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simplest definitions of these two signifiers. The impact of skewness on
the uncontrolled model is analyzed in Section Il where we show that
the skewness determines the severity of the stall-removal hysteresis:
the branch of the stalled equilibria continuously shifts to the right as
the skewness parameteris increased fromv < 0 to » > 0. For

v > 0, the compressor characteristic is right-skewed and the stall
cessation equilibrium is to the right of the peak.

The analysis in Section IV shows the impact of skewness on the
properties of a family of feedback controllers. This analysis reveals
that the minimal feedback information that is required for suppressing
the hysteresis changes with the skewness signifier. A specific result is
that the use of the stall amplitude as a signal for feedback is necessary
for stabilization wherv is close to zero or positive, and that it can
be avoided when is sufficiently negative.

Il. SHAPE SIGNIFIERS FOR THEMOORE-GREITZER MODEL

The dynamics of rotating stall and surge in an axial flow compres-
sion system are described by the third-order MG model

27
$ = zl <—\IJ + L T.(® + WA sin 6) 49) 1)

e 27 J,
. 1 _
‘Il:lcﬁz (® - F7 (D)) 2)
. 1 2T
A :02— T (P + WA sin 6) sin 6d6. )
T Jo

The meaning of the physical parametérss, andj is discussed in
[3] and [8]. In the following, the integrals in (2) and (3) are denoted
by I, (®, A) and I,(®, A), respectively.

The variableA > 0 characterizes the amplitude of the first mode of
a nonaxisymmetric disturbance of the flow through the compressor.
Under normal operating conditions, the flow is axisymmetric, that
is, A = 0, and the operating point is located at the intersection of
the two static characteristics (Fig. 2): thempressor characteristic

Fig. 1. (a) Mild and severe hysteresis in an experimental plot from [1] anli = ¥.(®), relating the pressure risk to the mass flowp, and the
(b) left- and right-skewness of the compressor characteristics.
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Fig. 2. Compressor and throttle characteristics.

throttle characteristict = Fr(®), relating the pressure loss across
the throttle to the mass flow.

The throttle characteristic in Fig. 2 is typically parabolig: =
(1/4?)®% where~ is proportional to the throttle area. In this paper,
~ will be the control variable. Typically control actuators are bleed
valves and a more realistic choice would be to replaty ~+« and
to defineu as the control variable. However, this would not alter the
conclusions of this paper. By decreasingthe mass flow is reduced
and the pressure rise is increased until a maximum, hereafter called
the “peak.” Beyond this peak, the equilibrium is unstable. Moore and
Greitzer postulated af shape characteristic as on Fig. 2, which is
somewhat hypothetical because the part with positive slope cannot
be measured experimentally.

The most commonly used parameterization of fhehape com-
pressor characteristi#.(®) has been the cubic

3/%-W 1/ -wW\°
\IIC((I‘):\IJO+H<1+2< W >_§< w )) (4)

whereW andH are, respectively, the semi-width and the semi-height
of the characteristic.
This characteristic, shown in Fig. 3 (dashed, left-hand side), served

skewness of the characteristic is the cause of a mild hysteresis andftinethe bifurcation analysis in [8] and the bifurcation-softening
signifierv is negative. A severe hysteresis is due to the right-skewnesmtrol in [7]. More general parameterizations were employed in
and the signifierv is positive.
We begin in Section Il with a brief review of the MG model anddashed, right-hand side), which was able to reproduce experimentally
introduce two shape signifiers: tisopesignifier, for the control of observed rapid transitions from nonstalled equilibria close to the
surge, and thekewnessignifier, for the control of stall. A two-sine peak to fully developed stall equilibria. A significant contribution of
parameterization of the compressor characteristic has resulted in [@eis the link it established between the shape of the compressor

[9], including a concatenation of four polynomials, shown in Fig. 3
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Fig. 3. Dashed: Two examples of characteristics from the literature. Solid: fitting using one-sine curve.

characteristic and compressor qualitative behaviors not capturedere v = 0 corresponds to the unskewed case. With the choice
by the cubic parameterization. In this paper, we will see that/a ~ 28" and w chosen to adjust the frequency, the skewness
cubic parameterization is indeed insufficient to model a seves@nifier is parameter: a negativer indicates left-skewness while a
hysteresis within the third-order model. For our qualitative analyspositive v indicates right-skewness.

the concatenated parameterization is impractical because of a largéhe skewness signifier will play a key role in determining the
number of parameters. effectiveness of the throttle (or bleed valve) control in counteracting

In our search for one or two simple “signifiers” which will stall and surge. Whemw is negative and|v| is not small (left-

characterize the qualitative behavior of the MG-model under throttdewness), the throttle control can be effective. This is not so in

feedback, we started with another simpgleshape curve: the case of right-skewness, that is, wheis positive.
AW The values ofw, C, and v which fit a particular compressor
U (P) =¥+ H sin <§ T) (5) characteristic can be obtained from the formulas
. . . kcos (w) H
This “one-sine” parameterization makes use of the same parameters vV=——Fr C=- — o (20)
as the cubic (4). For surge studies an important shape signifier is the cos (Z) sin (w) + v sin (Z)

maximum slopef the characteristicy H /2 for the one-sine curve
and 3H /2WV for the cubic curve. The two constraints express the matching conditidng®,) =
This shape signifier is actually the only information needed for pufé + H and (d¥./d®)(®,) = 0.
“surge control,” that is, under the assumption of an axisymmetric flow As an example, the two-sine parameterization is used to match the
(A = 0). The second-order surge model can be stabilized by addisgme dashed curves shown in Fig. 3. The result witke —1 is

damping, that is, by employing feedback of the form shown in Fig. 4(a) and withv ~ +0.1 in Fig. 4(b). In both cases,
1 i the skewness of the characteristic is captured.
t = ——(Ynom — YD P). (6) The fact that the two-sine parameterization of the cubic curve (4)
v results in a negative is not accidental. It is because the skewness
The resulting closed-loop system around the peak is governed by the change of curvature, that is, by
) 1 e _ 1 the thg third_deriva_tive of‘IfC._For the cubic parameterizat_ion _(4),
1.9 + <WWD — d—q)“(@))q) + W(@ — Ywom) =0 (7) the third derivative is a negative constant, which necessarily yields a
c </ left-skewnessand therefore a shape signifier< 0.

clearly shows that the maximal slope of the characteristic is the onlyA convenience of polynomial parameterizations is that the integrals

shape signifier needed in this analysis. It is easily verified that theandl: can be analytically evaluated. Fortunately, this convenience
condition is not lost with one- and two-sine parameterizations. For the one-sine

approximation, we obtain

> 8. ¥ max 8)
d® L(, A)
implies global asymptotic stability of the equilibriufh = ~,om - o d-WN 1 [T .

When both surge and stall have to be controlled, the shape of the = Yo tsin <w w )E /0 cos (wA sin §) df
compressor characteristic in the neighborhood of the peak becomes =Ty + (T (D) — W) Jo(wA) (12)
important. In Fig. 3(a) and (b), the one-sine curve (solid) is symmetri
with respect to the peak. The cubic characteristic (4) in Fig. 3(31%I
(dashed) is “skewed to the left,” while the concatenated polynomial in I(®, A)

Fig. 3(b) (dashed) is “skewed to the right.” To capture this difference — sin <w<1> - W) 1 /‘2” sin (wA sin 8) sin 8 d
in shape, that is, thekewness of the characteristic with respect to the %4 2m J, ) ‘
peak axis? = ®,, we need a second shape signifier. W d¥v, )
The simplest way to introduce skewness is with the two-sine = 4o (®)J1(wd) 12)

parameterization ,
whereJo(s) and.J1(s) are the two first Bessel functions of the first

U () =Wy + C<Sin <wq> _7W> + v sin <E ¢ _}V>) (9) kind (in particular,.Jo = —.J1). For the two-sine parameterization,
w koW one can use the same formulas for each term.
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Fig. 4. (a) Left-skewed and (b) right-skewed characteristics. Dashed: polynomials. Solid: two-sine curve witk (aand (b)r > 0.
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Fig. 5. (a) (A, @) bifurcation diagram and (b)¥, ®) equilibria diagram (unskewed case).
Ill. 1 MPACT OF SKEWNESS ON THEUNCONTROLLED MODEL The vertical segmenf’”’ in Fig. 5(b) corresponds to the vertical

We now study how the steady-state behavior of the uncontroll€§9Ment in Fig. 5(). The a€P" in Fig. 5(b) corresponds to the
MG model (2) and (3) depends on the skewness. Because (3) doesisizontal stall branch in Fig. 5(a).
depend onP, we can first study the equilibria of = Fy (4, &) =0
treating® as a parameter. In Fig. 5(a), the stable and the unstalple Skewness and Hysteresis
equilibria are, resfpectlvely, the solid and the d_ashed sectlo_n_s of thel.o the right of the peakP, that is, for & > @
curves. A bifurcation occurs at = 0, & = &®,, which is supercritical

for v < 0 and subcritical forr > 0. In all three cases, the no-stallthe occurrence of stall is represented by the jump frBnto .

equilibria A :_0' ® < @, are unstable. . . . In Fig. 5(a), this corresponds to a jump from the lower segment
. Allthough.(b .|s not a parameter but a stgte, thg bifurcation dlagram — 0 to the higher segment. If the throttle is slowly reopened
in Fig 5(a) is important from a control point of view: suppose that g orger to recover the no-stall regime, the stable stall equilibrium
given controller succeeds in tracking a set valueThen if® > ¢,,  5ves along the ar6 P’ toward P'. At P', the stall is suddenly
the corresponding no-stall equilibriush = 0 is stable, while for®  eytinguished and the operating point jumps to the stable no-stall
below &,, a stable stall equilibriumA > 0) will appear. Ifv < 0,  equilibrium H. This operating condition is still undesirable because
the stall amplitude of the stable equilibrium will increase smoothlys the reduced pressure rise. When the throttle begins to close to
as a function ofb. However, when > 0, a “jump” will occur from  recover a desired operating point on the compressor characteristics,
a no stall situation4 = 0) to a fully developed stall4 = Amax).  an attempt to increase the pressure rise beyond the peak would cause
We now turn our attention to the equilibria of the whole MG model, new jump toS. This completes the cyclé — P’ — H —
For a given solution(®, 4) of Fi(4, ®) = 0, the corresponding p — S which is the stall-removal hysteresis. Its reduction was one
pressure risel’ is obtained by solving the equatich = 0, which  of the main accomplishments of the feedback control described and
yields ¥ = F»(A, ®). The corresponding throttle value is = experimentally validated in [3].
o/VV. ) The desire to model the hysteresis in the form in which it has
For the no-stall caset = 0, Jo(0) = 1. Henced = 0 reduces been observed experimentally motivated us to introduce the two-sine
to ¥ = ¥.(®), i.e., the no-stall equilibria are on the compressqsarameterization (9). This parameterization can describe a crucial
characteristic. These equilibria are unstable left of the peak. For thspect of the stall-removal hysteresis which cannot be modeled by
stall case 4 > 0), the projection of the stall equilibria to the planethe cubic parameterization (4). The two-sine parameterization exhibits
(¥, @) is a curve shown in Fig. 5(b) for the symmetric cage=<(0). the stable stall equilibria to the right of the peak, that is fér> ®,,.

», the no-
P
stall equilibria are stable. As the throttle slowly closes beydhd
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Fig. 6. (¥, ®) equilibria diagrams with left- and right-skewness.

A

Fig. 7. Closed-loop equilibria with left- and right-skewness.

It is the experimentally observed existence of these equilibria thariable~ can only determine the steady-state valugbgf/¥. The
dramatically increases the severity of the compressor hysteresis. Theresponding equilibria are then imposed by the equatiai)ns 0
two-sine parameterization reveals that these equilibria are causedaby & = 0 which are independent of.
the right-skewness, that is, when the signifieris positive. The  Among the equilibria of the uncontrolled model, the most desirable
characteristicsl. with v < 0 andv > 0 shown in Fig. 6 give rise operating point is at the peak because it corresponds to the maximum
to the two fundamentally different arcs of the stable stall equilibriressure rise and to a no-stall situatioh £ 0). We will therefore
Repeating our discussion for the two situations depicted in Fig. 6, vegamine if this equilibrium can be stabilized by a control law of the
can easily see that in the case> 0 the hysteresis is much largerform
and the stall persists over a wider range of the throttle openings. 1 .
It is of major practical importance that this crucial phenomenon is w= NG (e = 7p(® = D) = 0P + 72 4). (13)
determined by a single skewness signifier

Within the three-dimensional MG model, the skewness of thEhe set-point®. determines the location of the closed-loop equi-
compressor characteristic is thus the shape signifier which determihggum (4, @, ®) = (0, ®.,0), which corresponds to the peak by
if the stall cessation poinP’ is to the left or to the right of the selecting®. = &,. The roots of
peak. As a consequence, different types of hysteresis are obtained , , .
just by varying the parameter In ahigher-orderMG model a cubic vade = (1+99)(8e = &) =0 (14)
characteristic may be able to model different types of hysteresifetermine whether this is the only closed-loop equilibrium or not.
However, the skewness captures this important compressor featur@\ifn the help of Fig. 7, these roots are easily visualized as the
a low-order model. intersections of the lin® = A, = [(1 + vp)/7va](®.—P.) with the
equilibria curves from Fig. 5. In the case of left-skewness, the choice
®,. = @, results in the unique equilibriur, ®,, 0) because the
slope of D is positive. This unique equilibrium is already achieved
o even withy4 = vp = 0, that is, without any feedback of the mass
A. Structural Limitations of Throttle Control flow or of the stall amplitude. (Note that fors = 0, the line D is

Our task is now to investigate to what extent the undesirablertical. In the case of right-skewness, the closed-loop equilibrium is
steady-state behavior of the uncontrolled compression system carubigue only if the slope of) is not too large, that is ifr4 > vp.)
altered by throttle control using state feedback. The first and foremosBecause of modeling imperfections, the peak location is uncertain
limitation is that throttle control cannot create new equilibria. In otheand the set-poin®. will never be equal tab,. Instead we will have
words, a desired operating point has to be selected at an equilibriem= @, + A, whereA represents uncertainty. For the determination
of the uncontrolled system taking into account that the throttle controf the closed-loop equilibrium, a constaitcauses a horizontal shift

IV. IMPACT OF SKEWNESS ON FEEDBACK CONTROL
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of the line D. For A > 0, the closed-loop equilibrium will be shifted observed by Evekeet al. [3] who proposed to incorporate in the
to the right and will be a stable operating point on the compressiaedback law ab-term, that is,v» > 0. However, it is apparent
characteristic. However, fof < 0, the line D creates at least two from (19) that withyp > 0 andyp = 0, stabilization can be achieved
new equilibria. The two equilibria near the peak are unstable for tlaly if » < 0. If v > 0, a feedback of the mass flow is necessary for
uncontrolled compressor. The main task of feedback control is $tabilization of the whole branch of unstable stall equilibria.

stabilize one of the two equilibria. Then a small uncertainty 0

The third stability condition is

will cause only a small shift of the closed-loop equilibrium, rather

than a large jump observed without control. This explains why it is ez <1 tar ) —ep A2 <1 +p + ﬁ)

crucial not only to examine the stabilization of the peak with (13) g2 B2 B2 g4

and®. = &, but also to analyze whether the same control law will PU.vp 5 d*v,

result in stable equilibria near the peak whkpn= &, + A. BT ‘ a5 [1a4 (20)

A simple calculation not presented here shows that for the unstable
no-stall equilibria @ = 0, & < ®,), one of the unstable eigenvaluesVhenyp = 0, the right-hand side is positive and of ordér while
of the linearized system is uncontrollable and, hence, none g left-hand side is of ordet®. This shows the need for a nonzero
these equilibria can be stabilized by smooth feedback. We theref@in v» for A small, that is, near the peak.

concentrate on the stabilization of the stall equilibria.

B. Local Stabilization

With the understanding that the uncertaimywill determine the
actual location of the stall equilibriumd¢, ®. ¥.), we rewrite the
control law (13) in the form

1 .
v= = (B, —yp (P = B.) — ypP +va(A—A.).  (15)
Introducing the error coordinateé:, ¢, ¢) = (A4 — A., & —

The minimal requirements for feedback stabilization of the unstable
stall equilibria of the MG model can be summarized as follows: In the
case of left-skewnegs < 0), the minimal requirement for feedback
stabilization is a term-~,® which provides damping. In the case
of right-skewness( > 0), a full state feedback isiecessaryto
achieve stabilization, while.a > {cv/[| (4T /d¢*)(D.) ||} A and
(20) further constrain the gaing,, v4, and~p.

V. CONCLUSIONS
This paper has addressed the throttle control of rotating stall

®,., §), the linearized model of the compression system (3) undand surge in a low-order compressor model. We have shown that

the feedback control (15) can be written in the form

a =0(laa+ Iopd)
YA 1+p
&
41232 ) '

) .
o= <4l%/32 * ”IZ"DIZ“)G * <I% -

D\

The constantd 4, I2., andl,4 are the partial derivatives dfi and

(16)

I, evaluated at the equilibrium. We simplify the expressions belo

by neglecting0(A*)-terms. Evaluating the constanfs,, I.., and
I, for the parameterization (9), we obtain the expressions

P, A, .
Iy =5a= do? ((]:)5)7 +0(A4%)
1430, 2
Ilo:I2a:§ 1D3 ((DE):CV‘AC (17)

wherec = ¢(®.) = (C/8k)w® cos[(w/W)®.](—~1+ 1/k*). While
Ly = L, the error inl y = I, is 0(A*).

The stability conditions for the linearized system (16) are strongly

affected by the skewness signifier A first condition yields
4?0,

@2

1+

12

vA® 444 (®.)]4 > 0. (18)

—C

If v < 0, each term of (18) is positive and the inequality holds everl(6]
forv4 = vp = 0, that is, without any feedback of the mass flow or of
the stall amplitude. 1§ > 0, the first term becomes negative. In this 7]

case, a feedback of the stall amplitudenecessaryor stabilization
and its gain must satisfy4 > {cv/[| (d*¥/do?)(®.) ||} A.
A second stability condition yields

the skewnes®f the compressor characteristic, captured by a single
parameter, is a key shape signifier for throttle control. The use of
other types of actuations [2], [4], such as air injection, may be less
sensitive to this shape signifier. A cubic characteristic inherently leads
to left-skewnessi( < 0), while real compressors might exhibit right-
skewnessy > 0). We have shown that a variation ethas important
consequences on the open-loop hysteresis observed without control
and on its potential suppression by feedback control. In the case of
left-skewness, the open-loop hysteresis can be suppressedi)by a
%edbaek. In the case of right-skewness, the open-loop hysteresis is
larger and the control requires full state feedback.
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For large values of the parametgrand asA increases, the right-

hand side rapidly becomes larger than one. As a consequence, it is[T
possible to stabilize equilibria on the entire stall branch with a stall

amplitude feedback alone/4 = v, = 0). This has been previously
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