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Abstract

Wepresentanddiscussoptimummultivariabledecisionfeedbackequalizers(DFE:s).The
equalizersarederivedundertheconstraintof realizability, requiringcausalandstablefil-
ters and finite smoothinglag. The designis basedon a discrete-timechannelmodel,
wherea digital signalpassesthrougha dispersivemultivariablechannelwith infinite im-
pulseresponse.The additive noiseis describedby a multivariateARMA model. Both
minimum meansquareerror (MMSE) andzero-forcing(ZF) DFE:sarederived, under
theassumptionof correctpastdecisions.

For theMMSE DFE,theoptimalstructureis obtained,andit is notedthattheconven-
tionalstructure,with FIR filters in boththefeedforwardandthefeedbacklinks is optimal
only underratherrestrictiveconditions.Simpledesignequationsonclosedform arealso
presented.

Conditionsfor theexistenceof aZF DFEarepresented,andwesuggestthattheexis-
tenceof aZF DFEguaranteesnear-far resistanceof thecorrespondingMMSE DFE.

Simulationsindicatethatit maybeadvantageousto useaDFEwith optimalstructure
asopposedto theconventionalstructure.However, in somecases,theconventionalstruc-
ture is closeto optimal,andin thesecases,theperformancedegradationis small for the
conventionalDFE. Also, theperformanceimprovementof theoptimumDFE is reduced
whenerrorpropagationis takeninto account.
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Chapter 1

Intr oduction

During the last threedecades,decisionfeedback equalizers (DFE:s) have beenusedin
digital communicationto suppressintersymbolinterference(ISI), i.e. to remove the ef-
fectsof a frequency selectivecommunicationchannel.TheDFE constitutesa goodcom-
promisebetweenperformanceandcomplexity: It providesmuchbetterperformancethan
a linear equalizer, and it hasa muchlower complexity than the optimumdetector, the
maximumlikelihoodsequenceestimator(MLSE).

A DFE consistsof two filters anda decisionsnon-linearity. The ISI corruptedmea-
surementsareinput to the feedforward filter. Fromthe outputof the feedforward filter,
theoutputof thefeedbackfilter is subtractedto remove theeffect of residualISI caused
by the alreadydetectedsymbols. A harddecisionis thenmadeto decidewhat symbol
wastransmitted.Thisdecisionis fed into thefeedbackfilter to removeits effectonfuture
symbolestimates.Thecoefficientsof the feedforward andfeedbackfilters areadjusted
accordingto a criterion,thetwo mostcommonbeingthezero-forcing(ZF) criterionand
the minimum meansquareerror (MMSE) criterion. With a zero-forcingequalizer, all
intersymbolinterferenceis removed,whereaswith anMMSE equalizer, themeansquare
differencebetweenthetransmittedsignalanda soft signalestimateis minimized.

In theliterature[1], two typesof MMSE DFEdesignshavebeenproposed:

1. Optimalmodelbaseddesign,which resultsin a continuous-timenon-causalfeed-
forwardfilter. Thestructureis optimizedbasedonthetransferfunctionof thecom-
municationchannel.

2. Fixedstructuredesign,wherethestructureof theDFE is fixedprior to thedesign.
TheresultingDFE oftenhasFIR filters of predetermineddegreesbothin thefeed-
forwardandfeedbackpaths.Thecoefficientsof thesefiltersarethendeterminedby
solvingtheWiener-Hopf equations.

Theperformanceof thenon-causalDFEis alwaysbetterthanthatof arealizableDFE.
ThefixedstructureDFE on theotherhandmayhave a suboptimalstructure,resultingin
suboptimumperformance.Theoptimumperformanceof a realizableDFE canthusonly
beboundedusingtheseresults.

This dilemmawasresolved in [2], wherean optimumrealizableDFE wasderived.
Thederivationwasbasedon discretetime IIR modelsof thechannelandthenoise,and
theresultingDFE hadoptimalstructurewith optimalfilter degrees.Designequationson
closedform werealsopresented.

During the last few years,channelswith several inputsand/oroutputshave gained
increasedinterest. Suchchannelsoccur in many areas,e.g. in cellular communication

1



systemswhereantennaarraysareusedto improve the detection.Oversampledchannel
modelscanalsobeformulatedasachannelwith severaloutputs.With adetectorbasedon
amodelwith multipleinputsand/oroutputs,it ispossibletosuppressnotonly intersymbol
interference,but alsoco-channelinterference,i.e. interferencefrom othersignals.

A multipleinput-multipleoutput(MIMO) DFE is a DFE whereboththefeedforward
andthefeedbackfilter havemultipleinputsandmultipleoutputs.TheDFEis anattractive
compromisebetweencomplexity and performancealso in the MIMO case. As in the
scalarcase,studiesof MIMO DFE:sarebasedon oneof two principles: eithera DFE
with a non-causalfeedforward filter [3] or a DFE whosestructureis fixed prior to the
design[4, 5, 6].

In this paper, we presenta generalizedDFE with several inputsandoutputs,which
minimizesthemeansquareerrorundertheconstraintof realizability. TheresultingDFE
utilizes multivariableIIR filters with optimal filter degrees,and its parameterscan be
obtainedfrom closedform designequations.In the limit, whenthesmoothinglag tends
to infinity, we also obtain the non-realizableMMSE DFE. Furthermore,we introduce
the existenceof a zeroforcing MIMO DFE asa criterion for near-far resistanceof the
correspondingMMSE DFE. Our derivationsarebasedon a discretetime systemmodel,
wherethe multivariablechannelmay have an infinite impulseresponse,andwherethe
noiseis describedby amultivariateARMA model.

Thepaperis organizedasfollows: In Chapter2, we presentscenarioswhich leadto
multivariablechannelmodels.A concisedescriptionof theequalizationproblemandthe
parameterizationof thechannelandnoisemodelsis thengivenin Chapter3. In Chapter4,
thestructureandthedesignequationsfor theoptimumrealizableminimummeansquare
errorDFEarepresented.Wealsodiscusstheconditionsfor theexistenceof azero-forcing
MIMO DFE and its implicationson the designof MMSE DFE:s. Finally, we useour
framework to derivetheoptimumnon-realizableDFE.In Chapter5, anumericalexample
illustratesadvantagesanddrawbacksof usinga DFE with optimal structureasopposed
to a conventionalDFE with FIR filters in both the feedforward and the feedbacklink.
Finally, in Chapter6, conclusionsaredrawn andtopicsfor futurestudiesareindicated.
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Chapter 2

Multi variable channelmodels

2.1 Receiver fr ontend

Thefront-endof a receiver in theconsideredradiocommunicationsystemis depictedin
Figure2.1.

�� �	�
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������������ ��������� � �"!$#&% �' (

+ �� �$�*)���� �	�
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, !.-0/1#2% �' (
Figure2.1: Thefront-endof a receiver in theconsideredcommunicationsystem.

The in-phaseand quadraturecomponentsof the received passbandsignal ������� are
down-convertedto the baseband.The basebandsignal is passedthrougha fixed anti-
aliasingfilter andsampled.Dependingontheapplication,thesamplingrateeitherequals,
or isamultipleof, thesymbolrate.Whendesigningthedetectors,thetransmitterfilter, the
multipathchannelandthereceiver filter arelumpedtogether, andtheresultingdiscrete-
time channelfrom the transmittedsymbolsto the received sampledsignal is usedasa
basisfor detectordesign.

Note that all signalsarerepresentedby their complex envelopesandthat all coeffi-
cientsin the discrete-timechannelmodelsin generalwill be complex-valued. This is
dueto the fact that we areconsideringa communicationsystemusingradio frequency
carriers.

Remark 1. As is apparentfrom Figure2.1, the receiver front-endincorporatesno fil-
ter matchedto the received signal,asis commonin optimal, model-baseddetectorde-
sign [7]. This meansthat there is no guaranteethat the sampledsignal constitutesa
sufficientstatisticof theoriginalcontinuous-timesignal �$�3��� . Also, thenoisesuppression
of the anti-aliasingfilter is worsethanthat of an ideal matchedfilter. Still, we will not
usea matchedfilter asana priori componentin our detectordesign.Thereasonfor this
is threefold:

1. As explainedin Section4.4,matchedfilteringmaynotbeoptimalfor adetectorwith
finite smoothinglag.
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2. For channelshaving infinite impulseresponses(IIR channels),the matchedfilter
wouldnotberealizable.

3. In apracticalcommunicationsystem,afixedanalogfilter mustbeused.

2.2 Notations

Throughoutthepaper, channelsandfiltersareassumedto belinearandtime-invariant.A
scalardiscrete-timechannelor filter will berepresentedasa rationalfunctionin theunit
delayoperator46587 , i.e. asa ratioof polynomialsin 46587 asexemplifiedbelow:9;:*<�=	>@?A: 4 587 =CB&:*<$=D>FE : 46587 =G : 4 587 = B2:H<�=>JI G 7 9K:H<LI@MN=2IPOQOQO"I GSRUT 9;:*<LIWV�XY=Z E\[ B&:*<�= Z E 7 B&:*<]I@MQ= Z OQOQO Z E RU^ B&:H<]I_V�`a=cb
Whenappropriate,thecomplex variabled will besubstitutedfor theforwardshiftoperator4 . For convenience,polynomialargumentswill oftenbeomittedwhenthereis no risk of
misunderstanding.

A channelhaving multiple inputsandmultiple outputswill becalleda multivariable
channelor amultipleinput-multipleoutput(MIMO) channel.Multivariablechannelswill
bedescribedby matrices,whoseelementsarerationalfunctions.Suchmatricesarecalled
rational matrices. We canexpandany stableandcausalrationalmatrix e : 46587 = in the
series

e : 4 587 =D> fg RQh [ i R 4 5 R b (2.1a)

where
i R

aretheMarkov parametersof e : 46587 = . For any suchrationalmatrix,wedefine

ekj : 4 =ml> fg RUh [ ionR 4 R (2.1b)

where :pOq= n denotescomplex conjugatetranspose.Wewill alsoconsiderrationalmatrices
whicharenon-causal.Suchamatrixcanbeexpandedin theseries

e : 4srt4 587 =	> fgRUh 5 f
i R 4 5 R b (2.2a)

In thiscase,thedefinition(2.1b)canbegeneralizedto

ekj : 4Yrt4 587 =ul> fgRQh 5 f
i]nR 4 R b (2.2b)

In somecases,the denominatorsof all the matrix elementswill beconstants,rather
thanpolynomials.In thesecases,themultivariablechannelcanbedescribedby apolyno-
mial matrix: v : 4 587 =ul>kw [ Z w 7 4 587 Z OQOQO Z wyx*z 4 5 xHz b (2.3a)
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The degreeof a polynomialmatrix {}|3~��8��� equalsthe highestdegreeof any of its ele-
ments,andis denoted��� . For any polynomialmatrix (2.3a),wealsodefine

{��N|3~$�u����o��k� �o�� ~ ���Q�Q�U� �o��*� ~ �*� (2.3b)�{}|3~ �8� � �� ~ � �*� {��Q|�~�� ���o��*� � �o��*� �8� ~ �8� ���Q�Q�Q� �]�� ~ � �*���
(2.3c)

2.3 Examplesof multi variable channelmodels

With the receiver front-enddepictedin Figure2.1, the resultingchannelis scalar, base-
bandanddiscrete-time.We will now describescenarioswhereseveralsuchchannelsare
combinedto form amultivariablechannel.

2.3.1 Detectionusingantennaarrays

In cellular communicationsystems,multi-elementantennas,alsoknown asantennaar-
rays, are frequentlyusedto reject interferenceand to reducethe effect of fading and
noise[8, 9].

Theintroductionof antennaswith severalelementsat thereceiverresultsin achannel
with multiple outputs. Assumethat the received signal is sampledat the symbol rate.
Thesignalreceivedat antenna� is denoted����|*�$� , andthe additive noisereceivedat the
sameantennais denoted�N�p|*�$� . Furthermore,assumethat the scalarchannelfrom the
transmitterto receiver antenna� is describedby thetransferoperator ¡�¢|�~ �8� � . To obtain
acollectiverepresentationof theantennasignals,we form thefollowing vectors:

��|H��� ��¤£ � � |*�$�¥��¦N|*�$� �§�U� ��¨§©�|*���CªU« (2.4a)¬ |�~ �8� � �� £   � |�~6�8���¤ ¦N|�~6�8��� �U�U�  ®¨U©�|�~6�8��� ª « (2.4b)�;|*��� ��¤£ � � |*�$�¥��¦N|H��� �U�U� �N¨ © |*���Cª «°¯ (2.4c)

where±;² is thenumberof antennaelementsin thearray. Thevectorof receivedsamples
canthenbeexpressedas

�K|*��� � ¬ |�~ �8� �C³;|H��� � �K|H��� (2.5)

where ³�|*�$� is the transmittedsignal. The model(2.5) is a singleinput-multipleoutput
(SIMO)model,andis depictedin Figure2.2.

As is apparentfrom (2.4b),a SIMO filter is describedby a columnvectorwith ra-
tional elements.For the antennaarrayapplicationconsideredhere,the scalarchannels ¡�p|3~��8��� arein factaccuratelydescribedby polynomials,andtheSIMO channelcanthus
bemodeledby apolynomialcolumnvector.

Themodel(2.5)canbeusedasabasisfor designof adetectorperforminginterference
rejection. This approachhasbeenthoroughlyinvestigated,in e.g.[8], [10] and[11]. In
all theseinvestigations,interferencerejectionimprovestheperformancesignificantly.

In a scenariowhereseveral userstransmitsimultaneously, we can modify (2.5) to
explicitly incorporatemultipleusers.For thispurpose,weassumethatthesignal ³�´�|H��� is
transmittedfrom userµ , anddefine

³�|*�$� �� £ ³ � |*���¥³6¦N|H��� �U�U� ³"¨§¶�|H��� ª « �
(2.6a)
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Figure2.2: The presenceof an antennaarrayat the receiver resultsin a single input-
multipleoutput(SIMO) model.

Wealsodenotethescalarchannelfrom transmitterÒ to receiverantennaÓ as Ô®Õ×Ö ¹�Ø6Ù ¸ » and
definetherationalmatrix

Ú ¹�Ø Ù ¸ »uÛÜ
ÝÞÞÞ
ß
Ô ¸¢¸§¹�Ø6Ù ¸ » Ô ¸�È�¹�Ø6Ù ¸ » à§àUà Ô ¸3Î§á�¹�Ø6Ù ¸ »Ô È.¸§¹�Ø Ù ¸ » Ô È¢È�¹�Ø Ù ¸ » Ô È�Î á ¹�Ø Ù ¸ »

...
...

...Ô Î§Ïâ¸§¹3Ø Ù ¸ » Ô Î§Ï�ÈQ¹�Ø Ù ¸ »ãà§àUà Ô Î§ÏCÎ á"¹3Ø Ù ¸ »
ä§ååå
æ à (2.6b)

Using (2.4a),(2.4c), (2.6a)and (2.6b), we can now expressthe signal received at the
antennaarrayby themultiple input-multipleoutputmodelÇ ¹*º$» Ü Ú ¹3Ø Ù ¸ » Ê ¹*º�»�çè·;¹*º�»	à (2.7)

Of course,themodel(2.5) is a specialcase( é;ê Üìë ) of (2.7).
The channelmodel (2.7) canbe usedasa basisfor designof a multiuserdetector,

which simultaneouslydetectsthesymbolstransmittedfrom all users.This approachwas
first studiedby Winters in [12] and more recentlyby Tidestav et al. in [6], wherein
addition,multiuserdetectionandinterferencerejectionwerecompared.

2.3.2 Multiuser detectionin DS-CDMA

In direct sequencecodedivision multiple access(DS-CDMA) systems,the transmitted
symbolsarespreadbeforetransmission.Spreadingimplies that thesignalis multiplied
by a user-specificspreadingsequence, a signalhaving (much)largerbandwidththanthe
information-bearingsignal. At the receiver, the signalsfrom the differentusersarede-
spreadby meansof cross-correlationwith thecorrespondingspreadingsequence.If the
spreadingsequencesarechosenalmostorthogonal,the signalsfrom differentuserswill
only interferemildly with oneanother.

However, sincethespreadingsequencescannotbechosencompletelyorthogonal1, the
despreadsignalwill containcontributionsfrom all signals.Themagnitudeof thismultiple
accessinterference(MAI) is determinedby the cross-correlationbetweenthe spreading
sequencesof the differentusers.Thepresenceof MAI implies thatwe canformulatea

1In fact,thismaynotevenbedesirablein a realsystem.
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multivariablemodelto describethis scenario.This modelwill have thesymbolsfrom all
the usersas input andthe outputsof the cross-correlators,sampledat the symbol rate,
asoutput. For this purpose,we collect thesampledoutputsof thecross-correlatorsin a
vector: íYî�ï*ð�ñuòóõô íYö ïHð�ñõí�÷NïHð�ñùøUøUøúí�ûUü�ï*ð�ñCý§þ ø

(2.8)

For a channelwithout delay spread,this vector is relatedto the vectorof transmitted
symbolsÿ

ï*ð$ñ
andavectorof noisesamples� î ïHð�ñ through[13]í î ïHð�ñ ó�� ï � ñ � ÿ

ïHð � � ñ � � ï � ñ � ÿ
ïHð�ñ � � ï � � ñ � ÿ

ï*ð � � ñ � � î ï*ð$ñcø
(2.9)

In (2.9), thematrices� ï � ñ
containpartialcross-correlationsbetweenthespreadingse-

quences	�
 ï � ñ : ï � ï � ñ�ñ

� �

òó � þ����������� 	�
 ï � ��� 
 ñ 	��� ï � � ��� � �!� � ñ ÿ �#"
where �$� is the symbolperiod, � 
&%(' � " � � ' is the propagationdelayof user ) and

ï+*qñ �
denotescomplex conjugate.It is hereassumedthat 	�
 ï � ñ ó �

outside
� %,' � " �$� ' . The

elementsin the diagonalmatrix
�

representthe amplitudesandphaseshiftsof the re-
spectivesignals.

Themodel(2.9) is non-causal.To obtaina causalmodel,we define

í�ïHð�ñmòó í î ï*ð � � ñ
and � ï*ð�ñmòó � î ïHð � � ñ

, whichcanbeinsertedinto (2.9) to yield:íKï*ð�ñ ó.- ï�/10 ö ñ
ÿ
ïHð�ñ � � ïHð�ñ "

with aMIMO FIR channelof secondorder:- ï2/30 ö ñ ó.� ï � ñ � � � ï � ñ � /10 ö � � ï � � ñ � /10 ÷ ø
2.3.3 Fractionally spacedsampling.

We shall now turn our attentionto fractionally spacedsampling. Fractionallyspaced
samplingimpliesthatthereceivedsignalis sampledseveral,say4 , timesduringasymbol
period � � , asdepictedin Fig. 2.3.

5 LP 5 576í;ï � ñ�$�98 4:: ;
Figure2.3: Fractionallyspacedsampling

Thesamplingrateof thediscrete-timesignal 6í;ï+* ñ equals4 8<�$� . Due to theoversam-
pling, 6í;ï=*qñ is not stationary, but cyclo-stationary:its momentsvary periodicallywith a
periodequalto 4 . Sincea new symbolis transmittedonly onceevery 4 samples,we can
expressthereceivedsignal 6íKï=*qñ as6í;ïHð 4 �?> ñ ó 6@ ï�/10 ö ñ 6ÿ ïHð 4 �A> ñ � 6� ïHð 4 �A> ñ "

(2.10)
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for BDCFE�GIHJG�KIKIK
L CFE�GIHJG�KIKIKMG�NPOQH7K

In (2.10),wehaveintroducedascalarsample-spaced,discrete-timeinput RSUT+VXW , definedby

RSYT
B<N[Z L W C]\ S^T B W L C�EE

otherwise

andascalar, sample-spacedchannelR_ T�`1acbdW C R_fe
Z

R_ b `1acb
Z

R_fg `3a g
Z.KIKIKhK

To transform Ri T
B<N[Z L W to astationarysignal,wecollect

N
consecutivesamplesof Ri T=VjW in

thevector i T B WlkCnm
Ri T
B�N W Ri T

B<N[ZFH W KIK�K
Ri T
B<N[ZoNPOpH W+q�r K

(2.11)

The vector-valuedstochasticprocessi T
B W

is stationaryandhassamplingrateequalto
thesymbolrate

H�s<t$u
. To obtainthedesiredmultivariablemodel,we introducethesingle

input-multipleoutput(SIMO) transferoperatorv T�` acb WlkCxw e ZAw
b ` acb

Z?w g ` a g Z.KIKIK
(2.12)

where wzy kC m
R_
y${

R_
yY{M|

b
K�KIK

R_
y${M|J{

acb q r
K

Analogousto (2.11),westackthenoisesamplesR} T
B<N[Z L W to form thevector } T

B W
:} T B WlkC m

R} T
B�N W R} T

B<N[ZFH W KIK�K
R} T
B<N[ZoNPOQH W q r K

(2.13)

Using(2.12)and(2.13),wecanexpressi T
B W

asi T B W C v T�`1acbdW+SYT B W Z } T B W G (2.14)

which is aSIMO modelwith symbol-spacedandstationaryinputsandoutputs.
Oversamplingcanbeusedto reducethesensitivity of thereceiver to synchronization

errors,or simply to improvedetectorperformance.
Whenseveralsignalsaretransmittedoveracommonchannel,anoversampledversion

of the received signal canbe usedto detectall of them. This canbe implementedin
CDMA systems,asdescribedin [14, 15], andin xDSL systems,asdescribedin [16]. The
resultingmodelwill havemultiple inputs,aswell asmultipleoutputs.Thegeneralization
of (2.14)to sucha MIMO modelis analogousto thegeneralizationof (2.5) to (2.7) and
will notbedescribedany further.
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2.4 Acquiring MIMO models

Channelmodelsareseldomknown a priori . Instead,they have to be estimated.How-
ever, sincemultivariablemodelscanbe parametrizedin many differentways,ordinary
predictionerror methods[17] may be inappropriate,dueto the large numberof design
variablesinvolved. In this respect,subspaceidentification[18] offers a solution. With
subspaceidentification,only onedesignvariableis used:theorderof therealization.The
estimatedmodel is a minimal statespacerealization,which canthenbe convertedinto
any suitableform [19].

Fortunately, multivariateFIR modelsarestill relatively easyto estimate,usingleast-
squaresmethods.Oneremainingproblemis that the numberof parametersto estimate
may be unnecessarilylarge. In particular, this is the casefor the multivariablechannel
modelsdescribedin section2.3.1. Thesechannelscan in fact often be describedby a
reducedrank model [20]. This low-rank propertycanbe taken into accountwhenthe
channelis estimated[21], leadingto moreaccuratemodels.

In the following, we will assumethat all modelsareknown without error. In prac-
tice,modelsareof courseuncertainandbetterperformancemaybeobtainedwith robust
methods.With suchmethods,detectorswhich explicitly take themodeluncertaintyinto
accountcanbedesigned.See[22] and[23] for examplesof suchdesigns.
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Chapter 3

Problemstatement

Considerthe receivedsequenceof measurementvectors~$����� . Assumethateachvector
canbe describedasa sumof the outputfrom a dispersive, multivariablechannelanda
multivariatenoisetermasdepictedin Fig. 3.1. Both thechannelandthenoisemodelare� �������� �������� �������� � ����� �� + �� ~$�����
Figure3.1: Themultivariablesystemmodel.Both theIIR channelandtheARMA noise
modelareparametrizedasleft matrix fractiondescriptions(MFD:s).

parameterizedby left matrix fractiondescriptions(MFD:s) [19]:~$�����������c����� �c� �d�A�2� �c� � � �������?���c�M��� �c� �9� �2� �c� � � ������  (3.1)

Thepolynomialmatrix �?��� �c� � has ¡^¢ rows and ¡$£ columns,whereas�x��� �c� � , � �2� �c� �
and �,��� �c� � aresquarepolynomialmatricesof dimension¡Y¢ . Thesethreematricesare
assumedto bestablyinvertible, i.e. therootsof¤�¥�¦ �x��§ �c� �#�F¨¤�¥�¦ � ��§ �c� �©��¨¤�¥�¦ �,��§ �c� ����¨ (3.2)

all lie insidetheunit circle ª«§Yª¬�® .
Weassumethattheleadingmatrixcoefficientin � �2� �c� � is non-singular, i.e.

¤�¥M¦U¯±°±²�¨ in (2.3a).Thedenominatormatrices�o�2� �c� � and �,��� �c� � areassumedto bemonic(the
leadingmatrix coefficient is equalto the identity matrix). To simplify the presentation,�x�2� �c� � and �,��� �c� � arealsoassumedto be diagonal. This will result in lesscomplex
designequations,but might leadto unnecessarilyhigh polynomialdegreesin thematrix
elements.1 Thepolynomialelementsin thematricesmayhave complex coefficients,and
areassumedto becorrectlyestimated.

1Hence,neither³µ´1¶=· nor ¸o´1¶+¹ constituteirreducibleMFD:s.
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Eachelementin the vector º^»�¼�½ is taken from a finite set of values,the so-called
alphabet, i.e. ºJ¾¿»�¼�½ÁÀÃÂÄ¾YÅ
For instance,whenbinaryphaseshift keying (BPSK)is employed, ÂÄ¾�ÆÈÇÊÉfË¬ÌIÍ±ËÊÎ . We
will assumethateachºJ¾¿»�¼�½ is astochasticvariablewith zeromean,which is uncorrelated
with thedisturbancevector ÏY»�¼�½ . Finally, we assumethat ºJ¾¿»�¼�½ is white with covariance
matrix Ð ºY»�¼�½dº3ÑÒ»�¼�½�ÆÔÓUÕ×ÖØÅ (3.3)

In acommunicationsystememploying interleaving, thisassumptionis in generalvalid.
Thenoisevector ÏY»�¼�½ in (3.1)hasÙYÚ elements.It is apossiblycomplex-valued,white

stochasticprocesswith zeromeanandcovariancematrixÐ�Û Ï$»�¼�½+ÏÜÑØ»�¼�½=ÝYÆ�Ó�ÞßÖÒÅ (3.4)

For futurereference,wealsodefine àâá
Æ Ó�ÞÓcÕ Å (3.5)

Ourprimarygoalis to reconstructthesequenceof symbolvectorsº^»�¼�½ from themea-
surementsof ã$»�¼�½ . For this purpose,we introducethe multiple input-multipleoutput
generalIIR decisionfeedbackequalizer(GDFE):äº^»�¼ÄÍæåÜçè¼�½©ÆQéê»�ë1ìcíd½=ã »�¼�½îÍ�ïp»�ë1ìcíd½$ðº^»�¼fÍxåñÍpË�½ðºU»�¼fÍæåI½©ÆQòó» äº^»�¼ÄÍæåÜçè¼�½d½©Å (3.6)

The feedforward filter éô»�ë ìcí ½ andthe feedbackfilter ïp»2ë ìcí ½ arestableandcausalra-
tional matrices.The designvariable å is known asthe decisiondelayor the smoothing
lag, i.e. the numberof future measurementsusedto estimatethe currentsymbol. The
function òI»+õX½ constitutesthedecisionnon-linearity:For eachelement

äºJ¾¿»�¼öÍ?åÜçè¼�½ of the
vector

äº^»�¼ÄÍ�åÜçè¼�½ , thedecisiondeviceselectsðºJ¾=»�¼fÍ�åI½#Æ�÷Êø9ùPúDûýüÕ+þ ÿ � þ ç äºJ¾ »�¼ÄÍ�åÜçè¼�½�Í ºJ¾dç � Å
Thevector ðºU»�¼öÍ åI½ thusconstitutesthedecisionmadeon theestimate

äº^»�¼DÍ åÜçè¼�½ . The
GDFEis depictedin Fig. 3.2.

ã$»�¼�½��� � �	��
��� �� +

�Õ���� ì���� ��������� � ��� � ��
Feedback

!"
ðºU»�¼&ÍæåI½

Feedforward � 
�$# �	� 
� �%'& (

Figure3.2: ThegeneralIIR decisionfeedbackequalizer(GDFE).

It is importantto notethattheGDFE(3.6)mustberealizable. Thisconstraintimplies
that
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) thesmoothinglag * mustbefinite, and) thefiltersmustbecausal.

In Section4.4, we will illustrate what happenswhen the constraintof realizability is
relaxed.

Giventhereceivedsequenceof symbolvectors+-,/.10 andthemodel(3.1),we wantto
find the stableandcausallinear time-invariantMIMO filters 2435,7698;:	0�<	=>,?6@8;:	0�A which
minimizetheestimationerrorcovariancematrix 2

BDCEGFIH ,J.LKM*�0 HON ,/.PKQ*�0 (3.7)

wheretheestimationerror H ,/.PKM*�0 is definedas

H ,/.RKM*�0 CEGS ,/.PKQ*�0TKVUS ,/.PKM*XWY.10Z (3.8)

TheGDFEwhichminimizes(3.7)will becalledtheMMSEGDFE.
Wearealsointerestedin findingtheconditionsunderwhichazero-forcingsolutionto

theequalizationproblemexists. A scalarzero-forcingequalizerremovesall intersymbol
interferencefrom thesymbolestimate.A naturalextensionto themultivariablecase[10]
is to requirethatboththeintersymbolinterferenceandtheco-channelinterference,which
is explicitely includedin the channelmodelshouldbe removed. A multivariablezero
forcing(ZF) equalizercanthenbedefinedaccordingly:

Definition 1 Considerthechannelmodel(3.1)andamultivariableequalizerwhich forms
theestimate US ,/.PKM*XWY.10 of a transmittedsymbolvector S ,/.PKQ*�0 . If

US ,J.LKM*XW[.10 E\S ,/.PKQ*�0TK H ,/.PKQ*�0 (3.9)

where H ,J.]K^*40 is uncorrelatedwith all transmittedsymbolvectors S ,7_`0bac_ , thenthe
equalizeris saidto bezero-forcing.

Becauseof the presenceof the non-lineardecisiondevice in (3.6), closedform ex-
pressionsfor theparametersof theminimummeansquareerroror thezero-forcingGDFE
cannotbefound. To make derivationof optimumGDFEcoefficientspossible,we adopt
the usualassumptionthat all pastdecisionsaffecting the currentestimatearecorrect.3

With thisassumption,minimizing(3.7)becomesaquadraticoptimizationproblem,anda
zero-forcingequalizercanbefoundby solvinga systemof linearequations.

2The covariance matrix is minimized in the sense that any other admissible choice ofd	egfih�j9k�lnm?opfqh�j@k	lsr
will resultin aestimationerrorcovariancematrix tu suchthat tuwvu

is positivedefinite.
3Thisassumptionwill almostsurelybeviolated.Still, decisionfeedbackequalizersgenerallywork well,

andmoreelaborateschemesgiveonly smallimprovements[22].
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Chapter 4

Optimum generaldecisionfeedback
equalizers

We will now describehow to adjustthecoefficientsof themultivariableGDFE(3.6),so
that the estimationerror covariancematrix (3.7) is minimized. We alsoshow how the
GDFEcanbetunedsothatthezero-forcingcondition(3.9) is satisfied.

4.1 The optimum MMSE GDFE

Weintroducethefollowing polynomialmatrices:xzy?{@|;}�~���M� y?{@|;}	~	� y?{@|;}	~
(4.1a)� y?{@|;}�~���M� y?{@|;}	~���y7{9|;}�~��
(4.1b)

Wealsodefinethepolynomialmatrices �xzy?{ |;} ~
and �� y?{ |;} ~

by thecoprimefactorization

�� y?{ |;} ~ �x |;} y?{ |;} ~ � x |;} y?{ |;} ~ � y?{ |;} ~��
(4.2)

Without restriction,weassumethat �� y?{ |;} ~ �x |;} y?{ |;} ~
constitutesanirreducibleMFD.1

Wearenow readyto formulateourmainresult.

Theorem 1 Assumethata multivariablechannelis describedby(3.1), andthatthetrans-
mitteddata is describedby (3.3), whereasthe noiseis describedby (3.4) with �D��� .
Assumingcorrectpastdecisions,thegeneral multivariableDFE (3.6)minimizestheesti-
mationerror covariancematrix (3.7) if andonly if�5y7{9|;}�~ ��� y?{@|;}	~�� |;} y?{@|;}	~ � y?{@|;}	~

(4.3a)��y7{ |;} ~ ��� y7{ |;} ~ �x |;} y?{ |;} ~��
(4.3b)

Above, � and � , togetherwith thepolynomialmatrices� } and �w� canbecalculatedas
theuniquesolutionto thetwocoupledpolynomialmatrixequations

�xM��{�� � ���� { |;} ��� � }J� �x (4.4a){9| � � }J� � � � � � x � � { �w� � (4.4b)

1A coprimefactorizationmaybenumericallysensitive. For a robustimplementation,see[24].
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where thedegreesof theunknownpolynomialmatricessatisfy ¢¡¤£>¥
(4.5a) ¢¦5£D§©¨«ª�¬? ®¯°   ±³²T´>µ (4.5b) «¶¸·�£>¥
(4.5c) «¶¹º£D§©¨«ª�¬?  ± °   ¯ ²»´�µw¼ (4.5d)

Proof: SeeAppendixA.

Remark 1. Thedegreeslistedin (4.5a)–(4.5d)aresufficientlyhigh. When±�½ (andhence±�½ ) hasfull rank,thesedegreeconditionsarealsonecessary.

Remark 2. The two coupledDiophantineequations(4.4a)and (4.4b) are unilateral,
sinceall the unknown polynomialmatricesappearon the same(in this caseleft) side
of their respective coefficient polynomialmatrices.SolvingtheseunilateralDiophantine
equationscorrespondsto solvinga block-Toeplitzsystemof linearequations,asdemon-
stratedin AppendixA, equations(A.18)–(A.21).

Remark 3. Whenthechannelis equalizedusingtheoptimumMMSE DFE,theestimate
of thetransmittedvectorwill begivenby¾¿ ¬/À ´ ¥XÁYÀ ² £�ÂÃ¬?Ä@Å · ²�Æ ¬/À ²»´MÇ ¬?Ä@Å · ² ¿ ¬/À ´ ¥ ´>µÈ²£É¬?Ä@Å�ÊnË ´ÍÌÎ ·Ï¬7Ä9Å · ²�² ¿ ¬JÀ ²ÑÐ�Ò ¬7Ä9Å · ²�Ó ¬/À ² (4.6)

whenall previous decisionsareassumedcorrect. The equivalentequalizedchannel is
thusgivenby Ô

Õ/Ö ¬7Ä9Å · ² £DÄ9Å�Ê×Ë ´ØÌÎ ·Ï¬7Ä9Å · ²b¼
Also, from (4.6) we cancalculatetheresultingestimationerrorcovariancematrix (3.7).
Usingtheassumptions(3.3)and(3.4)weobtain

Ù £�Ú;Û ÊÜ
Ý4Þ ½®ßáà· Ý ß · Ý Ð Ú;â ÊÜ

Ý4Þ ½Ñã Ý ãÑàÝ ¼ (4.7)

Thefirst termin (4.7)is causedby residualintersymbolandco-channelinterferencefrom
the first

¥
tapsin the equalizedchannel. The deviation of the referencetap from the

identitymatrixalsocontributesto theterm.Thelasttermin (4.7) is causedby thenoise.

Remark 4. Thesmoothinglag
¥

is adesignvariableandshouldbechosenasa trade-off
betweencomplexity andperformance.In general,thesmoothinglagshouldbechosenso
that“enough”signalpowercanbecollectedby thefeedforwardfilter beforeadecisionis
made.

ThepresentedMMSE solutionprovidesanoptimalDFE structure. It is evident that
theconventionalDFEstructure,whereboththefeedforwardandthefeedbackfiltershave
finite impulseresponses,is optimalonly when ä ¬7Ä Å · ² £æå ¬?Ä Å · ² £ÉË

. In otherwords,
thechannelmustbedescribedby a finite impulseresponsemodel,whereastheadditive
noisemustbeanautoregressive(or white)process.

In additionto providing an optimalDFE structureandoptimal filter degrees,Theo-
rem1givesguidelinesonhow tochoosethefilter degreesin aconventionalstructurewhen
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theuseof theoptimalstructureis deemedinappropriate.For instance,whenthenoisecan
be describedby a moving averagemodel,Theorem1 statesthat both feedforward and
feedbackfiltersshouldhave infinite impulseresponses.In thatcase,thetransversalfeed-
forward filter in the conventionalDFE structureshouldhave a long impulseresponse,
particularlyif thezerosof ç èJéXê;ë�ì arelocatedcloseto theunit circle.

4.2 The ZF GDFE

Wenow turnourattentionto thegeneralmultivariablezero-forcingDFE.

Theorem 2 Considerthemultivariablechannelmodel(3.1)andthegeneral DFE (3.6).
There existsa multivariableDFE satisfyingthezero-forcingcondition(3.9) if andonly if
thereexist stableandcausalrationalmatricesí5è?î ê;ë ì and ï>è7î ê;ë ì such that

î ê�ðnñóò íõô ê;ë	ö�÷ î ê�ð×ê;ë ïùø (4.8)

Proof: SeeAppendixB.
Equation(4.8) may have several solutions. Hence,for a given channel,theremay be
many multivariablezero-forcingdecisionfeedbackequalizers.However, in somecases
nosolutionto (4.8)will exist. Thepreciseconditionfor this is statedin Lemma1.

Lemma 1 There exists a solution to (4.8) if and only if every commonright factor ofô ê;ë	ö and î ê�ð×ê;ë ñ is alsoa right factorof î ê�ð ñ .2
Proof: Theresultsfollowsfromthegeneraltheoryof Diophantineequations,see[26].

Lemma1 can be usedto determineif a zero-forcingsolution exists for any given
channel.However, we canalsouseLemma1 to find caseswheretrivial channelcharac-
teristicsprecludetheexistenceof azero-forcingequalizer. Thefollowing two corollaries
exemplify two suchcases.

Corollary 1 If ú®ûýüþú ÿ , then ô ê;ë�ö and î ê�ðsê;ë ñ will alwayshavea commonright factor
which is nota right factorof î ê�ð ñ .

Proof: SeeAppendixC.
For thesecondcorollary, wedefine�����ò theminimaldelayof user� in any channel, (4.9)

leadingto thefollowing formulation:

Corollary 2 If
��� ü�� for some� , then ô ê;ë ö and î ê�ð×ê;ë ñ will alwayshavea common

right factorwhich is nota right factorof î ê�ð ñ .
Proof: SeeAppendixC.

Remark 1. From the perspective of a detectordesigner, Corollary 2 is enlightening.
Whendesigningamulti-userdetector, it is vital to chooseasmoothinglagwhich is guar-
anteedto exceedthebulk delayof all users,even if we areinterestedonly in thesignal
from oneof them.

2Theright factorsshouldbemembersof thering of stableandcausalrationalmatrices[26].

15



4.3 The ZF DFE solution and near-far resistance

Theprimaryfocusin theliteratureregardingequalizerdesignhasbeenonMMSE equal-
izers.Thereasonfor this is twofold:

1. Whennoiseis present,anMMSE equalizerin generalprovidesbetterperformance
thanthecorrespondingZF equalizer.

2. An MMSE equalizeris bettersuitedfor adaptive implementation,sinceit easyto
deriveanadaptivealgorithmwhich recursively minimizestheMSE.

Therefore,in anactualimplementation,anMMSE equalizeris in generalpreferable.
However, zero-forcingequalizerscanprovide informationaboutthe performanceof

theirMMSE counterparts.In themultiusercase,theexistenceof azero-forcingequalizer
impliesthatall intersymbolandco-channelinterferencecanberemoved.In thiscase,the
estimationerrorat theinputof thedecisiondeviceof thecorrespondingMMSE equalizer
will vanishwhenthenoisevariance	�
 in (3.4) tendsto zero.Whenno ZF equalizercan
be found, therewill be someresidualinterferenceat the input to the decisiondevice of
thecorrespondingMMSE equalizer, irrespective of thenoiselevel. As thepower of the
interferingsignalsincreases,so will the residualinterference.In the limit asthe power
of the interferingsignalsgoesto infinity, theMMSE detectorwill becomeuseless.This
phenomenonis calledthe near-far problemin the CDMA literature,anddetectorsthat
arecapableof handlinga situationwith very disparatetransmitterpowersaresaidto be
near-far resistant.

Thediscussionabovesuggeststhattheexistenceof azero-forcingDFEcanbeusedas
anindicatorof near-far resistanceof thecorrespondingMMSE DFE.In fact,theexistence
of azero-forcingDFE impliesthattheequalizationproblemis in somesensewell-posed.
For instance,Corollary1 statesthatnoZF equalizerexistswhen �������� , anequalization
problemwhich is badlyposed.Evenin this situation,anMMSE solutionexistsbut will
give a high MSE. In [6], the performanceof differentMMSE DFE:s is investigatedin
situationswhennoZF solutionexists.

4.4 The structur e of decision feedback equalizers with
asymptotically largesmoothinglags

As mentionedin Section2.1,it is commonin theoreticalinvestigationsto let thereceived
signalpassthroughafilter matchedto thechannel,andthendesigntheDFEto operateon
thissignal.In otherwords,thematchedfilter is usedasana priori constrainton theDFE
solution. In the MIMO case,a matchedfilter will have to be includedfor every scalar
channel[3], resultingin a bankof �������� matchedfilters. In this section,we will show
thatsucha bankof matchedfilterswill indeedbepresentin theMSEoptimalGDFE,but
only whenthesmoothinglag � is allowedto go to infinity.

To provethissuggestion,werewrite (3.6)as�������� �"! �$#&%('$)+* � '-,�./#10 ��� #3254 � '-,�.6#�7�8��� 2:9$#7���;� #&%=< � ��8�;���>��! �?#6#A@
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Wenow let B tendto infinity to obtaintheoptimumnon-realizableMIMO DFE:CDFEHG;I�J&K(L E GNMPOQM-R�S/JUT�G;I�J�V5W E GNM-R�S6J�XD8G;I�V:YZJXD�G;I�J&K([?G CDFE\G�I�J6J]O (4.10)

wherewehavedefined CDFE\G;I�J_^Ka`cbedf�g E CD�G�I�h I"i B JL E GjMkO6MFR�S/J_^Ka`cbedf�g E M f LlGNM-R�S/JW E GjMFR�S/J_^Ka`cbedf�g E W�GjMFR�S6J&m
Thecoefficientsof thenon-realizableDFEcanbeobtainedusingthefollowing theorem:

Theorem 3 The non-causalfeedforward filter
L E GjMkO6M R�S J

and causal feedback filterW E GjM R�S J
of theoptimumnon-realizableMIMO MMSEGDFE (4.10)will begivenbyL E GNMPOQM-R�S/J]K Yn XoAp6q R�Ssr R�St Xo tQu]t o R�Stwv R�S6x

(4.11a)K Yn XoAp6q R�Ssr R�St Xu]t v R�S x
(4.11b)W E GNM-R�S/J]K(MyG Xo]p r Xo R�S V{z|JAO
(4.11c)

where
XoAp

is theleadingcoefficientof
Xo

and
r

is the(monic)solutionto thematrixspectral
factorization r t q r}K~Xo t Xo i Yn Xu]t Xu m

(4.12)

In (4.12),
q

is a constant,positivedefinitematrixwhich hasbeenintroducedto make
r

monic.

Proof: SeeAppendixD.

Remark 1. Notethatsince
Xo�p

is non-singular, equation(4.12)hasauniquesolution.

Thefilter u]t o R�Stwv R�S x
, whichappearsasa right factorof (4.11a),constitutesabankof

whiteningmatchedfilters. Hence,whenthe smoothinglag tendsto infinity, thereis no
performancepenaltyassociatedwith theintroductionof suchafilter prior to theoptimiza-
tion of theDFE. However, this is not true for the realizableDFE; no whitenedmatched
filter is presentin (4.3a).

4.5 A comparisonbetweenthe DFE and MLSE

A maximumlikelihoodsequenceestimator(MLSE)computesthetransmittedsignalwhich
maximizestheconditionalprobabilityof thereceivedsignal,i.e. it selects� XD�G;I�J������� S K����/��d�����Q�������|��� G � T�G;I�J������� S h � D�G;I�J������� S J

(4.13)
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where ���;�y���l� implies that element� in ������� shouldbe taken from the alphabet��  .
Whenthe channelandnoisestatisticsareknown, the MLSE is the optimumsequence
detector.

Whenthechannelmemoryis finite, theoptimizationin (4.13)canbeefficiently im-
plementedusingtheViterbi algorithm[27], whichconstitutesforwarddynamicprogram-
ming. Still, thecomplexity is very high. Assumingthat thechannellengthis ¡ andthe
sizeof thealphabet��  is ¢£  , determinationof thesequence¤�¥�8�����§¦�¨©Qª�« in (4.13)usingthe
Viterbi algorithmrequireson theorderof¬�®°¯ ±|²³   ª�« ¢�´ 
operations,whichcanbeanenormouslylargenumber. Ontheotherhand,calculatingthe
coefficientsof acorrespondingmultivariableMMSE DFErequireson theorderof¬�µ® ��¶A·(¸$� µ · ¬�® ��¶A·(¸$� Q¬�¹
operations,while equalizationof the ¯ symbolsrequiresapproximately¯ � ¬ ® ¬�¹ �º¶]·(¸Z�»· ¬�¹ ¡A�
operations.For large ¬�¹ , alphabetsandchannellengths,thereis alargedifferencein com-
plexity betweentheMLSE andtheDFE.Ontheotherhand,thedifferencein performance
is generallyconsideredsmall.3

3This is truewhentheSISOMLSE andSISODFEarecompared.To ourknowledge,therearenoresults
regardingthecorrespondingdifferencein performancebetweentheMIMO MLSE andtheMIMO DFE.
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Chapter 5

A numerical example

To illustratethepotentialperformanceimprovements,whichcanbeobtainedby usingthe
GDFE,aMonteCarlosimulationhasbeenconducted.Considerthetwo input-two output
FIR channel(cf. (3.1))¼¾½(¿�À ÁÂ½ÂÃÅÄyÆÈÇ-É�ÇËÊÌÄyÆÎÍÏÄ�ÐÒÑ-Ó�Ô ÄkÆ�Õ-ÍÏÖËÊ×ÄyÆ�Ø�ÖÒÙ�Ñ-Ó�ÔÚ ÄyÆ�ÕÏÐ-Ù Ú ÄyÆ�Ø�ÙÒÕ�Ñ-Ó�ÔÂÄkÆÈÐ-Ä�ÙËÊ×ÄyÆÈÇyÛZØÏÑ-Ó�ÔUÜ Æ
Overthischannel,wetransmittwo BPSKmodulatedsignals,i.e. Ý�Þ�ß�à�á ½lâ Ê�Û À Ú Û�ã À�ä�½Û À Í . At thereceiver, noiseis added.Thenoiseis Gaussianandwill bedescribedby the
first ordermoving averagemodelå ½(¿�À æ ½ Ã -0.409 Ú 0.179ÑFÓ�Ô -0.535 Ê 0.717Ñ-Ó�Ô

-0.507 Ê 0.361ÑFÓ�Ô 0.761 Ú 0.181Ñ-Ó�Ô Ü Æ
This noisemodelhaszerosin ç Ôsè é ½ ÄyÆêÐFÍÏÐ�ëìÄkÆÈÐFØ�ÉÏí ½ ÄyÆÈÖ-Í�ÙÒî$ï ÞUð6ñ ò ésó . We comparethe
performanceof two DFE:swith smoothinglag ô ½ Û :õ TheGDFE,with degreesandparametersgivenby Theorem1.õ TheconventionalFIR DFE describedin [28]. This DFE hasFIR filters of degreesÍ and Û in thefeedforwardandfeedbacklinks, respectively .1

In Fig. 5.1, thebit errorrate(BER) is displayedasa functionof thesignal-to-noiseratio
(SNR)of asingleuser. TheSNRof user

ä
is definedas

SNRÞ]ö½�÷�øeø>ù Þ�ß�à�á øcø é÷�øeø ú ß;àyá øeø é (5.1)

where ù Þ�ß;àyá�ö½5¼ Ó�Ô ß Ñ Ó�Ô á Á ÞÏß Ñ Ó�Ô áUÝ�Þ�ß�à�áAû ú ß;àyá�ö½ å Ó�Ô ß Ñ Ó�Ô á æ ß Ñ Ó�Ô áUü�ß�à�á
and

Á Þ�ß ÑFÓ�Ô á is column
ä

in
Á ß ÑFÓ�Ô á . We assumethat the SNR:sof the two usersare

identical, i.e. that SNRÔ ½
SNRé . The simulationsare performedusing both correct

decisionsanddecisionsfrom thedecisiondevice.
FromFig. 5.1,we seethat in somecases,it is advantageousto take thenoisemodel

into account.The GDFE doesthis in an optimumway, whereasthe conventionalDFE

1ThesedegreeshavebeenchosensothatbothDFE:saredescribedusingthesamenumberof parameters.
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Figure5.1: TheBERof theGDFEcomparedto theBERof theconventionalDFE(CDFE)
for correctdecisions(solid line) andrealdecisions(dashedline).

doesnot. With correctdecisions,theGDFEis about0.6dB betterthantheconventional
DFE over the rangeof investigatedSNR:s. With real decisions,the performanceof the
two DFE:sis identicalfor low SNR:s,while it differsby 0.6dB for highSNR:s.

By usinghigherfilter degrees,the performanceof the conventionalDFE would be
improved. In thelimit, whenthefilter lengthsgo to infinity, it attainstheperformanceof
theGDFE.

From Fig. 5.1, we alsoseethat with real decisions,the performanceof both DFE:s
worsen,andthatthedifferencebetweenthetwo DFE:sis smaller. This indicatesthatthe
DFEwith optimalstructureis moresensitiveto incorrectpastdecisions.

For theconsideredFIR channel,theconventionalDFE structureis optimalwhenthe
additivenoiseis temporallywhite. Whitenoisecorrespondsto noisedescribedby amov-
ing averageprocess,whosezerosare locatedin the origin. Therefore,the difference
betweenthe optimumDFE andthe conventionalDFE shouldbe smaller, the closerto
theorigin thenoisezeroslie. Correspondingly, whenthenoisezeroslie closeto theunit
circle, thedifferenceshouldbelarger.

To investigatethisassumption,thelocationsof thezerosof thenoisemodelarevaried
accordingto ýÏþsÿ � ����������	�
����� � � ��� ����������� � ����� � ��� � � ����� � ����! � ����!" � ���#!�$ � ����!%! �
while theSNR,asdefinedin (5.1), is keptconstantat 5 dB. Thus,thenoisemodelzeros
aremovedalonga radius,from theorigin towardstheunit circle. All otherconditionsfor
thesimulationscenarioareasin Fig. 5.1. Theresultis depictedin Fig. 5.2.

The locationof the noisezerosclearly affects the relative performancesof the two
algorithms.Whenthezerosarecloseto theorigin, theperformanceof thetwo DFE:sare
identical,but the further out towardsthe unit circle the zerosaremoved, the larger the
difference.Oneinterestingdiscoveryis theperformanceof theGDFEwith realdecisions
when the noisezerosare locatedvery closeto the unit circle: In this scenario,error
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Figure5.2: The BER of the GDFE ascomparedto the conventionalDFE (CDFE) asa
functionof thelocationof thezerosof thenoisemodel.

propagationcausesvery bad performancefor the GDFE. The reasonis that when the
noisezerosarecloseto theunit circle,soarethepolesof thefeedbackfilter. Theimpulse
responseof thefeedbackfilter thenbecomesvery long, leadingto a higherprobabilityof
errorbursts.
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Chapter 6

Conclusions

Froma practicalpoint of view, a decisionfeedbackequalizermustbe realizable.Also,
optimumperformancecanbeachievedonly if thestructureof theDFE is appropriatefor
the consideredscenario.We have presenteda generalizedDFE with optimal structure,
derived underthe constraintof realizability. The IIR filters in this DFE are obtained
from closedform designequations,which involve thechannelandnoisedescription.By
allowing the smoothinglag to go to infinity, we have also derived the optimum non-
realizableDFE.

New findingsregardingthenear-far resistanceof the MIMO MMSE decisionfeed-
backequalizerhave also beenpresented.By investigatingthe possibleexistenceof a
zero-forcingMIMO DFE, importantconclusionscanbe drawn: If a ZF DFE doesnot
exist, thecorrespondingMMSE DFEwill notbenear-far resistant.

Theperformanceof thegeneralDFE is demonstratedin a numericalexample. This
exampleindicatesthatfor heavily colorednoise,theGDFEoutperformstheconventional
FIR DFE. However, the conventionalDFE seemsto be lesssensitive to the presenceof
incorrectpastdecisions:Whenincorrectdecisionsoccur, thedifferencein performance
is reduced.

Throughoutthepaper, wehaveassumedthatchannelandnoisemodelsareaccurately
known. In practicehowever, estimationof thesemodelsareproneto error. This is es-
pecially true for the noisemodel. The performanceof the GDFE as comparedto the
conventionalDFE when identifiedmodelsareemployed is a topic for future research.
Anotherissueis to make theMIMO DFE morerobustwith respectto modelerrorsand
incorrectdecisions,by takingthemodelandsignaluncertaintyinto accountalreadyin the
design.
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Appendix A

Proof of Theorem1

Considerthechanneldescribedby (3.1),andthegeneralmultivariabledecisionfeedback
equalizer(3.6). Inserttheexpressionfor thesymbolestimate &')(+*-,/.102*43

into theexpres-
sion(3.8) for theestimationerror:5 (+*6,7.�3�89')(+*6,:.�3;, &')(+*6,7.102*43�8�')(+*6,7.�3;,7<>=?(+*43A@/BDC'E(F*6,7.G,>HI3�J

(A.1)

Assumecorrectpastdecisions,i.e.C'K(MLN3O8�')(�LN3 LQP�*6,7.G,>HRJ
(A.2)

Insert
C'E(F*-,7.S,>HI3

from (A.2) and
=?(+*�3

from (3.1) into (A.1) andrearrange:5 (F*6,:.�3T8�')(+*6,7.�3;,7<U(+VXWZY\[]')(+*43^@`_aWZY\bdcK(+*43\3^@eB7')(+*6,7.G,fH�38a(�g W%hji ,:<�V WZY [k@lg W%hmWZY B/3�'K(F*43;,/<n_ WZY bdcK(+*�3OJ
(A.3)

Introducethealternative estimate &'o�(F*p,l.102*43rq8 &')(+*s,`.10t*43u@>v�(+*�3
, wherethevariationv�(+*�3

is a linearfunctionof all signalswhich theestimate &')(+*-,7.102*43
maybebasedupon.

Thus, v�(+*�3 q8]v Y (+*43^@wv?xy(+*�3
where v Y (F*43 q8{z Y =?(+*43

(A.4a)v?xI(F*43 q8{zRx|')(+*6,7.G,}HI3TJ
(A.4b)

Above,
z Y (Mg WZY 3

and
zRx�(�g WZY 3

arearbitrarystableandcausalrationalmatrices.If theesti-
mationerrorobtainedwith (3.6) is orthogonalto any admissiblevariation(A.4a),(A.4b),
i.e. if ~ 5 (+*�,7.�3�v?�Y (F*43O89�

(A.5a)~ 5 (+*�,7.�3�v �x (F*43O89�
(A.5b)

then &'o%(F*�,}.102*�3�8 &')(+*�,>.10t*43
or equivalently

vu(+*43����
minimizesthe estimationer-

ror covariancematrix (3.7): For any estimationerrorcovariancematrix
C�

obtainedwithv�(+*�3��8��
,

C� , �
will bepositivedefinite.Wemustthusassurethat(A.5a)and(A.5b)are

fulfilled.
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To computethecross-correlations(A.5a) and(A.5b), we will useParseval’s relation
for complex signals[29] andevaluatetheexpressionsin thefrequency domain.We thus
insert(A.3) and(A.4a)into (A.5a)anduseParseval’s relationto rewrite theresult�����+�6�7�����A��G�+���T� �Z��y�E� �U� ���1�%�� S�7¡n¢ � �\£¥¤ �1�%�¦� �m§ �6¨£]© ¢ � �© �/ª%¡�« � ��¬¬ © « � �©�®°¯ � ©±1��k² (A.6)

For anexplanationof how Parseval’s relationis usedto obtainthis expression,see[30].
Since

¢
and

«
arebothdiagonal,wecanexpress(A.6) as�����+�6�7����� � �G�+���T� �Z��y�E� �U� ��� �%�  S�7¡n¢ � � £¥¤ � �%�¦� � § �6¨£]© « © �7ª%¡�« � ��¬¬ © ¢ © ® ¢ � �© « � �©w¯ � ©±1�� ² (A.7)

From(A.7) weseethat
���4�F�R�N���j� � �³�F�4���9´

if andonly if theintegrandis analyticinside
theunit circle. Accordingto theassumption(3.2),

¢ � �
and

« � �
arestable.This implies

that
¢ � �©

and
« � �©

areanalyticinsidetheunit circle. Thesameappliesfor
¯ � ©

, since
¯ �

is requiredto bestable.If�F�1�%�j S�7¡�¢ � ��£k¤ �1�%�m� �m§ � £]© « © �eª%¡�« � � ¬ ¬ © ¢ © ���%µ6¶ ©
(A.8)

for somerationalmatrix
µ·¶ © ����

with all its polesoutsidetheunit circle,theintegrandwill
thusbeanalyticinsidetheunit circle. Proceedingin thesameway with (A.5b) resultsin
asecondcondition �1�%�� °�/¡n¢ � � £¥¤ �1�%�¦� �m§ ���1�%��µ � ©

(A.9)

for somerationalmatrix
µ � © �F�%�

with all its polesoutsidetheunit circle. However, noneof
thetermson theleft handsideof (A.9) canhave polesoutsidetheunit circle. Therefore,
weconcludethat

µ � © �F�%�
mustbeapolynomialmatrix. Thus,� �%�  S�/¡n¢ � � £¥¤ � �%�m� � § �9� �%�\¸ � ©

(A.10)

for somepolynomialmatrix
¸ � © �F��

. We cannow insert(A.10) into (A.8) to obtain� �%��¸ � ©|£]© « © �/ª%¡�« � � ¬¬ © ¢ © ���%µ�¶ © ² (A.11)

We realizethat neitherof the termson the left handsideof (A.11) canhave any poles
outsidethe unit circle. Therefore,

µ�¶ © ����
cannothave any suchpoleseither, and we

concludethat
µ�¶ © �F��

mustbea polynomial,ratherthana rational,matrix. Hencewe can
expressequation(A.11) as�1�%� ¸ � ©¹£]© « © �eª%¡�« � �\¬ ¬ © ¢ © ��� ¸ ¶ © ² (A.12)

for somepolynomialmatrix
¸ ¶ © ����

. In the integrand(A.12), the polescontributedby« � � �F� � � �
mustbecanceledby a correspondingfactorin

¡U�F� � � �
. Also, thepolynomial

matrix
¬ �F� � � �

contributespolesin theorigin, whichmustbecanceledby acorrespond-
ing factorin

¡º�F� � � �
. We thereforeinsert¡ �º» ¬ � � «
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where ¼ is anarbitrarypolynomialmatrix, into (A.10) and(A.12) andrearrange:½S¾w¿�À ¼RÁ ÂZÃ\ÄÆÅÇÂZÃ�ÈÊÉ ¿ ÂZÃmËÍÌ9Î ÃFÏ¿ Â À Î ÃFÏ È Ï Ä Ï ¾/Ð ¼ÑÁ Ï Å Ï Ì ¿ ÎÓÒ ÏSÔ (A.13)

We now usethat ÅÕÂZÃ and Ä arediagonalandhencecommute. We also insert (4.1a)
and(4.1b)into (A.13): ½°¾w¿�À ¼³Ö×ÂZÃmØÕÉ ¿ ÂZÃmËÍÌÙÎ ÃFÏ¿ Â À Î ÃFÏ Ø Ï ¾eÐ ¼³Ö Ï Ì ¿ ÎÓÒ ÏSÔ (A.14)

Equation(A.14) canbe further simplified by usingthe coprimefactorization(4.2) and
multiplying with ÚÖRÛ�Ü ÂZÃ\Ý from theright:ÚÖ ¾w¿ À ¼ ÚØÕÉ ¿ ÂZÃ Ë ÚÖ ÌÙÎ ÃFÏ ÚÖ (A.15a)¿ Â À Î ÃFÏ Ø Ï ¾/Ð ¼RÖ Ï Ì ¿ ÎÓÒ Ï (A.15b)

SinceË is theonly remainingrationalmatrix in (A.15a),its polesmustbecanceledby a
correspondingfactorin ÚÖ . We thusconcludethatËÞÌÙß ÚÖ ÂZÃ
where ß is anundeterminedpolynomialmatrix. Note that ß and ÚÖ mayhave common
factors.Wecannow insertthisexpressioninto (A.15a)to yieldÚÖ ¾w¿ À ¼ ÚØÕÉ ¿ ÂZÃ ßkÌ9Î ÃFÏ ÚÖ (A.16a)¿ Â À Î ÃFÏ Ø Ï ¾/Ð ¼RÖ Ï Ì ¿ ÎÓÒ Ï (A.16b)

By exchangingtheunknown
¿

for Ü , equation(A.16a)coincideswith (4.4a),whereas(A.16b)
coincideswith (4.4b).

The Diophantineequations(A.16a) and(A.16b) aredoublesided, i.e. they contain
powersof both

¿ ÂZÃ and
¿
. Thus, both the powersof

¿ ÂZÃ and
¿

on the left handside
mustmatchthecorrespondingpowerson theright handside.For thispurpose,we list the
degreesin

¿ ÂZÃ and
¿

for eachtermin (A.16a)and(A.16b):
Equation(A.16a): ¿ ÂZÃSàÞá Úâ�ã áåä É á Úæ ¾7çåã áyè É�é ã á Úâ (A.17a)¿ àÞê ãëçåã ê ã áåì Ã (A.17b)

Equation(A.16b): ¿ ÂZÃSà ç�ã á�ä ã ê (A.17c)¿ àÞáåì Ã É á æ ¾{ç�ã á â�ã áyì�Ò Éné (A.17d)

From (A.17b) and(A.17c) we immediatelyobtainthe conditionsfor the degreesof Î Ã
and ¼ respectively: áåì Ã Ì çåí áåä/Ì ç Ô
If we insert áåäîÌ ç

into (A.17a), we obtain (4.5b). Finally, by inserting áyì Ã Ì ç
into (A.17d), weobtain(4.5d).
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It remainsto show that equations(A.16a)and(A.16b) have a solutionwith the de-
greesspecifiedby (4.5a)–(4.5d).For thispurpose,werewrite (A.16a)and(A.16b)astwo
systemsof linearequations.Two matrix polynomialsareidenticalif andonly if all the
correspondingcoefficient matricesareidentical. We mustthusadjustthecoefficientsofï

, ð , ñ�ò and ñÓó so that theexpressionsfor thematrix coefficientsfor eachpower of ô
and ôöõ ò areequalontheleft andright handsideof (A.16a)and(A.16b).Wethusevaluate
the expressionsfor the matrix coefficients,conjugate,transposeandequatethe left and
right handsides.For (A.16a)weobtain÷øøøøøøøù

úûOüý þ úÿTüý þ
...

...
...

...úû ü��� úû üý úÿ ü��� úÿ üý
...

...
...

...þ úû ü��� þ úÿ ü���
����������

÷øøøøøøøù
� üý
...� ü	
 ò 	
...
 ò ý

������������
÷øøøøøøøøù

þ
...úÿ üý ü ò
... ü���

����������� (A.18)

wherewehavedefined �� ô õ ò�� � úÿ � ô õ ò���� ô õ ò ð � ô õ ò����
(A.19)

Note that ��� � ����� � � ú��� � ú �
. In (A.18)

úû"! � þ if # $%� ú� and
úÿ ! � þ if # $&� ú 

.
Proceedingin thesamemannerwith (A.16b)resultsin÷øøøøøù('*) ÿ ��+-,/. ò þ û ��+-,/. ò þ

...
...

...
...

'*) ÿ ý '0) ÿ ��+-,/. ò û ý û ��+-,/. ò
...

...
...

...þ �1�1� '0) ÿ ý þ �1�1� û ý

� ������
÷øøøøøøøù
� üý
...� ü	
 ò 	
...
 ò ý

� ����������
÷øøøøøøøù

 ó ��+2,

...
 ó ýþ

...þ

� �������� (A.20)

where
ÿ ! � þ if #3$4�  and û5! � þ if #3$6� � .

Neither(A.18) nor (A.20) canbesolveddirectly, sinceunknown coefficient matrices
appearon their right handsides.However, we cancombinethefirst �87 �:9;�=<?> equations
from (A.18) with thelast �@7 �A9;�B<?C equationsfrom (A.20) to obtaina systemwith equal
numberof equationsandunknowns÷øøøøøøøøù

úû üý þ úÿ üý þ
...

...
...

...úûOü	 �1�1� úûOüý úÿ ü	 ���1� úÿ üý
'0) ÿ ý �1�1� '*) ÿ 	 û ý û 	

...
...

...
...þ �1�1� '0) ÿ ý þ ���1� û ý

� ���������
÷øøøøøøøù
� üý
...� ü	
 ò 	
...
 ò ý

���������� �
÷øøøøøøøøù

þ
...úÿTüýþ
...þ

� ��������� � (A.21)

whereonly known coefficient matricesappearon theright handside.We will now show
thatthissystemof linearequationshasauniquesolutionwhenever ) $ þ . DefineDAE�

÷øù û ý �1�1� û 	
...

...þ �1�1� û ý
����GF úDHE�

÷øù úû ý �1��� úû 	
...

...þ �1��� úû ý
����IF�J E�

÷øù ÿ ý �1��� ÿ 	
...

...þ �1��� ÿ ý
����KF úJ E�

÷øù úÿ ý �1�1� úÿ 	
...

...þ �1�1� úÿ ý
����

29



LNMOQPSR�T U1U1UGRWVQXZY[ V U1U1U\X�Y[ T^] Y`_*ab MOQP/c U1U�U ad T c U�U1U c ] Y U
Equation(A.21) canthenbewrittenase af Y ag Yh0i g fkjl m�n op L O ab U
Thematrix q is non-singularsincertsvu q OIw hyx;z/{ r|s}u ag Y r|s}u0~ i gI� f ag�� Y af YZ�OIw hyx;z/{ r|s}u ag Y r|s}u P i g�� f w g`� [ f z Y ]OIw hyx;z { r|s}u ag Y r|s}u P i g`g Y � f�f Y ] r|svu�g � Y
where w=� z � Y O�wSw=� z � [ z Y . Above, theinteger � compensatesfor thesignshiftscausedby
theelementaryoperationsperformedon thedeterminant.In thesecondequality, wehave
usedthat

af ag � [ O g � [ f
, which is a consequenceof the coprimefactorization(4.2).

Now, sinceboth
g

and
ag

arenon-singular, soare
g � Y and

ag Y . Also,
g�g Y is positive

definite.Therefore,thematrix q is non-singularwhenever i�� c .
After having solved(A.21) for R Y� and X [ � , weuse(A.18) to calculatethecoefficients

of � . We thencomputethefeedbackfilter � with theaidof (A.19):� w�� � [ z OH��w � w�� � [ z�h ad w�� � [ z�z U (A.22)

Sincethe solutionto (A.21) is unique,and � w�� � [ z and � w�� � [ z aredeterminedexplic-
itly from (A.18) and(A.22), we concludethat thereexists a uniquesolutionto (A.16a)
and(A.16b).
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Appendix B

Proof of Theorem2

Westartwith theexpression(3.6),andusetheassumptiononcorrectpastsymbols:��������������|�(� �¡�£¢¥¤�¦S�B§����|�¨�ª©6��¢«¤�¦S�=�?�������¬�6;�(®
Wetheninsert

§¯���|�
from (3.1)andrearrange:��W���°�����±�|�"�K�£� ² ¤�¦=³ �ª¢¥¤-´/¤�¦�©µ�=�����|��¶µ�H· ¤�¦S¸º¹ ���|��A�?�������1��¶:�£� ² ¤�¦ ³ �µ¢¥¤-´»¤�¦»©¼�µ¢«¤-´/½��S�����|��¶¾�¿· ¤�¦ ¸º¹ ���|�

(B.1)

Since
�����|�

and
¹ ��ÀÁ�

areuncorrelatedfor all
�

and
À

, the zero-forcingcondition(3.9)
canbesatisfiedif andonly if�@� ² ¤�¦ ³ �Â¢«¤-´/¤�¦»©Q�µ¢¥¤-´/½1�"�AÃyÄ
whichcoincideswith (4.8).
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Appendix C

Proof of Corollaries 1 and 2

C.1 Proof of Corollary 1

Define ÅªÆÈÇ�ÉÊ Ë�Ì«Í ÇSÎÐÏÑ Thefirst Ò�Ó6Ô columnsof

Å Ë£Ì¥Í ÇSÎ (C.1a)Õ Ê Ë�Ì Í Ç ÎÐÏÑ Column Ò in

Å Ë�Ì Í Ç Î (C.1b)
ÅªÆ×ÖBÉÊ Ë�Ì Í Ç ÎÐÏÑ Thelast Ø¯Ù�ÓÚÒ columnsof

Å Ë�Ì Í Ç Î�Û (C.1c)

Introducethe polynomialmatricesÜ Ê Ë�Ì Í Ç Î , Ý Ê Ë£Ì Í Ç Î and ÞÕ Ê Ë�Ì Í Ç Î which satisfytheDio-
phantineequation Õ Ê Ñ Å ÆßÇ�ÉÊ Ü Ê�à Å ÆáÖBÉÊ Ý Ê�à Ì«Í-â/Í Ç ÞÕ Ê Û (C.2)

In [28], it is demonstratedthatwhen Ø¯Ù�ãIØ?ä , equation(C.2) alwayshasa solutionfor
someÒ .

Wewill now demonstrate,thatwhen Ø?ÙNã6Ø�äå Ë�Ì Í Ç ÎæÏÑ çèæé Ê Í Ç Ü Ê Ë£Ì Í Ç Î êê Ì Í-â»Í Ç êê Ý Ê Ë�Ì Í Ç Î é^ë�ì Í Ê
íî

(C.3)

will bea right factorof ï Í Ç Ë£Ì Í Ç ÎSÅ Ë�Ì Í Ç Î and Ì Í-â/Í Ç é but not of Ì Í-â é , for some Ô�ð¡ÒñðØ¯Ù .
Wemustthusverify threepropertiesof

å Ë�Ì Í Ç Î :
1.
å Ë£Ì Í Ç Î is a right factorof ï Í Ç Ë£Ì Í Ç Î=Å Ë�Ì Í Ç Î .

2.
å Ë£Ì Í Ç Î is a right factorof Ì Í-â/Í Ç é .

3.
å Ë£Ì Í Ç Î is nota right factorof Ì Í-â é .

Property 1:

If
å Ë�Ì Í Ç Î is to bea right divisorof ï Í Ç Ë�Ì Í Ç Î=Å Ë£Ì Í Ç Î , wemusthaveï Í Ç Ë�Ì Í Ç Î=Å Ë£Ì Í Ç Î Ñ:ò Ë�Ì Í Ç Î å Ë�Ì Í Ç Î (C.4)
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for somestableandcausalrationalmatrix óõô£ö¥÷�ø=ù . Wenow demonstratethatóÚô�ö ÷�ø ù(ú:û ÷�ø ô�ö ÷�ø ù"ü»ýÂþ ø�ÿ� ô�ö ÷�ø ù �� � ô�ö ÷�ø ù ýªþ�� ÿ� ô�ö ÷�ø ù��
satisfies(C.4). Above, ý þ ø�ÿ� ô£ö¥÷�ø�ù and ý þ�� ÿ� ô£ö¥÷�ø=ù are definedin (C.1a)and (C.1c) re-
spectively whereas

�� � ô£ö¥÷�øSù satisfies(C.2). We thusmultiply óÚô�ö«÷�øSù with ��ô£ö¥÷�ø=ù given
by (C.3), from theright:ó	� ú û ÷�ø ü ý þ ø�ÿ� ý þ ø�ÿ��
 �� ý þ�� ÿ��� �� ö¥÷��»÷�ø �� � ý þ�� ÿ� �
But from (C.2), ý þ ø�ÿ��
 �� ý þ�� ÿ��� �� ö¥÷��»÷�ø �� � ú � � which impliestható�� ú û ÷�ø ü ý þ ø�ÿ� � � ý þ�� ÿ� � úAû ÷�ø ý��
wherethelastequalityfollowsfrom thedefinitions(C.1a)–(C.1c). Thus, ��ô�ö«÷�øSù is aright
divisorof û ÷�ø ô�ö«÷�øSù ý ô£ö¥÷�ø=ù .
Property 2:

Oneimmediatelyseesthat ��ô£ö¥÷�ø=ù is a right divisorof ö¥÷��»÷�ø�� , since�� ö ÷��/÷�ø � � ÷�ø�� 
 � ô£ö ÷�ø ù �� � �� � � � ô�ö«÷�øSù ö«÷��/÷�ø����! ÷ �
"# �� � � ÷�ø 
 � ô�ö ÷�ø ù �� ö«÷��/÷�ø �� � � ô£ö¥÷�øSù �$�% ÷ �

"# úHö ÷��/÷�ø � � (C.5)

Property 3:

We will now show thatit is impossibleto find a stableandcausalrationalmatrix & ô£ö¥÷�ø=ù
suchthat ö ÷�� �0ú'& ô�ö ÷�ø ù(��ô£ö ÷�ø ù � (C.6)

Notethatcausalityis requiredsincewe areonly looking for solutionsto (B.1) which are
causal.Partition & as &*)ú �� & ø/ø & ø � & ø,+& � ø�- �.� & � +& +�ø & + � & +.+

"#
with theblockwidthsequalto theblockheightsof � ô�ö ÷�ø ù in (C.3). If weperformthema-
trix multiplication &�ô�ö«÷�øSù/� ô�ö«÷�øSù using(C.3)andthepartitioningof & , condition(C.6)
gives & ø/ø úAö ÷�� � � ÷�ø& ø,+ ú0& � ø ú0& � + ú0& +�ø ú0�& +.+ úAö ÷�� ���! ÷ � �
If weusetheserelations,wealsoobtainö ÷��/÷�ø & ø � ú � ö ÷��.
 � (C.7a)ö ÷��/÷�ø - �.� úAö ÷�� (C.7b)ö ÷��/÷�ø & + � ú � ö ÷�� � � � (C.7c)

But (C.7b)hasno causalsolution - �.� ô�ö«÷�øSù . Thereforewe concludethat ��ô£ö¥÷�ø=ù cannot
bea right divisorof ö«÷���� .

Sinceall threepropertieshavebeenestablished,we concludethat(4.8)cannothavea
solutionwhen 132546187 .
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C.2 Proof of Corollary 2

Assumethatuser 9 hasabulk delaywhichexceeds: . Wewill now verify that;	<,=?>A@(BDC'EGFIHKJMLON PQPQPRNS T!U VW >A@ = >�X.>A@ N PQP!PYNS T!U VZ%[ > W \ (C.8)

is a right divisorof ] >A@�^ and
= >�X.>A@�_

, but notof
= >�X�_

.
With thedefinition(4.9),we canwrite^ <`=a>A@(BDC b^ <`=a>A@�B/c'<,=?>A@(B

(C.9)

where c'<,=?>A@(BdC*EGFIHKJ Le= >gfih = >gfkj PQPQP = >gfml [ \ P (C.10)

If wecompare(C.8)and(C.10), weseethatc*<`=a>A@(BdC bc*<`=a>A@(B(;n<`=a>A@�B
(C.11)

with bc*<`=a>A@(BdC'EGFoHKJqp = >rfih = >Drfmj P!PQP = > rfml [ts
and buwv Cyx uwv z|{C 9u W|} : } N z C 9 P
If wenow insert

^
from (C.9)and

c
from (C.11)into ] >A@�^ , weobtain] >A@ ^ C ] >A@ b^ bc~; P

Since
u W�� :� N , bc is acausalrationalmatrix,and

;
is a right divisorof ] >A@(^ .

We immediatelyseethat
;	<,= >A@ B

is a right divisorof
= >�X.>A@�_

, since=?>�X.>A@ _ C �� = >�X.>A@�_ W >A@�� �� N �� � = >�X.>A@�_ Z [ > W!�� ; P
However, if we try to find acausalrationalmatrix � <,= >A@ B suchthat= >�X _ C � ;
wemustrequire � C*EGFIHKJ L = >�X PQP!P = >�XS T!U VW >A@ = = >�X PQPQP = >�XS T!U VZ![ > W \ P
Since� is notcausal,weconcludethat

;
is not a right factorof

= >�X._
.

Since
;

is a right factorof ] >A@ ^ and
= >�X.>A@ _

, but not of
= >�X _

, equation(4.8) lacksa
solution.
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Appendix D

Proof of Theorem3

We will now derive thedesignequations(4.11a),(4.11b)and(4.11c).We will alsoshow
thatabankof matchedfilterscanconstituteapartof theMSEoptimumGDFEif weallow
thesmoothinglag � to tendto infinity. For thispurpose,weusetheGDFEto estimatethe
symboltransmittedat time � , usingmeasurementsup to time ����� :���� ���������Q�D��� �`�a�A� ��� � �����Q����� �,�?�A� ����8� � �¢¡£�D¤ (D.1)

Notethat(D.1) is merelyashiftedversionof (3.6).Wenow let thesmoothinglag tendto
infinity. We canthenequivalentlyexpressthesymbolestimateof theasymptoticGDFE
as ��a¥q� �G�D�¢� ¥ �,��¦§�?�A� ��� � �G�i��� �,�?�A� � ��8� � �¢¡£�D¤ (D.2)

wherewehavedefined � ¥ �`�8¦/�a�A� �©¨��ª¬«I®°¯ ¥ � ® � �,�?�A� �¤ (D.3)

Notethat � ¥ �`��¦§� �A� � is stablebut non-causal.
Assumingcorrectpastdecisions,i.e. ����,± �D� �8�,± � ±³² �´�µ¡ , andusingthechannel

model(3.1) theestimationerrorcanbeexpressedas¶ � �G�d� �3� �G��� �� ¥ � �·�� �,¸ ��� ¥ �,��¦§�?�A� �/¹ �A��º � �a�A� ��� �8� �G���� ¥ �,��¦§� �A� �/» �A�(¼¾½ � �G�
Introducethealternateestimate

�� ¥¿ � �·���a¥¿ � �·��¨� ��a¥ � �G�k�~À � �G�
wherethevariation À � �G� is basedonall signalstheestimate

�� ¥ � �G� maybebasedupon:À � �·��¨��À � � �G�k�ÁÀ�Â � �·�
with À � � �G�©¨�	Ã ¥ � �`�8¦/�a�A� ��� � �G� (D.4a)À�Â � �G�©¨�	ÃÄÂ �`�a�A� � �8� �w�¢¡Å� (D.4b)
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andwhere ÆÄÇÈÊÉ`Ë8Ì/ËaÍ È(Î and Æ|ÏtÉ,Ë?Í È(Î arearbitrarystablerationalmatrices. In addition,Æ|ÏtÉ,Ë?Í È(Î is causal.If theestimationerrorobtainedwith (D.2) is orthogonalto any admis-
siblevariation(D.4a), (D.4b),i.e. if Ð�Ñ É°Ò Î�Ó�ÔÈ É°Ò ÎDÕ*Ö (D.5a)

Ð�Ñ É°Ò Î�Ó ÔÏ É°Ò ÎDÕ*Ö (D.5b)

then ×Ø ÇÙ ÉeÒ ÎÚÕ ×Ø Ç É°Ò Î or equivalently
Ó ÉeÒ ÎÚÛÜÖ

minimizestheMSE (3.7). We mustthus
assurethat(D.5a)and(D.5b)arefulfilled.

To derive thedesignequationsof theMSEoptimumGDFEwith asymptoticallylarge
smoothinglag, we useParseval’s relationto evaluatethecross-correlation(D.5a) in the
frequency domain.Proceedingasin AppendixA, weobtainÐ�Ñ ÉeÒ Î�Ó Ô È ÉeÒ ÎDÕ Ý�ÞßÅà�áwâäã É,åçæ�èéÇ�ê Í È�ëíìïî Í È.ð Îwñë�òOóôò æ�õ�è Ç ó Í È/ö÷ö ò ê òÅø ê Í Èò ó Í Èò Æ Ç È ò Ø îîíù (D.6)

For (D.6) to equalzero,theintegrandhasto bemadeanalyticinsidetheunit circle. How-
ever, since Æ Ç È is non-causal,its Laurentexpansionwill containpowersof

î
, andhence

theLaurentexpansionof Æ Ç È ò will containpowersof
î Í È . But this impliesthat Æ Ç È ò con-

tributespolesin theorigin. Theonly way to ensurethat the integrandis analyticwithinú î ú Õüû
is thusto requirethatÉ`åçæ�è Ç ê Í È ëýìïî Í È�ð Î ë�òOóôò æ�õ�è Ç ó Í È/ö÷ö ò ê ò Õ0Ö ù (D.7)

For (D.5b), thecross-correlationcanbesimplifiedto yieldåçæ�è Ç ê Í È ëþìïî Í È.ð Õ0ÿ È ò ù (D.8)

for somepolynomialmatrix
ÿ È ò . Insert(D.8) into (D.7):ÿ È òOë�òOóôò æ�õ�è Ç ó Í È(ö ö ò ê ò Õ'Ö ù

Wecannow expressthefeedforwardfilter asè�Ç Õ ûõ ÿ È òOë�òOóôò ê Í Èò ö Í Èò ö Í È/ó ù
If weusethedefinitions(4.1a)and(4.1b),weobtainè�Ç Õ ûõ ÿ È ò��Dò�� Í Èò ö Í È/ó ù (D.9)

Wenow insert(D.9) into (D.8) andrearrange:å ìïî Í È ð Õ ÿ È ò�� å ì ûõ �Dò�� Í Èò � Í È ��� Õ ÿ È ò�� å ì ûõ��� Í Èò ��Dò �� �� Í È �Õ ÿ È ò �� Í Èò � �� ò ���ì ûõ ��Dò �� � �� Í È Õ ÿ È ò �� Í Èò
	 ò�� 	 �� Í È
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wherewein thesecondequalityusedthecoprimefactorization(4.2)andin thelastequal-
ity the spectralfactorization(4.12). We now collect polynomialmatricesin ���� on the
left handsideandpolynomialmatricesin  on theright handside:�����  ������������ ����� � �"! �� ���! � !�# $ (D.10)

The left handside containsonly powersof ���� and the right handside containsonly
powersof  . The only way for this equality to hold is to requirethat both sidesequal
a constantmatrix. Since

�
is monic,we seethat theconstanttermof the left handside

equals�%'& , theconstanttermof �� . Wemustthusrequire�����  ��� �(� ��)� ��� �*��+&� �"! �� ���! � !�# � ��+&-,
or, equivalently � �"! � ���& # ��� � ���! �� ! (D.11)� �  � ��.&/� �� ���10 � � $ (D.12)

We cannow insert(D.11) into (D.9) to arrive at our final expressionfor the asymptotic
DFEfilters: 243 �657 ��+& # ��� � ���! �� !/8�! � ���!:9 ����; (D.13a)

� 57 ��+& # ��� � ���! �8.! 9 ��� ; (D.13b)� �  � ��.&�� �� ���<0 � � $ (D.13c)

If wereplace and���� with = and=>��� respectively, (D.13a)coincideswith (4.11a),(D.13b)
coincideswith (4.11b)and(D.13c)coincideswith (4.11c).
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