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ABSTRACT The finite-time Hy, control problem for an Itd-type stochastic system with nonlinear pertur-
bation and time delay is investigated. First, the finite-time Ho, control problem for a nonlinear time-delay
stochastic system is presented taking into consideration both the transient performance and the capability
to attenuate the disturbance of a closed-loop system in a given finite-time interval. Second, using the
Lyapunov—Krasoviskii functional method and the matrix inequality technique, some sufficient conditions
for the existence of finite-time H, state feedback controller and dynamic-output feedback controller for
nonlinear time-delay stochastic systems are obtained. These conditions guarantee the mean-square finite-
time bounded-ness of the closed-loop systems and determine the Ho, control performance index. Third,
this problem is transformed into an optimization problem with matrix inequality constraints, and the
corresponding algorithms are given to optimize the Hy, performance index and obtain the maximum time-
delay. Finally, a numerical example is used to illustrate the effectiveness of the proposed method.

INDEX TERMS Stochastic systems, nonlinear perturbations, finite-time stability, Hy, control, time-delay.

I. INTRODUCTION

In recent years, control problems of stochastic nonlinear
systems have been receiving increased attention because of
their extensive applications in many practical systems, such
as liquid-level systems [1], chemical reactor systems [2],
[3], and industrial and economic systems [4]. In addition,
many excellent results have been published. For example, [5]
proposed three stochastic nonlinear control schemes to study
the global stabilization of stochastic nonlinear systems. In [6],
finite-time stability for stochastic nonlinear systems was con-
sidered and a general Lyapunov theorem of stochastic finite-
time stability was proved. A finite-time tracking problem of
switched stochastic nonlinear uncertain systems was studied
in [7]. Some other nice results can be referred to [8]-[10].
In considering the influence of time-delays on the system,
much of the focus has been on a general model of stochastic
nonlinear time-delay systems. To date, numerous results on
these systems have been obtained. For instance, [11] studied
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the stability of a class of nonlinear uncertain stochastic time-
delay systems, and a sufficient delay-dependent criterion
was established by constructing a new Lyapunov—Krasovskii
function. The output feedback adaptive tracking control prob-
lem for a class of stochastic nonlinear time-delay systems
was studied in [12], and an observer-based adaptive neural
quantization tracking control scheme was proposed. For other
excellent results, the reader is referred to [13]-[15] and refer-
ences therein.

At present, most of the results of stochastic systems are
based on the asymptotic stability in the Lyapunov sense,
which only concerns the asymptotic behavior of the system
in the limit of infinite time. However, the transient behavior
is also significant in many practical systems. For example,
a large transient voltage can destroy the normal operation of
a power system [16]. To deal with this problem, the concept
of finite-time stability was proposed, and many interesting
results have been published, such as the finite-time stability
of stochastic discrete-time-varying systems in [17], stochastic
Markov jump systems in [18]-[22], stochastic time-delay
systems in [23], and T-S fuzzy systems in [24]. In contrast,
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H, control is one of the most crucial robust control methods
because an external interference can be suppressed; many
results have been reported. For instance, [25] and [26] are
devoted to the robust Hy, control problem for uncertain
stochastic nonlinear systems with time-varying delays and
stochastic nonlinear uncertain T-S fuzzy systems with time-
delay. Robust H, filtering and control for a class of linear
systems with fractional stochastic noise were studied in [27].
Other nice results are to be found in [28]-[31]. Taking advan-
tage of finite-time stability and H, control, a new control
method called the finite-time Ho, control was proposed, and
various results have been reported. For example, the finite-
time Hy, control problem for a singular Markovian jump
system with an actuator fault was investigated in [32] with
a sliding mode control approach being applied. The refer-
ence [33] addressed the problem of robust finite-time Hso
control of singular stochastic systems and [34] studied the
robust and resilient finite-time H, control problem for uncer-
tain discrete-time nonlinear systems with Markovian jump
parameters.

Although the problem of finite-time H, control has been
investigated, there is a lack of literature on Itd-type stochastic
nonlinear time-delay systems. To redress this issue, the finite-
time H, control these systems was investigated in our study.
Because of the complexity of the systems considered, design-
ing a Hy, controller with state feedback and dynamic-output
feedback is difficult. By using the 1t6 formula, the Gronwall
inequality, and the matrix inequality technique, the above
difficulties are overcome. The main contributions from this
study are: (i) a precise statement of the finite-time Hy, con-
trol problem for Itd-type stochastic nonlinear systems with
time-delay that considers both the transient performance and
the capability of attenuating the disturbances in the closed-
loop systems in a given finite-time interval; (ii) two new
conditions developed from matrix inequalities concerning
the sufficiency for the existence of two Hy, controllers one
providing state feedback and the other dynamic-output feed-
back; and (iii) the establishment of two algorithms that solve
the gain parameter settings of the two controllers and that
optimize the Hy, performance index and maximum time-
delay, simultaneously.

The rest of this paper is organized as follows.
Section II gives some preliminaries, definitions, and lemmas.
In Section III, we provide the conditions of sufficiency for
the existence of the finite time Hy, controllers for It6-type
stochastic nonlinear time-delay systems. Section IV pro-
vides the two algorithms that solve the theorems. Section V
presents a numerical example to demonstrate the effective-
ness of the proposed method. In the last section, our conclu-
sions are stated.

Notation: A’ denotes the transpose of matrix A; tr(A)
denotes the trace of matrix A; A>0(A>0) signifies that
A is a positive definite (positive semi-definite) matrix;
Amax(A)(Amin(A)) denotes the maximum (minimum) eigen-
value of matrix A; I,x, denotes the n-dimensional identity
matrix; R" denotes an n-dimensional Euclidean space; E
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represents the mathematical expectation of a random process;
an asterisk “x” in a matrix marks elements to be obtained by
the symmetry of the matrix.

Il. PRELIMINARIES
Consider an Itd-type stochastic nonlinear system with time
delay described by

dx(t) = (A11x(@) + Apx(t — t) + Briu(t)
+B12v(1) + Ho(x(2)))dt + (A21x()
+Ax0x(t — 1) 4+ Hi(x(2)))dw(1),
y(#) = Crx(1), (D
z(t) = Cox(2),
x(t) = (1) € L2(w, Fo, C([-7, 0], R"),
tel—rt, 0],

where x(¢) denotes the state of the system, y(#) the mea-
surement output, u(¢) the control input, z(¢#) the control
output, ¢(¢) the initial state function, and w(¢) a one-
dimensional standard Wiener process defined on probability
space (2, F , F; , P). F; stands for the smallest o-algebra
generated by w(s), with 0<s<t,i.e., F; = o {w(s)|0 < s < t}.
A11, A1z, Aa1, A, By, B1a, Cq, Co are constant matrices
with appropriate dimensions. T>0 denotes the time-delay,
v(t) an external disturbance that satisfies

T
W(v(t)) = {v(t)|E/ V(s)v(s)ds < dz}. 2)
0
The nonlinear terms Ho(x(¢)) and H;(x(t)) satisfy
I Hix) l[<ellx|l i=0,1, 3)

where ¢ > 0.

Next, a new definition of the mean-square finite-time
bounded-ness for the system (1) is given.

Definition 1: For given 0 < ¢; < ¢, R > 0, T > 0,
system (1) (u(¢#) = 0) is said to be the mean-square finite-
time bounded with respect to (cy, ¢2, T, R, d?)if

sup  x'(to)Rx(to) < ¢} = E [x'(Rx(1)] < 3,
—1<tp<0
forallt € [0, T]and v(z) € W.

Remark 1: The mean-square finite-time bounded-ness
reflects the transient performance of the system in a fixed time
interval. That is, the average energy of the system does not
exceed a given upper bound in the prescribed time-interval.
The transient performance is also important in many practical
systems. For example, a large transient voltage can destroy
the normal operation of the power system.

Next, some lemmas for obtaining the main results are
introduced.

Lemma 1 (Gronwall Inequality): [35] Let f (¢) be a nonneg-
ative function; if it satisfies

t
f(t)§a+b/f(s)ds 0<r=<T,
0
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for some constants @ > 0 and » > 0, then the following
inequality is established:

f@®) < aexp(bt)

Lemma 2 [36]: For givenx € R",y € R", N € R™™ and
p > 0, then we have

0<r<T.

1
2x'Ny < px'x + ;y’N’Ny.

Lemma 3 [37]: Let V(t,x) € C“*(Ry,R") be a scalar
function, and V(z, x)>0; for the following stochastic system

dx(t) = a(x)dt + b(x)dw(t),

the 1t6 formula of V(z, x) is given as follows:

dvV(t,x) = LV (¢, x)dt + %b(x)dw(r),
where
52
LV(t,x):aV(tt’x) ava(r x) )+ 1 b’( Na4UL)) V(t x) bx).

Ill. MAIN RESULTS

The design of the state feedback finite-time Ho, controller
and that of the dynamic-output feedback finite-time Ho, con-
troller are described next.

A. STATE FEEDBACK FINITE-TIME H,, CONTROL
Consider the following state feedback controller

u(t) = Kx(1), 4

where K is the controller gain matrix to be solved.
A closed-loop system is obtained by substituting (4) into
system (1) giving
dx(t) = (A11x(t) + A1px(t — 7) + Biav(?)
+Ho(x(1)))dt + (A21x(t) + Anpx(t — 7)
+H, (x(1)))dw(t),
y(t) = Cix(1), &)
(1) = Cox(1),
x(t) = ¢(1) € L*(w, Fo. C([~7, 01, R")),
t e[—r, 0],

where A|; = Ay + B1K.

Next, the problem concerning the state feedback finite-
time Ho controller is described.

Definition 2: For given scalars 0 < ¢1 < ¢, T > 0,d > 0,
y > 0, and a matrix R > 0, if there exists a state feedback
controller (4) such that:

(i) the closed-loop system (5) is mean-square finite-time
bounded with respect to (cy, ¢2, T, R, dz);

(i1) for any non-zero disturbance v(¢), the control output
z(¢) satisfies the following inequality with zero initial condi-
tion,

t t
E f Z(s)z(s)ds < y*E / V(s)v(s)ds, Vrel0, T], (6)
0 0
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then (4) is said to be a state feedback finite-time Hy, con-
troller for system (1).

Remark 2: The definition considers both the attenuation
level of the disturbance and the mean-square finite-time
bounded-ness, which is widely applied in practical systems.
For example, in the solar power supply system, if the load
power is too large or the external interference is strong,
the normal operation of the system will deteriorate.

The sufficient conditions for the existence of the state
feedback finite-time Hy, controller (4) are given below. For
this purpose, an important lemma is first stated and proved.

Lemma 4: For given scalars 0 < ¢y < ¢, T > 0,d > 0,
y > 0, and a matrix R > O, if there are scalars @ > 0, y > 0,
B1>0,6>0,8 >0, >0,¢ > 0, and two symmetric
positive definite matrices Py, Q1 such that

Iy P1A12 +A21P1A22 PiB),
* _Ql + 2A22P1A22 0 <0, @)

* * —y2
Bl < Py < Bol, (8)
0< Q1 < Bl ©)
d*y? + (B + 1h3) < 3pre T, (10)

hold, where I'y = 482,32[ + P+ Q] +A/lli)1 + i’p&]l +
2A/21}~)1A21 — Ol]31 + CéCz, plzR%PlR%, leR%QlR%, then
system (5) is mean-square finite-time bounded with respect
to (c1, c2, T, R, d?) and satisfies (6).

Proof: The proof is divided into two parts. First,
the closed-loop system (5) is proved to be mean-square finite-
time bounded.

Note that
CcC 00 e
0 0 o|=|0]|]|0] =0 (11)
0 0 0 0]lo

Therefore, condition (7) implies
Iy f’lf\lz +A’21§’1A22 PiBy,
* —01 + 2A/22P1A22 0 < 0, (12)
* * —y2
where I', = 462 ol +P1+01+A| | P1+P1A11+24, P1Ay —
aP;.

From (3) and (8), two inequalities are obtained,
Hy(x)P1Ho(x) < &°Ba || x |17, (13)
H{(x)P1H (x) < &% || x | (14)

Introducing quadratic function V(x(t))=x' (t)1~31x(t) +

flt_ . x'(s)Q1x(s)ds and the differential generation operator of
the system (5) L1V (x(2)), then, according to the Itd formula,
we obtain
LiV(x(1))

= [Anx(1) + A12x(t — 1) + Biov(t) + Ho(x(1)

BV(X(I))
X —[(A21X(t) + Apx(t — ) + Hi(x(1))]
32V (x(1))

o [A21x(2) + Aopx(t — T) + Hi(x(@))];  (15)
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that is,

LiV(x())
= X' (O[O +A/211~’1A21 +PiAy +Z/“1'31]x(t)
+x'(t — O[04 +A/227’1A22]x(l -1)
+x'(t — DA}, Py + Ay P1As 1x(t)
+x'(0)[P1A12 + Ay PiAnIx(t — 1)
+x' ()P Biow(t) + 2H{ (x)P1Appx(t — T)
+2H{(x)Pyx(t) + 2H{ (x)P1Az1x(1)
+H/{(x)P1H}(x) + V' (1)B,,P1x(1). (16)
From lemma 2, we have

2H{(x)P1x(1) + 2H{ (x)P1A21 x(1)

+2H] (x)P1Anx(t — 1)

< 2H{(x)P1H\ (x) + H{(x)P1 Ho(x)
+x'(t — 1)AS, P1Anx(t — T)

+x/(1)(Py + Ay P1A2)x(0). (17)
Based on (13), (14), (16), and (17), we see that
x(1)
LiV(x(r) < | x(t — 1)
v(t)
T3 PlAp+AL,PlAy  PiBip
X | % —-01 + 2A/22P1A22 0
| * * 0
x(1)
X | x(t — 1) (18)
w(t)

where 1—‘32482/32[—‘;—51 + @1 +Z’“f’1 +?IZ“ +2A/21ﬁ1A21.
In light of (12) and (18), we have

LiV(x(@) < aV(x@) + y 2 )v). (19)

Integrating from O to ¢ and taking the mathematical expec-
tation on both sides of (19), we have
t

EV(x(t)) < V(x(0)) + C(/ EV(x(s))ds
0

+y’E / Vs, (20)
From lemma 1, we see that ’
EV(x(1)) <V (x(0)e™ + y2e*'E f t V(s)v(s)ds, (21)
and because ’
EV(x(1))
= E[x'()P1x(t) + f, t x'()01x(5)ds]
— E[x'()R2P R x(t) r
+ / " YORF QIR x(0)ds]

> Amin(PDE[X (ORx ()], (22)
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V(x(0))e*!
0
= X (0)Px(0)e*" + e‘“/ *'(5)01x(s)ds

-7
— ¥ (0)R? P R x(0)e®
0
Tt / X'($)R? Q1 R2 x(s)ds
-7

< hmax(PDete®” + Thmax(Q1)eie” (23)
t
yzeo”Ef V(s)(s)ds < y2e*Td>. (24)
0

From (21), (22), (23), and (24), we have
E[x'(t)Rx(1)]
oy <c%(xmax<P1) + Thmax(Q1))
- )Lmin(Pl)
and exploiting (8) and (9), (25) becomes
B2 +h) dzyz)
B B/

With condition (10), we obtain E[x’(z)Rx ()] <c% for €[00,
T1]; that is, the closed-loop system (5) is mean-square finite-
time bounded.

Next, we prove that the control output z(#) satisfies (6)

for any non-zero disturbance v(#) imposing to the zero initial
condition. From (7) and (18), we have

LiV(x(1) < aV(x®) + y2V (ev) — (1)) (26)
Multiplying both sides of (26) by e%’, we have
eTYLIV(x(@®))
< ae” V@) + e Iy ev) — 200l 27

d2y2
* )\min(Pl))’ (25)

Elx'(ORx(1)] < e“T(

From lemma 3, we have
Lile 'V (x(t)] = —ae" "'V (x(t)) + e ¥ L1V (x(1)). (28)
Combining (27) and (28), we find

Lile ' Vx()] < ey} o) —Z@00]. (29)

Integrating from O to ¢, taking the mathematical expec-
tation on both sides of (29), and imposing the zero initial
condition, we have

e Y"EV(x(1))
t
<IE [ iR oms - o)
0

t
< yzEf e~V (s)v(s)ds
0

t
—E / e~ %7 (s)z(s)ds. (30)
0
Because
e Y"EV(x(1)) > 0, (3D
then (30) implies that

t t
E/ Z(8)z(s)ds < )/ZE/ V(s)v(s)ds, Yt € [0, T1].
0 0
and the proof is complete. |
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Based on lemma 4, we next derive the following
Theorem 1.

Theorem 1: For given scalars 0 < ¢ < ¢2, T > 0,d >
0, y > 0 and a matrix R > 0, if there are scalars « > 0,
o>0,u>0,7>0,¢> 0, two symmetric positive definite
matrices U, W, and a matrix M satisfying

W * * * *
Wy WHy * * *
UAY, 0 W * x | <0, (32)
0 0 3UA, -U  «
2
UB,, 0 0 0 —y-l
oR'<U <RI, (33)
0< W< MR_I, (34
2.2 _ 2,—aT | 2
[" vioaet fame a } <0, (35)
C1l —0

where W[ = (1—0[)U+W+UA/11+A11U+M/B/11+BMM,
Uy = [V3A2U, CU, Ay U, 2¢/BoUY, and Way =
diag{—U, —I, —U, —I}, then (4) is a state feedback finite-
time Hy, controller. In this case, K = MU -1

Proof: Noting that An:Al 1+B11K, then according to
condition (7), we have

s f’lf\lz +A’211§’1A22 PiBy,
* 01+ 2A/22P1A22 0 <0 (36)
* * —y2I

where I's = 46?21 + P+ Q1+ A} P1 +K'B} | P1 +P1A11 +

PIB“K + 2A21P1A21 — OtPl + C C2
Obviously, if the following mequallty

s +A/21131A21 ) PiA1» ) P1Bpy
* - 01+ 3A/22P1A22 0 <0 (37)
* * — 2

holds, then (36) holc}s.
Using diag{Pl_1 , Pl_1 , I} to pre-multiply and post-multiply
the inequality (37), we have

A1r A12131_1 Blzi’l_l
* A 0 <0 (38)
* * —y2

Where A11 = P F5P +P 1A21P1A21P1 s and Ay =
—P{'0iP! +3P_1A22P1A22P LetU =P;',M = KU,
and W = P Q1P1 I then, using the Schur complement,
we obtain (32) from (38).

From the inequality (8) and U = f’l_l, we obtain

By 'R™

Let ,Bflzl and o:ﬂ{l; then, (39) implies inequality (33).
According to (39), (9), and W = Plelel, we have

0<W < BR. (40)

'<U < g 'R7M (39)

Setting i = B3, then (34) is obtained from (40). Considering

(33) and (34), (10) is guaranteed with
d*y? —Ge T 1 Ao ) <0. (41)
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Using the Schur complement, (41) is equivalent to (35).
Summarizing the process, the proof is complete. U

Remark 3: Note that inequalities given by (32) in Theo-
rem 1 are not linear. However, once the « and ¢ are fixed,
these inequalities can be treated as linear.

B. DYNAMIC OUTPUT FEEDBACK FINITE-TIME H,
CONTROL

The previous subsection assumes that the state variables are
available, which does not always hold in practice. In this case,
one should estimate x(¢) from the measurement output y(z).
As usual, consider the following dynamic-output feedback
controller

dx(t) = (Arx(t) + Bry(t))dt,

u(t) = Cri(t). “2)

Substituting (42) into (1) and setting n(t)=[x'(t) X'()],
the following augmented closed-loop system is obtained

dn(t) = (Aun() + Apn(t — 7) + Biai(t)
+Ho(x(1)dt + (Azi (1)
+Apn(t — ) + Hy(x(1))dw(1), 43)
y(1) = Cin(),
(1) = Can(1),

where #(1) = [V(t) 01, Hy(x) = [H{(x) 01, Hi(x) =

[H{x) 0I,Ci=[Ci 0],Co=[C, O],
= Air BuGy - A2 O
An [chl Ay ] Az = [ 0 0]’

- |Az O - |An 0| 5 B O
Azl—[o 0:|, A22—|:0 0:|7312—|:0 0]

The problem concerning the dynamic-output feedback
finite-time Ho controller is stated next.

Definition 3: For given scalar§0<cl <c3,T>0,d>0,y>0,
and a positive definite matrix R, if there exists a dynamic-
output feedback controller (42) such that

(i) the closed-loop system (43) is mean-square finite-time
bounded with respect to (¢, ¢2, T, R, dz), that is,

sup 1/ (t1))Rn(10) < ¢} = E [/ (ORn(1)] < ¢3,

—1<1p<0

by
(i) for any non-zero disturbance v(¢), the control output z(¢)
satisfies (6) with zero initial condition,

where & = | K Ol, Vi € [0, T, Yv(t) € ¥, and

then (42) is said to be a dynamic-output feedback finite-time
Hy controller for system (1).

Next, a sufficient condition for the existence of the
dynamic-output feedback finite-time H, controller are given
below. First, an important lemma is proved.

Lemma 5: For given scalars 0 < ¢y < ¢, T > 0,d > 0,
y > 0, and a matrix R > O, if there are scalars @ > 0, y > 0,

VOLUME 8, 2020



Z. Yan et al.: Finite-Time Hy, Control

IEEE Access

81 > 0,8 > 0,63 > 0,7 >0, ¢ > 0 and two symmetric
positive definite matrices P>, Q> such that

Fs  PoAn+AyPAn  PBi

* -0+ 2A/22P2A22 0 <0, 44

* * —y2I
S1l < Py < 8, (45)
0< Qs < 8l, (46)
d*y? 4 36y + 183) < 38177, (47)

hold, where I'g = 482521 + i)z + Qz + A/lli)z + PzA]] +
2A/21P2A21 — Olpz + Cééz, Pz = R%sz%, Qz = R%QQR%,
then system (43) is mean-square finite-time bounded with
respect to (c1, ¢2, T, R, d2) and satisfies (6).

Proof: The proof is divided into two parts. First,
the closed-loop system (43) is proved to be mean-square
finite-time bounded.

Note that
)G 00 GlreT
0 0 0|l=1]0 0| =0. (48)
0 0 O 0 0

Therefore, condition (44) implies
I’y 1321‘_\12 -I—{\'zll:’z{\zz PyB1,
* -0+ 2A/22P2A22 0 < 0, (49)
* * —7/21
where ['7 = 4¢28,1 +P2+Q2 +A/lli’2+i’2A1 1 +2A/21p2A21 —
abP;.
From (3) and (45), we have
Hy(0)P2Ho(x) < €28, | x < & I n |7, (50)
H{(0)P2H (x) < &8 | x <& I n 7. (51)
Let V(n(1) = n'(OPan(®) + [, n'()Qan(s)ds, and

LoV (n(t)) denote the differential generation operator of sys-
tem (43). According to the Itd formula, we have

LyV(n(1))
= [Aun@) + Aan(t — 7) + Biai(t)

_ ov. 1 -
+Ho(x(t))]’a— + = [(A21n(1)
n 2

+Ann(r — 1) + I:Il(x(t))]/?;T‘;[Aﬂﬂ(t)
+Ann(t — 1) + Hi(x(®))], (52)
that is,
LyV(n(1))

= 1/(1)[Qa + Ab PrAy + PrA7
+A}1 P2 n(t) + 0/t — [ 0>
+AL, PyAnyIn(t — 1)
+1(t — DA}, P2 + Ay Pr A2 In(t)
417/ (1)[P2A 2 + Ay PyAn]n(t — 1)
+1'(t)P2B129(1) + 2H{ (x)P2A2n(t — 1)
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R2H|(x)Pan(r) + 2H] (x)PrA (1)
+-H{ (x)P2H  (x) + V' (1)B}, Pan(2). (53)
From lemma 2, we obtain
2H{(x)Pan(t) + 2H] (x)P2A21 (1)
+2H{ (x)P2Ann(t — 1)
< 2H{(x)P2H; (x) + H{(x)P2Ho(x)
+1/(t — 1)A PaAsn(t — 1)

+1/()(Py + Ay P2 Az (). (54)
Combining (50), (51), (53), and (54), we find
LV (n(1)
n(t) 1'[Ts PrA1y + A5 P2Ay  PrBin
< |nt—71) *  —Qs+2A5,PAn 0
V(1) * * 0
n()
x | n(t—1) (55
(1)

where I's = 482521 +P2 +Q2 +A/11p2 —|—]~)2A11 +2A/211~)2A21 .
From (49) and (55), we have

LV((1) < aV(n() + y*V (0)v@). (56)

Integrating from O to ¢ and taking the mathematical expec-
tation on both sides of (56), we have

t
EVa(1) < Vn(0)) + a /0 EV(y(s))ds

t
+y2E / V(s)¥(s)ds.  (57)
0

From lemma 1, we obtain inequality

EV((1) < y*e"'E /0 W (osds + V), (58)
and because
EV(n(t)) = Eln'()Pn(t) + / _ n'(5)Qan(s)ds]
— E[ ()R PR (1)
+ [ " W ORE QR (o)

> Amin(P2)E[0 ()R ()], (59)
1'(0)P21(0)e™!

0
+e*! f 1’ (5)Q2n(s)ds

-7

\%

V((0))e

= 1/ ()R2 PR n(0)e™
N T
+e N ($)R2 Q2 R2n(s)ds
—T

< Amar(P2)cte™ + Thmax(Q2)cTeT, (60)

t
y2e”'E f V(s)n(s)ds < y2e*Td>. (61)
0
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Equations (58), (59), (60), and (61), lead straightforwardly
to

C%()\max(PZ) + T)\max(QZ))
)\min(PZ)
d2y2

+)"min(P2)>. (62)

On the basis of (45), (46), and (62), we have

El ORno] < e (

2 +78) dzyz)
01 s/

From (47), E[n’(t)kn(t)]<c% for t€[0, T'] obtains; that
is, the closed-loop system (43) is mean-square finite-time
bounded.

In the second part of the proof, the control output z(z) is
proved to satisfy (6) for any non-zero disturbance v(#) under
zero initial condition. From (44) and (55), we have

LyV(n(1) < aV(n@®) + y*¥ @)5@t) — Z(0z(0).  (63)

Multiplying both sides of (63) by e~%’, we obtain
e MLV (n())

<ae V) + e [y V) — Z0n)].  (64)

Using lemma 3, we have
Lo[e™™ V()] = —ae *'V(n(®)) + e LoV (()). (65)

From (64) and (65), one sees that

Lole™ V()] < e ' [y* ¥ (0)i(t) — (1)) (66)

Integrating from O to ¢ and taking the mathematical expec-
tation on both sides of (66) applying the zero initial condition,
we have

e " EV(n(1))
t
< E[/ e (Y2 (5)V(s) — Z(5)z(s))ds]
0

El ORno)] < e (

t
< y’E / eV (5)(s)ds
0

t
—E / e~ %7 ()z(s)ds. (67)
0
Because
e~ EV(n(1)) > 0, (68)
then (67) implies

t t
E f Z(s)z(s)ds < y*E f V(s)P(s)ds, Vi el0, T].
0 0

The proof is complete. g

On the basis of the above analysis, we prove the following
Theorem 2.

Theorem 2: For given scalars 0 < ¢1 < ¢, T > 0,d > 0,
y > 0, and a matrix R > 0, if there are scalars ¢ > 0, y > 0,
81 > 0,8 > 0,63 > 0,7t > 0, e > 0, three symmetric
positive definite matrices P2, Q11, O22, and two matrices X,
Y satisfying (45), (46), (47), and

83628

where Ty = 4¢28,1 +1 + Q11 +A), + A1 +245, Az —al +
C)Ca, T1o = 46?81 + Py + 0 + Y + Y’ — aPy, then (42)
is the dynamic-output feedback finite-time Hoo controller. In
this case, Ay = P2_21 Y"and By = P2_21X '

Proof: Let

= 1 O = _[on O
P2_|:0 1322] Q2_|:0 sz]'

According to (44), we have

Lo Q1  Ap+A,Axn 0 B> 0
x I'qp 0 0 0 0
x % —Qn+24hAn 0 0 o | _,
* % * —0»n 0 0 ’
* % * * — 2 0
% % * * * — y2]

(70)

where Q1 = C{B}i)zz +B11Cr, T'11 = 4e28,1 ~|—P22+Q22~|—
A}Pzz + PpnAf —aPy.

Let X = B}Pzz, Y = A}Pzz; we obtain (69), shown at the
bottom of the next page.

This completes the proof. O

IV. NUMERICAL ALGORITHMS

In this section, two algorithms are presented that produced
the results obtained above. One finds the minimum value of
y; the other finds the maximum value of t.

By analyzing (32)—(35) in Theorem 1, we find that if these
equations have no feasible solutions when @ = 0, then they
will have no feasible solutions for all @ > 0. The specifics of
the algorithm are as follows.

Algorithm 1
Step I: Set the values of ¢y, ¢2, T, R, d, and 7.
Step 2: Using the linear search algorithm, if a series of
ai(i = 1,---,n) can be found that ensure inequalities
(32)—(35) have feasible solutions, then move to Step 3;
otherwise, move to Step 7.
Step 3: Leti = 1, then we take «;.
Step 4: Solve the following minimization problem:

s.z.(grzlflz(ss)y'
Step 5: Leti =i+ 1,if i+ 1 > n, then move to Step 6;
otherwise, let o; = «j41, and return to Step 4.
Step 6: There are solutions to this problem; print data and
then stop.
Step 7: There is no solution to this problem; stop.

By analyzing (32)—(35) in Theorem 1, we find that if
these equations have no feasible solutions when ¢« = 0
and T = 0, then they will have no feasible solutions for
all @ > 0 and t > 0. The specific algorithm is as
follows.

VOLUME 8, 2020



Z. Yan et al.: Finite-Time Hy, Control

IEEE Access

Algorithm 2
Step 1: Set the values of ¢y, ¢z, T, R, d and y.
Step 2: Take a series of oj(i = 1,---,n) and a series of
TG=1,---,n).

Step 3:Leti =1 and set; = 0.

Step 4: Let j = 1 and set 11 = 0.

Step 5: If (o, 7j) ensure (32)—(35) have feasible solutions,
then store (;, 7;) into (A(7), A()). Let tj = 7j41 and move
to Step 5; otherwise, move to Step 6.

Step 6:If i+ 1 < n, set o; = a1, and with take tj, return
to Step 5; otherwise, skip to Step 7.

Step 7: Stop.

V. NUMERICAL EXAMPLES
The matrix of coefficients of the system (1) is given as
follows.

[ —30 25 02 0.1
An=1_1038 —30.16] Az = [ 0 0.3]’

[—2.7 038 —02  —05
A =199 —1.6] An = [—0.3 —1.4} ’

M4 0.1 —0.1
Bu = 3] B”:[os 07]

(10 2 1
=1y o]’ sz[z 3}'

Letc;=1,60=4,T=1,d=1,1=05,e =12,R=1.

A. STATE FEEDBACK FINITE-TIME H,, CONTROL
To find the minimum value of y, the relationship between y
and « is obtained using Algorithm 1 (see Fig. 1).

From Fig. 1, y increases with increasing «, and the mini-
mum value of y = 0.0315 is obtained when o = 0.

Setting @ = 0, according to Theorem 1, we obtain

U — 0.5254  0.0079
~10.0079 0.4524
W= |: 5.4891 —0.1883

], M =[0.7103 0.1159],

—0.0929 6.1716 :| , K= [1.3484 0.2326]_

Therefore, the state feedback controller is as follows:
u(t) = [1.3484  0.2326] x(1).

Setting y = 0.1, then by Algorithm 2, the relationship
between 7 and « so as to find the maximum value of T was
obtained (see Fig. 2).

v

(144.0.1464)

(0,0.0315)

1]

1 O T T T T

0 02 04 06 08 1 12 14 16 18 2
FIGURE 2. When « € [0, 2], the value of 7.

From Fig. 2, t decreases with increasing «, and t has a
maximum value in the range of «; that is, T = 9.13 when
a=0.

Considering the external disturbance v(z)=sin(t) and set-
ting x(0) = [0.4, 0.2], we obtained the curves for x;(z),
x(t), and E[x'(£)Rx(¢)] (Fig. 3) from which we find that
E[X' (ORx(0)] = E[x}(0) + x3(0)] = 02 < ¢} = 1
and E[x'(t)Rx(1)] < c]% = 16. Therefore, the closed-loop
system (5) is mean-square finite-time bounded with respect
to(1,4,1,1,1).

B. DYNAMIC OUTPUT FEEDBACK

FINITE-TIME H., CONTROL

To find the minimum value of y, the relationship between y
and « is determined using Algorithm 1 (see Fig. 4).

Iy  C/X+BCr Ay + A5 Ay 0 Bz 0
* o 0 0 0
* % 01 +24%4%n 0 0 0
~ 0 6
* * * —0» 0 0 = (69)
* * * * —y2I 0
* * * * —y2
VOLUME 8, 2020 83629
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0.4 T T T

\ ==
\ ===
03 — E[z'(t)Rx(t)]
\
3
!
=)

0 0.2 0.4 0.6 0.8 1
t/s

FIGURE 3. Response for E[x’(t)Rx(t)]-

023 ;

0221 / |
(148,0.2258)
c o0t |
0,0.1998)
(1.3,0.1908)
0.2 ‘ 1
0.19 ! ‘
0 05 1 15

4]

FIGURE 4. Plot of the minimum upper bound of y when « € [0, 1.5].

From Fig. 4, y decreases first as « increases, and then
increases as « increases. The optimal solution y = 0.1908

is obtained when o = 1.3.
Setting « = 1.3, then, according to Theorem 2, we derive

a set of solutions

O — [38636 026617 5 38779 0
702661 4.9417]0 2T 0 3.8779]
= [ri44 0 —2089 0
Pr=|" 1.1144] A :[ 0 —208.9i|’
Br = 8 8}, Cr=[0 0], y=0.1908.

Note, for By = 0, Cf = 0, the above solutions do not
satisfy the requirements for the coefficients of the dynamic-
output feedback controller. Therefore, setting X > 0, the fol-
lowing solutions are obtained,

Oy = [30163 026327 5 [39376 0

"= l02632 4.9930]° *FT| 0 3.9376]

5, _ [11087 0 12453 =555

2= o 110870 YT| -s555 —8362]
[ 124.6  —203.1

B =| 3031 1620'7], Cr = [30.9107 —56.7711].

FIGURE 5. When « € [0, 3], the value of 7.

0.15 ; ‘ ; ;
—
i
0.1 ( .......... T
——m——e Ty

0.05 — E[yf (t)Rn(t)]

Eln' (t)Rn(t)]

0 01 02 03 04 05 06 07 08 09 1

FIGURE 6. Response for E[y’(t)Ry(t)].

0.15 T T T T T T T
po—
} o
-3
i Iy -
~ 0_05.‘\ — B (t)En(t)]

En'(t)Iin(t)]
~\’
‘
)
!
'

0
|
0.05 1} 1

_0.1 L 1 L L L L
0 001 002 003 004 005 006 007 008 009 01

t/s

FIGURE 7. Response for E[y’(t)Ry(t)] when t € [0, 0.1].

Setting y = 0.2, the relationship between 7 and « (Fig. 5)
shows that T decreases with increasing «. Its maximum value
ist =23 whena =0.

Considering the external disturbance v(f) = sin(¢) and
letting n(0) = [0.1,0.1,0.1,0.17, we~0btain the curves for
x1(1), x2(t), X1(2), %2(2), and E[n'(1)Rn(1)] (Fig. 6). Mag-
nifying the plot in the interval t+ < [0,0.1], (Fig. 7),
we see that E[n'(0)Rn(0)] = 0.04 < c% = 1 and
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E[n'(HORn(1)] < c% = 16. Therefore, the closed-loop sys-
tem (43) is mean-square finite-time bounded with respect to
(1,4,1,1,1).

VI. CONCLUSION

We investigated the finite-time H, control problem for the
It6-type stochastic nonlinear time-delay systems. Two kinds
of controllers, state feedback and dynamic-output feedback
finite-time H, controllers, were designed. Moreover, their
corresponding algorithms used in solving the state feedback
controller and dynamic-output feedback controller were pre-
sented. They also simultaneously optimize the Hy, perfor-
mance index and determine the maximum time-delay t.
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