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Centered Pyramids

Patrick Brigger,Member, IEEE, Frank Miller, Student Member, |IEEE,
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Abstract— Quadtree-like pyramids have the advantage of re-
sulting in a multiresolution representation where each pyramid
node has four unambiguous parents. Such a centered topology
guar antees a clearly defined up-projection of labels. This concept
has been successfully and extensively used in applications of
contour detection, object recognition and segmentation. Unfortu-
nately, the quadtree-like type of pyramid has poor approximation
power s because of the employed piecewise-constant image model.

This paper deals with the construction of improved centered
image pyramidsin terms of general approximation functions. The
advantages of the centered topology such a symmetry, consistent
boundary conditions and accurate up-projection of labels are
combined with a more faithful image representation at coarser
pyramid levels. We start by introducing a general framework
for the design of least sguares pyramids using the standard
filtering and decimation tools. We give the most general explicit
formulasfor the computation of thefilter coefficients by any (well
behaving) approximation function in both the continuous (L)
and the discrete (I2) norm. We then define centered pyramids
and provide the filter coefficients for odd spline approximation
functions. Finally, we compare the centered pyramid to the
ordinary one and highlight some applications.

Index Terms— Haar pyramid, multiresolution decomposition,
multiscale processing, pyramids.

. INTRODUCTION

two advantages. First, it decreases the number of computations
since most iterations are spent processing reduced versions of
the image. Second, it usually also improves robustness; the
pyramid has a smoothing effect on the criterion to be optimized
which often reduces the likelihood of getting trapped in local
optima.

There are numerous examples of the application of this
principle in the literature. Boumagi al. [5] employ a quadtree-
like pyramid for unsupervised texture segmentation and Kato
et al. [12] uses a multiscale relaxation algorithm applied to
image classification. Pyramids have also been used in [4] to
compute time-varying motion parameters and in [18], a Haar
pyramid is used for segmentation of moving objects. A Haar
pyramid of processors is used in [11] for efficient exploration
of the Hough parameter space for line detectioreviriazet
al. [20] employ a multiresolution strategy for the computation
of displacement parameters.

Recently, there has been a renewed interest in pyramids
because of the key role of these structures in the mul-
tiresolution theory of the wavelet transform [8], [13], [19],
[27]. One of the main concerns there is data compression
and the multiresolution decomposition is usually optimized
for maximum energy compaction [21], [22], [26]. While the

ULTISCALE processing is an old but powerful ideawavelet theory has resulted in the construction of improved
[7], [16]. It is usually applicable whenever one wishemage pyramids, most multiscale algorithms that assign image
to implement an image processing algorithm that is iterativabels still operate with the oldest and most primitive form:

in nature and requires many successive updates. The bdsé& nearest neighbor or Haar pyramid. The main reason for
principle is to construct an image pyramid and to start applyingis is that this pyramid has a nice centered (quadtree-like)
the procedure at the coarsest level on a very small versiontgpology in which each coarser level node is situated exactly
the image. Upon convergence, the solution is propagatediticthe center of its finer level predecessors. This is in contrast
the next finer level where it is used as starting condition. Ongith most other pyramids (Gaussian or spline-based) which
then proceeds with this coarse-to-fine iteration strategy uniiée symmetric reduction and expansion filters so that there is
one reaches the finest level of the pyramid which corresporgls ambiguity when one attempts to propagate an image label
to the image itself. This type of multiresolution approach hggot a pixel) from one level to the next (Fig. 1). Naturally,

a one-pixel wide label should lead to a two-pixel wide label

at the finer level that has twice the resolution of the coarser
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Fig. 1. (a) Ambiguous situation for up-projection of a label in the ordinary pyramid. (b) Symmetric up-projection with the centered pyramid.
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Fig. 2. Original signal is reduced by filtering and downsampling, the extrapolated signal is obtained by upsampling and filtering.

In addition, the centered topology assures that the image center TABLE |

at resolution(i) maps onto the image center at resolution- Basic DISCRETE SGNAL PROCESSING OPERATORS
1), thus simplifying multiresolution motion or displacement AND THEIR EFFECT IN THE 2-DOMAIN
parameter estimation because of a common spatial reference gpermor
system. Also, the centered pyramid offers an accurate way -
of up-projection because it is symmetric. Applications include nwer product: {ath. k), = 2atkipk)=a+5'©

Notation Z-transform

multiscale contour detecthn, object recognltlon/dete_ctlon r_:md Convolution (@* b)) = bk 1) A(2)- B
segmentation, and potentially also zerotree pyramid coding. =3
Furthermore, with the introduction of appropriate boundary Time-shift a(k— k)= (8, * a)k) A(z)-z%  k ez
conditions, the resulting signal has a periodicity2d¥ rather . "‘
than2N—2. This means that 1) fast Fourier transforms (FFT’s) lime-reversal a (k) =a(-k) A2
are easier to use and 2) the boundary conditions are mutuallyup-sampling [ah, () A(Z")
compatible at all levels. Down-sampli [al,..(F) | et "

. . . . Dow pling m 7214([26,2,*] n)

The construction of a pyramid requires the repeated appli- me

cation of a reduction function that reduces the (rectangula&
image sizes by a factor of and the image content by a factor
of m?. The reverse operation is obtained via an expansian
function which extrapolates a coarse image representation = . . o o .
onto a finer one. This procedure is outlined in Fig. 2. Th%xtensmn in Section V and highlight some applications in
reduce operation is typically implemented by filtering an§ectlon VI
downsampling. Similarly, the expand function is implemented
by upsampling and filtering (i.e., interpolation). The filter
ho(k) is called the analysis filter whereas the filter(k) Our developments are a generalization of the work per-
is called the synthesis filter. The analysis filter should Hermed by Unseret al. in [25] for the continuous case and
designed in such a way as to minimize the loss of informati@f the work by Aldroubiet al. in [1] for the discrete case. We
occurring during resolution conversion, and the synthegiglopt the same notations as in these references. Hénce,
filter should be designed in such a way as to minimiZéenotes the space of measurable, square integrable functions
the approximation error between the original image and téz),z € R;l; is the vector space of square summable
extrapolated one [25]. Moreover, in the type of pyramid weequences(k), k € Z. We will use a variety of operators that
are introducing here, the grid of the coarser representatior@@ on discreté; sequences; these are summarized in Table I.
shifted with respect to the finer one so that the pyramid Mote that the whole theory is developed in one dimension.
centered. The extension to multidimensional signals such as images
The paper is organized as follows. After some brief definfs s_traightfo_rward. We_ simply use separaple (tensor p_roduct)
tions in Section II, we derive the general pyramid formulas i#2Sis functions and implement the algorithm (reduction or
both the continuous and the discrete framework for arbitrajfPansion) by successive one-dimensional (1-D) processing
generating functions (Section IIl). Note that in contrast witA! the various dimensions along the data.
the conventional wavelet theory, our multiresolution spaces are
not necessarily nested. In Section IV, we define the concept !l GENERALIZED LEAST SQUARES PYRAMIDS
of centered pyramid and derive explicit transfer functions Our objective is to derive the synthesis and analysis transfer
using polynomial splines. We discuss the problem of boundaiynctions for a centered pyramid construction. In this section,

nvolution inverse @) 'k 1/ A(z)

Il. DEFINITIONS
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however, formulas by more general basis functions will be Let ¢,(x) be a generating function i, that spansS;
developed (for any shift of the coarser grid), since it doemd lety,(x/m) be another generating function that spans
not complicate our task and only clarifies the mathematicS., dilated by a factorn and completely independent from
Appropriate basis functions yielding a centered pyramid wi; (z). Before stating our first result, we define the following
be given in the next section. First, the continuous case wibrrelation coefficients:

be considered and then the discrete case, which is completely

analogous. aij(k) = (pi(z), pj(z = k)) (4)
Let us consider a step-wise optimal approximation from a S8 = (@), 05 z—k ©)
fine spaceS; to a coarse spacs,. These spaces are generated Gig\m) =\ P> o\ —
by dilated an shifted basis functions, such that T
Y (k) = <<Pi(—>7 pj(x — /f)>~ (6)

Si(pi(z)) = {91(3?) = ak)eiz—k),a € lz} The following theorem provides a solution to the genéial
kez approximation problem:
1) Theorem 1: Let {p1(z — k),k € Z} and {@a(z/m —
z z k),k € Z} be two sets of Riesz basis functions 8f and
S2 (%2(5» = {92(1’) = Z ca (k)2 (E - k)’CZ € ZZ}' S,, respectively. The orthogonal projection of the function

ez @) g1(z) € S1
The approximation of the original signal becomes coarser 91(z) = Z cr(k)ei(z — k) @
as we employ larger dilations and larger shifts of the basis kez
functions. A multiresolution pyramid may be constructethto S, is given by
in an iterative way by considering coarser spaces of basis
functions dilated and shifted by multiples ef. Typically, NOED cz(k)m(ﬁ - k) @)
m = 2, but there is no theoretical difficulty in considering keZ m

other integer reduction factors. We propose to compute th% . - . )
expansion coefficients;(k) in (2) by digital filtering. Digital WNere the expansion coefficients(k) are obtained as:
filtering means that we require the expansion coefficients 1 1

ea(k) of a coarse representation level to be specified by ea(k) = E[[azz(k)]m*‘112*Cl]im(k)' ©)
the expansion coefficients (k) of the finer resolution level.

Furthermore, the generating functiops and > must satisfy The proof is given in Appendix A. In the-transform

domain, the transfer function is written as
0< AL pi(w 4+ 27K)]? < B < 0 3
_;W( + )N° < 3 HA(Z)ZLQL(Z) (10)
m A22 (;Zm>

where ¢;(w) denotes the Fourier transform of(z), i.e., ¢1
and¢, must generate a Riesz basis. Condition (3) guarantedere Q12(z) and Aa»(z) are thez-transform ofg;2(k) and
that the spaces; are closed inL, and that a least squaresan(k% respectively.
approximation of a functiory(z) € Lo into S; exists [2]. Sometimes it is convenient to compute (9) and (10) for some
The conditions for multiresolution decomposition i have basis functions, but to represent the sigpék) with other
been defined in [13]. In the theory of wavelet transforms, tHeasis functions (e.g., cardinal spline representation). This can
spaces are self-similar and their union over all scales is defgedone with the coordinate transformation expressed in the
in Ly. Our conditions here are weaker; no nestedness betwdelpwing corollary.
approximation spaces is required afd and S, may even  Corollary 1: Let
use different basis functions. The originality of our approach

is that it will be possible to use more general basis functions 9(z) = Z éi(k)pi(z —k) and
that can be tailored to specific requirements. In Section 1V, kez
we will use shifted spline basis functions to obtain a centered g2(z) = Z Ea(k)po(z/m — k)
pyramid that has several nice properties. Next, we derive the keZ
pyramid transfer functions in the general case.
where
A. Analysis Function (REDUCE Operation) @i(k) = Z pi(k)pi(z — k). (11)
We now turn to the issue of finding the best approximation kez

of a function ¢g;(x) € S; into the coarser subspacs, Then
by minimizing a least squares criterion. The mininval-

norm approxima@ion_ of a signajl(x) € S is obtained t_)y éo(k) = i[[azz *PZ(’C)]T_% *quz ¥ ey x 1] m(k).  (12)
orthogonally projectingg(x) into S;. Thus, the expansion m
coefficientsez (k) in (2) must be obtained from the ones given Ha(z) = 1 Qulz) Az (13)

in (1). T Aga(2m) Py(zm)’
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Given the special case where a link from the coarse scale toTheorem 3: Let g(k) € Il» be a discrete function and

the fine scale existém-scale relation) {hm(k —ml),l € Z} a Riesz basis of a discrete spakcg.
T The orthogonal projection of(k) into V,,, is
e2(5) =D umlB)eolw — k) (14
kez gm(k) = Z 2(f) P (k — 1) (21)
then (12) and (13) may be further simplified by replacing i€z

the cross-correlation termya(k) by (u,.)T * a10(k). Here,
we have introduced an auxiliary functiopy(z) which may
be distinct frome;(z), (e.g., it may be a shifted version by ca(k) = [[hon * (hon) it * g % ()T ] () (22)
half a sampling step). Note that (14) is more general than the

two-scale relation encountered in the theory of the wavelet Proof: The prove follows the one given in Appendix A.
transform: ¢, is not necessarily identical tp, andm is not The l>-orthogonality of the error implies that

necessarily a power of two.

where the coefficients: (k) are given by

. . ) ) <g(l)7 hm(l - mk»lz = Z thm(l - mJ)7 h’vn(l - mk)
B. Synthesis Function (EXPAND Operation) in L,

jez I
To go in the other direction, i.e., expanding a resolution Vke Z (23)
level, the approximation in the finer scale is achieved by [, (o) "] (k) = €2 % [Pam ¢ (o) T ] (K (24)

orthogonal projection of the coarser space into the finer space.
Note that this process, which guarantees a minimum losswifiich gives (22). Notice that we have used the fact that
information, is equivalent to an interpolation when the spac¢s;,, * b, = a * [b];,. The developments are analogous

are nested. to the ones for (9), except that we can not further simplify the
Theorem 2: Given the same settings as in Theorem 1, therrelation produch,,, * (h,,,)T (k) (in the continuous case, it
orthogonal projection of a functiogy(z) € S, leads to autocorrelation). [ |
. v 15 In the z-domain, the transfer function of the equivalent
92(x) = }; c2 (k)2 (a - ) (15)  analysis filter is
into S is given by Hal) = B, () = _ H,.(1/7)
0@ =3 alk)ele - k) (16) L/m Y Ho(Wh2) - Hp(Whz1)
keZ k=0
(25)

where the expansion coefficients(k) are obtained as:
with W* = ¢i27k/m By definition, the corresponding re-

— —1 . .
er(k) = [ana (W] s 7o (k) = fealpm (k). (17) sulting approximation is given by(k) = [ca]tm * R (k).
The proof is given in Appendix B. The correspondinghus the transfer function of the expansion filter is simply

synthesis transfer function is therefore H(z) = Hp(2).
Ro1 (2
Hs(z) = 2n(2) (18) IV. CENTERED PYRAMID
A11(2'>

. . In this section, we define the centered pyramid and give
In the same way as for the reduction operation, the transgg{

. ) - amples using polynomial splines.
function can be represented using the m-scale relation an P g poy P

a
transformed coordinate system: A. Definition of Centered Pyramid

é1(k) =[ary % pr(k)] ™ % um * aoy * [e2 ¥ p2lim(k)  (19)  we will only consider basis functions with an axis of
_ Un(z) - Aor(z) Pa(2™) symmetry. These correspond to the nodes of the pyramid. In
Hs(z) = . (20) . ) . ; ; ;
A (z) Py (=) this way, there is no phase distortion and the objects in the
wherep;'s are the sequences in (11). image are not s_hlft_ed. Both co_nve_ntlons are cru_(:lal if we want
to correctly maintain the localization of objects in the coarser
levels of the pyramid. From now on, we will only consider

pyramids with a scale reduction of twern = 2).
The formal derivations of the discrete transfer functions are Definition 1: For a centered pyramid, the basis functions

completely analogous to the continuous case. We now consigiftist satisfy
discrete Riesz basis in a space

C. Analysis and Synthesis Function in the Discrete Space (1)

M) () = pi(-2) (26)
Vin = {g(k) =" cl) - hm(k — ml)} (i) oo <T_+1> . (__T) @7
lez 2 2
where the link with the continuous formulation s,.(k) = = (iii) p(z) = ¢, (x — 1) (28)
W2<x)|w=k/'m' 2
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where gy (x/2) = Trez u(k) - wo(x — k). Note that (i) and  Proposition 2: Given a centered pyramid for whicH (z)

(iii) imply that u(k) = u(—k). is a stable rational transfer function (ratio of two polynomials)
A centered pyramid exhibits clear advantages in a numberafd which reproduces the constant, then

typical image analysis problems that involve the up-projection

of labels. These advantages stem mainly from the proprigd(z) = (1 +27") - Hou(z) With  Hopn(z) = Hepm (27

of symmetry (Fig. 1). As an example, we may consider the (34)

important problem of contour detection or segmentation, whephere Hyy (z) is a stable symmetric transfer function.

a one pixel wide boundary needs to be extrapolated to a finer Proof: If H(z) is rational, thenH (¢’™) = 0 implies that

scale. In a scale reduction of two, naturally, the extrapolated

_ —1
boundary must be two pixels wide. It is immediately given by H(z)=(1+27") Q) (35)
a centered pyramid, whereas an ambiguous situation subsiﬁgg a zero at — —1 and Q(z) is stable (i.e., no root at
in the noncentered case. —1). The fact thatQ(z) is symmetric then follows from

Since the greatest part of the energy in an image is contairfg(?

. . Proposition 1.
in the DC component, we also impose a perfect reconstructio . -
: . . ext, we will present explicit examples of centered pyra-
of the constant. In the continuous framework, this is equivalent . . .
o mids using polynomial splines.
to requiring that

> @alw—2k) =1 (partition of the unity). (29) B. Definition of Polynomial Splines

kez . . )
) o Spline polynomial functions [17] have been shown to be ap-
In the discrete case, the condition is proximation functions with nice properties such as regularity,
Z ho(k —20) = 1. (30) least oscillation, smoothness [15]. The symmetrical B-spline
ez of order zero is defined as:
It is well known in wavelet theory that (29) is equivalent to o 1, for|z| <1/2
H(e'™) = 0 [19]. We will show here that the same condition px) = {0, for |z| > 1/2. (36)

is also necessary and sufficient in the discrete case. The

left side of (30) is periodic with period two, and therefore The continuous B-spline function of degreds denoted by
can be represented by two samples of its continuous Four@z). It can be constructed using the important convolution
transformation. ThereforeY.;cz ha(k — 21) = H(c/) + property

H(e'™) - cos(mk) = 1, Yk € Z, which is true if and only

if H(ci™) = 0 and H(c/) = 1. Br(x) = 0% 05 fx). (37)
Proposition 1: For a centered pyramid n+1 times
Hs(z) =2 'Hs(2 7). (31) The discrete version and shifted discrete version of splines
Ha(z) =z -Ha(z™h). (32) is obtained by sampling the continuous one
Proof: Let us consider the synthesis transfer function b (k/m) = 3" (x/m)| e (38)

first. For the discrete casé,, (k) = ¢a2(z/m)|,=1 and (31)
follows directly from (27). In the continuous casHs(z) is

given by (18). The autocorrelation function is symmetric, and ) i
thus we only need to characterize; (k). C. Transfer Functions for Centered Pyramids

d(kfm) =" ((x + 1/2)/m)|a=r- (39)

+o0 Constructing the filter coefficients for a spline pyramid
To1 = / w2(2/2) - p1(x — k) dz means replacing; (z) and¢z(z) in (12) by spline functions.
i On all levels of the pyramid, splines are imposed and further-
+oo ) ) more, we want the grid of the coarser level to be centered;
= / Z u(j) - polz — j) | - pr(z — k) dx i.e., shifted by one-half with respect to the grid of the finer
T ez level. Hence, the changes become
+DO T
- / [Z u(j) - 1z = 1/2 —j>] “p1(z — k) do vil@) =5"(2) (40)
> |jez T\ o x—1/2
oo ‘p2(2) =p ( 2 ) (“1)
—S i) [ ee-12-0) e k) de o o .
jez —oo For an easy visualization of the discrete image, we will
_ - Ty . choose the coefficients, (k) and c2(k) to be the discrete
- ; ug) - (prxer)(@ = 1/2 = 5l (33) data points of the signal(k) = g(z)|.=x at each resolution
J

level. This representation is known as the cardinal spline
This signal is symmetric with respect to a shift by half gepresentation. It determines the functipr(k) andp,(k) in

pixel. This implies thats, (k+1) = r21(—k) and proves (31). (11) which are given in [25], as follows:

The developments for the analysis function are analogous. In

the discrete case, we may also use (31) as a definition. p1(k) = pa(k) = "] (k). (42)
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TABLE I
ANALYSIS AND SYNTHESIS TRANSFER FUNCTIONS IN THE TRANSFORMED COORDINATE SYSTEM FOR . ODD
Filter type Impulse response Frequency response
Continuous: 1T amet s ) Ur E ng 2
1 GOV SV ORCON O (”_Z) 1) B () B'(2)
Analysis 2 B (z%) B"(z)
Synthesis - n n
[ sl ] T 7 g wa -1y 145 )B@E" ) B'()
/ B! (z) Bn(ZZ)
Discrete:  Analysis -1 B UL BT 2)- B (2
[“; wd¥ vl * (dz,m)flhn 1l *(d") * [b"]”(k) s Z)rl?vzii/r;'.li;(z).{}; ERQU D UREN DU K12
Synthesis -1
”;*d”*[bn]n(k) (1+z")w
B"(z%)

Furthermore, a two-scale relation exists for spline functions 3) Sample the Fourier domain with a sampling step high

[23], which is given forn being odd as enough to avoid significant time-domain aliasing.
(nt1)/2 4) Compute the inverse discrete Fourier transform to obtain
Un(z) =2 o+ ZHEH) and  go(z) = (@), the filter coefficients.

(43) These computations can be easily carried out with software
packages such as Mathematica or Matlab. Implementation is

We obtain for the various convolution produts odd): done using truncated filters with an effecti_ve length that is
even (odd length convolved with Haar). In Fig. 3(a) and (b), a
tooo " plot of the transfer functions in the frequency domain for the
an (k) = [ pr(x = 1/2)0" (@ = 1/2 = k) de continuous case is shown, fat = 2, andn = 1,2,3. The
:()2"f1(k) (44) analysis filter acts as antialias_ing filter and the synthesis f_ilter
oo plays the role of the interpolation filter. An exact computation
q2(k) :/ B (z) of the impulse response may be obtained using a recursive
—o0 computation.
The transfer functions for centered pyramids as defined
E uy (N (x —1/2—j— k)| dz above are for spline functions of any odd order saf A
jez spline of order zero corresponds to the Haar pyramid; it seems
— ()T 5 d2 (k) (45) in.tuitively obvious that a centered pyra}mid of higher order
N will perform better than the Haﬁr pyra][nlgl. In Table IIl, Lhosef
> N on o expectations are experimentally verified. For a number o
ra(k) = Lm Z uz (98" (@ = 1/2 = j) different images, the ordinary and centergdpyramid was
ez computed performing one reduction operation followed by
(@ — k) de

an expansion operation. Then, the peak signal-to-noise ratio
=ul « >k —1). (46) (PSNR) is computed comparing the up-projected image to
the original one. The centered pyramid compares well to the
The transfer functions for the discrete and continuous Cagéncentered one, performing always better or at least as good.
can now be formulated and they are given in Table Il in th&s we approach higher spline orders;>= 3, the differences
time domain and in the-domain (conventiond" (k) <* (1+ in PSNR become insignificant. As a matter of fact, the centered
z)- E™(z) andb™ (k) < B"(z), and, forn odd, (u3)" = u%). and noncentered pyramids have identical performance for an
The transfer functions can be computed fer= even infinite order cardinal spline, which corresponds to the sinc
in an analogous way. Thenpo(z) = fA"(z + 1/2) and interpolator and which is shift-invariant [3]. However, the
Ug(x) = (z"2/2M)(1 4 2=t centered pyramid is preferable because of the properties men-
The corresponding pyramid filters are infinite impulse rajoned before. Since we are dealing exclusively with digital
sponse (IIR), and can be expressed as sums of exponentiigures, we have considered the discrete image pyramid.
Such a direct computation of the filter coefficients is natplines also compare favorably with respect to Gaussian
practical. Instead, it is much simpler to pass through thframids [24], which have not been considered here anymore.
Fourier domain. Our strategy will be as follows. The centered topology is also optimal with respect to a shift-
1) Express the transfer functions in thedomain. invariance measure, which has been introduced and studied
2) Replacer by ¢=727/ to switch to the Fourier domain. elsewhere [14].
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0.5

CY (b)

Fig. 3. Transfer functions for spline pyramid. (Dashed: degree 1. Dotted: degree 2. Solid: degree 3). (a) Analysis function. (b) Synthesis function.

TABLE 1lI : ,
CompPARISON OFPSNR BeTWEEN THEHAAR, ORDINARY AND CENTERED PYRAMID 5 i
s [T L0t
[dB] 2 3 4 5 s ¢ a2 1 oo 1z s e s|s 4 32 1 0 0 1 2
Pyramid type MRI Lena MIT | Camera

Fig. 4. Black dots represent the original signal; gray dots represent the

., o extended boundaries. The mirror axis is between the grid points.
brain building| man

image

averaging operations on either side of the symmetry axis are
Haar 278 265 651 241 identical. As far as the remaining component is concerned, it
suffices to realize that the symmetric filter component produces
the same result for equidistant pixels on each side of the
order 3 352 286 | 290] 258  sSymmetry axis, as is obvious from Fig. 4. Hence, the boundary
conditions are valid for any centered approximation. They can
be formalized as follows. We denote yk),k < 0 < N the

order 3 352 286 2900 257 original signal of lengthV and byg,(k) the extended signal

of infinite length.

Ordinary (non-centered)  order | 32.6 28.1 28.4 24.1

Centered order 1 34.1 28.5 287 25.6

V. BORDER CONDITIONS _Ja(ks), if ks <N
) 9+(k) = { f(=ks —142N), otherwise. (“47)
In the above developments, the signals were generally .
assumed to be of infinite length. Such a hypothesis is not ks = { g Ijr\erd 2N}k 49N '; ]]z 20 (48)
valid anymore for real signals and we need to define ap- (2N —1-k)mod 2N, if k<0.

prgpriate boundary extensions to e_>_<tend the finite s_ignal tONote that these boundary conditions are of periodi2ity,
infinite length. The boundary conditions have to fulfill twayhich may be advantageous for FFT based implementations.

requirements: Furthermore, a periodicit2N assures consistent boundary
1) the boundaries at resolution leveimust be computed conditions across scales, which is not the case in ordinary
from the signal values at levé| pyramids with symmetric boundary extensions, for instance.

2) the reduced (expanded) boundaries from leyel 1) The filter coefficients (discrete or continuous) may be down-
must be the same as the boundaries computed at the Heatled via FTP. Also, a C-program is available that im-
lower (higher) level(i — 1)i. plements the border extension mechanism and computes the
In other words, the boundaries should not be affected by thgntered pyramid in the 1-D and two-dimensional (2-D) case.
discrete convolution operator of the filter. Traditional boundargﬂ|e pyramid decomposition for images is obtained by applying
extensions such as mirroring or antimirroring do not fulfiff€ filters in the direction of the rows first, and then by applying
these requirements. A valid boundary extension is obtained filters in the d|rect|on_s OT the columns. The C-routines can
mirroring with respect to a symmetry axis at the end of thté accessed n the public directory of the anonymous ftp site:
interval shifted by half a pixel off the limit signal values, aéncasso.ncrr.nlh.gov.
depicted in Fig. 4 (half-sample symmetry [6]).

In the case of a centered pyramid, it was shown that the VI. RESULTS AND APPLICATION
analysis and synthesis filter can be decomposed into a symBecause of their centering properties, these new pyramids
metric component,,.,(z) and a Haar componefit + z~!). should provide an interesting alternative for all multiscale
The validity of the proposed boundary extension can then bpplications that use quadtree-like representations or Haar
proven as follows. It is easily verified that the Haar filter bypyramids. The centered pyramids should provide better or at
itself fulfills the boundary extensions requirements. Indeed, theast identical results for any application involving pyramids.
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Fig. 5. Multiresolution Hough parameter fitting.

In particular, they should be useful for applications wherever TABLE IV

a result at a coarser resolution level needs to be projected COMPARISON OF COMPUTATION TIME

upwards onto a finer resolution level where the processing Computation time [sec)

continues. Such applications include edge detection, motion

estimation, and parameter fitting. Resolution levels Level | Level 2 Level 3 Total

1 10400 10400

A. Multiresolution Hough Parameter Fitting 2 32 65 98
The Hough algorithm is used to fit curves to binary signals 3 32 20 1 33

[9]. Every variable in the analytical curve model defines one

dimension in the multidimensional Hough space. The Hough
space is then scanned for all possible parameter values. &egurate enough approximation of the original image at the
each bin in the Hough space, the number of signal poirgearsest pyramid level. Computation time for different choices
that are covered by the model are counted. The bin with tAé number of pyramid levels are reported in Table IV. The
maximal counts represents the parameters of the unknoivrage size is 128 128 pixels, and computation were done
curve model. on a low end workstation (120 MHz PowerPC). The algorithm
This algorithm is very simple, but very time consuminghas been tested on more than 100 images, and in all of them,
Computation time is proportional to the square of the imagie correct ellipse was found.
size and is proportional to the number of curve parameters to
be estimated. Since we can not affect the second factor, fre
can substantially decrease the amount of processing time byrhe general problem of image registration concerns the
a multiresolution approach. With this implementation, the bimatching of two images minimizing ampriori chosen dispar-
with maximal counts in the Hough space of a spatially reducédyl criterion. The problem arises for example when two images
signal is computed. This result then needs to be symmetricatigve to be compared and one of them has been translated with
up-projected onto the next finer level, of which the result iespect to the other. Typically, no closed-form expression for
immediately given by the centered pyramid. At this levethe motion parameters exists and the global disparity minimum
the optimal result is situated in the neighborhood of the upas to be found iteratively. In a bottom-up multiresolution
projected pixels, and it is therefore sufficient to only computpproach, two pyramids are computed for the original image
the number of counts in the neighboring bins. and the test image, respectively [20]. The algorithm starts at
An example is given in Fig. 5. The image shows a SPEQMe coarsest resolution and finds the best fit. The result is up-
scan (single-photon emission computed tomography) of a lopgpjected onto the next finer level until the original image is
axis slice of the heart, where the myocardium is imaged. Theached.
ultimate imaging goal is to find the endo- and epi-cardial In the case of the affine transformation, one has to fix a cen-
borders. Because of the ellipse like coordinates of the hedet; of origin of the coordinate system at each resolution level.
image processing is facilitated if the heart is expressed Tfe up-projection from one level to the next involves an ad-
ellipsoidal coordinates rather than in Cartesian coordinat¢gstment of the affine parameters by a scale factor. In addition,
We have employed th& centered cubic spline pyramid andf the origins at different levels are not identical, an additional
the Hough algorithm to find the optimal short and long axdsanslational term is required, which complicates the compu-
and the center of the ellipse. The fitted ellipse is superimposition. The centered pyramid offers a straightforward way of
in black on each of the resolutions in the image of Fig. 5. Thep-projection, reducing some computational complexity and
search for the elliptical parameters involves the computatioeducing considerably the risk of errors in the program code.
of five parameters (center, radii and orientation). A pyramid ) .
decomposition into three levels enormously speeds up the Motion Compensation
computation and still allows us to find the correct ellipse. For subpel motion compensation, the current image as
Experimentally, we have determined three pyramid levels teell as the reference image are interpolated [10]. On these
be optimal, as it optimizes speed and still guarantees expanded frames, motion estimation and compensation is per-

Multiresolution Image Registration
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TABLE V VII. CONCLUSIONS
MoTioN COMPENSATED PSNR BTAINED .
FOR TEST IMAGE USING DIFFERENT FILTERS In this paper, we have presented the concept of centered
pyramids that fulfill the three requirements of 1) minimiza-
Interpolation function PSNR [db] tion of loss of information during resolution conversion, 2)
Test vid minimization of approximation error during extrapolation, and
est 1mage 1deo sequence 3) perfect centering of resolution levels. We have provided
foreman general f_ormulas for th_e analysis and synthesis filters i_n both
the continuous and discrete spaces. The only requirement
Bilinear 20.92 34.8733 imposed is that the generating basis functions must form
. Riesz-bases. The obtained formulas may then be used by any
Spline, n=1 23.12 35.7343 i . . . . . :
specific basis functions. The cubic B-spline basis functions
Spline, n=1, centered 24.23 36.0868 were employed as a specific example for the computation of
the filter coefficients. The explicit transfer functions in the
Spline, n=3 24.76 36.3422 z-domain are given. We have justified the need for centered
Spline, n=3, centered 2478 36,4567 pyr.amlds be(;ause of their symmetry and perlodlgltyzm, .
which result in better properties for image analysis. Also, in

the type of pyramid proposed, the center at low resolution
levels get perfectly mapped onto finer resolution levels, and
the centered pyramid is left/right and up/down flip invariant.
formed and the predicted frame is reduced subsequently to {f)e have presented applications that benefit from the mul-
original size. Typically, bilinear interpolation is used followediresolution analysis by centered pyramids, because of speed
by simple subsampling. In fact, subsampling can already bgnsideration, better accuracy and the ease of up-projection
included in the match criterion avoiding the interpolatior@f parameters. This pyramid can be used as a good substitute
of the current frame. The use of spline filters provides aA any multiscale algorithm that performs the reduction by
improvement both in terms of the prediction gain and in g@veraging (Haar pyramid).

more accurate motion vector field. The best results in terms

of prediction gain has been achieved by using the centered APPENDIX A

spline filters. For simulations a test image pair has been

generated, consisting of a noise texture. To simulate h?lf

. ) spacess; (p1(x)) and Sz(w2(z/m)), the orthogonal pro-
pel displacements, the texture has been displaced by an O\Haion Of g1(z) € S1(io1) ONtO Sa(2) such that the approx-
number of pels and subsequently filtered and subsampled with / . . )

. Imation error is orthogonal t&>(y2) is defined through the
a standard lowpass filter.

For expansion and reduction the separdblspline filters equation
are employed. The four filter configurations analyzed are: first- . .
and third-order and both filter centered as well as noncentered. <Z al)e(z —1) - Z ca(g)p2(/m = j),
Motion estimation and compensation was performed on the tez jez
expanded frames using a standard block-oriented approach
with full pel accuracy (Table V). p2(z/m — k)> =0 VkeZ (49)

Obviously, the prediction gain obtained using spline filters Le
is significant. Moreover, for the first-order pyramid centering It is solved as follows:
increases the prediction approximately by 1 dB. For cen-
tered third-order splines the number of inaccurate motion <E 61(5)901($_Z)7902($/m—/€)>
vectors was lowest. The highest motion compensation gain ‘i€z
was achieved by the centered cubic splines. <

Let us define the correlation products as in (4)—(6). Given

Lo

In case of natural image pairs (frames from a video scene), =
the accuracy of the motion vector field can not be judged, since
the true displacements are unknown. However, the motion Yk e Z
compensation gain can be observed. In Table V, the mean E cr(D{o1(z — 1), pa((@ = k)/m)) im
motion compensation gain is given, obtained by averaging over
17 frame pairs of the test sequence foreman in QCIF format. . )
For both filter orders, an improvement of the prediction = Z 2(i)(e2(@/m = 5), o2((x = K)/m0)) 1m
gain for the centered filters over the noncentered filters can icz
be observed. As before, centering is especially beneficial for
lower order splines. The best results are obtained with the
centered cubic spline which provides a 0.7-1 dB improvement
over the noncentered first order pyramid. Note that this latter =m- Z c2(g) - [aze(k/m — §)] |m
is already 0.8 dB better than the traditional method that uses i€z
bilinear interpolation. [c1 * qr2] m(k) = m - 2 x aga (k). (50)

S coli)ale/m - ). palafm - k)>

j€ez 5

lez

lez

Z () - qa(k — l):|
lm
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