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Tracking and Regulation Control of an Underactuated that also locally exponentially regulates the position and orientation of

Surface Vessel With Nonintegrable Dynamics an underactuated surface vessel.
In addition to the regulation problem, several controllers have also
A. Behal, D. M. Dawson, W. E. Dixon, and Y. Fang been proposed for the tracking control problem. Specifically, in [9],

Godhavn utilized a continuous time-invariant state feedback controller
to achieve global exponential position tracking provided the desired
is de_signed that globally exponentially forces the position{orientation tsljjrregetk\llslgﬁlé¥152ti?)lxvi¥sthF:aOZILtle‘:cgOvvéz\ézl’, i(sjuneoiocg;?rgl(ljgctjrollnst;_lg]:-
tracking error of an underactuated surface vessel to a neighborhood ' : '
about zero that can be made arbitrarily small [i.e., global uniformly  Petterseret al. proposed a tracking controller that achieved global ex-
ultimately boundedness (GUUB)]. The result is facilitated by fusing a ponentialpractical stability (i.e., global exponential stability of an ar-
g'rtg;‘z‘ittergﬁ'r‘]i?g] e\r/:g ;ﬁigsﬁmﬁigmﬂﬁgep?g;izgt?;ﬁﬂ!ﬁgoigﬁﬁgﬁr bitrarily small neighborhood of the desired trajectory) of an underac-
: : : tuated surface vessel. In [16], Pettersgral,, proposed a continuous
ields a GUUB result for the reg.ulatlon prablem. ' time-invariant control law that obtained semi-global exponential posi-
tu;rt‘gsx Terms—tyapunov, nonlinear, surface vessels, tracking, underac- tjgn and orientation tracking, provided the desired angular trajectory
: remains positive. That is, Pettersetnal. proved semiglobal exponen-
tial position and orientation tracking for a class of desired trajectories.
|. INTRODUCTION In this note, we design a continuous time-varying tracking controller
) that yields global uniformly ultimately bounded (GUUB) position/ori-
Over the past decade, many rese_archer_s have studied th_e Co@ﬁ%\tion tracking. Specifically, we first manipulate a reference model
problem for underactuated systems with nonintegrable constraints. H@"ﬁerator and the dynamic model of an underactuated surface vessel
majority of this research has targeted nonholonomic systems (i.€., S5 5 form that allows a Lyapunov-based control structure to be de-
tems with nonintegrable velocity constraints), such as wheeled mot{i,lgoped_ That is, motivated by the dynamic oscillator designed in [6]
robots and the general chained-form system (for a survey of resegiehny; o, et al. for wheeled mobile robots, a time-varying dynamic
that has targeted tracking and regulation control of nonholonomic SYscillator is constructed that globally exponentially forces the posi-

tems see [4], [7], [6], [10]-[12], [18], [19], and the references Within)tion/orientation tracking error to a neighborhood about zero that can

For an overview of smooth and nonsmooth tracking/stabilizing Co, 1ade arbitrarily small. The new result is facilitated by fusing a fil-

trollers for systems that satisfy the nonholonomic constraint, we refhed tracking error transformation with the dynamic oscillator design.
the Feadef to [2] and [20]. However, motlvateq by_the challenging thg addition, since the only restriction we place on the desired trajectory
oretical aspects and numerous practical applications, researchers faye, e reference generator remain bounded, it is straightforward to
also attacked undergctuated systems with nonlntegrable_dynamlcs ('ﬁlgstrate that the proposed controller also yields a GUUB result for the
surface vessels, twin rotor helicopters, underwater vehicles, V/CT%gulation problem.

aircraft, etc.). For example, in [17], Reyhanogiual. provides a de- 15 note s organized as follows. In Section I, we present the
tailed discussion on the controllability and the stabilizability Of“ndekinematic and dynamic model for an underactuated surface vessel
actu_ated mechr_:mic_al syst_ems_ with nonint_eg_rable dynamics. The QRd then transform the open-loop tracking dynamics into a more
clusion from this discussion is a result similar to Brockett's condi,nenient form for the subsequent controller development and the
tion [3] for nonholonomic systems. That is, Reyhanogtual. illus-  gyapijity analysis. In Section 11, we present the proposed GUUB
trated that ur_1deractuat_e_d systems W't_h nonlnte_grab_le dynamlcs Carmﬂ!king control design. The corresponding closed-loop error system
be asymptotically stabilized by a continuous, time-invariant feedbag<given in Section IV while the stability analysis is given in Section V.
law. In [13], Petterseet al. showed that underactuated surface vesseﬁ] extension that illustrates that the proposed tracking controller also

cannot be asymptotically stabilized by continuous time-invariantfeeg(-)wes the regulation problem is given in Section VI. Concluding
back laws. In addition, Pettersen al. [13] proposed a time-varying remarks are presented in Section VII

feedback controller for an underactuated surface vessel that contained
explicit time-periodic sinusoidal terms (similar in structure to [18]) to
obtain local exponential regulation. In [14], Pettergtral. modified

the continuous time-varying feedback law of [13] to design a controllér. Model Formulation

As described in [8], the kinematic equations of motion of the center
of mass (COM) for a surface vessel (SV) can be written as follows:

Abstract—n this note, a continuous, time-varying tracking controller

II. KINEMATIC AND DYNAMIC MODEL DEVELOPMENT
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v, whereFi(t), 71 (¢) denote subsequently designed auxiliary control in-
puts. Based on (3)—(9), we can rewrite the expression for the dynamic
A v model given in (4) as follows:
2
. Fy + vous
i X
U2 | = | — (Yiova + Yigus) —vivs | - (10)
. m
T U3 -
y 0,v, !
4
\ B. Reference Model Development
Motivated by the desire to generate a reference model that satisfies
the same dynamics as that given in (4), we take the time derivative of
g i.(t), yc(t) given in (1) and then use (2), (3), and (10) to obtain the
following expression:

Y

r Yoo . s
xc Ficost — 2 (Ye cosf — e sin b)
. "u3 .

Fig. 1. Actuator diagram for an underactuated surface vessel. P “sinf — s 4

o | = Yoo . L

Ye Fisinf + 2 (Yecos — icsinb) (11)
wherewv, (t), v2(t), andvs(t) denote the surge, sway, and yaw veloc- 0 ",’}3
ities (see Fig. 1) of the SV, respectively. Under the assumptions that -cos + el cos fl
i) the body-fixed coordinate axis coincides with the center of gravity vs

(CG), ii) the mass distribution is homogeneous, iii) the hydrodynamic .
damping terms of order higher than one are negligible, iv) changesﬁﬁsed on (11), we construct a reference trajectory generator as follows:
the inertia are negligible, and v) the heave, pitch, and roll modes can sin 6, 1
be neglected, the dynamic model for a neutrally buoyant SV with two

Fi,cos6,—

m
* (Y'UQ (yr(t Cos 97‘ _jjl‘(‘. Sin 97‘) +)f1'% 037‘)

axes of symmetry can be expressed in the following form [8]: Zre
— 208 6,
Yre | = | Fy, sin b, costr (12)
Mi+ D) =1 ) 0 et

m
(Yoo (9rccos b, — &, sin b, )+ Yozvs,)
whereo(¢) denotes the time derivative of¢) defined in (3),M rep-

resents a simplistic3 x 3 constant, diagonal, positive—definite inertia . ; .
matrix, which is explicitly defined as where the tripletxr.(t), yrc(t), 8, (¢)) represent the Cartesian po-

sition and orientation of the reference SV, respectively, &nd+?),

Uzr

m 0 0 vs,(t) denote reference input signals. It is assumed that the reference
M=10 m 0 (5) model is constructed such that.(i), yrc(t), 0r(f), @re(t), gre(t),
0 0 I 0:-(1), Zre(t), re(t), 03, (), F1-(t) € Loo Wherevs,. () denotes the

time derivative ofus,.(t) defined in (12). Note that the reference orien-
m, I, represent the mass and inertia of the SV, respectifily) isa 3 tation is generated by a reference velocity input rather than a reference
x 3 matrix that represents the Centripetal—-Coriolis and hydrodynani@ce or torque input to facilitate the subsequent stability analysis.

damping effects, and is explicitly defined as follows:
C. Open-Loop Error System Formulation

_ —Xu 0, Tz To rewrite the open-loop tracking error system in a more convenient
D(v) = 0 —Yor mu1 = Yos ®)  form, we define the following global invertible transformafion
mvs  —muvr — Nyo — N3 v
i . w —fcosf +2sinf? —Osinf—2cosf 2 w3
Xo1, Yoz, Yus, N2, and N3 denote scalar, constant damping coef{ | _ m
ficients, and the force—torque control input vector denotedloy) is il - 0 0 1
explicitly defined as =2 cos sin # 0
T
n(t)=[F 0 7]’ (7) n a3
g

whereF (¢) denotes a control force that is applied to produce a forward

thrust, andr(t). der}otes atorque that is applied about the CG. _wherew(t) is an auxiliary scalar error variable(t) = [z (¢) z2(t)]”
In order to simplify the subsequent control development and stabiliyy 5 2 x 1 auxiliary tracking error vector;. (t), r,(t) are filtered
analysis, we first design an outer-loop controller foit) and7(¢) as  (racking error variables defined as

follows: i )
Te =&+ px ry =9+ pyg (14)
F=-X,ivi + mF; (8) . . PR DA
and j is a positive constant scalar control gain, and), 5(t) represent
the time derivative of:(t), y(¢) wherez(¢), y(t), 8(t) denote the dif-
T =—Nyov2 — Nygvs + I, 7 9)

2While the actual configuration space for the problefftis< S*, for purposes
1In general, the inertias in the surge and sway directions are not equal anddgheontrol design and stability analysis, the configuration space can be treated
inertia matrix is not diagonal due to hydrodynamic added mass coupling terras?®.
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ference between the actual position/orientation and the reference posiaddition, we define an auxiliary error signglt) as the difference

tion/orientation of the SV as follows: between the subsequently designed auxiliary signglt) and the aux-
~ iliary signalu (t) defined in (17) as shown below
T=2e—Tre Y=Ye—Yre 0=0-—10, 15
fT e y=9-=y (19) 7= Udl — U1. (23)

andz,.(t), yr.(t), 8-(t) are generated by the reference generator de-
fined in (12). By taking the time derivative of (13), and using (1)—(3)A. Control Formulation
(10)—(15), we can rewrite the open-loop tracking error dynamics in the

following advantageous form: Based on the structure of the open-loop error system given by (16)

and the subsequent stability analysis, we design the auxiliary signals

w=u T st f uq1(t) andus(t) as follows:
Z=u [wgr Uz ]T =g — koz (24)
1'1,1 = —1'/'3,« —+ 7 (16) . . .
where the 2< 1 auxiliary control vectok, () is defined as
where the auxiliary 2 1 control signak.(¢) = [u1 () u2(t)]7 is re- Fvw + f
lated to the open-loop tracking error variables defined in (16) according Ug = <1672) Jzq + Q124 (25)
d

to the following globally invertible transformation:
the 2 x 1 auxiliary vectorz4(t) is defined by the following oscil-

[P Fy ; . -

u=T -1I =T(u+ 1) (17) lator-like relationship:

U3 (2
. . . . b kiw+ f ‘ T 2
the 2x 2 matrixT(-) and the auxiliary 2< 1 vectorTl(-) are defined  Za= =z + ( ——— +wlli | Jza 2 (0)z4(0)=65(0) (26)
as follows: d

7. si the auxiliary termg, (#), 64(t) are scalars which are defined as fol-
, resinf —r,cosf 1 :
T= (18) lows:

L 1 0 _

[ var bg kw4 uwf

O =ka+ —+ ) (27)

1 . . . (Sd (Sd
Py, cosz1 + — Yoo (yrecos b, — @y sinb,)
— m — A . —~ e
= -sin 21 — vy — dre €080 — Yo sin ) (19) ba =70 exp(=mt) + 21 (28)
wherek, k2, 70, 71, €1 are positive, constant scalar design parame-
ters, andf(-) was defined in (21). Based on (16) and the subsequent
J is a 2x 2 skew—symmetric matrix defined as follows: stability analysis, we design the control torque input) given in (9)
as follows:

Yo .
+ —— v3,- SIN 24
m

0 -1
7= {1 0} (20) 7=y + b + sy — wzp + 2 (29)

whered 4, (t) denotes the time derivative of;; (¢) defined in (24) [see
the Appendix for an explicit expression for; (¢)].

f =2 (vsrz2 — Fipsin z1 + p(sin 93 — cos 91'7)) Remark 3: Motivation for the structure of (26) is obtained by taking
the time derivative of’ z, as follows:

and the auxiliary scalar signgl-) is defined as follows:

2 )
4+ — Y2 ((§rc cos By — dresin b, ) cos 21 — v2) i

m @1 —9. 1

ﬁ(x;r] Zd) = Zld Zd

2}fv3v3r ¢

+ ——(cosz —1). (21) § kow+ f
m 1w
=27 <—d zq + <“LT + '111521> sz> (30)
d d

Remark 1: The open-loop tracking error system given in (16) is

in terms of the subsequently designed control inputs) and7i(#).  where (26) has been utilized. After noting that the matriaf (20) is
Fromuz (t) andr (), we can utilize (8), (9), and (17) to recover thegkaw symmetric, we can rewrite (30) as follows:
original control inputsF’(¢) andr(t).

Remark 2: Based on the definition of,.(¢) andr, () given in (14), d o i
standard arguments [5] can be utilized to prove thatui) (), r, (t) € gt (Fd 2a) =25 20 2a. (31)
Lo thenz (1), 2(t), ye(t), y(t) € Lo, and i) if ro(t), ry(¢) are

GUUB, thenz.(t), #(+), y.(t), §(t) are GUUB. As result of the selection of the initial conditions given in (26), it is

easy to verify that
ll. CONTROL DEVELOPMENT 2F g = ||zal)? = 63 (32)

Our control quective is to c_iesign a controller that exponentiallgowes the differential equation given in (31). The relationship given by
forces the tracking error to a neighborhood about zero that can be m will be used during the subsequent error system development and
arbitrarily small (i.e., GUUB). To this end, we define a2l auxiliary stability analysis.

error vectorz(t) as the difference between the subsequently designed
2 x 1 auxiliary signak,(t) and the transformed variablét) defined

. IV. CLOSED-LOOPERROR SYSTEM DEVELOPMENT
in (13) as follows:

To facilitate the closed-loop error system developmentftr), we
F=[%H % ]T =zq — 2. (22) inject the auxiliary control input.4; (#) by adding and subtracting the
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termuq z2 to the right side of the open-loop dynamic expression for V. STABILITY ANALYSIS
w(t) given in (16) and then utilizing (23) to obtain the following ex-

X Theorem 1: Given the closed-loop system of (35), (39), and (41),
pression:

the position/orientation tracking error defined in (14) and (15) is GUUB

in the sense that
w=[ua us2 ]Jl z—nz2+ f. (33)

3 O] 1] [B)] < Boexp(-dat) + et (42)
After substituting (24) fofuai us], adding and subtracting’ Jz4 to - o
the resulting expression, utilizing (22), and exploiting the skew syritherefo, 51, andXo are positive constant scalars, andwas origi-

metry of J defined in (20), we can rewrite the dynamics fo(t) as nally defined in (28). _ _
follows: Proof: To proveTheorem 1we define a nonnegative, scalar func-

tion, denoted by’ (¢), as follows:
PR A I
w=—-u,Jza+u,JZ—nzm+f (34) V= %w2+§7;2+%:2ré. 43)
where we have utilized the fact that = —.J. Finally, by substituting After taking the time derivative of (43) and making the appropriate sub-
(25) for only the first occurrence af, () in (34) and then utilizing the stitutions from (35), (39), and (41), we obtain the following expression:
equality given by (32), the skew symmetry.bflefined in (20), and the . _—
fact thatJ*'J = I, (Note thatl» denotes the standardx2 2 identity V =w[-kw+uq JZ = nz]
matrix), we obtain the final expression for the closed-loop error system + 3t |:—k22~’ 4+ wJuq + [ ()]T]
t : -
for w(t) as follows +on[—ksn + wes — 5],
W= —kiw+ulJi—nz. (35) After utilizing the fact that/” = —.J, canceling common terms, and
utilizing (43), we can upper bourld(¢) as follows:

To determine the closed-loop error system#@r), we take the time
derivative of (22), substitute (26) fér(t), and then substitute (16) for
Z(t) to obtain Standard arguments can now be employed to solve the differential in-

equality given in (44) as follows:

=+ <T + w(h) Jzq V(t) < exp(—2min{ki, ko, ks }t)V(0). (45)
d

V < —2min{ki, ko, ks}V. (44)

5 " Finally, based on (43), the expression given in (45) can be rewritten as
=luar w2]” +[n 0] (36)
[|T()] < exp (—min{ki, k2, k3 }t) || L(0)|| (46)
where the auxiliary control input4: (¢) was injected by adding and h . '
the 4x 1 vector¥(¢) is defined

subtractinguq; 0]” to the right side of (36) and then (23) was utiIizedW ere the 4 1 vector¥(¢) is defined as
After substituting (24) fofus1  u2]”, and then substituting (25) for U=[w gy . (47)

u.(t) in the resulting expression, we can rewrite the expression given o . »
by (36) as follows: From (46) and (47), itis straightforward to see thét), 7(t), 2(¢) €
L. After utilizing (22), (32), and the fact tha(t), 6.(t) € Lo, we

é can conclude that(t), z4(t) € L. From the fact that(¢), w(¢) €
d

= 3 +whJzg — Qza+ kez + [0 ()]T. (37) Lo, we can use the inverse transformation of (13), given as follows:
d ,
o ) = sinf _ Yo sin @ l(«‘;sin«‘)—|—2(70s(-))
After substituting (27) for only the second occurrencéeft) in (37) T 2 m 2
and using the fact thatJ = —1I,, we can cancel common terms and| 7, | = 1 Yis 1.~ .
- ; . k- ——cosf) — cosf —=(fHcosf —2sinh)
then rearrange the resulting expression to obtain 0 2 m 2"
0 1 0
. k
5:—k«_;5+wJK 1“;2+f)er,+led} +[n 0]" (38) w
Vd zZ1 (48)

where (22) was utilized. Finally, since the bracketed term in (38) is
equal tou,(t) defined in (25), we can obtain the final expression fofo conclude that.. (¢), ru(t),é(t) € L... Based on the fact that.(¢),

the closed-loop error system fé(t) as follows: ry(t),6(t) € Loo, and the fact that the reference trajectory is selected
sothate, (), yre(t),0- (1), 2rc(t), §re(t), 8- (t) € Lo, we can utilize
= kit wlua+[n 0]% (39) (14), (15), and Remark 2 to conclude thatt), j.(t), #.(t), yo(t),

6(t) € Lo. From (1) and the fact thai.(?), 9.(f) € Lo, we can

To develop the closed-loop error system ft), we take the time conclude that: (#),v2(t) € L. Using the factthat(?), :i.(#), y.(?),

derivative of (23), substitute (16) far (¢), and then rearrange the re-"! (), v2(#) € Lo, we can conclude thaft(-), 7'(), I1(+) € Lo from
sulting expression to obtain (21), (18) and (19). Based on these facts, we can now utilize (23)—(28),

to show thatu g (), wa(t), Za(t), Qi (1), ui(t), ua(t) € L. From

(11), (17), and (18), we can now conclude ti#a(t), 6(t), vs(t) €

L. Based on the previous facts, it is easy to show#hatt) € L

(see the Appendix), and hence, from (29) we can concludethagt €

After substituting for the auxiliary control torque inptit(t) givenin  £__ Sincev, (t), vs(t), Fi(#), 71 () € L, we can conclude from (8)

(29), we obtain the closed-loop error systemsfor) as follows: and (9) thatr(t), F(t) € Lo.. We can now employ standard signal

chasing arguments to conclude that all of the remaining signals in the

)= —ksn 4wz — 1. (41) control and the system remain bounded during closed-loop operation.

N = Ug + V3r — T1. (40)
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To prove (42), we first show that(¢) defined in (13) is GUUB by where the time derivatives 6f; (¢) andf(¢) are explicitly given by the
applying the triangle inequality to (22), and hence, obtain the followirfgllowing expressions:

bound forz(t) i 2 i ;
3 . ~ S: _ bg  0g 2kvw 4+ flw + w
=l < D2 + =l h=g - 2
< exp (— min{kq, ke, k3}t) || Z(0)]| (w? 4 wh)ba
+ o exp(—mt) + 1 (49) -2 T (51)
where (28), (32), (46), and (47) have been utilized. The main resglid

given by (42) can now be directly obtained from Remark 2, (14),
(46)—(49). O

f =2(vgrus + U3pz2 — Flr sin z1 — Firuq cos z1)
+2n ((E cosf + g sin (7’)'03)
VI. SETPOINT EXTENSION ;

} v N . . \
. o . ) . —2u <—2 (9. cos @ — &.sinb)
Since the only restriction placed on the desired trajectory is that the m

reference generator remain bounded, the position/orientation tracking Yosvs . . 0+ p
problem reduces to the position and orientation regulation problem. + =, T Eresnt —yrccos
That is, if the control objective is targeted at the regulation problem, s

the desired position and orientatipn vector,_ denoted by the triplet + 2Y0e (yw cos B, — i, sin 6,

(rre, Yre, Br), becomes an arbitrary desired constant vector. Based m

on the fact that, is now defined as a constant vector, it is straight-

forward to see thak’;, (), andvs, (*) previously defined in (12) equal = Or(gresin br 4 & cos 9")) s

zero. Moreoverf(-) defined in (21) reduces to the following expres- 2V,
sion: - ((gre cos Br — &pesin b )uq sin z1)
1., 2y,
f=-2 <; Yoo + .ur'vz) ) 2 <<i (Yoovz + Yosvs) — mvz))
. m m
andIl(-) defined in (19) reduces to 73Uy aUsr .
© (19) -|-2<113L3 (coszl—l)—ulY?’L3 sm;q) (52)
m

0
= [ } .
—HUL where (10)—(12), (16), and the second time derivative of (15) was uti-

Based on the above simplifications, it is straightforward to illustraigeq. Based on the definition f:(t) given in (28), the fact that(t),
that the GUUB result given iftheorem 1s also valid for the regulation 1(#) é(t) u(t) i’(t) ﬁ(t) f(t) ('21(t) W(t), 2a(t),wit), F(t), za(t)

problem. uq1(t),n(t) € L (seeTheorem }, and the fact that the reference tra-
jectory is selected s0 that.c(t), yrc(t), 0,(1), @re(t), Gre(t), B-(1),
Zre(t), Yre(t), 8-(1), U3.(t) € Lo, itis straightforward to see from
In this paper, we have designed a continuous, time-varying trackiti))—(52) thatiq (t) € L.

controller for an underactuated surface vessel. Through a Lyapunov-
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o . 1. PROBLEM FORMULATION
Lyapunov-Based Switching Supervisory Control of

Nonlinear Uncertain Systems Consider a discrete-time uncertain nonlinear system of the following

general form:

David Angeli and Edoardo Mosca ,
2(t+1) = f(a(t), u(t), 0) (1)

Abstract—The problem of controlling nonlinear noisy systems affected with statest € R", inputsu € I/ C R? and unknown parametefs
by parametric uncertainties is approached via the introduction of a super-  taking value in some totally limited spa€e Our aim is to design a con-
visor which switches on, in feedback to the plant, one controller selected o) in the form of a state feedback suitably managed by a supervisory
from a finite set of predesigned controllers. A Lyapunov-based falsification o .
criterion allows one to ensure robust stability in the presence of uncertain unit, in such a way that the resulting closed-loop systenglbkally
constant parameters and exogenous bounded disturbances. asymptotically stableirrespective of plant uncertainties. Supervisory
logic and simulation results consider the case of possibly time-varying
parameters, though, for the sake of simplicity the analysis will be car-
ried out assuming constant. The supervisory unit is devised so as to
One of the well-established approaches for dealing in control witfeal with possibly large uncertainties by adaptively selecting a suitable
plant model Uncertainty is the introduction of adaptation in the feefbedback gain among a finite fam”y of predesigned controllers. The
back loop. However, conventional continuous adaptation is not alwaygicial assumption in this respect will be the existence of a finite cover
capable of performing satisfactorily. This may be particularly trugyr ©
whenever the plant switches among different modes of operation or if
closed-loop signals are not sufficiently exciting. In both circumstances ecC U o, 2)
undesirable transients may typically arise due to slow adaptation. i=1 N

|. INTRODUCTION

and of a family of Lyapunov function§V;(z) };=1...x and controllers

(L () B ) Wi
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