  & l � kk � 2l�k'� 1! :This is true, because(k � r(i) + 1) �  & l � kk � 2l�k'� 1!= (k � h(i) + 2i+ 2) �  & l � kk � 2l�k'� 1!=  k � & i � 2ll � k � 3k2l�k'+ 2i + 1! �  & l � kk � 2l�k'� 1!�  k �  i � 2ll � k � 3k2l�k!+ 2i! �  l � kk � 2l�k � 1!=  k � i � 2kl � k + 3k2l�k! �  l � kk � 2l�k � 1!= (l � k � 2i) � 2l�k + 3 � (l � k)| {z }�( 23+ck)�k�k + kl � k � 2i| {z }�0 � 3k2l�k| {z }l�k�2=3k10



� (l � k � 2i) � 2l�k + k + k � 4k + 322=3k � 3k22=3k| {z }�0� (l � k � 2i) � 2l�k + k� (l � k � 2i) � 2l�k :Proof of b) :The number of nodes in f(��(i); �) j 0 � i � l � k � 1; � 2 f0; 1gl�kg between(h(0); 0l�k) and (h(i) + 1; 1l�k) in lexicographical order is (2i + 2) � 2l�k . If thisnumber does not exceed the minimal capacity (r(i)+3) � & l � kk � 2l�k'� 1! of thenodes between 0 and r(i) + 2, then b) follows. Hence, we have to check that(2i+ 2) � 2l�k � (r(i) + 3) �  & l � kk � 2l�k'� 1! :This is true, because(r(i) + 3) �  & l � kk � 2l�k'� 1!= (h(i)� 2i+ 2) �  & l � kk � 2l�k'� 1!=  & i � 2ll � k � 3k2l�k'� 2i+ 3! �  & l � kk � 2l�k'� 1!�  i � 2ll � k � 3k2l�k � 2i+ 3! �  l � kk � 2l�k � 1!=  2i+ 3 � l � kk| {z }� 23+ck ! � 2l�k � 3 � (l � k)| {z }�k � kl � k � 2i| {z }�k + 3k2l�k| {z }�0 �3�  2i+ 3 �  23 + 4k + 33 � 22=3k| {z }2=3k�l�k !! � 2l�k � 4k � 3�  2i+ 3 �  23 + 4k + 33 � 2l�k!! � 2l�k � 4k � 3= (2i+ 2) � 2l�k :
11



Claim A4 :1.) Let 0 � i � l � k2 � 1. For 1 � j � 4 , letnj := jd�1(r(i)� 2 + j) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj ;~nj := j ~d�1(r(i)� 2 + j) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj :Then,n1 = ~n1 ,n2 � maxf~n2; ~n1 + 1g if ~n1 > 0 ,n2 = ~n2 if ~n1 = 0 ,n3 � maxf~n3; ~n4 + 1g if ~n4 > 0 ,n3 = ~n3 if ~n4 = 0 ,n4 = ~n4 .2.) For 0 � i � l � k2 � 1, � = b��(0)b��(1) : : : b��(l�k�1) 2 f0; 1gl�k :r(i)� 1 � d(h(i); �) � r(i) + 1,r(i) � d(h(i) + 1; �) � r(i) + 2,jd(h(i) + 1; �)� d(h(i); �)j � 1,jd(h(i); b��(0) : : : b��(l�k�1))�d(h(i); b��(0) : : : b��(2i�1)�b��(2i)b��(2i+1) : : : b��(l�k�1))j � 1,jd(h(i) + 1; b��(0) : : : b��(l�k�1))�d(h(i) + 1; b��(0) : : : b��(2i)�b��(2i+1)b��(2i+2) : : : b��(l�k�1))j � 1.Proof of Claim A4 :Let n := l � k . d is constructed as follows:a) Consider the following lexicographical numbering on f0; 1gn:Lex1 : f0; 1gn ! IN 0 ;Lex1(b0b1 : : : bn�1) = b02n�1 + b12n�2 + : : :+ b2i�12n�2i+b2i+22n�2i�1 + b2i+32n�2i�2 + : : :+ bn�122+b2i+121 + b2i20 :Now, de�ne:d(h(i); �) = r(i)� 1 for all � 2 f0; 1gn, 0 � Lex1(�) � ~n1 � 1,d(h(i) + 1; �) = r(i) for all � 2 f0; 1gn, 0 � Lex1(�) � ~n1 � 1.If ~n1 odd: d(h(i); �) = r(i) for all � 2 f0; 1gn, Lex1(�) = ~n1.b) Consider the following lexicographical numbering on f0; 1gn:Lex2 : f0; 1gn ! IN 0 ;Lex2(b0b1 : : : bn�1) = b02n�1 + b12n�2 + : : :+ b2i�12n�2i+b2i+22n�2i�1 + b2i+32n�2i�2 + : : :+ bn�122+b2i21 + b2i+120 :Now, de�ne: 12



d(h(i); �) = r(i) + 2for all � 2 f0; 1gn, 2n � ~n4 � Lex2(�) � 2n � 1,d(h(i) + 1; �) = r(i) + 1for all � 2 f0; 1gn, 2n � ~n4 � Lex2(�) � 2n � 1.If ~n4 odd: d(h(i); �) = r(i) + 1for all � 2 f0; 1gn, Lex2(�) = 2n � ~n4 � 1.[Note that the de�nitions above are meaningful, because if we consider thelexicographical numberingLex3(b0b1 : : : b2i�1b2i+2 : : : bn�1) = b02n�3+ b12n�4+ : : :+ b2i�12n�2i�2+b2i+22n�2i�3 + b2i+32n�2i�4 + : : :+ bn�120on f0; 1gn�2, in the �rst case, we choose the �rst � ~n14 � bitstrings, and in thesecond case, we choose the last � ~n44 � bitstrings. To guarantee that these bit-strings are di�erent, we have to check that � ~n14 � + � ~n44 � � 2n�2 : But this istrue for lk > 53 . ]c) The nodes from f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gng which have not beenassigned a value for d in a) and b) are assigned arbitrary values from fr(i); r(i)+1g such that the requirements for n2 and n3 are ful�lled.From the de�nition of d, it follows immediately that d has the claimed properties1.) and 2.) . 2(B) l � k oddWe show that the construction of Section 3 can be adapted to yield an embedding ofCCC(l) into CCC(k) with dilation 1 and load & lk � 2l�k' .For this, we specify the allocation d and the indices �(i) for the embedding f in theconstruction of Section 3.For 0 � i � l � k � 12 � 1, leth(i) := & i � 2ll � k � 3k2l�k'+ 1 :[Then, h(0) = 1, h l � k � 12 � 1! 2 fl � 6; l � 5g.] For 0 � i � l � k � 2, let��(i) := 8>><>>: h� i2� if i even,h�� i2�� + 1 if i odd.Let ��(l � k � 1) := l � 2 : 13



Let �(0); �(1); : : : ; �(k � 1) 2 f0; 1; : : : ; l � 1g n f��(0); ��(1); : : : ; ��(l � k � 1)g such that�(0) < �(1) < : : : < �(k�1). [Note that f�(0); �(1); : : : ; �(k�1)g _[ f��(0); ��(1); : : : ; ��(l�k � 1)g = f0; 1; : : : ; l � 1g.]For the time being, we only construct the allocation d : f0; 1; : : : ; l � 1g � f0; 1gl�k !f0; 1; : : : ; k� 1g partially, namely we specify d(i; �) for i 2 f�(0); �(1); : : : ; �(k� 1)g. Letd(�(i); �) := i for all 0 � i � k � 1, � 2 f0; 1gl�k. (*)[Later on, d(i; �) is speci�ed for i 2 f��(0); ��(1); : : : ; ��(l�k�1)g. For the moment, d(i; �)may have an arbitrary value for i 2 f��(0); ��(1); : : : ; ��(l � k � 1)g.]Now, the embedding f of CCC(l) into CCC(k) is de�ned as in the construction of Section3: f(i; a0a1 : : : al�1) := (d(i; a��(0) : : : a��(l�k�1)); a�(0) : : : a�(k�1))for all 0 � i � l � 1, a0a1 : : : al�1 2 f0; 1gl.Note that (*) guarantees that all the cross-edges(i; �)$ (i; �(i)); i 2 f�(0); �(1); : : : ; �(k � 1)g;of CCC(l) are mapped onto a corresponding cross-edge in CCC(k) [see Claim B1 below].Now, we construct d(i; �) for i 2 f��(0); ��(1); : : : ; ��(l�k�1)g. Let a�(0); a�(1); : : : ; a�(k�1) 2f0; 1g. For the time being, we allocate the guest nodes f(i; a0a1 : : : al�1) j i 2f��(0); ��(1); : : : ; ��(l � k � 1)g; a��(0); a��(1); : : : ; a��(l�k�1) 2 f0; 1gg balancedly on the hostcycle Ca�(0)a�(1):::a�(k�1) according to the lexicographical order on f0; 1; : : : ; l�1g�f0; 1gl�k,i.e. we use an allocation function ~d : f��(0); ��(1); : : : ; ��(l � k � 1)g � f0; 1gl�k !f0; 1; : : : ; k � 1g such that� ~d(��(0); 0l�k) = 0; ~d(��(l � k � 1); 1l�k) = k � 1;� ~d is monotonic nondecreasing in the lexicographic ordering of the arguments [i.e.,~d(i; �) � ~d(i0; � 0), if (i; �) � (i0; � 0) according to the lexicographical order onf0; 1; : : : ; l � 1g � f0; 1gl�k],� & l � kk � 2l�k'� 1 � j ~d�1(j)j � & l � kk � 2l�k' for all j = 0; 1; : : : ; k � 1.[At this point, we are not concerned with the obtained dilation. We will see later onthat the allocation ~d can be changed into an allocation d : f��(0); ��(1); : : : ; ��(l � k �1)g � f0; 1gl�k ! f0; 1; : : : ; k � 1g which guarantees dilation 1, while maintaining thebalancedness of the allocation.]Let r(i) := h(i)�2i�1 for all 0 � i � l � k � 12 �1. Then, according to Claim B2 below,a) ~d(h(i)� 1; �) = r(i) for all 0 � i � l � k � 12 � 1, � 2 f0; 1gl�k,b) ~d(h(i) + 2; �) = r(i) + 1 for all 0 � i � l � k � 12 � 1, � 2 f0; 1gl�k,c) ~d(��(l � k � 1)� 1; �) = k � 2 for all � 2 f0; 1gl�k,d) ~d(��(l � k � 1) + 1; �) = k � 1 for all � 2 f0; 1gl�k.14



Also, according to Claim B3 below,a) r(i)� 1 � ~d(h(i); �) � ~d(h(i) + 1; �) � r(i) + 2for all 0 � i � l � k � 12 � 1, � 2 f0; 1gl�k,b) j ~d�1(r(i)� 1) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj � & l � kk � 2l�k'� 1for all 0 � i � l � k � 12 � 1,c) j ~d�1(r(i) + 2) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj � & l � kk � 2l�k'� 1for all 0 � i � l � k � 12 � 1,d) k � 2 � ~d(��(l � k � 1); �) � k � 1for all � 2 f0; 1gl�k.[As h(i) � 1; h(i) + 2; ��(l � k � 1) � 1; ��(l � k � 1) + 1 2 f�(0); �(1); : : : ; �(k � 1)g,h(i); h(i) + 1; ��(l � k � 1) 2 f��(0); ��(1); : : : ; ��(l� k � 1)g, the dilation of the embeddingf (using the allocation ~d for d(i; �), i 2 f��(0); ��(1); : : : ; ��(l � k � 1)g) would be 2.]Then, according to Claim B4 below, ~d can be changed to an allocation d such that:1.) Let 0 � i � l � k � 12 � 1. For 1 � j � 4 , letnj := jd�1(r(i)� 2 + j) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj ;~nj := j ~d�1(r(i)� 2 + j) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj :Then,n1 = ~n1 ,n2 � maxf~n2; ~n1 + 1g if ~n1 > 0 ,n2 = ~n2 if ~n1 = 0 ,n3 � maxf~n3; ~n4 + 1g if ~n4 > 0 ,n3 = ~n3 if ~n4 = 0 ,n4 = ~n4 .2.) For 0 � i � l � k � 12 � 1, � = b��(0)b��(1) : : : b��(l�k�1) 2 f0; 1gl�k :r(i)� 1 � d(h(i); �) � r(i) + 1,r(i) � d(h(i) + 1; �) � r(i) + 2,jd(h(i) + 1; �)� d(h(i); �)j � 1,jd(h(i); b��(0) : : : b��(l�k�1))�d(h(i); b��(0) : : : b��(2i�1)�b��(2i)b��(2i+1) : : : b��(l�k�1))j � 1,jd(h(i) + 1; b��(0) : : : b��(l�k�1))�d(h(i) + 1; b��(0) : : : b��(2i)�b��(2i+1)b��(2i+2) : : : b��(l�k�1))j � 1.15



3.) For k � 2 � j � k � 1 :jd�1(j) \ f(��(l � k � 1); �) j � 2 f0; 1gl�kgj= j ~d�1(j) \ f(��(l � k � 1); �) j � 2 f0; 1gl�kgj :For � 2 f0; 1gl�k :k � 2 � d(��(l � k � 1); �) � k � 1.It follows that the �nal embedding f (using the allocation d) has dilation 1 and load& lk � 2l�k' : 2Claim B1 :The cross-edge (i; �) $ (i; �(i)), i = �(m), 0 � m � k � 1, of CCC(l) ismapped by f onto a cross-edge in CCC(k).Proof of Claim B1 :Exactly like the proof of Claim A1.Claim B2 :a) ~d(h(i)� 1; �) = r(i) for all 0 � i � l � k � 12 � 1, � 2 f0; 1gl�k,b) ~d(h(i) + 2; �) = r(i) + 1 for all 0 � i � l � k � 12 � 1, � 2 f0; 1gl�k,c) ~d(��(l � k � 1)� 1; �) = k � 2 for all � 2 f0; 1gl�k,d) ~d(��(l � k � 1) + 1; �) = k � 1 for all � 2 f0; 1gl�k.Proof of Claim B2 :The proof of a) and b) is exactly like the proof of Claim A2. c) and d) follow directlyfrom the fact that ��(l� k� 1)� 1 = �(k� 2), ��(l� k� 1)+ 1 = �(k� 1) and from(*) .Claim B3 :a) r(i)� 1 � ~d(h(i); �)for all 0 � i � l � k � 12 � 1, � 2 f0; 1gl�k,j ~d�1(r(i)� 1) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj � & l � kk � 2l�k'� 1for all 0 � i � l � k � 12 � 1,16



b) ~d(h(i) + 1; �) � r(i) + 2for all 0 � i � l � k � 12 � 1, � 2 f0; 1gl�k,j ~d�1(r(i) + 2) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj � & l � kk � 2l�k'� 1for all 0 � i � l � k � 12 � 1,c) k � 2 � ~d(��(l � k � 1); �) � k � 1for all � 2 f0; 1gl�k.Proof of Claim B3 :The proof of a) and b) is exactly like the proof of Claim A3. c) follows directly fromthe de�nition of ~d (and from the fact that lk � 53) .Claim B4 :1.) Let 0 � i � l � k � 12 � 1. For 1 � j � 4 , letnj := jd�1(r(i)� 2 + j) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj ;~nj := j ~d�1(r(i)� 2 + j) \ f(h(i); �); (h(i) + 1; �) j � 2 f0; 1gl�kgj :Then,n1 = ~n1 ,n2 � maxf~n2; ~n1 + 1g if ~n1 > 0 ,n2 = ~n2 if ~n1 = 0 ,n3 � maxf~n3; ~n4 + 1g if ~n4 > 0 ,n3 = ~n3 if ~n4 = 0 ,n4 = ~n4 .2.) For 0 � i � l � k � 12 � 1, � = b��(0)b��(1) : : : b��(l�k�1) 2 f0; 1gl�k :r(i)� 1 � d(h(i); �) � r(i) + 1,r(i) � d(h(i) + 1; �) � r(i) + 2,jd(h(i) + 1; �)� d(h(i); �)j � 1,jd(h(i); b��(0) : : : b��(l�k�1))�d(h(i); b��(0) : : : b��(2i�1)�b��(2i)b��(2i+1) : : : b��(l�k�1))j � 1,jd(h(i) + 1; b��(0) : : : b��(l�k�1))�d(h(i) + 1; b��(0) : : : b��(2i)�b��(2i+1)b��(2i+2) : : : b��(l�k�1))j � 1.3.) For k � 2 � j � k � 1 :jd�1(j) \ f(��(l � k � 1); �) j � 2 f0; 1gl�kgj= j ~d�1(j) \ f(��(l � k � 1); �) j � 2 f0; 1gl�kgj :17



For � 2 f0; 1gl�k :k � 2 � d(��(l � k � 1); �) � k � 1.Proof of Claim B4 :The proof of 1.) and 2.) is exactly like the proof of Claim A4. For 3.), de�ned(��(l � k � 1); �) = ~d(��(l � k � 1); �) for all � 2 f0; 1gl�k. Then, the claimedproperties in 3.) follow immediately from the corresponding properties of ~d. 25 ConclusionIn this paper, we have presented a new technique for the embedding of large cube-connected cycles networks into smaller ones. Using the new embedding strategy, weshowed:Let k; l 2 IN , k � 8, such that 53 + ck < lk � 2, ck = 4k + 33 � 22=3k . Then, there isa dilation 1 embedding of CCC(l) into CCC(k) with load & lk � 2l�k' :This is optimal, and improves the results from [16]. In the case that lk � 2l�k 2 IN , theembedding technique can be adapted to yield an even stronger result:Let k; l 2 IN such that 53 < lk � 2, lk � 2l�k 2 IN . Then, there is a dilation 1embedding of CCC(l) into CCC(k) with load & lk � 2l�k' :The embedding technique can also be applied in the case 32 < lk � 53 + ck yielding:1. Let k; l 2 IN , k � 8, such that 53 < lk � 53 + ck, ck = 4k + 33 � 22=3k . Then, there is adilation 1 embedding of CCC(l) into CCC(k) with load ��53 + ck� � 2l�k� :2. Let k; l 2 IN such that 32 < lk < 53 . Let p 2 f1; 2; : : :g such that 5p� 43p� 2 < lk �5p+ 13p+ 1 : Then, there is a dilation 1 embedding of CCC(l) into CCC(k) with load&5p+ 13p+ 1 � 2l�k' :This also improves results from [16].Unfortunately, the new embedding technique does not lead to any improvement in thecase 1 < lk � 32. Hence, it is still of interest to improve the load of the non-optimaldilation 1 embeddings when 1 < lk � 53 + ck (or to prove their optimality). Finally, afurther study should also consider the congestion of the embeddings.18
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