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Abstract

We presentainddiscusoptimummultivariabledecisionfeedbaclequalizer§DFE:s). The
equalizerarederivedunderthe constrainof realizability requiringcausabndstablefil-
ters and finite smoothinglag. The designis basedon a discrete-timechannelmodel,
wherea digital signalpasseshrougha dispersve multivariablechannelwith infinite im-
pulseresponse.The additive noiseis describedby a multivariateARMA model. Both
minimum meansquareerror (MMSE) and zero-forcing(ZF) DFE:sare derved, under
theassumptiorof correctpastdecisions.

For the MMSE DFE, theoptimalstructurds obtained andit is notedthatthecornven-
tional structurewith FIR filtersin boththefeedforwardandthefeedbacKinks is optimal
only underratherrestrictve conditions.Simpledesignequationson closedform arealso
presented.

Conditionsfor the existenceof a ZF DFE arepresentedandwe suggesthatthe exis-
tenceof aZF DFE guaranteesearfar resistancef the correspondindMSE DFE.

Simulationsndicatethatit maybeadwantageouso usea DFE with optimalstructure
asopposedo the conventionalstructure However, in somecasesthe corventionalstruc-
tureis closeto optimal,andin thesecasesthe performancealegradationis smallfor the
cornventionalDFE. Also, the performancemprovementof the optimumDFE is reduced
whenerrorpropagations takeninto account.
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Chapter 1

Intr oduction

During the last threedecadesgdecisionfeedbak equalizes (DFE:s) have beenusedin
digital communicatiorto suppressntersymbolinterference(ISl), i.e. to remove the ef-
fectsof afrequeng selectve communicatiorchannel.The DFE constitutesagoodcom-
promisebetweemperformancandcompleity: It providesmuchbetterperformancehan
a linear equalizey andit hasa muchlower compleity thanthe optimum detectoy the
maximumlik elihoodsequencestimator(MLSE).

A DFE consistsof two filters anda decisionsnon-linearity TheISI corruptedmea-
surementsreinput to the feedforwad filter. Fromthe outputof the feedforvard filter,
the outputof the feedbacHilter is subtractedo remove the effect of residuallSI caused
by the alreadydetectedsymbols. A harddecisionis then madeto decidewhat symbol
wastransmitted.This decisionis fedinto thefeedbacKilter to remove its effecton future
symbolestimates.The coeficientsof the feedforward andfeedbackilters are adjusted
accordingto a criterion,thetwo mostcommonbeingthe zero-forcing(ZF) criterionand
the minimum meansquareerror (MMSE) criterion. With a zero-forcingequalizey all
intersymbolinterferencas removed,whereawith an MMSE equalizeythe meansquare
differencebetweerthetransmittedsignalanda soft signalestimatas minimized.

In theliterature[1], two typesof MMSE DFE designshave beenproposed:

1. Optimalmodelbaseddesign,which resultsin a continuous-timenon-causafeed-
forwardfilter. Thestructures optimizedbasedn thetransferfunctionof thecom-
municationchannel.

2. Fixedstructuredesign wherethe structureof the DFE is fixed prior to the design.
TheresultingDFE oftenhasFIR filters of predeterminedegreesbothin the feed-
forwardandfeedbackpaths.Thecoeficientsof thesefilters arethendeterminedy
solvingthe WienerHopf equations.

Theperformancef thenon-causaDFE is alwaysbetterthanthatof arealizableDFE.
Thefixed structureDFE on the otherhandmay have a suboptimalstructure resultingin
suboptimunperformance The optimumperformancef arealizableDFE canthusonly
beboundedusingtheseresults.

This dilemmawasresohedin [2], wherean optimumrealizableDFE wasderived.
The dervationwasbasedon discretetime IR modelsof the channelandthe noise,and
theresultingDFE hadoptimalstructurewith optimalfilter degrees.Designequationon
closedform werealsopresented.

During the last few years,channelswith several inputs and/oroutputshave gained
increasednterest. Suchchannelsoccurin mary areas.e.g.in cellular communication
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systemswvhereantennaarraysare usedto improve the detection. Oversampledchannel
modelscanalsobeformulatedasachannelvith severaloutputs.With adetectobasedn

amodelwith multipleinputsand/oroutputsjt is possibleo suppressotonly intersymbol
interferencebut alsoco-channeinterferencei.e. interferencdrom othersignals.

A multiple input-multipleoutput(MIMO) DFE is a DFE whereboththe feedforward
andthefeedbacHilter have multiple inputsandmultiple outputs.TheDFE is anattractve
compromisebetweencompleity and performancealsoin the MIMO case. As in the
scalarcase,studiesof MIMO DFE:sarebasedon one of two principles: eithera DFE
with a non-causafeedforvard filter [3] or a DFE whosestructureis fixed prior to the
design[4, 5, 6].

In this paper we presenta generalizedDFE with severalinputsand outputs,which
minimizesthe meansquaresrrorunderthe constraintof realizability TheresultingDFE
utilizes multivariablelIR filters with optimal filter degrees,and its parametersan be
obtainedfrom closedform designequations.n thelimit, whenthe smoothinglag tends
to infinity, we also obtain the non-realizableMMSE DFE. Furthermorewe introduce
the existenceof a zeroforcing MIMO DFE asa criterion for nearfar resistancef the
correspondindMSE DFE. Our derivationsarebasedon a discretetime systemmodel,
wherethe multivariablechannelmay have an infinite impulseresponseandwherethe
noiseis describedy a multivariateARMA model.

The paperis organizedasfollows: In Chapter2, we presenscenariosvhich leadto
multivariablechanneimodels.A concisedescriptionof the equalizatiorproblemandthe
parameterizationf thechannebndnoisemodelss thengivenin Chaptei3. In Chapte#,
the structureandthe designequationdor the optimumrealizableminimummeansquare
errorDFE arepresentedWe alsodiscusgheconditionsfor theexistenceof azero-forcing
MIMO DFE andits implicationson the designof MMSE DFE:s. Finally, we useour
framavork to derve theoptimumnon-realizableDFE. In Chaptel5, anumericalexample
illustratesadwvantagesand dravbacksof usinga DFE with optimal structureasopposed
to a corventionalDFE with FIR filters in both the feedforward and the feedbacklink.
Finally, in Chapter6, conclusionsaredravn andtopicsfor future studiesareindicated.



Chapter 2

Multi variable channelmodels

2.1 Recever frontend

Thefront-endof arecever in the consideredadio communicatiorsystemis depictedin

Figure2.1.
0—{LP =
rf) 4 cosw jr}r(k)
—{Lp e

—sinw,t

Figure2.1: Thefront-endof areceverin the consideredcommunicatiorsystem.

The in-phaseand quadraturecomponentf the receved passbandignal r(¢) are
down-corvertedto the baseband.The basebandgignalis passedhrougha fixed anti-
aliasingfilter andsampled Dependingntheapplicationthesamplingrateeitherequals,
orisamultipleof, thesymbolrate. Whendesigninghedetectorsthetransmittefilter, the
multipathchannelandthe recever filter are lumpedtogetherandthe resultingdiscrete-
time channelfrom the transmittedsymbolsto the receved sampledsignalis usedasa
basisfor detectordesign.

Note thatall signalsarerepresentedby their complex ervelopesandthatall coefi-
cientsin the discrete-timechannelmodelsin generalwill be comple-valued. This is
dueto the fact that we are consideringa communicatiorsystemusing radio frequeng
carriers.

Remark 1. As is apparenfrom Figure 2.1, the recever front-endincorporateso fil-
ter matchedto the receved signal,asis commonin optimal, model-basedletectorde-
sign [7]. This meansthat thereis no guarantedhat the sampledsignal constitutesa
sufficient statisticof theoriginal continuous-timesignalr(¢). Also, thenoisesuppression
of the anti-aliasindfilter is worsethanthat of anideal matchedfilter. Still, we will not
usea matchedilter asana priori componentn our detectordesign.Thereasorfor this
is threefold:

1. Asexplainedin Sectiord.4,matchediltering maynotbeoptimalfor adetectomwith
finite smoothingag.



2. For channelshaving infinite impulseresponseglIR channels)the matchedfilter
would notberealizable.

3. In apracticalcommunicatiorsystemafixed analogfilter mustbe used.

2.2 Notations

Throughouthe paperchannelsandfilters areassumedo belinearandtime-invariant. A
scalardiscrete-timechannelor filter will berepresentedsa rationalfunctionin the unit
delayoperatorg 1, i.e. asaratio of polynomialsin ¢ * asexemplifiedbelow:

o) = Hlau(h) = 5 ui

=—Awk—-1)—--- — Ayv(k — na)

+ Bou(k) + Biu(k — 1) 4+ - - - + Bpyu(k — nb) .
Whenappropriatethecomplex variablez will besubstitutedor theforwardshift operator
g. For corveniencepolynomialagumentswill oftenbe omittedwhenthereis norisk of
misunderstanding.

A channehaving multiple inputsandmultiple outputswill be calleda multivariable
channebr a multipleinput-multipleoutput(MIMO) channel Multivariablechannelswill
bedescribedy matriceswhoseelementarerationalfunctions.Suchmatricesarecalled

rational matrices We canexpandary stableand causalrationalmatrix 7(¢~!) in the
series

T)=> Tu™. (2.1a)
n=0
whereT,, arethe Markov parametersf 7 (¢ *). For ary suchrationalmatrix, we define
A = n
T.(@)=) Tiq (2.1b)
n=0

where(-) denotesomplex conjugateransposeWe will alsoconsiderrationalmatrices
which arenon-causalSucha matrix canbe expandedn the series

T(,a)= ) Tag ™. (2.2a)

n=—oo

In this casethedefinition(2.1b)canbegeneralizedo

Tugq )= Y THe (2.2b)

n=—oo

In somecasesthe denominator®f all the matrix elementswill be constantsrather
thanpolynomials.In thesecasesthemultivariablechannekanbedescribedy a polyno-
mial matrix

A _ _
P(g)=Py+Pig '+ +Pspg . (2.3a)
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The degreeof a polynomialmatrix P(¢~!) equalsthe highestdegreeof ary of its ele-
mentsandis denoted’ P. For ary polynomialmatrix (2.3a),we alsodefine

A
P.(q) 2Pl +Plg 4 ... + PLT (2.3b)
= _ VAN _ _
P(gH)=2¢ PP, (q) =PL +PL_ gt +-- -+ PEGP . (2.3c)

2.3 Examplesof multivariable channelmodels

With the recever front-enddepictedin Figure2.1, the resultingchannelis scalay base-
bandanddiscrete-timeWe will now describescenariosvhereseveralsuchchannelsare
combinedo form a multivariablechannel.

2.3.1 Detectionusingantennaarrays

In cellular communicatiorsystemsmulti-elementantennasalso known asantennaar-
rays, are frequently usedto rejectinterferenceand to reducethe effect of fading and
noise[8, 9].

Theintroductionof antennasvith severalelementsatthereceverresultsin achannel
with multiple outputs. Assumethat the receved signalis sampledat the symbolrate.
The signalreceved at antenna is denotedy;(k), andthe additive noisereceved at the
sameantennais denotedy; (k). Furthermoreassumehat the scalarchannelfrom the
transmitterto recever antenna is describedy thetransferoperator#;(¢—"). To obtain
acollective representationf the antennasignals we form thefollowing vectors:

y(k) 2 (k) k) - oy (B)T (2.4)
Hig HE (Hilg ) Holg D) oo Hayla D))" (2.4b)
v(k) 2 (ni(k) va(k) ... va (k)" , (2.4c)

wheren, is the numberof antennalementsn thearray Thevectorof recevedsamples
canthenbeexpresseds

y(k) = H(g ")d(k) + v(k) (2.5)

whered(k) is the transmittedsignal. The model(2.5) is a singleinput-multipleoutput
(SIMO)model,andis depictedn Figure2.2.

As is apparenfrom (2.4b), a SIMO filter is describedby a columnvectorwith ra-
tional elements.For the antennaarray applicationconsiderechere,the scalarchannels
H;(q~ 1) arein factaccuratelydescribedy polynomials andthe SIMO channekanthus
be modeledby a polynomialcolumnvector

Themodel(2.5)canbeusedasabasisfor designof adetectoperforminginterference
rejection This approacthasbeenthoroughlyinvestigatedin e.g.[8], [10] and[11]. In
all thesenvestigationsinterferenceejectionimprovesthe performancesignificantly

In a scenariowhereseveral userstransmitsimultaneouslywe can modify (2.5) to
explicitly incorporatemultiple users.For this purposewe assumehatthesignald, (k) is
transmittedrom userj, anddefine

d(k) 2 (di(k) da(k) ... dn,(k))" . (2.6a)



(1 Vf)

{Hi(e Y =B n k)

/U2$k)

{Ha () =B — (k)
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A M, (g7 @y, (F)

Figure 2.2: The presenceof an antennaarray at the recever resultsin a single input-
multiple output(SIMO) model.

We alsodenotethescalarchannefrom transmitterj to receverantenna as#;;(¢~*) and
definetherationalmatrix

Hi(g ) Hilgt) ... ’Hlnd(qfl)

H(g) 2 Hoi(q ') Holg ) ) Hona(q ) | (2.6b)

Hnyl(q_l) HnyQ(q_l) Hnynd(q_l)

Using (2.4a),(2.4c), (2.6a)and (2.6b), we cannow expressthe signal receved at the
antennarrayby themultiple input-multipleoutputmodel

y(k) =H(g "d(k) + v(k) . (2.7)

Of coursethemodel(2.5)is a specialcase(ny = 1) of (2.7).

The channelmodel (2.7) canbe usedas a basisfor designof a multiuserdetector
which simultaneouslyletectdhe symbolstransmittedrom all users.This approactwas
first studiedby Wintersin [12] and more recentlyby Tidesta et al. in [6], wherein
addition,multiuserdetectionandinterferenceaejectionwerecompared.

2.3.2 Multiuser detectionin DS-CDMA

In direct sequenceodedivision multiple acces§DS-CDMA) systemsthe transmitted
symbolsare spreadbeforetransmission.Spreadingmplies that the signalis multiplied
by a userspecificspreadingsequencea signalhaving (much)larger bandwidththanthe
information-bearingignal. At the recever, the signalsfrom the differentusersarede-
spread by meansof cross-correlationvith the correspondingpreadingequencelf the
spreadingsequenceare chosenalmostorthogonal the signalsfrom differentuserswill
only interferemildly with oneanother

However, sincethespreadingequencesannotechosercompletelyorthogonal, the
despreadignalwill containcontribtutionsfrom all signals.Themagnitudeof this multiple
accessnterference(MAI) is determinedby the cross-correlatiometweerthe spreading
sequencesf the differentusers. The presenceof MAI impliesthatwe canformulatea

LIn fact,this maynot evenbedesirablen arealsystem.
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multivariablemodelto describehis scenario.This modelwill have the symbolsfrom all
the usersasinput andthe outputsof the cross-correlatorssampledat the symbolrate,
asoutput. For this purpose we collectthe sampledoutputsof the cross-correlators a
vector:

T

v (k)2 (k) (k) ... yn,(K))

For a channelwithout delay spread,this vectoris relatedto the vector of transmitted
symbolsd(k) andavectorof noisesamples/’ (k) through[13]

(2.8)

y' (k) = R(1)Wd(k + 1) + RO)Wd(k) + R(-1)Wd(k — 1) +v'(k) . (2.9)

In (2.9), the matricesR (m) containpartial cross-correlationbetweerthe spreadingse-
quences;(t):

Ts+m;
R(m)),; = / si(t — 7i)s5(t + mTs — 75)dt
whereT; is the symbolperiod, ; € [0, 7| is the propagationdelay of user: and (-)*
denotescomple conjugate.lt is hereassumedhat s;(¢) = 0 outsidet € [0,7s]. The
elementdn the diagonalmatrix W representhe amplitudesand phaseshifts of the re-
spectve signals.

Themodel(2.9)is non-causalTo obtaina causaimodel,we definey (k) 2 y'(k—1)
andv(k) 2 v'(k — 1), whichcanbeinsertednto (2.9)to yield:

y(k) =H(q ')d(k) + v(k) ,
with aMIMO FIR channebf secondrder:

H(g ) =R(1W+R(0O)Wq '+ R(-1)Wq 2.

2.3.3 Fractionally spacedsampling

We shall now turn our attentionto fractionally spacedsampling Fractionallyspaced
samplingmpliesthattherecevedsignalis sampledseveral,sayp, timesduringasymbol
periodT;, asdepictedn Fig. 2.3.

— LP [T i(n)

Figure2.3: Fractionallyspacedgampling

The samplingrate of the discrete-timesignaly(-) equalsp/T;. Dueto the oversam-
pling, () is not stationary but cyclo-stationary:its momentsvary periodicallywith a
periodequalto p. Sincea new symbolis transmittedonly onceevery p samplesywe can
expressherecevedsignaly(-) as

Glkp+7) = H(g Y Yd(kp+ 1) + 0(kp + 1), (2.10)



for

1.

0,1,...,p—1.

Tr=Vu,

In (2.10),we ha/eintroduceohscalarsample-spacedjscrete-timénput(Z(-), definedoy

~ dik) r=0
dlkp+r)= )
(kp+7) {0 otherwise

anda scalay sample-spacechannel
H(g ') =Ho+ Hiqg '+ Hyq *+....

To transformg(kp + r) to astationarysignal,we collectp consecutie samplef §(-) in
thevector

y(k)2 (§kp) Glkp+1) ... Glkp+p—1)" . (2.12)

The vectorvaluedstochastigprocessy (k) is stationaryand hassamplingrate equalto
thesymbolrate1/T;. To obtainthe desiredmultivariablemodel,we introducethe single
input-multipleoutput(SIMO) transferoperator

H(g)EH +Hig '+ Hag 2 + ... (2.12)

where

A

H, = (gmp f{mp—kl }NIWLP-HD*l)T

Analogougo (2.11),we stackthenoisesamplesi(kp + r) to form thevectorv(k):
v(k)2 (5(kp) S(kp+1) ... Fkp+p—1))" . (2.13)
Using(2.12)and(2.13),we canexpressy(k) as
y(k) = H(g™")d(k) + v(k) , (2.14)

whichis a SIMO modelwith symbol-spacedndstationaryinputsandoutputs.

Oversamplingcanbe usedto reducethe sensitvity of therecever to synchronization
errors,or simply to improve detectomperformance.

Whenseveralsignalsaretransmittecbveracommonchannelanoversampledersion
of the receved signal can be usedto detectall of them. This can be implementedn
CDMA systemsasdescribedn [14, 15], andin XxDSL systemsasdescribedn [16]. The
resultingmodelwill have multiple inputs,aswell asmultiple outputs.The generalization
of (2.14)to sucha MIMO modelis analogougo the generalizatiorof (2.5)to (2.7) and
will notbedescribedary further.



2.4 Acquiring MIMO models

Channelmodelsare seldomknown a priori. Instead,they have to be estimated.How-

ever, sincemultivariablemodelscanbe parametrizedn mary differentways, ordinary
predictionerror methodg17] may be inappropriatedueto the large numberof design
variablesinvolved. In this respectsubspacedentification[18] offers a solution. With

subspacé@entification,only onedesigrnvariableis used:theorderof therealization.The
estimatednodelis a minimal statespacerealization,which canthenbe cornvertedinto

ary suitableform [19].

Fortunately multivariateFIR modelsarestill relatively easyto estimateusingleast-
squaresnethods.Oneremainingproblemis thatthe numberof parameter$o estimate
may be unnecessarilyarge. In particular this is the casefor the multivariablechannel
modelsdescribedn section2.3.1. Thesechannelscanin fact often be describedby a
reducedrank model[20]. This low-rank propertycan be taken into accountwhenthe
channeis estimated21], leadingto moreaccuratanodels.

In the following, we will assumehatall modelsare known without error In prac-
tice, modelsareof courseuncertainandbetterperformancemay be obtainedwith robust
methods.With suchmethodsdetectoravhich explicitly take the modeluncertaintyinto
accountanbedesignedSeg[22] and[23] for examplesof suchdesigns.



Chapter 3

Problem statement

Considerthe receved sequencef measurementectorsy (k). Assumethateachvector

canbe describedasa sumof the outputfrom a dispersve, multivariablechannelanda

multivariatenoisetermasdepictedn Fig. 3.1. Both the channelandthe noisemodelare
v(k)

N M

ak) 4 A1 —(+)—y(®)

Figure3.1: The multivariablesystemmodel. Boththe lIR channelandthe ARMA noise
modelareparametrizedsleft matrix fractiondescriptiongMFD:s).

parameterizey left matrix fractiondescriptiondMFD:s) [19]:
y(k) = A7 (g )B(q )d(k) + N~ (g )M (g v (k) - (3.1)

The polynomialmatrix B(¢~') hasn, rows andn, columns,whereasA(¢~'), M (¢ ")
and N (¢~') aresquarepolynomialmatricesof dimensionn,. Thesethreematricesare
assumedo bestablyinvertible, i.e. therootsof

det A(z71)

det M (z71)
det N(z71)

0
0 (3.2)
0

all lie insidetheunitcircle |z| = 1.

Weassumehattheleadingmatrixcoeficientin M (¢ ') isnon-singulayi.e.det P, #
0 in (2.3a).ThedenominatomatricesA(q~!) and N (¢—!) areassumedo be monic(the
leadingmatrix coeficient is equalto the identity matrix). To simplify the presentation,
A(qg7') and N(¢~!) arealsoassumedo be diagonal This will resultin lesscomple
designequationsput mightleadto unnecessarilyigh polynomialdegreesin the matrix
elements. The polynomialelementsn the matricesmay have complex coeficients,and
areassumedo becorrectlyestimated.

IHence neitherA~' B nor N ' M constituterreducibleMFD:s.
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Eachelementin the vector d(k) is taken from a finite setof values,the so-called
alphabeti.e.

di(k) € A; .

For instancewhenbinary phaseshift keying (BPSK)is employed, 4; = {+1,—-1}. We

will assumehateachd, (k) is astochasticvariablewith zeromeanwhichis uncorrelated
with the disturbancevectorv (k). Finally, we assumehatd;(k) is white with covariance
matrix

Ed(k)d" (k) = A (3.3)

In acommunicatiorsystememplgying interleaving, this assumptions in generalalid.
Thenoisevectorv(k) in (3.1) hasn, elementslt is a possiblycomple-valued white
stochastigrocessvith zeromeanandcovariancematrix

Ev(k)v" (k)] = AT . (3.4)
For futurereferencewe alsodefine

A Ay
=—. 3.5
P=3, (3.9)
Our primarygoalis to reconstructhe sequencef symbolvectorsd(k) from themea-
surementf y(k). For this purpose,we introducethe multiple input-multiple output
generallR decisionfeedbaclequalize{GDFE):

d(k — €|k) = R(qg™")y(k) — F(qg~")d(k — £ — 1)

N A (3.6)

d(k —¢) =f(d(k —¢|k)) .
The feedforvard filter R(¢~!) andthe feedbackilter F(¢!) arestableandcausalra-
tional matrices. The designvariable/ is known asthe decisiondelayor the smoothing
lag, i.e. the numberof future measurementssedto estimatethe currentsymbol. The
functionf(-) constituteshe decisionnon-linearity: For eachelementd;(k — ¢|k) of the
vectord(k — /|k), thedecisiondevice selects

o o
di(k — ) = arg min |d;(k — (k) — df* .

Thevectord(k — ¢) thusconstituteghe decisionmadeon the estimated(k — /|k). The
GDFEis depictedn Fig. 3.2.

y(k) — R(q™") [—(H)— f() ~d(k —0)
Feedforvard L T Fa )

) Feedback

Figure3.2: ThegenerallR decisionfeedbaclequalize(GDFE).

It is importantto notethatthe GDFE (3.6) mustberealizable This constrainimplies
that
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e thesmoothingag ¢ mustbefinite, and
e thefilters mustbecausal.

In Section4.4, we will illustrate what happenswvhen the constraintof realizability is
relaxed.

Giventherecevedsequencef symbolvectorsy(k) andthemodel(3.1), we wantto
find the stableand causallinear time-invariantMIMO filters {R(q™!), F(¢~!)} which
minimizethe estimationerrorcovariancematrix 2

P2 Ee(k — 0)e (k — 0) (3.7)
wherethe estimatiorerrore(k — ¢) is definedas
e(k—0)2d(k—0) —d(k — e|k) . (3.8)

The GDFEwhich minimizes(3.7)will becalledthe MMSEGDFE.

We arealsointerestedn finding the conditionsunderwhich a zeio-forcing solutionto
the equalizatiorproblemexists. A scalarzero-forcingequalizeremovesall intersymbol
interferencdrom the symbolestimate A naturalextensionto the multivariablecase10]
is to requirethatboththeintersymbolinterferenceindthe co-channeinterferenceywhich
is explicitely includedin the channelmodelshouldbe removed. A multivariablezero
forcing (ZF) equalizercanthenbe definedaccordingly:

Definition 1 Considerthechanneimodel(3.1)andamultivariableequalizemwhich forms
theestimatei(k — ¢|k) of a transmittedsymbolvectord(k — ¢). If

d(k — k) = d(k — £) —e(k — 0) (3.9)

whee ¢(k — ¢) is uncorrelatedwith all transmittedsymbolvectos d(m) V m, thenthe
equalizerns saidto be zero-forcing

Becauseof the presencef the non-lineardecisiondevice in (3.6), closedform ex-
pressiongor theparametersf theminimummeansquareerroror thezero-forcingGDFE
cannotbe found. To make derivationof optimumGDFE coeficientspossible we adopt
the usualassumptiorthat all pastdecisionsaffecting the currentestimateare correct®
With thisassumptionminimizing (3.7) becomes quadraticoptimizationproblem,anda
zero-forcingequalizercanbe foundby solvinga systemof linearequations.

°The covariance matrix is minimized in the sense that ary other admissible choice of
{R(¢g 1), F(¢ 1)} will resultin aestimatiorerrorcovariancematrix P suchthatP —P is positive definite.

3Thisassumptiomvill almostsurelybeviolated. Still, decisiorfeedbackequalizergienerallywork well,
andmoreelaborateschemegjive only smallimprovementg22].

12



Chapter 4

Optimum generaldecisionfeedback
equalizers

We will now describenow to adjustthe coeficientsof the multivariableGDFE (3.6), so
that the estimationerror covariancematrix (3.7) is minimized. We alsoshov how the
GDFEcanbetunedsothatthe zero-forcingcondition(3.9)is satisfied.

4.1 The optimum MMSE GDFE

We introducethefollowing polynomialmatrices:

Al M (q ) (4.1a)
N(¢g ")B(q ). (4.1b)

We alsodefinethe polynomialmatricesI' (¢ ') and+(¢ ') by the coprimefactorization

Fg O (@) =T (¢ V7). (4.2)

Withoutrestriction,we assumehat+(¢)I' (¢ !) constitutesanirreducibleMFD.!
We arenow readyto formulateour mainresult.

Theorem 1 Assumehata multivariablechannelis describedby(3.1), andthatthetrans-
mitted data is describedby (3.3), whereasthe noiseis describedby (3.4) with p > 0.
Assumingorrectpastdecisionsthe generl multivariableDFE (3.6) minimizeghe esti-
mationerror covariancematrix (3.7)if andonly if

R ") =S )M (¢ )N(g ") (4.3a)

-1

Fl@H)=Q@ "I (¢). (4.3b)

Above S and@Q, togetherwith the polynomialmatricesL; and L, canbe calculatedas
theuniquesolutionto thetwo coupledpolynomialmatrix equations

I'—¢S¥+¢'Q=L.,T (4.4a)
q ‘Ly,7, — pST, = qL,, (4.4b)

1A coprimefactorizationmay be numericallysensitve. For a robustimplementationsee[24].
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whee the degreesof the unknownpolynomialmatricessatisfy

68 =1 (4.5a)

6Q = max(6T,67) — 1 (4.5b)

0L, =¢ (4.5c)

0Ly = max(07,0l') — 1. (4.5d)

Proof. SeeAppendixA. |

Remark 1. Thedegreedistedin (4.5a)—(4.5daresuficiently high. Whenr, (andhence
7o) hasfull rank,thesedegreeconditionsarealsonecessary

Remark 2. The two coupledDiophantineequations(4.4a) and (4.4b) are unilateral,

sinceall the unknavn polynomial matricesappearon the same(in this caseleft) side
of their respectie coeficient polynomialmatrices.SolvingtheseunilateralDiophantine
equationgorrespondso solvinga block-Toeplitz systemof linearequationsasdemon-
stratedn AppendixA, equationgA.18)—(A.21)

Remark 3. Whenthechanneis equalizedisingtheoptimumMMSE DFE,theestimate
of thetransmittedvectorwill begivenby

d(k — £|k) = R(g7)y(k) — F(qg~")d(k — £ — 1)
= (¢ T— Li(q Y))d(k) + S(g ")v(k) (4.6)

whenall previous decisionsare assumectorrect. The equivalentequalizedchannelis
thusgivenby

Ceq(q_l) = q_ZI - ifl(q_l) .

Also, from (4.6) we cancalculatethe resultingestimationerror covariancematrix (3.7).
Usingtheassumption$3.3) and(3.4) we obtain

l l
P=X > LiLi,+X Y S.S/. (4.7)

Thefirsttermin (4.7)is causedy residualintersymbolandco-channeinterferencdrom
the first £ tapsin the equalizedchannel. The deviation of the referencetap from the
identity matrix alsocontributesto theterm. Thelasttermin (4.7) is causedy the noise.

Remark 4. Thesmoothindgag/ is adesignvariableandshouldbe choserasatrade-of
betweercompleity andperformanceln generalthe smoothingag shouldbe choserso
that“enough”signalpower canbe collectedby the feedforwardfilter beforea decisionis
made. (]

The presentedMMSE solutionprovidesan optimal DFE structuie. It is evidentthat
thecornventionalDFE structure whereboththe feedforwvardandthefeedbacKilters have
finite impulseresponsess optimalonlywhenA(q ') = M (¢ ') = L In otherwords,
the channelmustbe describedy a finite impulseresponsenodel, whereaghe additve
noisemustbeanautorgressve (or white) process.

In additionto providing an optimal DFE structureand optimal filter degrees,Theo-
rem1 givesguidelinesonhow to choosehefilter degreesn acorventionalstructurevhen
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theuseof theoptimalstructures deemednappropriateFor instancewhenthenoisecan
be describedby a moving averagemodel, Theoreml statesthat both feedforward and
feedbacKilters shouldhave infinite impulseresponsedn thatcasethetrans\ersalfeed-
forward filter in the corventional DFE structureshouldhave a long impulseresponse,
particularlyif thezerosof M (z~!) arelocatedcloseto theunit circle.

4.2 The ZF GDFE

We now turn our attentionto the generaimultivariablezero-forcingDFE.

Theorem 2 Considerthe multivariablechannelmodel(3.1) andthe geneal DFE (3.6).
Thee existsa multivariableDFE satisfyingthe zeio-forcing condition(3.9)if andonly if
there exist stableand causalrationalmatricesR (¢~!) and F(¢!) sud that

¢ I=RA'B-¢“'F. (4.8)

Proof. SeeAppendixB. |
Equation(4.8) may have several solutions. Hence,for a given channel,theremay be
mary multivariablezero-forcingdecisionfeedbackequalizers.However, in somecases
no solutionto (4.8) will exist. The preciseconditionfor thisis statedn Lemmal.

Lemmal Thee existsa solutionto (4.8) if and only if every commonright factor of
A'B andg~“'Tis alsoaright factor of ¢—I.2

Proof: Theresultsollowsfromthegeneratheoryof Diophantineequationsse€26].
|
Lemmal canbe usedto determineif a zero-forcingsolution exists for ary given
channel.However, we canalsouseLemmal to find caseswheretrivial channelcharac-
teristicsprecludethe existenceof a zero-forcingequalizer Thefollowing two corollaries
exemplify two suchcases.

Corollary 1 If ng > n,, thenA™' B and¢~*'I will alwayshavea commorright factor
which is nota right factor of ¢g~“I.

Proof. SeeAppendixC. |
For thesecondcorollary, we define

A; £ theminimal delayof user; in ary channel, (4.9)

leadingto thefollowing formulation:

Corollary 2 If A; > ¢ for somei, then A~ B and ¢—*~'I will alwayshavea common
right factor which is nota right factor of ¢ —“I.

Proof. SeeAppendixC. |

Remark 1. From the perspectie of a detectordesigner Corollary 2 is enlightening.
Whendesigninga multi-userdetectorit is vital to choosea smoothingag whichis guar
anteedo exceedthe bulk delayof all users,evenif we areinterestednly in the signal
from oneof them. (]

2Theright factorsshouldbe membersf thering of stableandcausarationalmatriceq26].
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4.3 The ZF DFE solution and near-far resistance

Theprimaryfocusin theliteratureregardingequalizerdesignhasbeenon MMSE equal-
izers. Thereasorfor thisis twofold:

1. Whennoiseis presentan MMSE equalizelin generalprovidesbetterperformance
thanthecorrespondingF equalizer

2. An MMSE equalizeris bettersuitedfor adaptve implementationsinceit easyto
derive anadaptve algorithmwhich recursvely minimizesthe MSE.

Thereforejn anactualimplementationanMMSE equalizeiis in generabpreferable.

However, zero-forcingequalizerscanprovide informationaboutthe performanceof
their MMSE counterpartsin the multiusercasethe existenceof a zero-forcingequalizer
impliesthatall intersymbolandco-channeinterferencecanberemoved. In this casethe
estimatiorerrorattheinputof the decisiondevice of thecorrespondindgIMSE equalizer
will vanishwhenthe noisevariance), in (3.4)tendsto zero. Whenno ZF equalizercan
be found, therewill be someresidualinterferenceat the input to the decisiondevice of
the correspondindlMSE equalizerirrespectve of the noiselevel. As the power of the
interferingsignalsincreasessowill theresidualinterference.In the limit asthe power
of the interferingsignalsgoesto infinity, the MMSE detectorwill becomeuselessThis
phenomenors calledthe nearfar problemin the CDMA literature,and detectorghat
arecapableof handlinga situationwith very disparatdransmitterpowersaresaidto be
nearfar resistant

Thediscussiorabore suggestshattheexistenceof a zero-forcingDFE canbeusedas
anindicatorof nearfar resistancef thecorrespondinddMSE DFE. In fact,theexistence
of azero-forcingDFE impliesthatthe equalizatiorproblemis in somesensewell-posed.
ForinstanceCorollary1 stateghatno ZF equalizeexistswhenn, > n,, anequalization
problemwhich is badly posed.Evenin this situation,an MMSE solutionexists but will
give a high MSE. In [6], the performanceof different MMSE DFE:sis investigatedn
situationswvhenno ZF solutionexists.

4.4 The structure of decision feedback equalizers with
asymptotically largesmoothinglags

As mentionedn Section2.1,it is commonin theoreticainvestigationgo let thereceved
signalpasghroughafilter matchedo thechannelandthendesignthe DFE to operateon

this signal.In otherwords,the matchedilter is usedasana priori constrainonthe DFE

solution. In the MIMO case,a matchedfilter will have to be includedfor every scalar
channel3], resultingin a bankof n, x n; matchedilters. In this section,we will show

thatsucha bankof matchedilters will indeedbe presenin the MSE optimal GDFE, but

only whenthesmoothingag/ is allowedto goto infinity.

To provethis suggestionwe rewrite (3.6) as

d(k|k +0) = ¢"R(q™")y(k) — F(g~")d(k — 1)
d(k) = f(d(k|k + £)) .
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We now let ¢ tendto infinity to obtainthe optimumnon-realizabléiIMO DFE:

A (k) = R(q,07 )y (k) = F=()d(k = 1) (4.10)
d(k) = f(d®(k)) ,

wherewe have defined
d® (k)2 lim d(k|k + 0)
{—0
R¥(q,q7") 2 Jim ¢R(q")
— 00
F2(q") = lim F(g™).

£—00

The coeficientsof thenon-realizabld®FE canbe obtainedusingthefollowing theorem:

Theorem 3 The non-causalfeedforwad filter R*°(q,¢~!) and causalfeedbak filter
F*(q~') of theoptimumnon-realizableMIMO MMSEGDFE (4.10)will begivenby

1=~ -
R*(q,q7") = ;Fow‘lﬂglr*r*rglM—lN (4.11a)
_liwosis M N (4.11b)
p
F>(¢7Y) = ¢(ToBT - T), (4.11c)

wheeT is theleadingcoeficientof I' and 3 is the (monic)solutionto thematrix spectal
factorization

~ o~ 1
BWB=T.I+-7,7. (4.12)
p
In (4.12) W is a constantpositivedefinitematrix which hasbeenintroducedo male 8
monic.
Proof: SeeAppendixD. |
Remark 1. Notethatsincel, is non-singularequation(4.12)hasa uniquesolution. (]

Thefilter 7,I', ' M ' N, which appearssaright factorof (4.11a) constitutesa bankof

whiteningmatdedfilters. Hence,whenthe smoothinglag tendsto infinity, thereis no

performancgenaltyassociatewvith theintroductionof suchafilter prior to theoptimiza-
tion of the DFE. However, this is not true for the realizableDFE; no whitenedmatched
filter is presentn (4.3a).

4.5 A comparisonbetweenthe DFE and MLSE

A maximumlik elihoodsequencestimatoMLSE) computeshetransmittedsignalwhich
maximizeshe conditionalprobability of therecevedsignal,i.e. it selects

{d(k)}iZ, = arg dr(gfaeﬁp({y(k)}k]vzl|{d(k)}l]cv:1) (4.13)
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whered(k) € A impliesthatelement; in d(k) shouldbe taken from the alphabetA,.
Whenthe channeland noise statisticsare known, the MLSE is the optimum sequence
detector

Whenthe channelmemoryis finite, the optimizationin (4.13)canbe efficiently im-
plementedisingthe Viterbi algorithm[27], which constitutegorward dynamicprogram-
ming. Still, the compleity is very high. Assumingthatthe channellengthis L andthe
sizeof thealphabetA; is M;, determinatiorof thesequencéd(k)}\Y_, in (4.13)usingthe
Viterbi algorithmrequireson theorderof

naN ﬁ M}
i=1
operationsyhich canbeanenormouslyargenumber Ontheotherhand,calculatingthe
coeficientsof a correspondingnultivariableMMSE DFE requireson the orderof
ny(€+1)* 4+ n2 (£ 4 1)°ng
operationswhile equalizatiorof the N symbolsrequiresapproximately
N(nyng(£+1) +n3L)

operationsFor largengy, alphabetaindchannelengthsthereis alargedifferencan com-
plexity betweerthe MLSE andthe DFE.Ontheotherhand thedifferencan performance
is generallyconsideregmall.®

3Thisis truewhenthe SISOMLSE andSISODFE arecomparedTo ourknowledge therearenoresults
regardingthe correspondinglifferencein performancéetweerthe MIMO MLSE andthe MIMO DFE.
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Chapter 5

A numerical example

Toillustratethepotentialperformancemprovementswhich canbeobtainedby usingthe
GDFE,aMonte CarlosimulationhasbeenconductedConsideithetwo input-two output
FIR channelcf. (3.1))

0.979 +0.204¢71  0.826 + 0.563¢~!
A == I, B - -1 -1

—0.843 — 0.538¢—" 0.403 + 0.915¢q
Overthis channelwe transmittwo BPSKmodulatedsignalsj.e.d;(k) = {+1, -1}, j =
1,2. At therecever, noiseis added.The noiseis Gaussiarandwill be describedy the

first ordermoving averagemodel

N-I M- -0.409— 0.179 ! -0.535+ 0.71% !
7 ~ \-0.507+0.36 ! 0.761-0.18% ')/ -

This noisemodelhaszerosin z;, = 0.424 & 0.457; = 0.623¢%7%-823, We comparethe
performancef two DFE:swith smoothingag ¢ = 1:

e The GDFE,with deggreesandparametergivenby Theoreml.

e ThecorventionalFIR DFE describedn [28]. This DFE hasFIR filters of degrees
2 and1 in thefeedforward andfeedbacKinks, respectiely .

In Fig. 5.1, thebit errorrate (BER) is displayedasa function of the signal-to-noiseatio
(SNR)of asingleuser The SNRof userj is definedas

s Ells;(®)[?

SR = Bl (h)| P

(5.1)

where

s; (k)2 A (¢ B (g ) d;(k) ; w(k)E N~ (g )M (g )o(k)

and B;(q ') is columnj in B(g '). We assumehat the SNR:sof the two usersare
identical,i.e. that SNR, = SNR,. The simulationsare performedusing both correct
decisionsaanddecisiondrom thedecisiondevice.

FromFig. 5.1, we seethatin somecasesijt is advantageouso take the noisemodel
into account. The GDFE doesthis in an optimumway, whereaghe corventionalDFE

Thesadegreeshave beenchosersothatbothDFE:saredescribedisingthesamenumberof parameters.
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Figure5.1: TheBER of theGDFEcomparedo theBER of thecorventionaDFE (CDFE)
for correctdecisiongsolid line) andrealdecisiongdashedine).

doesnot. With correctdecisionsthe GDFE s about0.6 dB betterthanthe corventional
DFE over the rangeof investigatedSNR:s. With real decisionsthe performanceof the
two DFE:sis identicalfor low SNR:s,while it differsby 0.6 dB for high SNR:s.

By using higherfilter degrees,the performanceof the corventionalDFE would be
improved. In thelimit, whenthefilter lengthsgo to infinity, it attainsthe performancef
the GDFE.

From Fig. 5.1, we alsoseethat with real decisionsthe performanceof both DFE:s
worsenandthatthe differencebetweerthetwo DFE:sis smaller Thisindicatesthatthe
DFE with optimalstructureis moresensitve to incorrectpastdecisions.

For the considered~IR channelthe corventionalDFE structureis optimalwhenthe
additive noiseis temporallywhite. White noisecorrespond$o noisedescribedy a mov-
ing averageprocesswhosezerosare locatedin the origin. Therefore,the difference
betweenthe optimum DFE andthe corventional DFE shouldbe smaller the closerto
theorigin the noisezeroslie. Correspondinglywhenthe noisezeroslie closeto the unit
circle,thedifferenceshouldbelarger.

To investigatehis assumptionthelocationsof thezerosof the noisemodelarevaried
accordingo

219(r) = re®083 1 =10.01,0.1,0.2,...,0.9,0.95,0.98,0.99,

while the SNR,asdefinedin (5.1),is keptconstantt5 dB. Thus,the noisemodelzeros
aremovedalongaradius,from theorigin towardstheunit circle. All otherconditionsfor
thesimulationscenaricareasin Fig. 5.1. Theresultis depictedn Fig. 5.2.

The locationof the noisezerosclearly affectsthe relatve performance®f the two
algorithms.Whenthezerosarecloseto theorigin, the performancef thetwo DFE:sare
identical, but the further out towardsthe unit circle the zerosare moved, the larger the
difference Oneinterestingdiscoveryis the performancef the GDFEwith realdecisions
when the noise zerosare locatedvery closeto the unit circle: In this scenario,error
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Figure5.2: The BER of the GDFE ascomparedo the corventionalDFE (CDFE) asa
functionof thelocationof the zerosof thenoisemodel.

propagationcausesvery bad performanceor the GDFE. The reasonis that whenthe
noisezerosarecloseto theunit circle, soarethe polesof thefeedbacKilter. Theimpulse

responsef thefeedbacKilter thenbecomewerylong, leadingto a higherprobability of
errorbursts.
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Chapter 6

Conclusions

From a practicalpoint of view, a decisionfeedbackequalizemrmustbe realizable.Also,
optimumperformanceanbeachiezedonly if the structureof the DFE is appropriatdor
the consideredscenario. We have presentedc generalizedDFE with optimal structure,
derved underthe constraintof realizability The IIR filters in this DFE are obtained
from closedform designequationswhichinvolve the channelandnoisedescription.By
allowing the smoothinglag to go to infinity, we have also derived the optimum non-
realizableDFE.

New findingsregardingthe nearfar resistanceof the MIMO MMSE decisionfeed-
back equalizerhave also beenpresented.By investigatingthe possibleexistenceof a
zero-forcingMIMO DFE, importantconclusionscanbe dravn: If a ZF DFE doesnot
exist, the correspondingMSE DFE will notbe nearfar resistant.

The performanceof the generalDFE is demonstrateéh a numericalexample. This
exampleindicateghatfor heavily colorednoise,the GDFE outperformghecornventional
FIR DFE. However, the conventionalDFE seemdo be lesssensitve to the presencef
incorrectpastdecisions:Whenincorrectdecisionsoccug the differencein performance
is reduced.

Throughouthe papeywe have assumedhatchannebndnoisemodelsareaccurately
known. In practicehowever, estimationof thesemodelsare proneto error This s es-
pecially true for the noisemodel. The performanceof the GDFE as comparedo the
conventional DFE whenidentified modelsare employed is a topic for future research.
Anotherissueis to make the MIMO DFE morerobustwith respecto modelerrorsand
incorrectdecisionspy takingthemodelandsignaluncertaintyinto accountlreadyin the
design.
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Appendix A

Proof of Theorem 1

Considerthechannedescribedy (3.1), andthe generamultivariabledecisionfeedback
equalizer(3.6). Insertthe expressiorfor thesymbolestimatei(k — ¢|k) into the expres-
sion(3.8)for theestimationerror:

e(k—0) =dk—0) —dk—lk)=dk —0) —Ry(k)+ Fdk—(—-1). (A1)
Assumecorrectpastdecisionsj.e.
dim)=dm) m<k—{(—-1. (A.2)
Insertd(k — ¢ — 1) from (A.2) andy(k) from (3.1)into (A.1) andrearrange:

ek —6) = d(k — £) — R(A'Bd(k) + N ' Muv(k)) + Fd(k — £ — 1)
=@ T-RA'B+¢ "' F)d(k) — RN Muv(k). (A.3)
Introducethe alternatire estimated, (k — £|k) = d(k — £|k) + n(k), wherethe variation

n(k) is alinearfunctionof all signalswhich the estimated(k — ¢|k) maybebasedupon.
Thus,

n(k) £ ny (k) + na(k)
where

n1(k) = Gry(k) (A.4a)

na(k) 2 God(k — £ — 1) . (A.4Db)

Above,G:(¢ ') andG,(¢t) arearbitrarystableandcausakationalmatrices If the esti-

mationerrorobtainedwith (3.6)is orthogonalto ary admissiblevariation(A.4a),(A.4b),
i.e.if

Es(k — 0)ni (k)

Ee(k — O)n¥ (k)

(A.5a)
(A.5b)

0
0

thend, (k — ¢|k) = d(k — £|k) or equivalentlyn(k) = 0 minimizesthe estimationer-
ror covariancematrix (3.7): For ary estimationerror covariancematrix P obtainedwith
n(k) # 0, P — P will bepositive definite.We mustthusassurehat(A.5a)and(A.5b) are
fulfilled.
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To computethe cross-correlationgA.5a) and(A.5b), we will useParseval’s relation
for comple signals[29] andevaluatethe expressionsn the frequeny domain.We thus
insert(A.3) and(A.4a)into (A.5a) anduseParseal’s relationto rewrite theresult

Ee(k — 0)nt (k) = 7{{ (z1T-RA'B+2'F) x

B.A'—pRN 'MM.,N;'} gl*% . (A.6)

For an explanationof how Parseval’s relationis usedto obtainthis expressionsee[30].
SinceA and N arebothdiagonalwe canexpresqA.6) as

Be(k = Onl' () = 3% f (= 1-RA'B+F) x
B.N, - pRN'MM,A,} A;lNglgl*@ . (A7)
z

From(A.7) weseethat Es(k — ¢)nf (k) = 0 if andonly if theintegrandis analyticinside
theunit circle. Accordingto theassumptior{3.2), A~! and N ! arestable.Thisimplies
thatA_' and N ! areanalyticinsidethe unit circle. The sameappliesfor G, sinceG,
is requiredto bestable.If

(7 1-RA'B+2"'F)B,N,—pRN 'MM,A, = 2L, (A.8)

for somerationalmatrix L., (z) with all its polesoutsidetheunit circle, theintegrandwill
thusbe analyticinsidethe unit circle. Proceedingn the sameway with (A.5b) resultsin
aseconccondition

TI-RA'B+:'F=2L,, (A.9)

for somerationalmatrix £+.(z) with all its polesoutsidetheunit circle. However, noneof
thetermson theleft handsideof (A.9) canhave polesoutsidethe unit circle. Therefore,
we concludethat £, (z) mustbea polynomialmatrix. Thus,

M-RA'B+ "' F=2""L, (A.10)
for somepolynomialmatrix Ly, (z). We cannow insert(A.10) into (A.8) to obtain
2 ‘L,B.N, — pRN 'MM,A, = 2L, . (A.11)

We realizethat neitherof the termson the left handsideof (A.11) canhave ary poles
outsidethe unit circle. Therefore,L,.(z) cannothave ary suchpoleseither andwe
concludethat £, (z) mustbe a polynomial,ratherthanarational,matrix. Hencewe can
expressequation(A.11) as

2 *L,B,N,— pRN'MM,A, = zL,, . (A.12)

for somepolynomialmatrix Lo, (z). In the integrand(A.12), the polescontrituted by
N~'(z~') mustbe canceledy a correspondindactorin R(z~!). Also, the polynomial
matrix M (z~!) contritutespolesin theorigin, which mustbe canceledy a correspond-
ing factorin R(z~'). We thereforeinsert

R=SM 'N
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wheresS is anarbitrarypolynomialmatrix,into (A.10) and(A.12) andrearrange:

I-2SM'NA'B+ 2 'F =Ly,

» (A.13)
z "Li,B,N,—pSM,A, = zL,, .

We now usethat A~! and N are diagonaland hencecommute. We alsoinsert(4.1a)
and(4.1b)into (A.13):
I- ST 'r+ 2 'F=L,

' (A.14)
2 "Lyt — pST, = 2Ly, .

Equation(A.14) canbe further simplified by usingthe coprimefactorization(4.2) and
multiplying with T'(¢~!) from theright:

I — 287+ 'FI = L,,T (A.15a)
2 LT, — pST, = zL,, (A.15b)

SinceF is theonly remainingrationalmatrixin (A.15a),its polesmustbe canceledy a
correspondingactorin I'. We thusconcludethat

F=Qr"

whereQ is anundeterminegbolynomialmatrix. Notethat@Q andI' may have common
factors.We cannow insertthis expressionnto (A.15a)to yield

T -28S¥+2'Q=L.,T (A.16a)
2 *Li,1, — pST, = 2L, (A.16b)

By exchangingheunknawn z for ¢, equation(A.16a)coincideswith (4.4a) whereagA.16b)
coincideswith (4.4Db).

The DiophantineequationgA.16a) and (A.16b) are doublesided i.e. they contain
powers of both z~! andz. Thus, both the powersof 2! andz on the left handside
mustmatchthe correspondingpowerson theright handside.For this purposeywe list the
degreesin z=! andz for eachtermin (A.16a)and(A.16b):

Equation(A.16a):

z7h: 60, S +67— 4, 6Q +1, 6T (A.17a)
z: 0,4,0,0L (A.17b)
Equation(A.16b):
27t 4,65, 0 (A.17c)
z: 6Ly 4+ 61 — £, 6T, 6Ly + 1 (A.17d)

From (A.17b) and (A.17c) we immediatelyobtainthe conditionsfor the degreesof L,
andS respectrely:

SLi=10;, 6S=¢.

If we insertdS = ¢ into (A.17a), we obtain (4.5b). Finally, by insertingdL, = ¢
into (A.17d), we obtain(4.5d).
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It remainsto shav that equationgA.16a) and (A.16b) have a solutionwith the de-
greesspecifiedoy (4.5a)—(4.5d)For this purposewe rewrite (A.16a)and(A.16b)astwo
system9f linear equations.Two matrix polynomialsareidenticalif andonly if all the
correspondingoeficient matricesareidentical. We mustthusadjustthe coeficientsof
S, Q, L, and L, sothatthe expressiongor the matrix coeficientsfor eachpower of z
andz~! areequalontheleft andright handsideof (A.16a)and(A.16b). We thusevaluate
the expressiongor the matrix coeficients, conjugate fransposeaind equatethe left and

right handsides.For (A.16a)we obtain

~ H
L AW AN
: . : . o '
~H ~H pH ~ Sy | T A.18
T 50 70 T, I‘.0 Ly, o (A.18)
- - : :
K 0 A Féa) KLIO/ \agl
wherewe have defined
alz)=TEY+271Q(z ). (A.19)

Notethatdo = max(67,6T). In (A.18) #,, = 0 if m > 67 andT,,, = 0 if m > oT.
Proceedingn the samemannemwith (A.16b)resultsin

SH L
_pF5L2+1 0 TsLa+1 0 ( 0 ( 2(_5L2\
: . : ) SIH L.
—ply —pLst,41  To ToLot1 Le = 50 (A.20)
. _ _ 1
0 —pFO 0 To \LIO) \ 0 /

wherel',, = 0if m > 6" andr,, = 0if m > I7.

Neither(A.18) nor (A.20) canbe solveddirectly, sinceunknavn coeficient matrices
appearmon their right handsides.However, we cancombinethefirst (¢ + 1)n, equations
from (A.18) with thelast (¢ + 1)n, equationdrom (A.20) to obtaina systermwith equal

numberof equationandunknavns

[ # 0 T, 0 /st 0
~IH . ~H - H - SIH f,IH
Ty .. Ty FZ R FO £ — 0 ’ (A.Zl)
—pFo . —,011[ To Ty Llﬁ 0
\ 0 ... =pIy 0 ... T KLlo \0)

whereonly known coeficient matricesappearon theright handside. We will now showv
thatthis systemof linearequationsiasa uniquesolutionwheneaer p > 0. Define

To --. Ty ‘7'0 ‘i’g F() Fz F()
S P SRR F X SN B £
0 ... To 0 ‘i’o 0 FO 0

[I>
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62 (So ... Se LA, ... LY. g2 (0 ... Ty 0 ... 0)".
Equation(A.21) canthenbewrittenas
TH GH
(—ﬂG T)
~——
A\

S~
I
!

Thematrix W is non-singulasince

det W = (—1)" det G det (pG + TG*HTH>
= (=1)"det G# det (pG + T(G 'T)H)
= (—1)" det G det (pGG" + TTH) det G 7

where(-)™# = ((-)~")". Above, theintegerr compensatefor the signshifts causedy
theelementarpoperationgperformedonthe determinantin the seconcequality we have
usedthat TG~! = G~'T, which is a consequencef the coprimefactorization(4.2).
Now, sincebothG andG arenon-singularsoareG—# andG*. Also, GG¥ is positive
definite. Thereforethematrix W is non-singulawheneer p > 0.

After having solved(A.21) for SZ andL,,,, we use(A.18)to calculatethecoeficients
of a. We thencomputethefeedbacKilter @ with theaid of (A.19):

Q(zY) = z(a(zh) = T(z7Y)) . (A.22)
Sincethe solutionto (A.21) is unique,anda(z ') andQ(z ') aredeterminedexplic-

itly from (A.18) and(A.22), we concludethat thereexists a uniquesolutionto (A.16a)
and(A.16b).
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Appendix B

Proof of Theorem 2

We startwith the expression(3.6),andusethe assumptioron correctpastsymbols:
d(k — k) = R(¢™")y(k) = F(g)d(k — £~ 1) .
We theninserty(k) from (3.1) andrearrange:

d(k —t|k) = (RAT'B — ¢ ' F)d(k) + RN~ Mu(k)
=d(k—£0)+(RA'B - ¢ 'F - ¢T)d(k) + RN'Muv(k) (B.1)

Sinced(k) andv(m) areuncorrelatedor all £ andm, the zero-forcingcondition(3.9)
canbesatisfiedf andonly if

(RA'B-¢“'F-—¢gT)=0,

which coincideswith (4.8).
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Appendix C

Proof of Corollaries 1 and 2

C.1 Proofof Corollary 1

Define
BWY(g™) £ Thefirsty — 1 columnsof B(g™?) (C.1a)
b,(¢~") £ Columnv in B(¢g™") (C.1b)
B?(g 1) £ Thelastn, — v columnsof B(q 1) . (C.1c)

Introducethe polynomialmatricesr, ('), ¢,(¢~") andb, (¢~") which satisfythe Dio-
phantineequation

b,=BYr, + B9, +¢ b, . (C.2)

In [28], it is demonstratethatwhenn, > n,, equation(C.2) alwayshasa solutionfor
somev.
We will now demonstratethatwhenn, > n,

A nyl 'ru(q_l) 0
RigH=| 0 q¢“' 0 (C.3)
0 t(¢t) Ly

will bearight factorof A *(¢*)B(g~!) andg—¢'I but notof ¢I, for somel < v <
Ng-.
We mustthusverify threepropertiesof R(q™?):

1. R(¢ ') isarightfactorof A~' (¢ ))B(¢™}).
2. R(q 1) isaright factorof ¢ * 1.

3. R(¢7!) isnotaright factorof ¢—“I.

Property 1:
If R(¢~?) istobearightdivisorof A '(¢~')B(¢'), we musthave

A (@B =T RG™) €4
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for somestableandcausakationalmatrix 7 (¢~'). We now demonstrat¢hat

T )=A"(") BN blg!) BP(¢™)

satisfies(C.4). Above, B{"(¢~!) and B{? (¢!) are definedin (C.1a)and (C.1c)re-
spectvely whereash, (¢~!) satisfieqC.2). We thusmultiply 7 (¢~1) with R(¢™!) given
by (C.3), from theright:

TR=A"'(BYY BVr,+BPt, +¢ "5, BY)
Butfrom (C.2), BVr, + B¢, + ¢ ¢ 'b, = b, whichimpliesthat
TR=A"(BY b BP)=A"B.

wherethelastequalityfollowsfrom thedefinitions(C.1a)—(C.1c)Thus,R(¢~") is aright
divisorof A7'(¢~)B(¢™}).

Property 2:

Oneimmediatelyseeghat R(¢~!) is aright divisor of ¢—¢~'I, since

¢,y —r,(¢7h) 0 L r.(¢h) 0
0 1 0 0 gt 0 | =¢*%T. (C5)

0 —t,(q7") q—f—lInd_U 0 t,(gh) I,

Property 3:

We will now shaw thatit is impossibleto find a stableandcausakationalmatrix £(g ')
suchthat

¢ T=L(g R "). (C.6)
Notethatcausalityis requiredsincewe areonly looking for solutionsto (B.1) which are

causal Partition £ as
A ‘cll £12 L13
L= |Ly Ly Ly
£31 L32 £33
with theblockwidthsequalto theblockheightsof R(¢~!) in (C.3). If we performthema-
trix multiplication £(¢ ') R(¢!) using(C.3) andthe partitioningof £, condition(C.6)
gives
Li=q T,
Li3=Ly =Ly3=L3 =0
L33 = q_ZIndfu .
If we usetheserelationswe alsoobtain
¢ L =—q"r, (C.7a)
¢ Ly =q" (C.7b)
¢ Ly =—q", (C.7¢)

But (C.7b)hasno causalsolution £, (¢~'). Thereforewe concludethat R(¢~') cannot
bearight divisor of ¢“I.

Sinceall threepropertieshave beenestablishedywe concludethat(4.8) cannothave a
solutionwhenng > n,.
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C.2 Proofof Corollary 2

Assumethatuserr hasabulk delaywhich exceedd. We will now verify that

R(g ') =diag(l ... 1 ¢*' 1 ... 1) (C.8)
N’ N’

v—1 ng—V

is aright divisor of A~ B andq—‘~'I, but not of ¢~*I.
With thedefinition (4.9),we canwrite

B(q™')=B(¢")D(q") (C.9)
where
D(q") =diag (¢7% ¢ % ... ¢ %ma) . (C.10)

If we compargC.8)and(C.10) we seethat

D(¢") = D(¢"")R(¢g™") (C.11)
with
D(q™") = diag (q‘Al g2 q‘A”d)
and
A - {Ai iEv
A,—l—1 i=v

If we now insertB from (C.9)andD from (C.11)into A~' B, we obtain
A'B=A"'BDR.

SinceA, > ¢ + 1, D is acausarationalmatrix, and R is a right divisorof A B.
We immediatelyseethat R(¢ 1) is aright divisor of ¢ ¢ 11, since

q_e_l]:ll—l 0 0
g “l1= 0 1 0 R.
0 0 q_é_l]:ndfl/

However, if wetry to find a causakationalmatrix £(¢~") suchthat
¢ I=LR
we mustrequire

Ezdiag(g’e .. gt q q q%).

TV TV
v—1 ng—v

SinceL is notcausalwe concludethat R is not aright factorof ¢—“I.
SinceR is aright factorof A™' B andq ¢ 'I, but not of ¢ “I, equation(4.8) lacksa
solution.
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Appendix D

Proof of Theorem 3

We will now derive thedesignequationg4.11a),(4.11b)and(4.11c). We will alsoshowv
thata bankof matchedilters canconstitutea partof theMSE optimumGDFEif we allow
thesmoothingag/ to tendto infinity. For this purposewe usethe GDFEto estimatehe
symboltransmittecattime &, usingmeasurementsgp to time £ + ¢:

d(klk +0) = R(g Vy(k+¢) — F(g HYd(k—1) . (D.1)

Notethat(D.1) is merelya shiftedversionof (3.6). We now let the smoothingag tendto
infinity. We canthenequwalently expressthe symbolestimateof the asymptoticGDFE
as

d*(k) = R¥(q,q¢ "y(k) — F(qg ")d(k —1). (D.2)
wherewe have defined
R>¥(¢,q7") 2 Jim IR(@). (D.3)
—00

NotethatR> (¢, ¢~ ") is stablebut non-causal.
Assumingcorrectpastdecisionsj.e. d(m) = d(m) m < k—1, andusingthechannel
model(3.1) theestimationerrorcanbe expresseds

e(k) = d(k) — d®(k)

= (I-R>¥(¢,q " )A™'B + ¢ ' F)d(k)
—R™(q,¢ YN ~"Muv(k)

Introducethe alternateestimatei> (k)

A

4 (k) 2 d* (k) + n(k)

a

wherethevariationn (k) is basecn all signalsthe estimatei™ (k) maybebasedipon:

n(k) £ ny (k) + na(k)

with

nl(k)
712(/{)

G(q,q My(k) (D.4a)
Go(g M )d(k —1) (D.4b)

> 1>
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andwhereG®(q,q™"') andG,(q~') arearbitrary stablerational matrices. In addition,
G.(¢7!) is causallf theestimationerrorobtainedwith (D.2) is orthogonalto any admis-
siblevariation(D.4a) (D.4b),i.e.if

Ee(k)ny (k) =

a (D.5a)
Es(k)nf (k) =

0
0 (D.5b)

thend>® (k) = d*(k) or equivalentlyn(k) = 0 minimizesthe MSE (3.7). We mustthus
assurghat(D.5a)and(D.5b)arefulfilled.

To derve thedesignequationof the MSE optimumGDFEwith asymptoticallylarge
smoothinglag, we useParse&al’s relationto evaluatethe cross-correlatioriD.5a)in the
frequengy domain.Proceedin@sin AppendixA, we obtain

Be(k)n® (k) = 2% 7( (I-R¥A'B+:'F)

B.N,.— pR*N'MM,A,} A_'N;" ;X;%. (D.6)

For (D.6) to equalzero,theintegrandhasto be madeanalyticinsidetheunit circle. How-

ever, sinceG® is non-causalits Laurentexpansionwill containpowersof z, andhence
the Laurentexpansionof G$° will containpowersof z~!. But thisimpliesthatG{ con-
tributespolesin the origin. The only way to ensurethatthe integrandis analyticwithin

|z| = 1 isthusto requirethat

I-R*A'B+2'F)B,N, - pR*N'MM,A,=0. (D.7)
For (D.5b), thecross-correlatiosanbe simplifiedto yield
I-RA™'B+:'F=1L,. (D.8)
for somepolynomialmatrix L. Insert(D.8) into (D.7):
L,B.N,— pR*N'MM.,A,=0.

We cannow expresghefeedforvardfilter as
R™ = %Ll*B*N*A*‘lM;lM‘lN :
If we usethedefinitions(4.1a)and(4.1b),we obtain
R>™ = %Ll*‘r*I‘*_lM_lN . (D.9)
We now insert(D.9) into (D.8) andrearrange:

1 o .
I+ 'F=Ly, (I + —T*F*IFIT) = L, (I + 07,41 1)
P

o~ [ 1 o_ ~_ ~_
= LI*F* ' (F*F + _%*%> r ! = Ll*r* IB* vV IBF
P



wherewe in thesecondequalityusedthe coprimefactorization4.2) andin thelastequal-
ity the spectralfactorization(4.12). We now collect polynomialmatricesin z~! onthe
left handsideandpolynomialmatricesn z ontheright handside:

(I+z 'F)TB'=L,.I, BW. (D.10)

The left handside containsonly powers of 2! andthe right handside containsonly
powersof z. The only way for this equalityto hold is to requirethat both sidesequal
a constanimatrix. Since is monic, we seethatthe constanterm of the left handside
equalsl’y, theconstantermof I'. We mustthusrequire

I+'F)IB =T,
Ll*f‘:lﬁ*w = fO )
or, equialently

L, =T,W™'8/'T, (D.11)
F=2T,p0 " —1). (D.12)

We cannow insert(D.11) into (D.9) to arrive at our final expressionfor the asymptotic
DFEfilters:

1~ -
R™ = ;I‘OW‘lﬁ*’lI‘*‘r*I‘;lM’lN (D.13a)
_lrwogits MmN (D.13Db)

P
F = 2T,80 —1). (D.13c)

If wereplacez andz~! with g andg~! respectiely, (D.13a)coincideswith (4.11a)(D.13b)
coincideswith (4.11b)and(D.13c)coincideswith (4.11c).

37



