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On the Simultaneous Stabilization of
Three or More Plants

Christophe Fonte, Michel Zasadzinski, Christine Bernier-Kazantsev
and Mohamed Darouach

Abstract

In this paper, the problem of the simultaneous stabilization of three multivariable plants is
addressed. We consider the general case where the existence of a unit controller cannot be used as
a sufficient condition to guarantee the existence of a simultaneous controller for three multivariable
plants. The sufficient conditions given in this paper lead to a constructive controller design to
stabilize simultaneously three multivariable plants. A generalization is proposed for stabilizing
simultaneously n multivariable plants.

Keywords

Simultaneous stabilization, Strong stabilization, Parity interlacing property, Youla parametriza-
tion.

Notations :

R]s] : Set of matrices whose elements are proper rational functions
with real coefficients.

RH,, : Set of matrices whose elements are proper
and stable rational functions.

U : Set of unit matrices over RH .

r.c.f. : Right coprime factorization of matrices over RH .

l.c.f. : Left coprime factorization of matrices over RH .

| . || : RHs norm ([1], p 22).

I. INTRODUCTION

The Youla parametrization has its origin some decades ago (see [2]) and has been success-
fully used to solve many theoretical problems in automatic control, like the simultaneous
stabilizing controller design [3], [4], [5].

The simultaneous stabilization problem of two plants was shown in [6] to be equivalent
to the stabilization of a fictitious plant by a stable controller. The stabilization of a plant
by a stable controller, called strong stabilization, is fully solved by Youla et al. who
provide necessary and sufficient conditions in [2]. Unlike the situation which exists for two
plants, no tractable necessary and sufficient condition exists that guarantees the existence
of a simultaneous stabilizing compensator for three or more linear systems. Only some
sufficient conditions and some necessary conditions are given in [7], [8], [9], [10].

In [9], Wang et al. give sufficient conditions for the existence of a simultaneous com-
pensator if, among three generalized differences between the plants to be simultaneously
stabilized, two generalized differences must be a unit (see Definition 1 for the concept of
generalized difference between three plants).

In [10], Wei introduces a new property, called “even interlacing property”, to show that
the stabilization of a plant by a stable controller having no real unstable zero is a special
case of the stabilization of three plants.
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In [7], [8], Blondel et al. prove that the simultaneous stabilization problem of three
plants is equivalent to stabilizing a fictitious plant by a unit controller if one of the three
generalized differences (see Definition 1) is a unit. They point out that, in this case, the
even interlacing property is not sufficient to ensure that a plant may be stabilized by a unit
controller. Blondel et al. in [7], [8] also show that the even interlacing property is necessary
and sufficient for the existence of a stable compensator and an inverse stable compensator
that both stabilize a monovariable plant or, equivalently, that the even interlacing property
is necessary and sufficient for the existence of a bistable controller providing a closed-loop
with no pole on the positive real axis.

The main purpose of this paper is to study the simultaneous stabilization problem of
three or more multivariable plants, without the assumption that one of the generalized
differences between the plants is a unit. The paper is organized as follows. In section II
we present some preliminaries on the Youla parametrization and existing results on the
simultaneous stabilization of two and three plants are also reviewed. Section III presents
our main results which concern the existence conditions of simultaneous compensators for
three multivariable plants in the case where no generalized difference between the plants
must be a unit. These existence conditions, which are sufficient, are expressed in terms of
Q-parameters. The proposed results are illustrated by a numerical example and a design
procedure is given to compute simultaneous compensators for three systems. Finally the
given approach for three plants is extended to the simultaneous stabilization of n plants.

II. PRELIMINARIES AND DEFINITIONS

A. Youla parametrization and simultaneous stabilization of two plants

Consider (N, D) and (D, N) to be an r.c.f. and an l.c.f. over RHy respectively of a
linear time-invariant plant P (i.e. P = ND~' = D~!'N). Then, for any controller C' that
stabilizes P, there exist proper stable rational matrices X, Y, X and Y such that

'Y X|[p -X|_[1 0] O
-N D||N Y | |0 I

and _ B
D X|[Y —X] _[I 0 @)
-N Y||N D| |0 I

where (X,Y) and (Y, X) are an r.c.f. and an Lc.f. of a compensator C' which stabilizes P.
Denote (XN + Y D) by &(C, P) and (NX + DY) by &(C, P). The set of all stabilizing
compensators of P and the set of all proper plants stabilized by a given compensator C
can be defined as follows :

i) the set of all compensators that stabilize P € R]s] is given by A;(P) :

Ay (P):={C, € R[s] | #(Cy, P) € U, ®(C,, P) € U}, (3)
ii) the set of all plants stabilized by a given compensator C' is given by A3(C) :
Ay(C) == {P, € R[s] /| ®(C,P,) € U, &(C, P,) € U}. (4)

Assume that relations (1) and (2) hold, then by using a free parameter Q € RHo,, we
have the two following sets : the set of all stabilizing controllers for a nominal plant [1]
and the set of all plants stabilizable by a given controller.



i) For all C, € Ay(P), there exist free parameters @Q € RH, Q € RHy and V € U,
V € U such that

(Yy, Xy) = (VY —QN,VX + QD) (5)
(X4, Yy) = (XV +DQ,YV — NQ) (6)

where (Yy, X,4) and ()?g,f/g) are any l.c.f. and r.c.f. of C, satisfying det(VY — QN) #0
and det(YV — NQ) # 0. N

ii) For all P, € Ay(C), there exist free parameters Q € RHy, Q € RHy, and V € U,
V € U such that

(N, D,) = (NV +YQ,DV — XQ) (7)

(Dy,Ny) = (VD —QX,VN + QY) (8)

where (Ng, Dgy) and (IN)g, Ng) are any r.c.f. and l.c.f. of P, satisfying det(DV — XQ)#0
and det(VD — QX) # 0.

Recall that a proper plant is strongly stabilizable if it is stabilizable with stable com-
pensators (see [1], [2]), and a system satisfies the parity interlacing property (p.i.p.) if
and only if it has an even number (counting multiplicities) of poles between each pair of
blocking zeros on the extended positive real axis (see [1], [2]). One of the immediate and
interesting consequences of the above result are the existence conditions of a simultaneous
compensator for two plants.

Theorem 1: (Necessary and sufficient condition for the simultaneous stabilization of two
plants) [1], [6], Let P; € R][s], P; € R|[s] be two plants. P; and P; are described by their
associated r.c.f. and lLc.f. (N;, D;), (N, D;) and (D, Ny), (ﬁj,ﬁj) respectively. Let C;
be any compensator in A;(P;). C; is described by an l.c.f. given by (Y7, X;). The plants
P; and P; are simultaneously stabilizable by a controller Cj;; if and only if there exists
Qsij € RHy such that

(8(Ci, ) + QuijAij) € U with det(Y; — QuijN;) # 0 9)
where A;; is the generalized difference between the two plants P; and P; defined as

Aij = DZN] — NZD] (10)

The generalized difference A;; depends on the chosen factorization of the plants F; and

P;. However, A;; verifies the following property : the unstable zeros of A;; do not depend

on the choice of the plant factorization. Notice that if the plants P; and P; are stable,

then the generalized difference A;; in (10) can be written as A;; = P; — P; since D; and
l~)i can be chosen as D; = I and lN)Z =1.

From the above theorem, note that there exists Qs; € RHoo given by (9) if and only
if the fictitious plant of r.c.f. (A;;, @(Cy, P;)) verifies the p.i.p. Substituting Qs;; into (5)
with V' = I, then the simultaneous stabilizing compensator Cy;; has an Lc.f. (Y5, Xgij)
given by ~ ~

(Yaij, Xoij) = (Vi — Quii Niy X + Qsi Dy). (11)

An immediate consequence of the p.i.p. is that if a monovariable strongly stabilizable
plant with strongly stabilizable inverse is given then this plant satisfies the even interlacing
property, denoted e.i.p. The e.i.p. is defined as follows [3], [10] : a monovariable system
satisfies the even interlacing property if and only if it has an even number (counting
multiplicities) of poles between each pair of zeros and an even number of zeros (counting
multiplicities) between each pair of poles on the extended positive real axis.



B. Some results from the literature on the simultaneous stabilization of three plants

In the litterature some papers treat the problem of the simultaneous stabilization of n
SISO plants with particular constraints, (for example, see [11] for the stabilization of n
plants with a stable compensator). In this part, our recalls are limited to three plants and
general results are given in this case.

B.1 General case

Before tackling the simultaneous stabilization problem of three plants, let us define the
generalized differences between three systems.

Definition 1 (Generalized differences between three systems) Let P; € R[s], P; € R][s]
and Py, € R[s| be three plants. The plants P;, P; and P}, are described by their associated
r.c.f. (N;, D;), (Nj, D;) and (N, Dy,) respectively, and by their l.c.f. (15@, Nl), (15]-, N]) and
(]_N)k, Nk) respectively. The generalized differences between these three plants are defined
by

Ajj = D;N; — N;Dj, Aji, = DjN — N; Dy, Ay, = Di N, — N; Dy, (12)

A necessary and sufficient condition for simultaneously stabilizing three plants is given
by the following theorem, but this condition is intractable [8].

Theorem 2: (Necessary and sufficient condition for the simultaneous stabilization of
three plants) [8], [10], Let P; € R[s], P; € R[s] and P, € R|[s| be three plants. Assume
that P;, P; and P} have no common intersection in the extended right half plane. The
plants P;, P; and P} are simultaneously stabilizable if and only if there exist three unit
matrices Us;, U, and Uy, such that

AijUi; + AUk + AixUs, = 0. (13)

Let us now describe different cases according to whether U;;, Uj;, and Uy, are units or not

and begin by considering a special case under which the determination of a simultaneous
controller for three plants is easily tractable.

B.2 Assume that A, ¢ U, Ay, €U and Ay € U

In [7], [8], the authors consider the restrictive case where A;; € U. They have shown
that the existence of a simultaneous compensator for three monovariable plants when one
generalized difference is a unit (i.e. A;; € U, see (12)), is equivalent to showing the
existence of a bistable compensator for the fictitious plant of r.c.f. (A, As). This result
is recalled in the following theorem.

Theorem 3: (Relation between simultaneous stabilization of three plants and unit con-
trollers) [7], [8], Assume that A;; € U, then the monovariable plants P;, P; and P} are
simultaneously stabilizable if and only if the fictitious plant of r.c.f. (Ajx, Ay) is stabiliz-
able by a unit controller.

In [7], [8], [10], it is stated that the examination of the e.i.p. is not sufficient for the
existence of a unit controller as shown in the following theorem.

Lemma 1 (Even interlacing property) [8], [10] A monovariable plant P is stabilizable
by a compensator that has no zero on the positive real axis and that has stable poles if
and only if P verifies the e.i.p.

Indeed, as pointed out by Blondel et al. [7], a plant that satisfies the e.i.p. is stabilizable
by a stable controller and by an inverse stable controller but may not be stabilizable by a
unit controller.

In [7], [8] it is shown that there exists a unit controller that “R.-stabilizes P” if and
only if P verifies the e.i.p., where the notion of “R,-stabilizability” is defined as follows :
a monovariable plant P € R[s] is “R.y-stabilizable” if there exists a compensator C' such
that the four transfer functions PC(1 + PC)~!, P(1+ PC)~ %, C(1+ PC)~!, (1+ PC)™!



have no poles on the extended positive real axis. Therefore the e.i.p. guarantees the
existence of a unit controller which gives no closed-loop pole on the extended positive real
axis but this property does not guarantee the existence of a unit controller that stabilizes
a plant with no unstable closed-loop mode in the complex plane.

III. MAIN RESULTS

A. Simultaneous stabilization of three plants when Aji,, Ay, and A;j are not necessary in

U

Now consider, for multivariable plants, the general case where A, A;, and A;; are
not necessary in U. To derive the existence conditions for the simultaneous stabilization
of three plants, two p.i.p. are examined as in section II-B.2 and a new condition is
introduced in order to constrain a Youla parameter to satisfy a relationship in U. Therefore
a simultaneous compensator for three plants will be obtained by two euclidean divisions in
RH, with the remainders belonging to U, and the simultaneous compensator is an affine
function of the quotients of these two successive divisions.

First, sufficient conditions for the simultaneous stabilization of three plants are given.

Theorem 4 (Sufficient conditions for stabilizing three plants simultaneously) Consider three
plants P;, P; and Py described by the r.cf. (N;, D;), (Nj, Dj), (Nk,Dy) and the l.c.f.
(ﬁi,ﬁi), (l~)j,ﬁj), (lNDk,Nk) respectively. Assume that
i) The plants P; and P; are simultaneously stabilizable by a compensator Cy;; described
by the associated l.c.f. and r.c.f. given by (Yeij, Xij), ()A(;Sij, ffsij), respectively.

Notice that condition i) ensures the existence of a parameter Qz € RH, satisfying the
following relations

5(081']', Pj)ilﬁj = 5(051']'7 P)'D; - @iXsijy (14)

&(Cyijy Py) " Nj = B(Cij, P)IN; + Qi Vi (15)
ii) There exists Q4jr € RH such that

(B(Csijy Pi) + Qsjeljx) € U with det(Yyi; — QgjxN;) # 0, (16)
(I = Quk®(Csij, P)Qi) €U (17)

where the parameter Q; satisfies (14)-(15).
Then the plants P;, P; and P, are simultaneously stabilizable.
Proof:  Under assumption i), the plants P; and P; are simultaneously stabilizable,
i.e. there exists Qs € RHy such that (see Theorem 1)

(D(Cy, Pj) + QuijAij) € U with det(Y; — QuijNi) # 0 (18)

where C; is any compensator belonging to A;(F;) and is defined by the l.c.f. (V;, X;).
A simultaneous compensator Cy;; for these two plants may be described by the l.c.f.
(Ysij, Xsij) given by _ N

(Ysij, Xsij) = (Vi — QsijNi, Xi + Qsij D) (19)

where ()s;; € RH. Denote by ()? sij 1731]) an r.c.f. of this simultaneous compensator Cj;;.
Now consider assumption ii). Then there exists Qgjx € RHo such that relation

(16) holds. Relation (16) is equivalent to assuming that the fictitious plant of r.c.f.
(Ajk, (Csij, Pr)) verifies the p.i.p. Therefore the plants P; and Py are simultaneously



stabilizable. Since Cy;; belongs to A;(P;), a simultaneous compensator Cy;j, stabilizing P;
and P, may be described by the following l.c.f.

(Yajir Xoji) = (Ysij — QsjiNj, Xsij + QsjnDj). (20)

Since the compensator Cy;; stabilizes the plants P; and Pj, i.e. P; € Ay(Cy;;) and
P; € Ay(Cyij ), there exists Q; € RHo, such that relations (14) and (15) hold. Inserting
(14) and (15) in relation (20) gives

Yoo = — Qsjké(gsiﬁpj)@i)ytsij - Qsjkgg(csijy P))®(Csij, ) LN;, (21)
Xsjk = (I — Qsju®(Csijy P))Qi) Xsij + Qsju®(Csijy Py)P(Csijy P) ™' D (22)

Using (17), the controller of l.c.f. (Ys;, Xsj1) that stabilizes simultaneously P; and Py
also stabilizes P;. |
According to assumption ii) of Theorem 4, the problem to be solved can be stated as
follows : find Q1 € RH such that both (16) and (17) are simultaneously satisfied. A
simple condition on @, is proposed in the following lemma in order to verify (17).
Lemma 2: 1f there exists Qqjr, € RHoo such that [|Qg|| < 87" with ||(Cyij, Py)Qsl| = 3
and @); € RH,, then (I — QsijP(CSU,Pj)Qi) eU.
Proof:  Assume that ||Qsjx] < B! and ||5(Csij,Pj)@¢|| = [, then the following
inequality N B
1Qsjk[12(Csij, Pj) Q| < 1 (23)

holds. Now consider the expression (I — Qsjké(Csij, P])CNQZ) and define Uy = I and Uy =
(I = Qsjk®(Csij, Pj)Qi), then we have ||Uy — Us|| < 1. From [1] (pp 22-23), ||[U1 — Ul <
|UT Y| implies (I — QskP(Csijy P)Q;) € U -

From assumption i) of Theorem 4, we have i(Csij, Pj) € U where Cy;; is a simultaneous
stabilizing compensator for P; and P; which can be determined using a method proposed
in [1], [5], [6].

Therefore the assumption i) of Theorem 4 and relations (16) and (23) can be easily
reformulated in order to derive a simultaneous controller for three plants with the same
conditions.

Lemma 3 (Simultaneous controller for three plants) Consider three plants P;, P; and
Py described by the r.c.f. (Ni, D;), (Nj, D;), (Ni, Dy,) and the Lc.f. (Di, N;), (Dj, N;),(Dg, Ni,)
respectively and consider the two following assumptions :

i) there exists a compensator Cy;; € A1(F;) N A1 (Pj),
ii) there exists Qgjr € RHy satisfying (16) such that ||Qsjk\|||§§(CSU,P])C~21|| < 1 where
Q; € RH,, satisfies (14)-(15).

Then, the three plants P;, P; and Py have a simultaneous stabilizing compensator Cy;

described by the following lL.c.f. (Ygjk, Xsjk)

(Yejr, Xsjr) = Yeij — Qsjkﬁja Xaij + Qsjkﬁj) (24)

where det(Y;; — Qsjkﬁj) # 0 and (Y, Xgij) is an Lef. of Cgj.
Proof: Obvious from Theorem 4 and Lemma 2. |
B. Illustrative example

In order to illustrate the conditions given in Theorem 4 and Lemma 3, we consider
example 2 of [11].



Let P;, P; and Py be three proper plants

—s+2 —s+2 —s+2

SRR ety T ETey

with the following r.c.f. and l.c.f.

[ —s+2 (2—1)(s+2) ~ = (2 =1)(s4+2) —s+2)
(N"’Di)_<(s+h)2’ (51 h)? ) (Di, i) < 5+ )2 ’(s+h)2)’
[ —s+2 s*(s+2) ~ ~ . (s%(s+2) —s+2

(N, Dj) = <(s+h)2’ (5 + h)? > (. Ny) = <(s+h)2 ’ (s+h)2>’
—5+2 (s2+1)(s+2) (s24+1)(s+2) —s+2
G (s hP (i ere)

(N, Dy) = < ) . (Dr, Ny)

where h = 2.12.
The plant P; is stabilized by the controller C; of l.c.f.

12152 + 364s + 244 s2 + 8s + 150
Y;, X;) = , with b = 0.02.
¥ Xi) ( (51 b1)? (51512 !
The rational functions A;;, Aj, and ¢(Cy, P;), ¢(C;, Pj) are given by
A — 5?2 —4
100 x (0.01s6 4 0.1272s% + 0.674165* + 1.905625653 + 3.02994470452 + 2.5693931s + 0.9078522318)’
Ay — s2—4
7% 7700 x (0.0156 + 0.1272s + 0.674165* + 1.905625653 + 3.02994470452 + 2.5693931s + 0.9078522318)
and

s° 4 10s* + 44s” + 1685° + 3185 4188
S5+ 645 1 13,7385 + 100757 + 0.3865184s + 0.0038112512 ~
B 57 + 10s* + 455% + 1785 4 4845 + 488 ‘U
59 4 6.45% + 13.73853 + 10.0752 +- 0.3865184s + 0.0038112512 ©

D(Ci, By)

P(C;, Pj)

The fictitious plant of r.c.f. (A;;, @(Cy, P;)) verifies the p.i.p., then the plants P; and P;
are simultaneously stabilizable. A simultaneous compensator Cs;; stabilizing the plants
P; and P; is given by the following l.c.f. and r.c.f.

12152 + 364s + 244 352 + 24s + 196>

(Ysij, Xsij) = < (51 bo)? T (s+bo)?

(R, Vi) = 352 + 245+ 196 121s% 4 364s + 244
T TR T Gk
where by = 0.002. Then we obtain

3s% + 30s* + 12052 + 24052 + 240s + 96

P(Csij, Ps) = cU,
(Cuii Pi) = 56 36457 + 13.5086445° + 9.582086257 + 0.03816644485 + 0.000038112512
B(Cyi, Py) = 3s° + 305t + 12353 4 27052 + 4845 + 488 U
ST 5 46,3645 + 13.50864453 + 9.582086252 + 0.0381664448s + 0.000038112512
5 4 12 3 2 )
D(Csij, Pr) 35° + 305" + 1265" + 3005 + 7285 + 830 qu,

- s% 4 6.364s4 + 13.50864453 + 9.582086252 + 0.0381664448s + 0.000038112512
¢(Csij7 P]) = @(Csij, P]) and @(Csij, Pl) = QS(Csijy .PZ)



The fictitious system of r.c.f. (Ajx, @(Csj, Pi)) verifies the p.i.p., then the plants P;
and Py are simultaneously stabilizable. A simultaneous compensator Cy; for the plants
P;, Pj and P, may be given by the following l.c.f. (Ysjr, Xsjk)

12182 + 364s + 244 s+ 8s + 196>

(Yosi: Xog) = < (s+b3)2 7 (s+b3)?

with b3 = 2.
Now, check the conditions given in Theorem 4 and Lemma 3. From relations (14) and

(15), the parameter Q; = %gi € RH, is described by

num@; =105 x (—0.00121s™ — 0.019040885'% — 0.125626438645"2 — 0.43189118766752s'" —

0.7069595350736650 4 0.143639444833325° + 3.115825875741605° + 6.582606956947175" +

6.9686831794368655 + 3.885047183548485° + 0.91686645989331s% + 0.007180641100445° 4
0.000021388187275% 4 0.00000002841531s + 0.00000000001418),

den@Q; =0.00000001089s"® + 0.00000038908080s'7 + 0.000006569533445'® + 0.000069693679245+

0.00052142267802s* + 0.00292939778408s'% + 0.01285222706199s'2 + 0.04520044035703s' 1 +

0.12966297409078s° + 0.30651357256270s° + 0.59923797995720s% + 0.96587197317616s" +
1.27079188617297s% + 1.34115061962108s° + 1.10549389334584s* + 0.683747116414055>+
0.297626947646845> + 0.08108827713292s + 0.01037757897121.

The Youla parameter Qj, = %QQ”: € RH, in relation (24) is given by
sj

numQ;x =(0.00002425'° 4+ 0.0007195208s™* 4 0.00938989699285' + 0.07201999050655 "2+

0.36425726318596s'1 + 1.285793519653685'° + 3.25798828355052s° + 5.98281208585831s5+
7.91323087555328s” + 7.35888298073673s% + 4.57058349123792s° + 1.70440681248100s* +

0.290303424149845% + 0.001140906486345% + 0.00000113416164s),

denQs;; =0.0000003s'% + 0.0000078012s™* + 0.0001092312012s"® + 0.00099643683125'2+
0.0063040844368s' + 0.0288966043845'% + 0.09991711080040s° 4 0.26862972188565°+
0.56879492080645" + 0.94392315932165° 4 1.20097847568645° + 1.11276060500485" +
0.66811666083845> + 0.19317435187252 + 0.000764715525 + 0.00000076206080

and satisfies relation (16) with

s® 4+ 10s* + 9253 + 28052 + 6965 + 880 U
$5 + 10.365% + 42.923253 + 88.90092852 + 92.045312s + 38.112512 ’

(2(Csijy, Pr) +QsjrAjk) =

With the above values of Q; and Qsjk, the condition (23) holds, i.e.
1Qusjkl[[[8(Ciij, Pj)Qil| = 0.858 < 1,
and relation (17) is satisfied.

C. A design procedure for the simultaneous stabilization of three plants

A tractable solution to the problem of designing controllers that stabilize three plants
(established in Lemma 3) which can be used to obtain a computational framework, is
given by the following algorithm :

i) Choose (Y;, X;) an l.c.f. of a given controller C; € A;(F;).



ii) Compute A;; and check if the plant of r.c.f. (4A;;,?(C;, P;)) verifies the p.i.p.

iii) Compute the simultaneous compensator Cy;; described by the Lc.f. (Yiij, Xgij).

iv) Compute A, and check if the plant of r.c.f. (A, ®(Cs;j, Pr)) verifies the p.i.p.

v) Determine Q; satisfying (14) and (15).

vi) Find Qi satisfying relations (16) and (23).

vii) Compute the simultaneous compensator Cyjj, described by the l.c.f. (Ys;r, Xsji) given
by (24).

D. Simultaneous stabilization of n plants

In this section, a generalization of Theorem 4 is given for the simultaneous stabilization
of n plants.

Let P1 € R[s], ..., Po-1 € R[s], P, € R[s] described by their associated r.c.f. and
l.C.f.(Nl, Dl), SN (Nn—h D"_,l)’ (Nn, DQ) and (Dl, Nl), ey (Dn—ly Nn_l), (Dn, Nn)
respectively, and define A, = D,,_1N,, — N,,_1D,,.

Theorem 5 (Sufficient conditions for stabilizing n plants simultaneously) Consider n plants
Py, ..., P,_1, P, described by their associated r.c.f. and Lc.f. (N1, D1), ..., (Np-1, Dp—1),

(Np, Dy,) and (D1, N1), ..., (Dp—1, Np—1), (Dn, N,,) respectively. Assume that
i) The n—1plants P1,. .., P,_1 are simultaneously stabilizable by a compensator C(y 1)
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of Le.f. (Yo, n—1), X(1,...n—1)) and r.c.f. ()N((L...,n—l),Y(1,...,n—1)), respectively.

Note that condition i) ensures the existence of the parameters Q7 . .. ,@%_3, @;_2 belong-
ing to RH, and satisfying the following expressions

D1 =8(Crt,n1ys Pa1) (P(Ci o1y P1) "Dy — @iX(1,...,n—1)),
.,n—1)» Pnfl) 5(0(1

preyfb— L) 2/ 2 VL (e

Dyy = 5(0(1 om—1)> Pn-1) 5(0(1,...@—1), Py_3)'Dy_3 — @%_3X(1,...,n—1)>,

n—1) Pn—l) gzs(C(l,.‘.,n—l)y Pn—3)_1Nn—3 + @%73}/(1,.‘.,n—1))7

Dy1,= 5(0(1 om—1)> Pn1) (5(0(1,...,n—1), Po9)'Dy_s — QV;L_QX(l,...,n—l))a
]\77171 = 5(0(1,...@—1)7 Pnfl) (5(0(17...,n—1)7 Pan)_lj\vfan + @{n—QYv(l,..,n—l))'

ii) There exists @, € RHq, such that

(D(Cr,.n1), Pa) + QuAy) € U with det(Y(y 1) — @uNa—1) #0 (25)

and
(I - QnQ(C(l ..... n—l)anfl)Qll) e U (26)
(I = Qu®(C,..n-1), Pu-1)Qp3) € U (27)
(I = Qu®(Cau,.n-1): Pa-1)Qps) € U (28)
where the parameters Ci)v’l, e @’n_g, é%_Q are defined in 1).
Then the n plants P, ..., P,—1 and P, are simultaneously stabilizable.
Proof: This theorem is proved by recurrence using the proof of Theorem 4.
i) Assume that the n — 1 plants P, ..., P,_1 are simultaneously stabilizable by a com-

pensator C(y . 1) described by an Le.f. (Y1, n—1), X(1,...n—1))-



ii) Assume that there exists @, € RHo, such that relation (25) holds, then the plants
Pn—1 and P, are simultaneously stabilizable. Since C(y . ,_1) belongs to Ai(P,-1), a
simultaneous compensator C(,,_1 ) stabilizing P,_; and P, may be described by the fol-
lowing l.c.f.

(Yv(n—l,n)vX(n—l,n)) - (Y(l,...,n—l) - Qnﬁn—lu X(l,.,.,n—l) + Qnﬁn—l)' (29)

First, use assumption i) and relation (28) to rewrite the Lc.f. (Y(;—1 ), X(n—1,n)) given
by (29) as an l.c.f. of a controller that stabilizes not only P,_; and P,, but also stabilizes
P, _s.

Since the compensator C(; ,_1) stabilizes the plants P, o and P,_1, (i.e. P2 €
A(Cq,...n—1y) and P,1 € A2(C1,. n—1))), there exists ~;L,2 € RHy such that the pair

(Dp—1, Np—1) may be written as

Dp1 = 5(0(1,...,71—1)3Pn71)(5(0(1,...,71—1)3Pn72)_15n72_éfn—2X(1,...,n—1))7 (30)

Np1 = é(C(l,...,n—l)v Pn—l) (é(c(l,...,n—l)a Pn—2)_1ﬁn—2 + Q%—Qﬁl,...,n—l)) : (31)
Inserting (30) and (31) in relation (29) gives

Y(n—l,n) = (I - Qni(c(l,...,n—l)a Pnfl)ér/n—2)}/(1,...,n—1)

- Qn5(0(1,...,n—1), Pn_1)5(0(1,...,n—1), Po2) "' Nyoo, (32)
X(nfl,n) = (I - Qn§<c(1,...,n71)a Pn—1)©%72)X(1,..,,n71)
+ Qné(c(l,...,n—l)a Pn—l)é(c(l,...,n—lp Pn—2>_1jjn—2- (33)

Then using (28), the controller of L.c.f. (Y(,_1 1), X(n—1,n)) that stabilizes simultaneously
P,_1 and P, also stabilizes P,,_s.

Second, we use assumption i) and relation (27) to rewrite the Lc.f. (Y1), X(n—1,n))
given by (29) as an l.c.f. of a controller that stabilizes not only P,_; and P,, but also
stabilizes P,,_3.

Since the compensator C(; . ,_1) stabilizes the plants P,_3 and P,_1, (i.e. P,-3 €
A2(C,.. n—1)) and P1 € A2(C(y,.. n—1))), there exists @;1_3 € RH, such that the pair
(l~)n_1, Nn_l) may be written as

Dyy = ¥(Ca,. n1) Pac) (5(0(1,...,1171)7 Py_3) 'Dyg - CN?L?,X(L...,nq)), (34)
Noot = &(Cp, 1), Poo1) (5(0(1,...,71—1)7 Pa_3) ' Nys + @%—35/(1,...,71—1))- (35)
Inserting (34) and (35) in relation (29) gives

Vinotmy = (1= @u®(C,n 1) Pa1)@os) Yt no)

- Qné(c(l,...,n—l)a Pnfl)é(c(l,...,n—l)a Pnf?;)_lj\vfnf?n (36)
X(nfl,n) = (I - Qné(c(l,.‘.,nfl)a Pn—l)@;f?)) X(l,...,nfl)
+ Q?’Lé(c(l,...,n—l)a Pnfl)i(c(l,...,n—l)v Pn*?))_lﬁnf?)' (37)

Then using (27), the controller of Lc.f. (Y(,,—1 ), X(n—1,n)) that stabilizes simultaneously
P,,_1 and P, also stabilizes P,,_3.



The same reasoning is applied to the plants P,_4,..., P;. If the following conditions

(I-Qud(Cu.. n1)Pr)Q)) € U (38)

(I - Qu®(Cpu. 1)y Pa1)Qy) € U (39)

hold where Q1,...,Q;,_, belong to RH, then the controller of l.c.f. (Y1), X(n—1,n))
that stabilizes simultaneously P,,_3, P,—2, P,—1 and P, also stabilizes P, ..., P_4.

Consequently the controller of l.c.f. (Y(,_1 ), X(n—1,)) stabilizes simultaneously P,

.., P and P, |

IV. CONCLUSION

In this paper the problem of the simultaneous stabilization of three systems, using the
factorization approach and the Youla parametrization, has been considered. Sufficient
conditions have been given for the simultaneous stabilization of three plants without the
constraint that one of the three generalized differences is a unit. Using these conditions,
a constructive design has been derived to design a simultaneous stabilizing controller
for three plants and these sufficient conditions have been extended to the simultaneous
stabilization of n plants.
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