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Mixed ‘H9 and H., Performance
Objectives II: Optimal Control

John Doyle, Kemin Zhou, Member, IEEE, Keith Glover, Fellow, IEEE, and Bobby Bodenheimer, Member, IEEE

Abstract— This paper considers the analysis and synthesis of
control systems subject to two types of disturbance signals: white
signals and signals with bounded power. The resulting control
problem involves minimizing a mixed > and H., norm of
the system. It is shown that the controller shares a separation
property similar to those of pure H or /.. controllers. Necessary
conditions and sufficient conditions are obtained for the existence
of a solution to the mixed problem. Explicit state-space formulas
are also given for the optimal controller.

I. INTRODUCTION

WO performance measures in optimal control theory

which have been the focus of much recent research are
the Ho and H,. norms, defined in the frequency-domain for
a stable transfer matrix G(s) as

1 [ . .
Gll2 = \/%/ Trace|G(jw)*G(jw)|dw
IGlico := SUP Omaz[G(jw)]
(0maz ;= maximum singular value).

It is beyond the scope of this paper to review the vast literature
associated with the Hs and H,, theory. The interested reader
might consult Francis and Doyle [10], or Doyle et al.[5], and
the references therein.

The Ho, results of [5] suggest the possibility of a single
theory that has the Hy and H, results as special cases, and
this encourages us to consider a more general problem. The
basic system has the block as shown in Fig. 1 where G is
the generalized plant and K is the controller. Only finite
dimensional linear time-invariant (LTT) systems and controllers
will be considered in this paper. The generalized Plant G
contains what has been called the plant in traditional control
problems as well as any weighting functions. The signals wq
and w; represent all external inputs, including disturbances,
sensor noise and commands.

The signal wy is assumed to be white, while w; is assumed
to be bounded in power. z is an output error signal whose
power is the performance objective, y represents the measured
variables, and w is the control input. Let the transfer function
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from wg and w; to z be T7,,. The analysis problem is, given G
and K, to determine the induced norm of 7,,,. The synthesis
problem is, given G, to find a controller K which stabilizes the
plant and minimizes the norm of 7%,,. Both the analysis and
the synthesis problems are referred to as ‘‘mixed”’ Hy and Ho
problems. The analysis problem is considered in some detail
in Zhou et al. [27] and the present paper is a sequel to that.

Note that if only wy is present, then the problem setup
reduces to the standard H, problem setup. Similarly, if only
wy is present we obtain the standard H ., problem setup. Often
we compare the results of this paper with those for the H, and
‘Ho problems as presented in [5], which are referred to as the
“‘pure’” Hq and H,, problems. The major motivation of this
paper is to begin providing more flexibility in the modeling
assumptions required to use optimal control methods.

The main results of this paper are presented in Sections II
and IV. Specifically, Section II presents the analysis results
and Section IV presents the synthesis results. The proofs of
the synthesis results exploit the ‘‘separation’’ structure of the
controller, which is reminiscent of the classical Hy controller
and the H, theory in [5]. Of course, there are significant
differences that reflect the mixed criterion used in the problem.
These differences are similar to the differences between the Ho
and H., separation principle discussed in [5].

It is also shown that if full state is available for feedback,
then the central controller is simply a gain matrix F,, obtained
by solving a single Riccati equation, which is the same as in the
pure H,, problem. Also, the optimal estimator is an observer
whose gain is obtained through the solutions to three coupled
equations; this reflects the complexity of the mixed problem.
In the general output feedback case, the central controller can
be interpreted as an optimal estimator for Fioz.

To make the results more accessible, we have chosen to
treat only a special case of the general mixed problem in this
paper. This problem is similar to the problem treated in [5]
and captures the essential features of the general problem.
While there is some loss of generality in doing this, it relieves
the proofs of serious algebraic encumbrance and makes the
formulas much easier to interpret. In addition, the assumptions
are common in the standard presentation of the s problem.

Fig. 1.
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Fig. 2.

Although the theory developed here follows [5], important
motivation came from the work of Bernstein and Haddad
[2], which uses Lagrange multiplier techniques to solve a
different mixed Hy and H, problem. The problem solved by
Bernstein and Haddad has been shown to be a dual problem
of our problem in some sense, see, e.g., Steinbuch [22] and
Yeh et al. [25]. Rotea and Khargonekar {21] have obtained
a nice solution to the dual problem for a class of state
feedback problems. In Khargonekar and Rotea [14], a convex
optimization approach is proposed to solve the output feedback
dual problem. Maximum entropy control is a particular mixed
problem and has been investigated in Glover and Mustafa [13]
and Mustafa [18].

The notation and definitions in this paper are the same as
in [27], and the reader is referred there for the definition of
the bounded power signal space, P with norm |jw;]||,, the
notion of white noise that is being used, and the auto- and
cross-spectra, Sy, and S...

II. SYSTEMS PERFORMANCE ANALYSIS WITH MIXED INPUTS

In this section we will examine the norms induced on G
with inputs wo(¢) and ws(t) as shown in Fig. 2.

We will focus on the case where wg(t) is fixed and white
with unit spectral density, i.e., Swow, = I, and wy(t) € P.
The performance of system is measured by the power of the
output z(¢). Thus our objective is to compute

sup_||z|[% )
w; €EBP

or alternatively for a given v > 0
2 2
sup {203 — 22wl }- @
weP

We note that this problem was referred to as the ‘‘mixed Hp
and H.,’’ problem in [27] because if we ignore w; then the
norm induced on G from wy to z is the Ho norm; similarly, if
we ignore wy then the norm induced on G from wjy to z is the
Hoo norm. This mixed problem has an important motivation
from the problem of robust H; performance. It is beyond the
scope of this paper, however, to give a detailed explanation.
The subject of robust H, performance and system analysis
with various combinations of input signal classes are studied
in detail in the companion paper [27], and a brief overview is
given in [26]. To make the problem well-motivated physically,
we will further make the following assumption.

Assumption: The signal w;(t) is allowed to be either in-
dependent of wg or causally dependent on wy, i.e., either
Swiwe = 0 or there exists a W(s) € Hz such that w;(t) =
W {(s)wo(t), which implies in this case Sy, = W(s).

Some explanation for this assumption is necessary at this
point. The reason for this assumption is to restrict ‘‘the worst
case signal”” w1 (¢) to be a causal function of the system states,
which in turn depends causally on the input signal w,. This
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is similar to the standard H., problem where the worst input
is a causal function of the states. It is also noted from [27]
that without this assumption, the worst case signal w(¢) is
noncausal. -

Now assume G is stable and strictly proper. Partition G
compatibly with wg and w; as [Gy G1], so in terms of the
state-space realization, this can be represented as

A| By B
G(s) =

C 0 0

The remainder of this section is devoted to a time-domain
solution of the mixed problem in (1) and (2). A frequency-
domain solution is given in the companion paper.
Let z denote the system states. Then the system equation
can be written as
& = Az + Bowo(t) + Biwi (t), [|lz(—00)|| < 00
z=Cxz.
The following lemma is very useful in the analysis of the

mixed problem.
Lemma 1:

Ren(0) = 3 Bo.
Proof: Note that
z(s) = (s — A)"YBowo + Byw).
Hence the cross-spectral density of = and wg can be written as

Szw,(jw) = (jwI — A)" (BoSwowo + B1Sw,w,)
= (]wl - A)_l(BO + Blswlwu)

since Syow, = I, Where Sy, 4, is either 0 or W(jw). Now let
I" denote the semicircular path in the right-half plane with the
radius R > O starting from jR and ending at —jR (R — 00).
Then the cross-correlation at £ = 0 can be computed as
1 [* .
Rz, (0) = o /_w Spwo (Jw)dw
-t S. d ! S, d
-ﬂj zwo (5) S_ﬂj/l" zwo (8)ds

where the contour integral is in the clockwise direction with
the semicircle path I' and the interval on imaginary axis closing
the semicircle. Since A and W (s) are stable
1

ﬁj S,wo(s)ds =0.
Note that W(s) is strictly proper, so

1

Reun(0) = =57 [ Seu(a)ds
1 [z

= lim —

79\ p .36
Am oo- | Szw, (Re’”)Re’ df

4 ol

N

1 . .
= 1 jé -1 0
= lim o s (Re’*I — A)™"ByRe’’df

1
=B
20
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where the last equality is obtained by exchanging the order of

limit and integration. g
We are now ready to present the main result of this section.
Theorem 1: Suppose v > ||G1||«. Then

sup {llzll5 —+*llun [} } = Trace(By X, Bo)
wy

with a worst-case signal w; = v~ 2B{ Xz, where X, is the
solution to the Riccati equation
AX, + X, A+ 2X,B1B1X,+C'C=0

and A + vy 2B B{ X, is stable.
Proof: Let X, be the Riccati solution and differentiate
2’ X,z along the trajectory of a solution to get

d .
a(z' Vx) =5 Xz + ' X
=z'(A'X, + X, A)z
+ 2w} B Xz + 2wy By X,z
= —2' (v ?X,B1B{X,+ C'C)x
+ 2w} B1 Xz + 2wy By X,z
1
= =2l + 7*llwrlf* = [lrwr ~ ;BiX71'||2
+ 2wyBy X4z,
In the above, we used the Riccati equation to substitute for
A'X.,+ X, A, and then completed the square. Integrating from
—~T to T and taking the average, we have

1
lim

T
d
Jin o [ @ Xm) b= el Al

- %BiX‘y:"'”%
+ 2Trace( By Xy Ry, (0)).
3)
The left-hand side of (3) is zero from the assumption on the

external input signals. Now by making use of the relation from
Lemma 1 we get

2 2 2
21l — 7*llw1 i = Trace(By Xy Bo)
2 -2 2
—7|lwr =y *Bi Xzlp.
Note that for fixed -, an input which maximizes the quantity
2115 — Y?|lwil|% is w1 = v~ 2B{X,z. In fact, any input
w, which causes yw; — %BiX,,m to be in £, yields the same
maximum, but 1 is in some sense the most natural. In contrast
with the £ case in [5], the minimizing w; is not unique.
Hence

sup {23 —v*llwill}} = Trace(ByX,Bo)
w1 €EP

with worst-case signal W, = v 2BjX,z € P since A +
¥~2B1 B} X, is stable. O
Assume now that the input to the system is w, for fixed ~.
Then the system equations become
. 1
&= (A + ?BlBin)x + Bowg(t), [|z(—o0)|| < oo

z=C.
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Let P, be the solution to the Lyapunov equation

Fig. 3.

1 1 '
(A + ?BlBiXW)P’Y + P», (A + ?BlBiny> + BOB(’J:O
then
|lz||%> = Trace(CP,C").

Note that for small «, w; may not be in the unit ball BP.
Hence to compute (1), we have to find a suitable v such that
w; € BP. This is given in the following theorem.

Theorem 2: Let 7y, be such that ||vg 2B} X,,z||» = 1. Then

sup ||z||% = Trace(CP,,C") = Trace(Bj X, Bo) +o.
w €EBP

The condition for the existence of such 7, is given in [27].
Hence, computing the power norm of z involves iterations on
v, as in the pure H, case. As an aside, note that the optimal
7 level almost always satisfies v > ||G1]|,, when wp # 0.

III. REVIEW OF STANDARD H2 and H., THEORY

This section reviews some standard results in Hs and Ho
control theory. All results presented here are essentially taken
from [5], and the proofs can be found therein. Consider the
system described by Fig. 3. Both G and K are real-rational
and proper. The pure ‘H; or H, problem is concerned with
how to pick K to minimize the Hy or Ho, norm of T, the
transfer matrix from w to z, where K is constrained to provide
internal stability. Internal stability in state space means that
the states of G and K go to zero from all initial values when
w = 0. A controller which provides internal stability is said
to be admissible.

The realization of the transfer matrix G is taken to be of
the form

and the following assumptions are made:

1) (A, Bs) is stabilizable and (Cs, A) is detectable.
2) Ds2 has full column rank with [D;2 D35 ] unitary and

D-; has full row rank with g;} unitary.
3) A-jwl B, has full column rank for all w € R.
Cy Do
4) A-jul B has full row rank for all w € R.
Ce Dy

Two additional assumptions that are implicit in the assumed
realization for G(s) are that Dy; = 0 and D3, = 0. Relaxing
these assumptions complicates the formulas substantially, as
can be seen in Glover and Doyle [11].
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The following lemma is essentially from [15].
Lemma 2: Suppose D has full column rank and denote
R = D'D > 0. Let H has the form
A—-BR'D'C —-BR'B’
-C'(I- DR'D')C —-(A-BR'D'C)|

Then H € dom(Ric) iff (A,B) is stabilizable and

H=

[A _C? wl g has full column rank for all w. Furthermore,
X = Ric(H) > 0 and Ker(X) = 0 if and only if

(D',C, A~ BR™1D’C) has no stable unobservable modes.

A. Ho Problem

The pure Hy problem is to find an admissible controller K
which minimizes ||T,,||2. It is easy to see from Lemma 2 that
the Hamiltonian matrices

i, - | A= B:DCh -B,Bj }
27 | ~ODH (D) Cr —(A = BaDi,Cr)
J, = | (A= BiDyCo) ~C4Cy ]

-Bi(D$)'D3B; —(A— B1DyCs)

belong to dom(Ric) and, moreover, Xo := Ric(H) and
Yy := Ric(Jy) are positive semi-definite. Define F, =
— (D501 + B4 Xs), Ly == —(B1D%; + Y2C3), and

Ap, = A+ BoF3,ChF, = C1+ Do Fy

Ap, ;= A+ LyCq, By, := By + LoDy

Az = A + Bze + L;)CQ

Ap, I AL,
o Gy(s) =
Cip, | O I

Theorem 3: The unique optimal controller is

Ay | —L,

Bir,
Ge(s) =

0

Kopt(s) =

Fy 0

Moreover, min || Ty |13 = |G B3+ F2Gf 13 = |GeLall3+
IC1G4l13.

The controller K, has the well-known separation structure,
clearly shown in the theorem.

B. H, Problem

The problem considered here is the suboptimal H,control
problem: to find an admissible K such that ||T,y|lec <
~. Clearly, v must be greater than the H..-optimal level.
Optimal H,, controllers are more difficult to characterize than
suboptimal ones, and this is one major difference between the
Hoo and Hy results.

The H solution involves other two Hamiltonian matrices

Ho = A - §2D3201 "Y_ZB]Bg - BQBé
7 [-C1D5(Dip)'C1 —(A = BaD}pCh)

Jo = ]: (A - BiD'mCQ)' ’)‘—20;01 - 01202}
7 |=Bi(D3)' D3 B —(A - B1DyCy)

The following theorem can be found essentially in [5]. The
detailed proof of the theorem can be found in [12].
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Theorem 4: There exists an admissible controller such that
I T2wlloo < 7y iff the following three conditions hold:

i) He € dom(Ric) and X, := Ric(Hx) > 0

i) Joo € dom(Ric) and Y, := Ric(Js) > 0

i) p(XooYoo) < 72
Moreover, when these conditions hold, one such controller is

Aoo ’"Zoo Loo
Ksub(s) = :l

Foo 0
where .

Aco = A+ 7 2B 1B, Xoo + BoFoo + ZooLooCs
Foo i= —(D}5C1 + By X o),
Ly = _(BID;1 + YwC£)7
Zoo i = (I — 77 %Yo Xoo) L.

The H., controller displayed in Theorem 4 has certain
obvious similarities to the Hy controller as well as some
important differences. Although it is not as apparent as in the
H; case, the H, controller also has an interesting separation
structure. Furthermore, each of the conditions in the theorem
can be given a system-theoretic interpretation in terms of this
separation. These interpretations are given in [5].

1V. MIXED Hy AND H., SYNTHESIS

In this section, we consider the synthesis problem when the
system is subjected to mixed disturbance signals. Specifically,
consider the system described by Fig. 4, where again the Plant
G and controller K are assumed to be real-rational and proper.
The significance of various signals shown in the diagram is
as follows: wg € R™° and w; € R™! are the disturbances
u € R™2 is the control input, 2 € RP! is the error or controlled
output, and y € RP? is the measurement output.

Problem (G): Given the Plant G, a constant vy, exogenous
signals wg, with Sy,w, = I, and w; € P which is either
independent of wq or dependent causally on wy. The mixed
‘H2 and H., optimal control problem is to find a controller
K such that

sup inf {l1115 — vl 15 }
w epP K

is solved, where the minimization is constrained to those K
providing internal stability.

The phrase ‘‘Problem (G)’’ means the minimization prob-
lem corresponding to the Plant “‘G.” As mentioned earlier,
when wy = 0 or w; = 0, the induced norm becomes the H
or ‘H, norm, respectively. Thus, Problem (G) is solvable only
if the corresponding pure H2 and H,, problems are solvable.
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It is also interesting to note that
. 2 bnd .
sup 1nf{||z||~p - 'yz||wlﬂg,} =% inf { Hz”%lwl = 0}
weP K K

i.e., the mixed problem becomes a standard H, problem when
~ — oo. It should be pointed out that this is fundamentally
different from the situation in the standard H., problem where
the central solution approaches to the > solution as v — oc.

In this paper, we do not usually address the issue of the
optimal mixed controller and only discuss optimality in terms
of a given =, restricting ~y to be greater than the corresponding
H o optimal level, voo. Thus, optimal controller means optimal
for a given  level. Clearly, any mixed optimal controller is
a suboptimal pure H.. controller, but the converse need not
be true.

Lemma 3: Problem (G) is solvable only if there exists a K
such that ||T%y,}|,, < 7 ie., the corresponding suboptimal
‘Hoo problem (wg = 0) is solvable.

The results in this paper show that the condition in the
lemma is not only necessary, but may also be sufficient.

Assumptions on the Plant G: The system has the following
realization

A By B1 B

G(s) = 0 0

Do

Cy
Cs

D12
Doy 0

The following assumptions are made:
i) (A, By) is stabilizable and (Cs, A) is detectable.
ii) D12 has full column rank with [D12  Di; ] unitary.
iii) Dy has full row rank with By := DQOD’QO > 0 and

R]_ ::. D21D’21‘
iv) A-jul By has full column rank for all w € R.
C D
1 12
V) A-jwl By has full row rank for all w € R.
Cy Dy

Assumption i) is clearly necessary for internal stability. The
essential assumption in ii) is that D;o has full column rank,
while the second part of the assumption is only made to
simplify the formulas in our solution. There is no loss of
generality in making a such assumption, since a transformation
can be applied first to bring it to this standard form. The
significance of Assumption iii) is that it insures that the
corresponding Hy problem is nonsingular. Assumptions iv)
and v) are made for the same reason as in the Hs problem:
to guarantee that the Riccati equation associated with the pure
‘Ho problem has a stabilizing solution.

There is no loss of generality in assuming Dy = 0,
since the controller for the Dy # 0 case can be found
from the controller for Dss = 0 case by a linear fractional
transformation, see, e.g., [11]. On the other hand, the solution
for the Dy; # 0 case is much more complicated, as can be
seen from [11] for H,, problem. The formulas in this paper
should generalize in the same way.

A. Separation Principle for Mixed Ho and H, Problems

The following theorem is one of the main results in this
paper. It shows that the solution to Problem (G) shares a kind
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Fig. 5.

of separation principle, i.e., the controller can be constructed
from full information control (or state feedback) and optimal
estimation of the full information feedback.

Theorem 5: There exists an admissible controller K which
solves the following optimization problem

. 2 2 2
sup mf{ zllp — vl|lw }
Sup i lzlp — v llwillp

iff the following conditions hold:
i) Heo € dom(Ric) and X := Ric(Hs) > 05
ii) There exists a controller Kp;pc which solves Prob-
lem (Gprrc) (called the Mixed Full Control (MFC)
Problem) with

Atmp | B() B] [I 0]
Gmrc(s)= l -F, 0 0 [0 I
Cz+7_2D21B;XOO DZO D21 [0 0]

where Aim, = A + Y7iB1BiX, and Fp =
—(D1,C1 + By X ).
Moreover, when these conditions hold, one such controller is
given by the transfer matrix from y to » in Fig. 5.

A+7_2BlBiXoc+B2Foo‘ 0 [I —Bg]
0
I

Notice that i) corresponds to the condition for full informa-
tion control and ii) corresponds to the condition for the optimal
estimation of F,,z. Thus, the separation principle of mixed
controllers is now evident and is similar to the separation
principle for H. controllers given in [5]: The mixed Hy and
Ho output feedback controller is the output estimator of the
full information control law in the presence of a worst-case
disturbance w1, = 7 ?B] Xo0oT.

Note that (A¢mp, Bi1) is stabilizable since (A, B;) is and
(—Foo, Atmp) is detectable since Aymp + BaF is stable
by the condition H,, € dom(Ric). For the MFC Prob-
lem to be solvable, it is also necessary to require (Cy +
¥~ 2D1 B{ X oo, Atmp) be detectable. This condition will be
satisfied implicitly if there is an admissible controller solving
the MFC Problem.

The proof of Theorem 5 is given in Section IV-C. The proof
in Section IV-C uses the following lemma and the result in
Section 1V-B.

Lemma 4: Suppose H,, € dom(Ric) and X, =
Ric(Ho) > 0. Then there exists an admissible controller
K(s) such that K(s) solves Problem (G) iff K(s) solves

Myoe(s)= —-F,

Cz + ’Y_ZDQlBﬁXOO

(0 1]
[0 0]
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Atmp | BO Bl B2
Gimp(s) = ~Fa ‘ o o I
Co+ 7 2DnB Xew | Dao Dax O

See Fig. 6.

Proof: Since Hy, € dom(Ric), Xoo = Ric(Hs) > 0.
Hence X, satisfies
(A= ByD1,C1) Xoo + Xeo(A — Be D15, Ch)
+ 772X oB1B{ Xoo — XooB2By X oo
+ C{D1(D)'Cy = 0. @)
Denote
Arp, = A+ BoF
Cir, =C1 + D12F
and define new disturbance and control variables
ri=w; — 7 B Xpot
vi=u+ (D0 + By X )z = u — Fox.
Then

] Afp, | By v !'Bi B, wo
{'yr] - Cir. 0 0 Dyp | [T
-7'BiXe |0 I 0 v
~ wU
=: P |yw;
v
where
5_ | P01 Pu PIZ}
P = =[P, P
[on i Pn Py Po Pl

and it is also easy to see that

v wo

[y] = Gemo | T
u

The above transformation is depicted by Fig. 7.

It is shown in [5] that P € R Mo, Py;' € RH o, and P is
inner. Setting wo = 0 we also see from Lemma 15 of [5] that
K(s) internally stabilizes G(s) and ||T., ||, < v iff K(s)
internally stabilizes Gymp and || Tyl < 7.

Finally, to show that Problem (G) is equivalent to Problem
(Gimp), differentiate 2’ X ..z along a trajectory of the state to
get

%(CL’,XOQI') =i Xoox + ' X o

=3 (A’ Xoo + Xoc A)T + 2{wy, By X oox)
+ 2{w1, B{ XooT) + 2(u, B4 X oo )
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Fig. 8.

where (,) denotes the inner product. Using (4) to substitute
for A'Xo + XA gives
d _
7 (7' Xeo) = = (D) Crz|* = 7% By X ooz
+ “B;chx”2 + 2(B5Xcoxv Dll2clz)
+ 2{wg, BoXoo) + 2(w1, B1 XooT)
+ 2{u, B4 X o).
Finally, completing the squares gives the key equation
d -
7 (& Xeow) = =zl + 22wl = AP llwr = ¥ B] Xooz]?
+lu+ (D101 + By X oo )| |?
+ 2(w0,B6Xoo.’L'>.

Assuming z(—oo0) is bounded, taking the time average on both
sides of the above equation yields

2013 = Yllwrllp = llu+ (D}2C1 + ByXoo )|l
=71 =77 Bi Xooz 3
+ Trace(B{ X Bg)-
= [loll% — 72ll7[% + Trace(B{Xoc Bo)-

From the above, it is obvious that

. 2 2
supp 1%f{||z||p - 'yz||'w1||,,} = Trace(BjX o Bo)

w1 €
. 2 9y 2
+sup 1nf{||v| =¥l }
rep K I'P ” P

Hence a controller K(s) solving Problem (G) will solve
Problem (Gy,,p) and vice versa. O

B. Mixed Output Estimation

As we have mentioned earlier in Theorem 5, we will call
the mixed control problem having the structure of Garpc the
MEFC problem, while the problem having the structure of G,
will be called the mixed output estimation (MOE) problem. In
the following, we show how to reduce the MOE problem to
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the MFC problem. Instead of using G, directly, we use an
arbitrary Plant G0 having the structure of Gi,y,p. Consider
Fig. 8 where

'At Bo Bl Bz
Guoe()=1p, | o o 1
[E2 | Dy D2y O
(Ac | Bo By [I 0]
Gure®)=1g [ 0 o [0 I
_E2 D20 D21 [0 0]

and we assume that A; — B3 F; in the realization of GyoE
is stable.

Note that Assumptions i)-v) on Problem (G) are not needed
in obtaining the reduction from the MOE problem to the MFC.
This will be clear from the procedure.

Let Thmor and Tprpc denote the closed-loop transfer
matrices from (wy, ) to v for the MOE problem and the MFC
problem, respectively. The following result is obvious.

Proposition 1: The controller Kprop internally stabilizes

Guogiff Kyre = lj? } K yoginternally stabilizes G re.

Furthermore, in this case Tyor = Tumrc.

To complete the equivalence, suppose that we have a
controller for the MFC problem, denoted by Kjsrc and let
Kok be the transfer matrix generated by Fig. 9.

At—BzEl\ 0 [I —-Bs)

Pyoe = E 0 [0 I
E, I [0 0]

Proposition 2: The controller Ksrc internally stabilizes
Gure iff Kyop given above internally stabilizes Gyog.
Furthermore, in this case Thyor = Tpmrc-

Proof: Let x and % denote the states of Gpor and
ProE, respectively. Then the overall equations in terms of
e:=x+ & and & are

i=(A—ByE)i+[[ —Bzlit
é:At€+Bg’lU[]+BlT‘+[I 0]'&
v=Fie+[0 I]a

4§ = Ese + Doqwg + Doyr

@ = Kypcy.

Written in matrix notation, this is

A —BEy 0 0 0 [I —Bs,]
|:’U} 0 A, By By [I 0] Wo
= T
0 FE, 0 0 [0 I] i
0 Ez Dz() D21 [0 0}
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GuMFc f——

Kmrc

Fig. 10.

and
i = Kprcy-

Since A; — BoFK, is stable, the above transfer matrix is
equivalent to

Ac| Bo B I 0]

v wo
[y] =B o 0o [o I]||"
Ey | Dy Dy [0 0] LY
which is the form of the MFC problem. O

C. Proof of Theorem 5

Since a controller solving Problem (G) is also a suboptimal
Hoo controller, it is obvious that i) is necessary. Hence, if
the problem is solvable, then H,, € dom(Ric) and X, =
Ric(Hs) > 0. Now using Lemma 4, the original problem
is equivalent to Problem (Gymp). The theorem then follows
by applying Propositions 1 and 2 t0 G,y and note the fact
that Atmp . Bz('—Foo) = A+ ’Y_QBlBiXoo - BzD’lzcl —
By B} X is stable by the condition H., € dom(Ric). 0

D. Mixed Full Control Problem

In Theorem 5, we have seen that the mixed synthesis
problem, Problem (G), can be reduced to an MFC problem
with Gy re = Gure. This section is devoted to the solution
of this problem. We will give explicit necessary and sufficient
conditions for the solvability of this problem. For the simplic-
ity of notation, we shall consider the following generalized
system and associated block diagram as shown in Fig. 10

Ac| Bo B [I 0]

Gurc(s) = | g,
E,

0 0
Dyy Dy

[0 1]}
[0 0]

It will be assumed that Gp;pc satisfies, in additional to the
assumption iii) for the general output feedback problem, the
assumption that (E, A,) is detectable.

MFC Problem: Find an admissible controller Kpspc such
that Kprpc internally stabilizes Garpc and minimizes

sup inf {v2~ 2 z}
sup Jnf_ {|olfp, — Il

where wy is white noise and has unit spectral density and r is
allowed to be either independent of wy or dependent causally
on wp.

The next lemma follows from standard min-max optimiza-
tion theory.



1582

Lemma 5: Suppose the Plant Gprpc is given as above.
Then

sup{ [lf2 = 7?3 | Knaro given)
r€EP
. 2 2
> sup inf {Hva - VZHT”P}
rep Kmrc
> inf { Hv“?J - 72||r||27> l rgiven}.
Kurc

The solution to the MFC problem involves following equa-
tions in unknowns L, Y > 0,and P > 0
(Ly) Y(LRo+ BoDjy+ PEy+~y *PYLR;
+~72PYB D% ) =0

(Y) Y(Ai+LE2)+(A:+LE)Y +~72Y(B1+LDa)
(B1 + LDQl),Y + EiEl =0

Ay+LEy+~y"2(By+LDqy)(B1+LD2)'Y is stable

(P) {A:+ LE>+ 7_2(31 + LDy)(By + LD YY } P
+P{Ay+LEy+7v *(By+ LDy )(B1+LDn )Y}
+ (Bo + LDz())(B() + LDQ())’ =0.

Note that since 4; + LFE; + W_Q(Bl + LD )(By + LD21)'
is stable, it follows that (A¢ + LE, v~ 1(B1 + LD2)'Y) is
detectable. This, in turn, implies that A; + LE» is stable since
Y > 0.

The following theorem gives necessary and sufficient con-
ditions for the inequalities in Lemma 5 to be equalities under
an assumption on the optimal controller structure.

Theorem 6: There exists an optimal MFC controller in the

form of Ky pc = [5 if and only if there exist Y > 0 and

P > 0, which, together with L, satisfy (Ly), (Y), and (P).
Furthermore if L, Y > 0, and P > 0 satisfy (Ly), (Y), and
(P), then see (5) at the bottom of the page where z is the state
of the system Garre and Z is obtained from

= (Ay+LE)i—Ly+[I O]u

Proof: (Necessity) If u = (I)']y is an optimal control

law, then the closed-loop system can be written as

= (Ay+ LE2)z + (Bo + LDayo)wg + (B1 + LDqgy)r
v=FEz

with A; + LE, stable.
From the previous analysis results in Section II, we know
that there exists a Y > 0 such that (Y) is satisfied and the
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cost is

2 2
J:= 516111: {Io)13 = YlIrllp | Karre

= [8] } = Trace{Y (By + LD20)(Bo + LD3)'}.

This is a constrained minimization problem with cost function
J and constraint (Y), we may apply Lemma 7 in the Appendix
to this problem. To apply the lemma, we need to check the
regularity condition first. Let ¥ := [Y L], and

G(¥) :=Y (A, + LEs) + (At + LES)Y
+7 %Y (B1 + LDy )(By + LDy )'Y + E1Ey
and denote
Ay:= A, +472BiBY + 47 2B\ D, 'Y
E;:=E; + 7 2DnBiY + v 2R, LY.
Then

%Trace{G(\II)H}:[%Trace{G(\II)H} 2 Trace{G(¥)I1}]

and

6—6fTrace{G(\IJ)H} = (A; + LE;)IT + TI(A; + LE,) =0

has a unique solution IT = 0 since Ar+ LEy = Ay + LEy +
¥~2(B1+LDy;)(B1+LD2)'Y is stable. Hence the regularity
condition is satisfied. Let P be the Lagrange multiplier and let

J = Trace{Y (Bo + LD2)(Bo + LD3)’
+[Y(A: + LE) + (A + LE,)'Y
+ Y7 %Y(B1 + LD21)(B1 + LD»)'Y + E{E(| P}.

Now using Lemma 7, the necessary conditions for L, Y, and
P being admissible are
2 aJ

aJ

These derivatives generate exactly (Ly), (Y), and (P).
(Sufficiency) We only need to show that (5) holds if L, Y,
and P satisfy (Ly), (Y), and (P) respectively. This is done by
actually computing the costs on each side of (5) and showing
that they are equal. Note first that by using (P) and (Y), the

cost J can be rewritten as
fgg{llvlli ~lirlp | Kmre = [é] }
= Trace(PE,E) ~ 2
Trace{ PY (By + LD2;1)(B; + LD21)'Y }.
To compute the right-hand side of (5), let e := z — Z, then
é = {A; + LE;}e + (By + LDa)wo
v=FEiz+[0 I]u.

supz{uvn';: Y T
reP

L . .
Kurre = g} = sup nt {10l =215} = ut_ ol =20l

=v"%By+ LDyn)'Y(z — 1)} 5)
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So e € P and e is independent of the control action u! Hence

{lioll5, = 42Ul | r = +*(By + LD Y (o - 5;)}

inf
Kurc

= int {IBw+[0 Iul}} v 2B+ LD2n) Yel.
Kurc
®)
It is easy to see that

I(B1 + LDZI)/YCH'?)
= Trace{PY (B + LD2,)(B1 + LDy )'Y}.

Thus it suffices to show that

inf {||E1m+[0 l]uni,}znace(‘PE;El). )
Kurc

It is clear that the above problem is a standard estimation
problem. The solution is

0 .
U = KFMc(S)y = — |:I:|E11‘

where # is an optimal estimate of z in the sense that || Ey(z —
Z)||» is minimized. Now define

E:=F— %
and
g =y + Eaf.

Then the system equations can be written as

é = {A; + LEy}e + (Bo + LD2o)wo ®)
v=FEe— Fé )
§ = Eae + Dyowy. (10)

Note that 7 is constructed from the measurement y. Hence both
% and § are known quantities. Then the estimation problem
becomes finding an optimal estimate € such that || E1(e —é)||p
is minimized.
To compute ||E1(e — €)||», we shall consider two cases:
a) (Ey, A; + LE,) is not completely observable:
Partition e and € as

=) -]

and matrices A;, L, By, B, and E; correspondingly as

Agr Ans L, 301]
Ay = L= ) By = )
’ |:At21 Amz} {L'z] 0 {Boz
_ |Bn _
By = [312}' E; =[Ey  Ea].

We can assume without loss of generality (by a similarity
transformation) that

_ /:ltll 0
A+ LEz = |:At21 Atza

— A1+ L1Ex 0
) A1 + LoFEy Ao + LaEa
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and
By =[E;; 0]

with (Eu,/im) completely observable. It is easy to
see that

ker(Y') = unobservable subspace of (E1, A, + LE3)

and

__Yu 0
v=[v )

where Y71 > 0 is the solution of the Riccati equation
YirAar + Ay Vi + 72 Y11(Bu + L1 Do)

{(Bu + L1Da1) Y11 + E1 Enn = 0.
Now let
En := Ea1 + v %(B12 + L2D21)(Ba1 + L1 Dg1)'Yiy
Ay o= Ay + 7 2(Bu + LiDa1)(Biy + L1Da1)'Yiu
Aso1 := A1 + 7 %(Bra + LaD21)(B1y + L1 Doy )'Yas.
Then

Ey =[Ey  Es]
Ay+ LE; = Ay + LE; + v %(B1 + LD2))
(B1+ LD2)'Y

_ A 0
A A
and it is easy to see that Ay, Ay, and Ay are all

stable from the stability condition of (Y).
Let P be partitioned compatible as

Py P12]
P= > 0.
[P{Q Pyl =
Then the corresponding equations for L; and P;; from

(Ly) and (Y') can be simplified as
L1Ro + Bo1 Do + P11Ey; =0 (1)
A1 Py + PriAyy,
+(Bo1 + L1D20)(Bo1 + LiDgg)' = 0.
(12)

Now note that Ey(e — é) = Eq1(e; — é1)
Hence we only need to show that

|E1(e1 — é1)||3 > Trace(Py1 EYfy Exy).
To show that, let us consider the equation for e;
€1 = Apier + (Bor + L1 Dao)wo
v=FEne — Ené
1 := § — Exes = Exer + Dogup.

Since the cost function does not depend on e, and the
equation for e; is decoupled from ez, estimating e; and
ez together will not reduce the cost function comparing
with estimating e, alone and assuming e is known. Now
suppose that es is known. Then ¢; is known and from
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the standard Kalman filtering theory, we know that an
optimal estimate for e is given by

é1 = Auiér + Li(Exnér —in)
where L, together with some 1511 > 0 satisfies the

following equations

[ilR() + (B(n + LlD?O)DIZO + PllEél = ((13)

(A1 + L1E3) P + Pii(Aa: + I~«1E~'21)’
+ ((Bo1 + L1D20) + L1D3)
((Bo1 + L1 Do) + L1 Do) =0

and the (|Eu(er — 51)”% =
Trace (151 1E{; E11 ). Compare the above two equations
with (11) and (12), we have Ly = 0 and Py; = Py;.
Hence the conclusion follows.

b) (E:,A: + LE,) is observable: then Y > 0 and e¢; = e.
The conclusion follows from part a).

(14)

optimal  cost

0O

It should be pointed out that, contrary to our early assertion

in [26], the existence of solutions to (Ly ), (Y) and (P) does

not necessarily imply the existence of solutions to (L), (Y),
and (P), where

(L) LRo+BoDjy+PEy+y~2PYLRy+7~>PY By Dj; =0

As a counterexample, let v = 1 and
_[-25 o0 _[v3 )
w= [ L= ¥ m=

Ei=[2 0],Ea=[-V3-1 —-1},Dyo=1,Dy =1.

Then it is easy to check that

=[0] =l or= b Y]

for any Lo > —2 satisfy (Ly), (Y), and (P). Moreover

2.5 0
At LE; = {—2\/3 - (V3+ 1)Ly —(2+ Lz)]
and
A+ LE; + v 3By + LDy)(B1 + LD)'Y
B 15 0
T [-VB(2+ L) —(2+Ly)

are both stable as required.
On the other hand, the solutions to (L), (Y), and (P) are
given by

S

which make both A; + LE,; and A; + LE> + v~ 2%(B1 +
LD2;)(B; + LD»;)'Y have an eigenvalue at origin. Hence
the strict stability requirement in (Y) is not satisfied.

It can indeed be shown using the same partition as in the
proof of the above theorem that the existence of solutions
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to (Ly), (Y), and (P) implies the existence of solutions to
(L), (Y), and (P) with weakened stability condition, ie.,
A+ LEy+v7%(B1+ LDq;)(B1+ LD2;)'Y is only required
to have all the eigenvalues in the closed left-half plane. We
will not pursue that further here.

Note that the necessary conditions in Theorem 6 are ob-
tained by assuming that the MFC controller has a particular
structure. The following lemma shows when the MFC con-
troller has that form.

Lemma 6: Suppose ¥ > 7Yoo (Hs optimal level). Let
L:={L f} be the set of H, full control constant controllers,
i.e., Ly is such that A; + LyFE> is stable and there exists a
Yf >0to

Yf(At + Lsz) + (A: + Lsz)IYf
+972Y;(By + Ly D21 )(B1 + Ly Da1)'Ys + E{E; =0

and Ag+LfE2+’y_2(Bl+LfD21)(Bl +LfD21)'Yf is stable.

Now define
L
2) = sup {Iolfy =1ty | Kucre = [ ]}
reP

= Trace{Y}(Bo + Ly Dao)(Bo + L§D2)'}.

Jope = juf J(Ly)

Now if J,p¢ is achieved by L in the interior of L, then there
exist L, Y > 0, and P > 0 satisfying (Ly), (Y'), and (P).
Proof: Since J,p is achieved by L in the interior of L,
the Lagrange multiplier technique in the proof of Theorem 6
can be used to reach the desired conclusion. ad

Now the question is whether J(L¢) is minimized at an
interior point. It is noted that the boundary of the set £ is the
set of Ly that make the J,.-Hamiltonian associated with pure
‘Hoo problem have jw eigenvalues. Thus the feasible set of L
is an open set and will be typically unbounded as well. In the
above example, one could form a sequence of L that converge
to the optimal J,,, and to the boundary. One problem is that
J(Ly) does not become unbounded as Ly tends to infinity or
as Ly tends to the boundary because at the limiting values the
ARE for Y will still have a solution (not strictly stabilizing
solution). The exact conditions for which J(L ) is minimized
at an interior point are as yet not known.

Combining Theorem 6 and Lemma 6 we get the main result
of this section.

Theorem 7: Suppose that infy, ¢ J(Ly) is achieved by an
interior point L. Then there exists a controller solving the MFC
problem if and only if there exist constant matrices L, ¥ > 0,
and P > 0 solving (Ly), (Y), and (P). Moreover, in this

case the optimal controller is given by Ky pe = 0

E. Explicit State Space Formulas for Mixed Control

In this section, we give an explicit formulas for mixed
norm synthesis. The formulas are obtained from combining
Theorem 5 and Theorem 7. Our purpose is to get some explicit
comparisons with H, and H, results.
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Theorem 8: Given v > 0 and Plant G, there exists a con-
troller K(s) which solves Problem (G) only if the following
condition hold:

i) Ho, € dom(Ric) and X := Ric(He) > 0. Further-
more, the controller exists if the following additional
condition is satisfied:

ii) There exist L, Y, and P which satisfy

Y (LRy + BoDjy + PCy + 7 2PX B, Dy,
+y 2PYLR, + v *PYB1 D) =0

YA+ Alle + ’}’_ZY(BI + LD21)
(Bl + LD21)’Y + FéoFoo =0

Y > 0and A,y + v 3By + LD )(B1 + LD21 Y'Y is stable

{Ami + 7 4By + LD2)(B1 + LD2)Y}P
+ P{Api + v %(B1+ LD21)(B1+ LDn)'YY
+ (BU + LDQ())(B[) -+ LDZO)I =0.

Condition ii) is also necessary if J(Ly) defined in the last
subsection is minimized in the interior of the feasible set.

Moreover, whenever Conditions i) and ii) hold, one such
controller is given by

K(s):=

[Am[ + By F, ‘ L:I

Fo | 0
where A = A+ v 2B1Bi Xoo + L(C2 + v 2D31 B1 X o)
and F,, = —(D},C1 + B3 X).

It is easy to see from conditions i) and ii) that the solution
reduces to standard H, solution when v — oc.

We have noted before that the controllers characterized here
and in previous sections are only optimal for a given v > oo,
the pure H,, optimal ~y-level. To find a truly optimal mixed
controller which satisfies

sup inf||z
sup_infl<l

we must pick an appropriate ymixed to design for. One way of
obtaining this yixeq is through the following iteration: pick
¥ > v and compute a controller as above. Apply the analysis
in Section II to the closed-loop system and determine the
power of the worst case signal, wy, . Increase or decrease
<y according to whether ||wy_, ... || is greater than or less than
1, respectively, and repeat the process. The optimal “mixed
occurs when ||wy, . llp = L.
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We shall now illustrate the use of the theorem by a simple
example. Consider a generalized system given by

A | By, B, B
Gs)=\|g,| o o0 D
1C2| Dy D2y 0O

r —25 0 |v3 10

23 -2 12 o0 o0

2 o o o1

-vV3-1 -1 |1 1 0

Let v = 1. It is easy to check that X = 0 is the stabilizing
solution for the X, Riccati equation and, furthermore, from
the last example

A A

for any L, > —2 satisfy (Ly), (Y'), and (P). Hence we have
the optimal controller given by

25 0 0
Kopt = —2\/3 — (\/§ + 1)L2 —(2 + Lg) —Ls 0
2 o |o

Note that the results by Bernstein and Haddard in [2] can
not be used here although our problem is dual of theirs in
some sense as shown in [25]. The reason is that their results
are obtained by assuming the optimal controller is minimal,
which is clearly not true for this example.

V. CONCLUSIONS

In this paper, we have formulated and obtained a solution to
a mixed H and H, problem. This problem is an interesting
generalization of existing Hy and H theory. An interesting
feature of this problem formulation is that no stochastic
concepts have been used, i.e., the problem is approached from
a completely deterministic viewpoint.

From an application point of view, a major problem con-
cerns solving the coupled Riccati equations. To that end,
homotopy methods such as those used in the algorithms
developed in [20] and [17] may prove useful. Since our
equations are much simpler than those appearing in the oblique
projection method, it is possible that special properties may be
exploited and an efficient algorithm developed. This is another
subject for future research.

APPENDIX

In this Appendix we are going to review some results from
mathematical programming. The results presented here are
basically the matrix version of Theorem 13.3 in Luenberger
(1973).

Let ¥ € R™*" and suppose F(¥) € R™=*" G(¥) €
R7s*7a are continuously differentiable functions. ¥ € R %™
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is called a regular point of the constraint G(¥) = 0 if ¥ has
the following property: let II € R™*"3, then
%Trace{G(\Il)H} =0 (15)

if and only if IT = 0.

Then the following theorem holds

Lemma7: Let ¥ € R™*™ be a local extremum of
Trace{ F'(¥)} subject to the constraints G(¥) = 0. Fur-
thermore, assume ¥ is a regular point of the constraint. Then
there is a I' € R™*"™ such that

iTrace{F(lIJ) + G(¥)I'} =0.

- (16)
v
a%Trace{F(\Il) +GWI} =GE) =0. (17

The partial differential of a matrix trace satisfies the prop-
erties

—B-Trace{A\IJB} =A'B

ov

E%—Trace{A\Il’B} = BA
E%Trace{A\IlB\I/} =AVB + BWVA
%Trace{A\I!B\Il’} — A'UB’ + AUB.
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