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initial signal depicted in Fig. 1. The errors of the obtained solutiong1] A. V. Bacushinsky and A. B. Goncharskjll-Posed Problems, Nu-

are incorporated into Table |, from which it is seen that the quality
of locally regularized solutions compares favorably with that of n 52]
only direct solutions but also of the quality of globally regularize
solutions. [13]
As an example of image reconstruction, the 8-bit initial image
depicted in Fig. 4(a), which had square support region with d,f_l4]
mensions 16x 16, was reconstructed from its noisy 2-D Fourie
transform phase. It turned out that even a very small noise lévet (
1072 rad’) led to dramatic distortion of the image reconstructegis]
by conventional direct algorithm [Fig. 4(b)] according to (9). The
same effect took place for larger noise variancés £ 107'°,
10~* radf). On the contrary, global RA allows reconstruction 01[16]
the image that has all the details of the initial one [Fig. 4(c)—(e)] thai7)
points to significant smoothing of all undesirable fluctuations in the

reconstructed image.
[18]

V. CONCLUSION [19]

In this correspondence, it was pointed out that the problem of
the reconstruction of finite discrete signals and images from noisy
phase samples of their Fourier transforms is ill-posed with respect
to the phase distortion. The regularizing algorithms developed for
reconstruction of discrete finite signals and images from their noisy
Fourier transform phases have led to significant quality growth of
the reconstruction compared with the existing conventional direct
approach developed in [6] and [7]. These algorithms significantly
(in some cases more than 100 times) improve the accuracy of the
reconstruction that allows them to be used as a practical tool for
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has been shown [1] that the CKR gives an accurate estimate of ti@ensider the CKR over a window of three samples, i.e., a cone length
discontinuities. In addition, for speech and music signals, frequencgrresponding td. = 1 and IPS for a window ofV = 3

plays a more important role than amplitude in their perception. Hence,

this class of TFR’s hold better promise for speech and music spectral CKR(n, w) = [p(()ﬂ(nﬂ (n) + 2p(1) Re(z(n)a™(n — 1)
estimation. Interestingly, we find that CKR is related to IPS, which is ( 1ye=iw

a TFR that has been ignored for a long time because of the side-lobe 1 +a(n)a” (n+1)e™)]
leakage problem. The connection shown here would provide a means IPS(n,w) = =[p(0)x(n)z"(n) + 2p(1) Re(z" (n)z(n — 1)
for trading complexity with performance within this class of TFR’s. 2

The CKR of a signak(t) is defined as + 27 (n)a(n+ e 7)),
00 t4(|7|/2) . . .
CKR(t, w) = (5 + ) (5 _ Z) Itis clear that_ both are identical except for a scale factor. For a larger
Y S ‘/9) 2 2 cone length, it can be seen that IPS is only a few terms of CKR. Let
X exp(—jwr) ds dr us consider the kernels for IPS and CKR as
. wt| T 1 L
= / / p(T)z(s)x™ (s — 1) exp(—jwr)dsdr IPS(n,w) = 5 Z Rips(n, k)p(k) exp(—jwk)
=—o0Jt T k=—1L
@ where
wherep(t) is a finite length window. The IPS is also another TFR  Rypg(n, k) = z(n)z*(n — k) + 2* (n)z(n + k) (8)
whose cross-terms are localized in the region of auto-terms. The IPS 1 L
has been proposed as a representation of the power spectrum of a CKR(n,w) = Z Rexr(n, k)p(k) exp(—jwk)
signal at each instant. It has also been shown to be a Cohen’s class 2L+1 k=—1
TFR, which is defined as [2]
1 [ where
IPS.(t,w) = 5 / [2(t)2"(t — 7) + 2" (t)2(t + 7)] ntk
—oo Rokr(n, k) = z(m)z"(m — k). 9
X exp(—jwT) dT. (2 cwn(n.F) 'ry;z ( k ©

The IPS has not been very popular because of the side lobe leakagis, it turns out that IPS kernel is obtained by considering only the
which is referred to as ringing. A smoothing windgwt) is intro-  two terms corresponding t@ = n andm = n + k in the expression
duced in IPS to reduce ringing [3] (smoothing window introduces far the CKR kernel. For CKR, the autocorrelation averaging is up
filter with a broader bandwidth), resulting in a modified IPS given bis a lag equal to the cone length, whereas IPS has a fixed averaging

/ 1 [ . . - using only the two extreme terms of the CKR kernel.
IPS.(t.w) = 5 /_OQ["”(t)‘r (t =7) + 2" ()a(t+7)]p(7) In the case of random signals (for the case in which the time-
X exp(—jwr) dr. ®) varying signz_il may be corrupted with stationary noise), considering
the expectation of the TFR, we get
Il. DiscreTE DoMAIN CKR VERSUS IPS E[IPS(n,w)] = Zp k)Ele(n)e* (n — k)
For practical applications, whichever TFR is chosen, the signals
are discretized, and a finite window computation is often used. + 2" (n)z(n + k)] exp(—jwk) (10)
Considering such a situation, for a discrete sequerige and a 1 )
symmetric windowp(n) # 0, —L < n < L, N = 2L + 1, the = 5ZP(L“')RIPS(”M)CXP(—ka‘) (11)
k

discrete CKR and IPS can be expressed as

L n+(|k|/2) whereRps(n, k) is the nonstationary autocorrelation function. Sim-
CKR(n,w) = Z Z p(R)x | m+ k ilarly
2L +1 AT 2
k=—L m=n—(|k|/2)
P E[CKR(n w)]
x x* <m - 5)67]“’< 4) L n+tk
= k z(u)r (u—Fk)ex wk
1 — ;P()uzn() ) exp(—jwk)
=511 p(0)z(n)z™(n) + 2 Re; W;z p(k) P L DR , b
| —2L+1 ; [k + Dp(k) R(n. k) exp(—jwk) | (12)
x z(m)x™(m — k)(z_"“k:| (5)
For a stationary signaR(n, k) = R(k) for both IPS and CKR. Such
1 & a case would be a windowed periodogram estimate, except that the
IPS(n,w) = 3 [ Z (x(n)x"(n — k) window function is modified by |k| + 1) for CKR, i.e., a circularly
k=—T, shifted Bartlett window. Assuming(%) to be a rectangular window,

. o at best, the frequency resolution of CKkRw) is half when compared
+ & (n)a(n + k))p(k)e (6) with that of IPSn.w).

L
_1 [p(o)w*(n)x(n) 19 ReZ{x(n)x*(n — k) Ill. PrRoPERTIES OFCKR AND IPS
2 In the light of above similarities, it is interesting to compare the
_ various properties of discrete IPS and discrete CKR. Some of the
+ 2" (n)z(n + k)}p(k)e_ka:|. (7) important properties are discussed below, which help in establishing
the tradeoff between CKR and IPS.
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A. Inversion Proof: Consider a real signat(n) = A cos(win + ¢1)) and

Proposition: For finite-duration signals, if the first nonzero valudts CKR. We find an oscillating term along time in the TF domain,
of the signal is known, then the signal can be recovered from the |P§10S€ frequency of oscillation is equal to twice the frequency of the
When the first nonzero value is not known, then we can recover thignal, i.e.,
signal correct to a scale factor and constant phase shift. (The C . ,
has been shown [4] to be invertible only if all the signal sampltla%?CKR("’k) = 2(k + 1) cos(wik) + sin(wr) sin(wi (k +1)).
are nonzero.) (18)

Proof: We develop here an inversion algorithm for the discrete _ ) o o
IPS that is similar to the inversion algorithm for the short-time Fouridp the case of IPS, it can also be seen that there is a similar oscillating
transform magnitude [5]. Consider the IPS for a finite duration signii'™m Whose frequency of oscillation is twice the signal frequency.

2 cos(2win)

z(n) # 0, |n| < L, and zero otherwise. From the discrete samples of Rips(n, k) = 4 cos(wik)(1 + cos(2win)). (19)
IPS(n,w;), —L < n < L, we can obtain the inverse discrete Fourier )
transform for each slice of using aN-point DFT. Thus It may be noted that the frequency doubling does not cause any
aliasing along the frequency dimension of the TF plane. However,
Rips(n, k) = [e(n)a” (n — k) + 2" (n)a(n + k)]p(k) there will be aliasing due to this frequency doubling in both the
= IDFT[IPS(n, wi)] (13) ambiguity domain and spectral domain along doppler and frequency

] directions, respectively (i.e., if the signal frequencyjis< wi < ).
where—L <n < L, =L < k < L. Letz(—L) be the first nonzero Therefore, an analytic signal or signal sampled at twice the Nyquist
sample. Consideringirs(—L. 1), we can rearrange to get rate(F, = 4F..) is necessary to avoid aliasing in all the transform

RIPSEI_)LJ) —2* (=L - 1)a(=1L) Rips(—L,1) d_omains of _b_oth_ CKR and IPS. Fo_r s?gnals in_no_ise at low SNR,
x(—L+1)= £ (L = 15'”* /L) signal classification based on ambiguity domain is reported to be
e (=L) p(L)ar (=L robust [6]. In such cases, aliasing could introduce errors and affect
(14) the performance. O

because:(—L — 1) = 0. Continuing this in a sequential manner

Rips(=L+1,1) % ¢_ 7Y.(_
a(-L+2)= p(1) e(-Da(-L+1) (15) Proposition: For a signal in additive white noise, the CKR esti-

z*(=L+1) mate tends to be unbiased for large cone lengths [4], whereas the

in which all the previous samples are known. However, the algorithtRS is a biased estimator. For sinusoids in circularly complex white

began only with a nonzero value of(—L). Thus, for a general Gaussian noise, CKR provides a better SNR than IPS.

complex signal, the reconstruction from IPS is accurate to within Proof: Consider a signak(n) = s(n) + on(n), wheren(t)

a constant factor and a fixed phase delay. The above sequerigigtationary, zero mean unit variance and circularly complex white

procedure assumes thatn) # 0. However, if for anyn x(n) is noise! In addition, lets(n) = Aexp(—jwon); hence

zero, thenz(n + 1) can be obtained fronRips(n — 1, 2) instead of E[IPS,(n, )] = IPS..(n,w) + 02 = A% + o2, (20)

Rips(n,1). This can be shown as

C. Noise Robustness

Thus, IPS is a biased estimate, whereas CKR is an asymptotically
(16) unbiased estimator as shown in [4]. Let us define the SNR as the
x*(n—1) ratio of sinusoid variance to that of other components. The second
Ergpment of IPS is obtained as

W —2"(n=3)x(n—1)

z(n+1)=

where all the right-hand side terms are known. Extending this id
if there arem consecutive zeros in the signal, i.e(») is computed E[IPSZ(n, w)]
to be zero form, < n < n; +m andm < L — 1; then,z(n, + m) a

L L
can be computed using(n: — 1,m + 1) instead of using previous  _ Z Z Ele(n)a(n — k1) (n)a(n — k»)]‘
equation. This is given by ke L ko L )
Lapg(ni—Llmtl) 2" (n1 —m —2)x(ng — 1) b
e(ni +m) = —LFD . (17) .
x*(ng — 1)

+ E[z"(n)x(n — kl)L* (n)z(n + k2)]

Once a nonzero value is computed, the sequential inversion can .

continue using (14). Note that the above expression is valid up to  + E[z"(n)x(n + ki)a" (n)x(n — k2)]

m = L — 2, i.e., L —1 consecutive zeros in the signal because d

Rips(n, k) is defined only within the range df:|, |k| < L. + Bl (n)a(n + ky)a" (n)a(n + kz)]‘ exp(—jw(kr — k2)).
For very long signals, IPS is computed by consecutive windowing '

of the signal. In such a case, there should be overlap between windows

such that there is at least one nonzero sample in the region of overlap. (21)
The above sequential algorithm can be then applied by knowing thgt ys use the following new symbols; = s(n), s» = s(n — k1),
amount of overlap between adjacent windows. O 55 = s(n), sa = s(n— ky) andny = 5(n), nz = n(n — ki),
ng = n(n), na = n(n — k). Thus
B. Aliasing L .
Proposition: For real signals sampled at Nyquist réte cross- a= Z Z E[(s1 + n1)(s3 + n3)(s5 + n3)(s4 + n4)]

terms can cause aliasing in the transform domains of TFR if the ke=—L k1=—L

bandwidth of the signal is greater thgn. The aliasing is due to the x exp(—jw(ki — k2)) (22)

cross-terms localized at the auto-terms in the TF domain. (It may be, may be noted that we take the approach given in [7] in assuming a

noted that there is no aliasing along the frequency axis in the Ebmplex white Gaussian noise to simplify the expressions for the variance of
domain.) noise terms.
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which can be further simplified as TABLE |

MEAN AND VARIANCE OF IF ESTIMATE OF A SINUSOID AT

* K 14 .
51528152 = A" exp(jwi (k1 — kz2)) FREQUENCY 900 Hz BASED ON PeAks IN CKR AND IPS DomAINS

s1s5E[nina] = A%0? exp(—jwik)6(k2) PS CKR
* * 2 2 SNR | mean var mean I var
s1s5E[ntng = A20%86(ky — k
o i i] L, (kr = ka) 5 | 1211.0 | 819.97 | 903.51 | 96.89
sysaE[niny] = A%0” exp(—jwi (k1 — k2)) (23) 0| 1060.4 | 605.76 | 900.51 [ 53.55
Koo ¥ g2 2 o L NS( T 5 989.1 | 464.75 | 899.43 | 48.15
sisaBlrns] = Ao exp(—jwrks)d (k) 950.6 | 353.92 | 899.67 | 29
E[nini]1E[nind = 0" 6(ky — ko) 15 | 925.6 | 248.61 | 899.9 | 24.67
* * 4 \ 20 923.5 | 238.23 | 900.27 | 21.68
E[ninz]Elnini] = 07 8(k1)6(kz). 25 | 922.6 | 232.48 | 900.12 | 19.21
Substituting these into (22) and simplifying, we get 30 | 9234 | 237.59 | 900.11 | 17.8
ElIPS (n,w)] = A"+ 2L + ) A%c> + o' (2L +2).  (24)
TABLE 1
Thus, CoMPARISON OF THEPROPERTIES OF THECKR AND THE IPS
A4 T S T
SNRps = A - (25) Properties | IPS [ CKR
(L+2)A%c2+04(L+1) 1. Tnvertibility Invertible even if Only if the signal
_— . . . some signal terms is non-zero at all
Similarly, the CKR variance is given by are zero instants of Lime
E[CKR2 (n,w)] 2. Aliasing in transform | There is aliasing Same as in
2

domains for signals if signal frequency the IPS
L ndtk1 ntkg i

L - K A
- . " sampled at Nyquist rate | exceeds £
= Z Z Z Z (5152 354 F 51 S2E[n3nd] 3. Localization of Localized on Localized on

ki=—L ko=—L mi=n mz=n

cross-terms auto-terms auto-terms
+ 51 .S';E['n;?lq] + 8584E[7ll 71;] + S§S4E[nl n;] 4. Noise Robustness SNR is significantly Depends on the
* * * * less than that of CKR. | cone-length. For
+ Elnins]Elngna] + Elnins] Elngnal) Biased estimator. large cone-length
x exp(—jwi (k1 — k2)). (26) high SNR.
) ) . - ) Unbiased estimator.
The arguments in the above summation can be simplified by direG Resolution Better Half that of 1PS

substitution fors and n

* ok 14 - ..

:‘1323{%64 AQ e:p(ﬂwl‘(kl k2)) at each instant of time.) The spectral discretization leads to an error
s1syEngna] = A%0 " exp(—jwiki)o(ka) of ~1 Hz. We can see that, as expected, CKR has no bias upto 0
s185 E[nynag] = A?o? exp(—jwi(mi + k1)) dB SNR, whereas IPS has a large bias, which increases with the
amount of noise. In addition to the bias, we can also compute the
variance of the frequency estimation error (different from the variance

X 6(my — mo + k1 — k2) of the noise terms derived earlier), as indicative of the effect of noise
sisaE[nini] = A%0% exp(jur (m1 — k1 /2)) (27) terms on the signal component. From Table II, it can be seen that
CKR provides an order of magnitude smaller variance than IPS, as
expected. In addition, the variance diverges at about 10 dB lower for
X (5(1’)71 —mo + k1 — l.g) CKR than IPS.

s3s4 E[nins] = A%q? exp(—jwik2)6(k1)

E[nin3)E[nsn}] = o 6(ki)6(k2) _ _

. . . We have explored the relation between two unique TFR'’s (the
Elnins|E[ngna] = 076(m1 —ma + ki — k2). CKR and the IPS) whose cross-terms are localized in the region of
Substituting these terms in (26) and simplifying, we get the varian@éto-terms. Interestingly, they both have similarities in the structure
and SNR as of the kernel. The CKR kernel has the number of terms depend on
ol o A*(L? +30+2) the cone-length, whereas the IPS has a fixed number of two terms

Varckp = — + A%0?,  SNRokr = ———5——— (28) corresponding to the extreme terms of CKR. An inversion algorithm

4 14%0c% +o is developed for the IPS, thus making both the transforms invertible.
We can see that the CKR has a significant SNR advantage over ffiehe presence of noise, the CKR is an unbiased estimator unlike
IPS even at minimum cone length &f = 2. the IPS and has a large advantage in terms of SNR in the transform

Simulation: To verify the noise robustness property of CKR an@lomain. However, the frequency resolution of CKR is half that of
IPS discussed above, a simulation experiment is conducted usingPg. For real signals, the oscillating component along the auto-terms

stationary signal in stationary noise situation. The CKR cone widlif both CKR and IPS has twice the signal frequency, which can cause
is chosen as 128 and IPS window width also as 128. A sinusoid glfasing in the ambiguity domain.

frequencyw; = 900 Hz, F; = 8 KHz is chosen for simulations. The

signal is zero padded, and a DFT of ordér= 8192 is computed. REFERENCES

The maximum value of spectrum at= 800 is obtained for both

CKR and IPS. The associated frequency is used as the estimate [&F L. Atlas, P. J. Loughlin, and J. W. Pitton, "New nonstationary techniques
instantaneous frequency. This is repeated over ten different noise 20;9%?%?'253_(1335'0'” of speech transients,Pioc. IEEE ICASSP
realizations. The mean and variance of the estimate is shown 9] M. J. Levin, “Instantaneous spectra and ambiguity functiofEEE

Table I. (The mean and variance are computed by finding the peaks Trans. Inform. Theoryvol. IT-10, Jan. 1964.

X exp(jwa(ma + k2))

X exp(—jwi(maz — k2/2))

IV. SUMMARY
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separates into two distinct components: the Wigner auto-components
of the atoms (the “quasilinear” part of the representation) and the
Wigner cross-components of the atoms (the bilinear part of the
representation). By limiting the number of cross-components entering

Hybrid Linear/Bilinear Time-Scale Analysis into the sum, such aross-term deleted Wigner distributiocan
_ ) . _ _ locally control the degree of nonlinearity of the time—frequency
Martin Pasquier, Paulo Goalwes, and Richard Baraniuk representation and, furthermore, tune it for maximum concentration

with minimum cross components.
i i . This time—frequency decomposition performs very well, but it is
Abstract—We introduce a new method for the time-scale analysis matched onl toqsi na?/s ossespsin acgnstant band\)/lvidth structure. In
of nonstationary signals. Our work leverages the success of the y 9 P 9 i L s
“time—frequency distribution series/cross-term deleted representations” this correspondence, we extend the concept of hybrid linear/bilinear
into the time-scale domain to match wideband signals that are better analysis to the time-scale plane. Our approach is based on the
modeled in terms of time shifts and scale changes than in terms of |inear wavelet transform and the bilinear Bertrand distribution. In the

time and frequency shifts. Using a wavelet decomposition and the . P .
Bertrand timg-scalg distribution gwe locally balancg linearity and process of our development, we gain new insights into the procedure

bilinearity in order to provide good resolution while suppressing Of Qian et al In Section I, we briefly review their approach to

troublesome interference components. The theory of frames provides quasilinearizing the Wigner distribution. In Section Ill, we transpose

a unifying perspective for cross-term deleted representations in the problem of hybrid linear/bilinear analysis to time-scale and

general. propose a frame-based solution. After discussing an implementation
of this new method in Section IV, we close with conclusions in

I. INTRODUCTION Section V.
By displaying the time-varying frequency content of a non-

stationary signal in terms of time and frequency variables, joint Il. HYBRID TIME-FREQUENCY ANALYSIS

time—frequency and time-scale representations can reveal subtla hybrid linear/bilinear system for time—frequency analysis con-

features that remain hidden from other methods of analysis. Each tpgts of three components:

of represenFatlon matches_a dlﬁergnt class of signals. Tlme—frequencx) a bilinear time-frequency mapping:

representations are covariant to time and frequency shifts and matca) a discrete linear signal decomposition based on time-frequency

signals with constant-bandwidth structure, such as narrowband radar concentrated “atoms™

signals [1]. Time-scale representations are covariant to time shifts3) a rule for determining which cross-components to include in
and scale changes and match signals with proportional-bandwidth the overall signal representation

structure, such as wideband sonar and acoustic signals [2], [3] Mﬁﬂy[4] and [5], Qianet al. utilize the bilinear Wigner distribution, a

different representations exist, both linear and nonlinear. . . . .

; . . - inear Gabor transform with a Gaussian window, and a Manhattan
Linear representations, such as the short-time Fourier and GaQor .

. - . IStance criterion.

time—frequency representations and the wavelet time-scale repre-

sentation, offer the benefit of simple interpretation at the expense o

of poor resolution. Bilinear representations such as the Wign@r Wigner Distribution

time—frequency distribution [1] and the Bertrand time-scale distri- The Wigner distribution is, in many senses, the central bilinear
time—frequency distribution [1]. The cross-Wigner distribution of two
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