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ABSTRACT Nowadays, low reuse factors are used in cellular systems because of high traffic demand,
despite it produces high co-cell interference (CCI) levels. Consequently, soft-frequency-reuse (SFR) and
sectorization are used to improve the spectral efficiency and to mitigate CCI. In addition, diversity techniques
are necessary for a good system performance. Motivated by this scenario, for the uplink of orthogonal-
frequency-division multiple access (OFDMA) systems, the bit error rate (BER) and the cellular spectral effi-
ciency using multilevel-quadrature-amplitude-modulation (M-QAM) and maximal-ratio-combining (MRC)
in Rician fading channels are analyzed, where diversity branches have different RicianK-factors (unbalanced
diversity). SFR is used assuming non-ideal sectorized cells due to the irregular radiation pattern of base
station antennas. An exact integral-form expression and a closed-form upper-bound to evaluate the BER
are obtained. In addition, an algorithm, and an expression to calculate the cellular spectral efficiency are
presented considering that a target BER must be guaranteed for all users in the cell. From the analysis, it is
determined that the BER can be reduced and the spectral efficiency can be improved if some system operating
parameters are selected in an adequate manner. Thus, it was noticed that the number of diversity branches,
the sum of the K factors of these branches, and the antenna type, are decisive to guarantee the target BER
and to maximize the cellular spectral efficiency.

INDEX TERMS Bit error rate, interference, soft-frequency-reuse, non-ideal sectorization, diversity.

I. INTRODUCTION
Cellular networks are experiencing a crescent increase in
traffic demand because a large number of devices connect
to them [1]. Hence, a large number of channels must be
allocated in each cell. If an increase in bandwidth is not
possible, then the channel reuse factor is decreased, that
implies higher interference, and therefore, compromises the
system performance. On the other hand, fifth-generation (5G)
wireless systems aim ultra-reliable-low-latency communica-
tions (URLLC), that among some things, implies low bit error
rate (BER) for the proper system operation [2].

In wireless systems, the transmitted signals arrive at the
receiver via different paths. This phenomenon is modeled as
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a random channel gain attenuating the signal, whose enve-
lope is known as fading. When one path, typically, a line of
sight (LOS) path, is much stronger than the others, the fading
amplitude can be characterized by a Rician distribution. One
parameter that features Rician fading is the ratio of the power
contributions between the stronger path and the remaining
multipaths and is named as K factor [3]. In [4], the BER
of orthogonal-frequency-division multiple access (OFDMA)
was evaluated for Rician fading via simulations. In [5], a sce-
nario with co-channel interference was analyzed using the
Chernoff bound to obtain BER expressions for binary mod-
ulations, which are accurate only in the low signal-to-noise-
ratio (SNR) region. In particular, co-channel interference is
recognized as one of the major factors that limits the capacity
and link quality of a wireless communications system [6].
In [7], an approximate expression of the average symbol error
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rate (SER) for any modulation is determined considering
the infinite series representation of the Bessel function. This
expression is accurate in the high SNR region.

One widely used technique to improve the wireless sys-
tems performance is diversity, where some replicas of the
same received signals are obtained so that they are affected
by independent fading. The combination method for these
replicas that maximizes the SNR is maximal-ratio-combining
(MRC) [8]. The standard assumption that all diversity
branches have the same power is typically assumed. How-
ever, some works consider that unbalanced diversity branches
reflect a more realistic and a more general scenario [9]–[11].
For Rician fading, it implies that the diversity branches have
different K factors. Only a few works evaluate the BER
in Rician fading considering the above described scenario.
In [12], the impact of correlated diversity branches in Rician
fading channels was studied. Asymptotes of the BER for
binary modulations and the SER for multilevel quadrature-
amplitude-modulation (M-QAM) are obtained. The expres-
sions are accurate for small to medium values ofK (the author
uses K ≤ 3 in the simulations) and for balanced branches.
If the last condition is not met, the asymptotes are accurate
only in the high SNR region. In [13], an analysis of systems
operating MRC with imperfect channel estimation for Rician
fading channels was carried out. Accurate expressions of the
BER forM-QAMwere derived. The expressions are obtained
in terms of some parameters defined based on the decision
boundaries of theM-QAM constellation. The authors provide
these parameters for 16-QAM and 64-QAM. Unfortunately,
the numerical results of the mentioned work do not show
unbalanced diversity scenarios. The Rician distribution can
be approximated by the Nakagami-m distribution by employ-
ing m = (K + 1)2/(2K + 1) [14]. In [15], expressions to
evaluate the SNR and the outage probability of MRC on
Nakagami-m fading channels with unequal power branches
are determined. Therefore, these results can be used to ana-
lyze the MRC performance under unbalanced Rician chan-
nels. However, this approach may not be accurate in the high
SNR region [16], which is of fundamental importance when
analyzing the performance of a system.

First deployments of 5G networks have been made using
OFDMA and proposals for new multiple access techniques
are also based on OFDMA [17]–[19]. OFDMA based cellular
systems are greatly affected by co-cell interference (CCI)
[6], [20], which cannot be completely eliminated, but can
be reduced using some techniques as smart antenna arrays
or channel allocation algorithms [21]–[23]. Therefore, in the
literature, the reuse of channels in cells is of extreme impor-
tance. The usually adopted approach is hard reuse, where the
total bandwidth is split into several sub-bands according to a
chosen reuse factor, but it experiences reduced spectral effi-
ciency [24]. As a consequence, some more efficient inter-cell
interference coordination (ICIC) techniques have been pro-
posed [25]. One of them is soft frequency reuse (SFR), where
the total bandwidth is split into several sub-bands and they are
allocated smartly into inner and outer cell regions. In general,

as interference in the uplink is greater than that in the down-
link [20], the uplink is preferred to analyze the performance
of SFR schemes.

Some works have studied cellular systems performance
for SFR. In [26], the downlink of a SFR network with
hexagonal cells was investigated in terms of the coverage
probability, that is defined as the probability of the instanta-
neous received signal-to-noise-plus-interference ratio (SNIR)
is greater than a threshold. In the analysis, a Rayleigh-
Lognormal fading channel is assumed. Using approxima-
tions for the fading amplitude probability density function
(PDF), accurate approximate coverage probability expres-
sions are derived. Expressions of the worst-case signal-to-
interference ratio (SIR) of hexagonal SFR cellular systems
were obtained in [27], which behave as lower bounds that
can be a quite good approximation to the simulations for some
specific scenarios, but not in others. In [28], the throughput of
hexagonal cellular systems that employs SFR was obtained.
Simulations are used for this purpose and the SFR power
ratio criterion is considered, i.e., the ratio between the power
density in the outer region and in the inner region of each
cell. Results show that increasing the power ratio, the average
throughput decreases because higher power is employed by
users in the outer cell region, which increases CCI. In [29],
the system spectral efficiency with SFR is analyzed con-
sidering circular cells and omnidirectional antennas at the
base stations. Specifically, the impact of the overlapping
between adjacent cell areas is studied for long-term-evolution
(LTE) systems. Results show that SFR presents better spec-
tral efficiency when the overlapping area is very large or
very small. Finally, the coverage probability and the average
bit rate were analyzed in [30] considering a SFR cellular
system operating in a Nakagami-Lognormal fading channel.
Accurate integral-form expressions were derived to evaluate
the aforementioned parameters. As evidenced, many recent
papers still consider hexagonal or circular cell models, since
they are an interesting simple option when the first approach
of a particular subject related to cellular systems is carried
out.

Another technique to mitigate CCI is sectorization, where
the omni-directional antenna at the base station is replaced by
directional sector antennas. New sectorization schemes have
been proposed so far for OFDMA based systems. In [31],
a higher order sectorization scheme where cells are divided
into 12 sectors is proposed for fractional-frequency-reuse
(FFR). This study shows that the system spectral efficiency is
improved by a large number of sectors. A perfect sectoriza-
tion scenario is considered in this paper. On the other hand,
some works consider cellular systems that employ both SFR
and sectorization. In [32], expressions to evaluate the SIR of
SFR heterogeneous networks were obtained and interference
levels from different base station tiers to the users are com-
puted. The analysis was presented for hexagonal and irreg-
ular cells assuming ideal sectorization. A multi-layer SFR
combined with ideal cell sectorization was proposed in [33]
for a three sectorized hexagonal cellular system. Besides,
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a spectrum allocation scheme was presented. Results show
that spectral efficiency of the outer cell region is improved
with the proposal. Finally, in [34], an approach similar to SFR
was presented, where the reuse scheme is based on ideal cell
sectorization considering that the same channels are used in
different sectors of a cell. It is shown that the proposed reuse
scheme obtains better performance than non-sectorized SFR.

Other works use SFR and sectorization asmodel to propose
scheduling algorithms to reduce CCI. These works go beyond
the scope of this paper, but some references are provided for
the reader [35]–[37]. Again, perfect sectorization is assumed
in these works, which does not happen in real scenarios
due to radiation pattern of commercial antennas. Some pro-
posals that emulate imperfect sectorization can be found
in [38]–[42]. In particular, an expression that fits well to
real antenna radiation patterns can be found in [41]. In that
paper, the BER of multicarrier-code-division-multiple-access
(MC-CDMA) systems employing binary-phase-shift-keying
(BPSK) modulation and a multiuser maximum likelihood
detector is evaluated. The studied scenario has considered
Rayleigh fading and non-ideal sectorized hard reuse cel-
lular systems. A hard reuse scheme was also considered
in [38]–[40] and in [42] in order to evaluate the perfor-
mance of different cellular scenarios, that include CDMA
and non-orthogonal multiple access (NOMA) systems,
respectively.

Finally, an approach to evaluate the spectral efficiency
considering that users must present a maximum BER is pre-
sented in [43]. This proposal bases the spectral efficiency
calculation on the coverage radius of each modulation used
in the system can offer so that a target BER is guaranteed.
Hence, in order to use this approach, it is first necessary to
obtain expressions to evaluate the system BER. In particular,
in [43], the cellular spectral efficiency ofMC-CDMAsystems
in hard frequency reuse and Rayleigh fading channel has been
evaluated without considering sectorization and diversity.

To the best of our knowledge, a study of cellular systems
operating in Rician fading channels with unbalanced diversity
branches and in an SFR scenario with imperfect sectoriza-
tion has not been conducted. Thus, this scenario is assumed
in this work to evaluate the BER and the cellular spectral
efficiency in the uplink of OFDMA systems that employ
M-QAM modulation. Sectorization is modeled based on our
approach presented in [41], which emulates imperfect sec-
torization taking as reference real antenna radiation patterns.
In addition, perfect power control is considered in a system
where users are uniformly distributed into the cells area. The
main contributions of this work are:
• A new analytical approach to model imperfect sectoriza-
tion in SFR cellular scenarios is proposed, which can be
easily extended to other channel reuse mechanisms such
as fractional frequency reuse.

• It is determined that CCI sample per branch can be mod-
eled by a zero-mean complex Gaussian random variable.
An expression to calculate its variance is obtained, that
depends if a user is in the inner or outer cell region.

• An exact expression to calculate the received SNIR
per branch is obtained. The moment-generating func-
tion (MGF) of this random variable is also determined.
Besides, the MGF of the total received SNIR is derived.

• An exact single integral expression to calculate the mean
BER of a user is derived. This expression is validated by
Monte Carlo simulations.

• Aclosed-form upper-boundBER expression is obtained.
This expression proves accurate approximations to the
exact BER in all the SNR regimes.

• Using the derived BER expressions, the proposal of
[43] is adapted for our SFR scenario. An algorithm that
calculates the coverage radius for each modulation is
presented and an expression that evaluates the cellular
spectral efficiency is obtained. This proposal allows to
look for scenarios that optimize the cellular spectral
efficiency and guarantee a maximum BER in both inner
and outer cell regions.

This paper is outlined as follows. The list of sym-
bols is shown in Section II. System and channel mod-
els are presented in Section III. CCI statistics are ana-
lyzed in Section IV. The system performance is analyzed in
Section V. Numerical results and discussions are carried out
in Section VI and the main conclusions are summarized in
Section VII.

II. LIST OF SYMBOLS
Table 1 shows the list of the symbols used in this paper.

III. CHANNEL AND SYSTEM MODELS
The system and channel models are described in this section.

A. SYSTEM MODEL
Before describing the system model, Fig. 1 shows the SFR
scheme in a non-sectorized scenario. Typically, 2/3 of the
available bandwidth are allocated to the inner region of
each cell [30]. However, the bandwidth assigned to each
region can vary from cell to cell according to the employed
scheduling algorithm [35]–[37]. Moreover, a reuse radius, Rs,
(or threshold distance) is used to delimitate inner and outer
regions of each cell. This radius is set based on traffic
requirements, transmission power, interference levels or other

FIGURE 1. Channels allocation in a non-sectorized SFR cellular system.
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TABLE 1. List of symbols and notation.

aspects affecting the system performance. The ratio between
the outer region area and the total cell area1 is denoted byH.
Our systemmodel considers SFR, where all cells are circu-

lar with an internal radius R0, an external radius R and a base
station (BS) at the cell center. Circular cells with a small hole
at their centers ensure convergence in the average received
power at the BS. Hence, givenH, the reuse radius is

Rs = R

[
1+

(
R20
R2
− 1

)
H
] 1

2

. (1)

Fig. 2 shows the cellular scenario, where all CCI comes
from the 6 co-cells of the first layer. The influence of outer
cell layers over CCI is negligible in urban scenarios [39].
Without loss of generality, cells are divided into 3 sectors
in Fig. 2. Each one of the frequency bands A, B and C
(refer to Fig. 1) is split into three sub-bands that are allocated

1The area of the circle hole with radius R0 is excluded from the cell area.

FIGURE 2. Interfering regions in the co-cells for both regions of the
sector of interest for the SFR cellular scenario.

to the sectors. For analytical purposes, a sector of interest
is assumed and the sub-bands A1 and B1 are considered
henceforth in the analysis. Hence, notice that the inner region
and the outer region of the sector of interest are affected by
interference coming from different regions of the co-cells.
The inner region is affected by CCI coming from the outer
regions of co-cells 1, 3 and 5 (gray regions) and from the inner
regions of co-cells 2, 4 and 6 (blue regions). On the other
hand, the outer region is affected by CCI coming from the
inner regions of all co-cells (brown and blue regions).

It is assumed an OFDMA system where a target user in the
sector of interest transmits the same symbol on G different
radio channels to obtain diversity.2 In addition, there is an
interferer in each co-cell transmitting on the same radio chan-
nels the user of interest transmits. All user equipments (UEs)
transmit symbols that belong to a M-QAM constellation with
normalized mean power, i.e., σ 2

s = 1.
Since users are uniformly distributed in the sector area,

the distance between a user and its serving BS, r , is a random
variable with PDF

f (r;Ri,Rf) =
2r

R2f − R
2
i

, Ri ≤ r ≤ Rf, (2)

where Ri and Rf are the internal and external radii of a cell
region, respectively. Hence, the PDF of r for the inner region
is f (r;R0,Rs) and for the outer region is f (r;Rs,R). Besides,
the angle formed by the horizontal axis and the user position
is denoted by the random variable θ , whose PDF is

f (θ ) =
3
2π
, 0 ≤ θ ≤

2π
3
. (3)

Let rj be the distance between an interferer in the
j-th co-cell and its serving BS and θj the angle formed by that
user location and the horizontal axis. The distance between

2The radio channels are subcarriers or time-slots. If the same symbol is
transmitted on different subcarriers, frequency diversity is obtained. If the
symbol is transmitted on different time-slots, the system gets time diversity.
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that interferer and the BS in the cell of interest is

dj ≈

√
D2 + r2j + 2Drj cos

[
θj −�− (j− 1)

π

3

]
, (4)

where D =
√
3R is the distance between the center of two

co-cells [20] and due to the cellular geometry, the angle � =
π/6 (Refer to Fig. 2). In real scenarios, the exact value of dj
depends also on the BS antenna height (ha), but as typically
dj � ha, (4) is a reasonable analytical approximation.
In [39], imperfect sectorization was emulated assuming an

additional opening angle, v, that is added to the set of angles
defined for the perfect sector, as shown in Fig. 3. In this figure,
the radiation pattern of the commercial antenna Ubiquiti
AM9M13 is also shown as an example. In [38] and [40],
the radiation pattern is modeled by a parabola, which is a
function of the normalized gain at the sector crossover, %b,
and the normalized backside gain, B. This approach is also
shown in Fig. 3. In [41], an antenna radiation pattern expres-
sion is proposed, where the normalized antenna gain is
defined for two angle intervals measured in radians. Let ϕ be
the angle that a signal arrives to the antenna, such that |ϕ| ≤ π
rad. Moreover, let a and b be angles of the radiation pattern,
such that a < b. For |ϕ| ≤ b, the antenna gain is given by

G1(ϕ)=−2(a, b, %a, %b, 1)ϕ2 +2(a, b, %a, %b, 2)|ϕ| + 1,

(5a)

FIGURE 3. Radiation pattern of the commercial antenna Ubiquiti
AM9M13 and imperfect sectorization emulation using the
approaches of [38]–[40].

but for |ϕ| > b the antenna gain is defined as

G2(ϕ) = %b exp(bη − |ϕ|η), (5b)

with

2(a, b, %a, %b, i) =
ai(%b − 1)− bi(%a − 1)

ab(a− b)
, (6)

where %a and %b are the antenna gains for the angles a and b,
respectively, and η is an adjustment factor for the back lobe
gain. As in [41], we consider the antenna at the BS has the
radiation pattern given by (5a)-(5b), with b = π/3, which
is the ideal sector angle for a cell divided into 3 sectors.

Fig. 4 and Fig. 5 show the radiation patterns of the
commercial antennas Ubiquiti AM9M13 and Amphenol
6898100, respectively, and the analytical patterns obtained
through (5a)-(5b). The analytical radiation pattern shown
in Fig. 4 is named pattern U and it is plotted using a = π/6
rad, b = π/3 rad, %a = −0.8 dB, %b = −4.8 dB and
η = 1.65. On the other hand, the radiation pattern shown
in Fig. 5 is named pattern A and it is plotted using a = π/6
rad, b = π/3 rad, %a = −3.8 dB, %b = −12 dB and η = 2.7.

FIGURE 4. Radiation pattern of the commercial antenna Ubiquiti
AM9M13 and analytical radiation pattern U .

FIGURE 5. Radiation pattern of the commercial antenna Amphenol
6890100 and analytical radiation pattern A.

A system performing perfect power control is
assumed [46], [47]. In this scenario, the output power of
each UE is

Pt = Pr,0rβ , (7)

where Pr,0 is the constant received power at the BS
from all UEs in the same cell and β is the path-loss
exponent [20]. Thus, the factor rβ allows the signals trans-
mitted by all UEs to reach the BS with the same power,
because, as described in Subsection III-B, the path-loss
increases as a power of the distance. The power transmitted
by a UE must satisfy Pt ≤ Pt,M, where Pt,M is the max-
imum transmit power of a UE. In the receiver at the BS,
the signal replicas (diversity branches) are combined using
MRC [8]. Finally, perfect channel state information (CSI) is
considered.
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B. CHANNEL MODEL
The signal replicas are affected by independent channel gains.
In particular, the g-th channel gain is modeled as a com-
plex Gaussian random variable, where one of its real com-
ponents has zero mean, while the other has mean µg for
g = 1, 2, . . . ,G. Moreover, both real components have
variance σ 2. Hence, the g-th channel gain can be written as
h = αg exp(iφg), where φg is a uniformly distributed phase
over [0, 2π ),∀ g and αg is the fading amplitude, which is
modeled by a Rice random variable, whose PDF is [44]

f (αg) =
2(Kg + 1)

Pg
αg exp

(
−
Kg + 1
Pg

α2g −Kg

)
×I0

(
2

√
Kg(Kg + 1)

Pg
αg

)
, α ≥ 0, (8)

where I0(·) is the modified Bessel function of the first kind
and order zero [45, Eq. (9.1.10)],

Kg =
µ2
g

2σ 2 , (9)

is the shape parameter, i.e., the ratio of the LOS path power
to the remaining multipaths power, and the scale parameter

Pg = µ2
g + 2σ 2, (10)

that is defined as the total power received in all paths, i.e., (10)
is the mean squared fading amplitude.

Exponential path-loss is also considered. Hence, the instan-
taneous received power at the BS from each UE is

Pr =
1
G
Ptr−β

G∑
g=1

|hg|2, (11)

where Pt is the power transmitted by a UE and r is the
distance between that UE and its serving BS. The factor 1/G
normalizes the power transmitted in each channel (diversity
branch). Finally, the signals received by the BS are contami-
nated by additive white Gaussian noise (AWGN). The noise
sample at the correlator (matched filter) output is modeled
by a zero-mean complex Gaussian random variable with
variance per dimension given by

σ 2
n =

N0

4Ts
, (12)

where N0 is the unilateral noise power spectral density and
Ts is the symbol duration.

IV. CO-CELL INTERFERENCE STATISTICS
In this section, the mean and the variance of the CCI received
per channel are obtained.

After demodulation and correlator stages at the BS of
interest receiver, the CCI sample for the g-th channel is

Cg =
1
Ts

∫ Ts

0
cg(t)p(t) exp(− i 2π fct)dt, (13)

where p(t) is a base-band pulse satisfying the Nyquist cri-
terion, fc is the carrier frequency and cg(t) is the CCI at

the antenna input. After considering the antenna radiation
pattern, power control and path-loss, cg(t) can be written as

cg(t) =
1
√
G

6∑
j=1

√
Pt r

β
j d
−β
j G(ϕj)

×

{
hg,j<

[
sj exp(i 2π fct)p(t − τj + Ts)

]
+ h′g,j<

[
s′j exp(i 2π fct)p(t − τj)

]}
, (14)

where ϕj is the angle between the interferer at the j-th co-cell
and the antenna at the BS of interest. A sum of two terms
appears inside the braces because CCI is asynchronous. Refer
to Fig. 6, where the carrier has been omitted, thus, only
base-base signals are shown for simplicity. The first term
inside the braces is the CCI sample in the time interval 0 ≤
t < τj and the second term denotes the sample in the interval
τj ≤ t < Ts, where τj is the signal delay of the j-th interferer,
that is modeled by a uniform random variable distributed
over [0,Ts]. Moreover, hg,j and h′g,j are the channel gains
affecting the g-th signal replica on the radio link between
the j-th interferer and the BS of interest in the intervals 0 ≤
t < τj and τj ≤ t < Ts, respectively. Besides, sj and s′j are
the symbols transmitted by the interferer in the same time
intervals, respectively.

FIGURE 6. Asynchronous signals arriving at the BS of interest.

Substituting (14) in (13), assuming that p(t) is a rectangular
base-band pulse with duration Ts and after some manipula-
tions, (13) can be rewritten as

Cg =
1

2
√
G

6∑
j=1

√
Pt r

β
j d
−β
j G(ϕj)

×

{
R(τj)αg,j

[ (
sp,j cos

(
φg,j

)
− sq,j sin

(
φg,j

))
+ i

(
sp,j sin

(
φg,j

)
+ sq,j cos

(
φg,j

)) ]
+R′(τj)α′g,j

[ (
s′p,j cos

(
φ′g,j

)
− s′q,j sin

(
φ′g,j

))
+ i

(
s′p,j sin

(
φ′g,j

)
+ s′q,j cos

(
φ′g,j

)) ]}
, (15)

where sp,j and sq,j are the in-phase and quadrature com-
ponents of a symbol, respectively and it was used hg,j =
αg,j exp(iφg,j), h′g,j = α

′
g,j exp(iφ

′
g,j),R(τj) =

1
Ts

∫ τj
0 p(t)p(t−

τj − Ts)dt , R′(τj) = 1
Ts

∫ Ts
τj
p(t)p(t − τj)dt .

From (15), the CCI is a zero-mean random variable
because E[sp,j] = E[sq,j] = E[s′p,j] = E[s′q,j] = 0 and
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because3 E[sin
(
φg,j

)
] = E[cos

(
φg,j

)
] = E[sin(φ′g,j)] =

E[cos(φ′g,j)] = 0. Hence, after some manipulations of (15),
it can be shown that the CCI variance per channel is given by

σ 2
c =

1
12G

Pt σ 2
s Pc

6∑
j=1

E
[
rβj d
−β
j G(ϕj)

]
, (16)

where we used3 E[sin2(x)] = 1/2 and E[sin(x) cos(y)] = 0,
for x and y independent and identically distributed uniform
random variables over [0, 2π ), σ 2

s = E[s2p,j] + E[s2q,j] =
E[s′2p,j] + E[s′2q,j] and E[R2(τj)] = E[R′2(τj)] = 1/3 because
τj and τ ′j are uniformly distributed random variables over the
interval [0,Ts]. Finally, Pc denotes the fading mean power.
Thus, we have assumed that the fading mean power of all
co-cell interferers is the same for all g and j, which is accept-
able considering that all interferers are far from the BS of
interest and hence, the fading mean power, defined in (10),
does not change significantly for each interferer.

The CCI variance depends on the regions of the sectors
in the co-cells in which interference is generated. Hence,
from (2)-(6), the factor E

[
rβj d
−β
j G(ϕj)

]
, in (16), can be

written as a function that depends on some parameters, that
is,

E
[
rβj d
−β
j G(ϕj)

]
= 9( j, k; θ1, θ2;ϕj; r1, r2;Ri,Rf;β)

=

∫ θ2

θ1

∫ r2

r1
Gk (ϕj)J (r, θ, j, β)

× f (r;Ri,Rf)f (θ )drdθ, (17)

where j is the co-cell number, k ∈ {1, 2} is the antenna gain,
that is, G1 given by (5a) or G2 given by (5b), [θ1, θ2] is the
angle interval where interferers are into their cells, ϕj is the
random angle between the j-th co-cell interferer and the BS
antenna of interest, [r1, r2] is the distance interval between
interferers and their serving BSs, Ri and Rf are the internal
and external radii of the interferer region in the j-th co-cell,
respectively, and with (4), the following function is defined

J (r, θ, j, β)=

{
r2

D2+ r2 + 2Dr cos
[
θ −�− (j− 1)π3

]} β
2

,

(18)

which represents the product rβj d
−β
j . As can be noticed,

the above expression is a function of r, θ, j and β. Moreover,
from Subsection III-A, we have that � = π/6 rad.

The CCI variance for each region in the sector of inter-
est is calculated in the following. In particular, the param-
eters defined by (17) are obtained. With these results, the
CCI variance can be easily calculated using (16).

A. CCI VARIANCE FOR THE INNER REGION OF THE
SECTOR OF INTEREST
According to Subsection III-A, the frequency sub-band A1 is
used in the analysis of the inner region.

3The phases φg,j and φ′g,j are independent and identically distributed
uniform random variables over the interval [0, 2π ), ∀g, j.

Superimposing Fig. 2 and Fig. 4 (or Fig. 5), we observe
that signals arriving at the BS of interest from co-cells 1 and
2 reach the antenna radiation pattern at the G1(ϕ) gain region.
Signals from co-cells 4 and 5 arrive at the G2(ϕ) gain region
and signals from co-cells 3 and 6 reach regions where the
antenna gain is of the type G1(ϕ) or G2(ϕ).

Without loss of generality, co-cells j = 1, 3 and 6 are used
as examples in the following analysis. First, let us determine
ϕj. For this, consider Fig. 7 and Fig. 8, where B0 is the BS of
interest and Bj is the BS of co-cell j. Using (4), we can find
that the angle ω(r, θ, j) in these figures is given by

ω(r, θ, j)=cos−1

 D+r cos
[
θ−�− (j−1)π3

]√
D2+r2+2Dr cos

[
θ−�− (j−1)π3

]
.

(19)

In Fig. 7 and Fig. 8, ψj is the angle formed by the line
connectingB0 and the BS of the j-th co-cell and the horizontal
axis. This angle is ψj = �+ (j− 1)π/3,∀j. In addition, ϑj is
the angle formed by the line connecting B0 and the interferer
in the j-th co-cell and the horizontal axis. For the specific case
of co-cell j = 1, the angle ϑj is obtained as

ϑ1 =

ψ1 − ω(r, θ, 1), 0 ≤ θ ≤ �

ψ1 + ω(r, θ, 1), � < θ ≤
2π
3
.

(20)

FIGURE 7. Geometric parameters for co-cell 1.

As a consequence, considering the 0 radians reference of
Fig. 2, the random angle ϕj, for j = 1, is given by

ϕ1 =

−�+ ω(r, θ, 1)+
π

3
, 0 ≤ θ ≤ �

−�− ω(r, θ, 1)+
π

3
, � < θ ≤

2π
3
.

(21)

In (21), the interval limits for θ define the values for θ1 and θ2,
which are used in (17). Similar procedure can be performed
for the other co-cells. Table 2 indicates the angle ϕj for the
j-th co-cell and the θ interval.

The next step is to find the integration intervals of θ and r
in (17), i.e., [θ1, θ2] and [r1, r2], respectively, for each co-cell.
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FIGURE 8. Geometric parameters for co-cell 3 considering that
Rs ≤

√
3R/2.

TABLE 2. Angle ϕj as a function of j and the θ interval.

CCI from co-cell j = 1, that affects the sector of interest
inner region, is generated by the outer region of this co-cell.
From Fig. 7, the integration interval for r is [Rs,R] because
the interferer is in the outer region of this co-cell. In the figure,
notice also that the antenna gain is always G1 for the CCI
arriving from this co-cell, thus, k = 1 is used in (17).
The outer region of co-cell j = 3 also produces CCI for the

inner region of the sector of interest. In this case, the integral
defined in (17) is calculated in some intervals, which depend
on the value of Rs. This is explained in the following. Fig. 8
shows the scenario for Rs ≤

√
3R/2. Specifically,

√
3R/2

is the radius of the circle inscribed in the hexagon, that is, its
apothem. In this figure,4 ℘3(θ ) is the line segment connecting
BS B3 and the line `1. The segment length is a function
of θ . Observe in the figure that for 0 ≤ θ ≤ π/3, the first
integration interval for r is ℘3(θ ) ≤ r ≤ R and the antenna
gain is G1, hence, k = 1. The second integration interval
for r is Rs ≤ r ≤ ℘3(θ ). In this case, the same θ interval
is considered and the antenna gain is G2, that is, k = 2.
Finally, for π/3 ≤ θ ≤ 2π/3, the integration interval for
r is Rs ≤ r ≤ R.
From the previous analysis, our aim now is to find the

length of the line segment ℘3(θ ). Assume that B0 is a point in
the plane with coordinates (0, 0). Then, due to the hexagonal
geometry, B3 is a point with coordinates (−

√
3D/2,D/2).

4The subscript 3 in ℘ and in the other variables refers to co-cell 3.

In addition, the line `1 passes through the point (0, 0) and
has a slope tan(2π/3) = −

√
3. Consequently, the equation

of this line is `1 : y = −
√
3x. On the other hand, the line

passing through the segment ℘3(θ ) has a slope that depends
on θ , specifically, its slope is tan(θ). Hence, the equation of
this line is `2 : y = x tan(θ )+ D[1+

√
3 tan(θ)]/2. Solving

the system formed by `1 and `2, we can get the coordinates
of point P3, that is, xP,3 and yP,3 (Refer to Fig. 8).

Finally, the length of ℘3(θ ) is given by the distance
between P3 and B3, that is,

℘3(θ ) =

(xP,3 + √32 D

)2

+

(
yP,3 −

D
2

)2
1/2

, (22)

with xP,3 = −Dζ3(θ )/2, and yP,3 =
√
3Dζ3(θ )/2, where

ζ3(θ ) =
[√

3 tan(θ)+ 1
] [√

3 + tan(θ )
]−1

. (23)

Fig. 9 shows co-cell 3 in the scenario where Rs >
√
3R/2.

In order to define the integration intervals for the CCI calcula-
tion, the angles χ3,1 and χ3,2, which are shown in this figure,
must be determined. These angles can be found from the
slopes of lines `3 and `4, respectively. In order to determine
these slopes, the intersection points of the circumference C3
and the line `1 should be found. Carrying out this procedure,
it is possible to obtain that

χ3,a = tan−1


√
3
[
1+ (−1)a

√
4(Rs/R)2 − 3

]
3− (−1)a

√
4(Rs/R)2 − 3

 , (24)

FIGURE 9. Geometric parameters for co-cell 3 considering Rs >
√

3R/2.

for a ∈ {1, 2}. From the above analysis and fromFig. 9, notice
that the integration intervals of (17) in this scenario are those
indicated in Table 3.

The analysis of co-cell 6 is similar to that of co-cell 3.
In particular, the interference reaching the sector of interest
inner region comes from the inner region of co-cell 6. For
Rs ≤

√
3R/2, the double-integral of (17) is computed in

the intervals [0, 2π/3] and [R0,Rs] for θ and r , respectively.
On the other hand, for Rs >

√
3R/2, the analysis is more
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TABLE 3. Integration intervals for (17) considering the CCI generated in
the outer region of co-cell 3 when Rs >

√
3R/2.

complex. For this, consider Fig. 10, where ℘6(θ ) is a line
segment with length

℘6(θ ) =

(xP,6 − √32 D

)2

+

(
yP,6 +

D
2

)2
1/2

, (25)

where xP,6 = −D
{√

3+ [tan(θ )]−1
}
/2 and yP,6 = 0.

Moreover, the angles χ6,1 and χ6,2 are obtained from

χ6,a = (a− 1)π+tan−1

(−1)a−1 (4
3
R2s
R2
− 1

)− 1
2

, (26)

for a ∈ {1, 2}. From Fig. 10, the integration intervals of (17)
for co-cell 6 are those indicated in Table 4.

FIGURE 10. Geometric parameters for co-cell 6 considering Rs >
√

3R/2.

TABLE 4. Integration intervals for (17) considering the CCI generated in
the inner region of co-cell 6 when Rs >

√
3R/2.

The analysis for co-cells 2, 4 and 5 does not depend on Rs.
From the results of Tab. 2 and doing an analysis similar to that
performed previously, the term E[rβj d

−β
j G(ϕj)] used in (16)

can be calculated for all 6 co-cells, i.e., for j = 1, 2, . . . , 6.
Table 5 shows how these terms are calculated using the
function 9(·), defined in (17), based on the Rs range.

FIGURE 11. PDF of the CCI amplitude that affects the inner region of the
sector of interest parameterized by the antenna radiation pattern and Kc ,
employing β = 4, R0 = 20 m, Rs = 800 m and R = 1000 m and
Pt = 23 dBm.

B. CCI VARIANCE FOR THE OUTER REGION OF THE
SECTOR OF INTEREST
From Subsection III-A, the frequency sub-band B1 is used in
the analysis of the outer region of the sector of interest.

The CCI reaching the sector of interest outer region comes
from all co-cells inner regions. Thus, superimposing Fig. 2
and Fig. 4 (or Fig. 5) and considering that Rs ≤

√
3R/2,

notice that the interference from co-cells 1 and 2 reach the
BS antenna pattern at the G1(ϕ) gain zone. On the other hand,
the interference from co-cells 3, 4, 5 and 6 arrive at the G2(ϕ)
gain zone. Additionally, due to the geometry, the angles ϕj
for the outer region are the same indicated in Table 2. Conse-
quently, the integration intervals of θ , in (17), are known for
each co-cell. Besides, as the CCI of the sector of interest outer
region comes from all co-cells inner regions, the integration
interval of r for all co-cells is [R0,Rs].
On the other hand, for Rs >

√
3R/2, the analysis changes

only for co-cells 3 and 6. From Fig. 9, the integration intervals
of (17), for co-cell 3, are those indicated in Table 6. For co-cell
6, the analysis is the same of the previous subsection, where
the integration intervals are those shown in Table 4.

By the above, the terms E
[
rβj d
−β
j G(ϕj)

]
, used in (16),

can be easily calculated. Table 7 shows how these terms are
obtained using (17) based on the Rs range.

To validate our analysis, Fig. 11 shows the PDF of the
CCI affecting the sector of interest inner region parameterized
by the antenna and by Kc. The analytical radiation patterns
of Fig. 4 and Fig. 5 are used in Fig. 11a and Fig. 11b,
respectively. Besides, we used β = 4, R0 = 20 m, Rs =
800m, R = 1000 m and Pt = 23 dBm5 and only the CCI
in-phase component is considered. Theoretical PDFs have
been plotted using the PDF of a zero-mean Gaussian random

5The maximum transmission power of Long Term Evolution (LTE) class-
3 terminals is 23 dBm [48].
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TABLE 5. Calculation of the term E
[
rβj d−βj G(ϕj )

]
for the j-th co-cell considering the inner region of the sector of interest.

TABLE 6. Integration intervals for (17) considering the CCI generated in
the inner region of co-cell 3 when Rs >

√
3R/2.

variable with variance6 σ 2
c /2, where σ

2
c is obtained from (16).

By the central limit theorem [44], the CCI received amplitude
can be approximated by a Gaussian random variable. This
approximation is adequate for any Kc and for any antenna.
Although two commercial antennas have been considered

in the analysis, the antenna selection depends exclusively
on coverage planning. Thus, one antenna is not better than
another, that is, network planners choose the antenna based
on coverage requirements and on allowed interference levels.

V. PERFORMANCE ANALYSIS
The system performance is evaluated in this section in terms
of the mean BER and the mean cellular spectral efficiency.

6The variance is divided by 2 because only the in-phase component of the
CCI amplitude is considered.

A. MEAN BIT ERROR RATE
An exact mean BER expression is derived in this subsection.
Then, a closed-form upper-bound is also obtained.

Let S denotes the signal received at the BS of interest from
the k-th user, i.e., the target user, into the sector of interest.
Hence, the instantaneous SNIR of the g-th combiner branch
can be written as

γg =
S2

2(σ 2
n + σ

2
c )
=

Ptsk
8(σ 2

n + σ
2
c )
α2g,k , (27)

with S =
√
Ptskαg,k/2, where sk is the symbol transmitted

by the target user, αg,k is the instantaneous fading amplitude
affecting the g-th signal replica and the factor 1/2 appears due
to the modulation/demodulation process. Moreover, σ 2

n and
σ 2
c are the noise and CCI variances, respectively. Once αg,k

is a Rice random variable with PDF given by (8), the MGF of
the random variable γg is given by

8γg (s) = exp

(
µ2
g1s

1− 2σ 21s

)(
1− 2σ 21s

)−1
, (28)

with

1 =

2
3
Pc

6∑
j=1

E
[
rβj d
−β
j G(ϕj)

]
+
N0

Eb

1
log2M


−1

, (29)

TABLE 7. Calculation of the term E
[
rβj d−βj G(ϕj )

]
for the j-th co-cell considering the outer region of the sector of interest.
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where (9), (10), (12) and (16) were employed. In addition,
we have used that E[s2k ] = σ

2
s = 1, that the received energy

per symbol is Es = PtTs/2 and that the received energy per
bit is Eb = Es/ log2M , whereM is the modulation order.

For MRC, the total received SNIR is obtained as 0 =∑G
g=1 γg [8]. Therefore, it is straightforward to show that the

MGF of the random variable 0 is

80(s) =
G∏
g=1

8γg (s), (30)

where 8γg (s) is given by (28).
From the results of [49, Eqs. (14), (16)] and [50,

Section 5.1], it is possible to determine that the exact mean
BER of a system employing MRC and M-QAM is given by

Pb =
2

√
M log2

√
M

log2
√
M∑

`=1

(1−2−`)
√
M−1∑

κ=0

(−1)

⌊
κ2`−1
√
M

⌋

×

(
2`−1−

⌊
κ2`−1
√
M
+
1
2

⌋)
1
π

∫ π/2

0
80

(
−

νκ

sin2 x

)
dx︸ ︷︷ ︸

I

,

(31)

where

νκ =
3(2κ + 1)2

2(M − 1)
. (32)

Unfortunately, I has no closed-form for our scenario. Nev-
ertheless, an upper bound for this integral is obtained in
Appendix. Hence, from (46) and (47), the upper-bound of the
mean BER for our system model is given by

Pb ≤
2

√
M log2

√
M

log2
√
M∑

`=1

(1−2−`)
√
M−1∑

κ=0

(−1)

⌊
κ2`−1
√
M

⌋

×

(
2`−1 −

⌊
κ2`−1
√
M
+

1
2

⌋)
exp

− mκ
1+ mκ

G∑
g=1

Kg


×

(
1− ρκ

2

)G G−1∑
j=0

(
G− 1+ j

j

)(
1+ ρκ

2

)j
, (33)

where

mκ = 2σ 21νκ , (34)

and

ρκ =

√
mκ

1+ mκ
. (35)

In (29), notice that as the Eb/N0 ratio tends to infinity,
then 1 does not depend on this parameter anymore, once
N0/Eb tends to zero. Therefore, as (31) and (33) depend
on1, we conclude that, at high SNR, the system performance
presents a BER floor. The accuracy of all the analysis carried
out previously is verified in the next section.

B. MEAN CELLULAR SPECTRAL EFFICIENCY
In this subsection, an expression to calculate themean cellular
spectral efficiency, ξ , is presented. For this, it is assumed the
system does not operate when it is not able to guarantee a
target BER, Pb,T, i.e., if Pb > Pb,T, the system is in outage.

The cellular spectral efficiency calculation is based on the
coverage area that can be provided for each modulation [43].
The pseudocode used to calculate the coverage radius7 for
each modulation is presented in Algorithm 1, where Rb
denotes bit rate, which according to the Nyquist theorem is
Rb ≤ Bs log2M , where Bs is the subcarrier bandwidth.

In the algorithm initial stage, some parameters are set
according to the sector region to be evaluated. The inputs
are the target BER, Pb,T, the UEs maximum transmission
power, Pt,M, the noise power spectral density, N0, and the
bandwidth and power increase factor due to the cyclic prefix
employed by the OFDMA system, which is written as

ε = 1+
Lp
L
, (36)

where Lp is the number of cyclic prefix samples and L is
the total number of subcarriers in the OFDMA system. The
algorithm also requires Ri and Rf, which are respectively
equal to R0 and Rs for the inner sector region, or respectively
equal to Rs and R for the sector outer region. Additionally,
m is set to the highest order modulation (in the Algorithm 1:
M1 > M2 > M3 > . . . ). Furthermore, the value of δ1 is an
Eb/N0 increment, δ2 is an increment of the distance between
a user and its serving BS, r , that is given in meters and ` is an
auxiliary variable.

Algorithm 1 Coverage Radius Calculation for Each
Modulation
Input: Pb,T,Pt,M,N0, ε,Ri,Rf, δ1, δ2
1: r = Ri
2: for m = M1,M2,M3, . . . do
3: Obtain 1 as a function of Eb/N0 employing (29)
4: Pb = Pb,T, Eb/N0 = 0, ` = 0
5: while Pb ≥ Pb,T or Pb − ` 6= 0 do
6: ` = Pb
7: Evaluate (33) with the current value of Eb/N0
8: Eb/N0 = Eb/N0 + δ1
9: end while

10: if Pb ≤ Pb,T then
11: Pr = N0RbEb/N0, Pt = 0
12: while r ≤ Rf or Pt ≤ Pt,M do
13: r = r + δ2, Pt = εPrrβ

14: end while
15: end if
16: Rm = r
17: end for
Output: RM1 ,RM2 ,RM3 , . . .

7The coverage radius is the maximum distance from the BS that a target
BER can be guaranteed for a certain modulation.
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The algorithm first calculates 1, given by (29), which
is a function of Eb/N0 (step 3). Then, Eb/N0 is obtained
recursively from (33) (steps 5 to 9). As previously said,
the BER presents floors that cannot eliminated by increasing
Eb/N0. Thus, if Pb,T is not reached, or if a floor is detected,
a lower order modulation is used. These aspects are validated
in lines 5 and 10 of the algorithm. If all modulations have
not been used yet, the modulation order is decreased and a
new Eb/N0 is obtained for this modulation. If Pb,T is reached,
the received power at the BS is obtained in step 11. In order
to determine the coverage radius for the current modulation,
r is varied from Ri to Rf with δ2 increments. The power
transmitted by a UE is calculated in step 13, where the factor
rβ appears due to the power control. If for a given r , Pt ≥
Pt,M, that value of r is the coverage radius for the current
modulation, i.e., Rm = r . Thus, Rm is the coverage radius
for the modulation of order m ∈ {M1,M2,M3, . . .}. If all
modulations have been used or if r ≥ Rf, the algorithm ends.
The outputs are the coverage radii for all modulations. For
a better understanding, consider Fig. 12, where Ri,M` and
Ro,M` are the cell coverage radii with modulationM` for the
inner and outer regions, respectively.

FIGURE 12. Cell coverage radii of the modulation schemes.

The computational complexity of Algorithm 1 depends on
Pb,T, δ1, δ2, and the number of modulations. However, this
is not a real time algorithm, consequently, its execution time
does not affect the system performance.

In the mean cellular spectral efficiency calculation,
we assume that all cell sectors are affected by the same levels
of CCI. In this case, ξ can be defined by the ratio between the
total mean bit rate per cell and the total system bandwidth.
Hence, for the SFR scenario we have that

ξ =
Rb,i + Rb,o

εB
, (37)

where B is the bandwidth for data transmission. As a conse-
quence of the cyclic prefix, the total system bandwidth is εB,
where ε is defined in (36). Besides,Rb,i andRb,o are themean
bit rate of inner and outer cell regions, respectively. From the
Nyquist theorem and by the random positioning of the users,

these mean bit rates are respectively given by

Rb,i = Ui

∫ Rs

R0
Bs log2M (r)f (r;R0,Rs) dr, (38)

and

Rb,o = Uo

∫ R

Rs
Bs log2M (r)f (r;Rs,R) dr, (39)

where Ui and Uo denote the total number of users of the inner
and outer regions of each cell, respectively. Further, M (r) is
the modulation order as a function of the distance between
the UE and its BS, and the PDF f (r;Ri,Rf) is given by (2).

As users are uniformly distributed in the cell area, the num-
ber of users in each cell region is proportional to its area.
Besides, we consider that all OFDMA subcarriers are used,
i.e., L = Ui + Uo and that B = LBs. Moreover, for a cellular
system employingM modulations, the integrals of (38), and
(39) can be separated as the sum ofM integrals, where their
integration limits are given by the coverage radius of each
modulation. Hence, from (2), (38), and (39) and the above
considerations, the mean cellular spectral efficiency of (37)
can be rewritten as

ξ =
1

ε(R2 − R20)G

M−1∑
`=0

(
R2

i,M`+1 − R2
i,M`

)
log2M`+1

+

M−1∑
`=0

(
R2

o,M`+1 −R2
o,M`

)
log2M`+1

 , (40)

whereRi,M0 = R0 andRo,M0 = Rs. The factor 1/G appears
because users transmit the same symbol on G radio channels
in order to obtain diversity.

VI. NUMERICAL RESULTS AND DISCUSSIONS
In this section, the system performance is evaluated via
numerical results. For this purpose, unless otherwise stated,
it is considered that R0 = 20 m, R = 1000 m, H = 1/3,
β = 4 and 2σ 2

= 1, that is, the mean power of the non-line-
of-sight (NLOS)multipaths has been normalized. In addition,
the vector K = [K1,K2, . . . ,KG] represents the Rice shape
parameters for the G diversity branches.

A. MEAN BIT ERROR RATE
The mean BER is evaluated in this section employing the
derived expressions in some representative scenarios. Monte
Carlo simulations verify their accuracy.

Fig. 13 shows the mean BER as a function of Eb/N0 for
both inner and outer regions of the sector of interest, param-
eterized by K and using the antenna radiation pattern A, 16-
QAM and Pc = 1. In particular, K = [5], K = [5, 7] and
K = [5, 7, 9] imply G = 1, 2 and 3 branches, respectively.
The vectors K were chosen arbitrarily. Notice the accuracy
of the exact BER expression with the simulation results and
that the upper-bound is quite close to the exact BER. Observe
also that as the diversity order increases, the CCI effects
are mitigated and therefore, the BER decreases. However,
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FIGURE 13. BER as a function of Eb/N0 for both regions of the sector of
interest, parameterized by K and considering the antenna radiation
pattern A, 16-QAM and Pc = 1 in scenarios with G = 1,2 and 3.

as indicated at the end of Section V, there are floors in the
BER curves, which are caused by the CCI. These floors
appear at higher BER for the inner region. For the sector of
interest outer region, the interferers are located only at the
inner region of the co-cells. Thus, as these interferers are
close to their BS, they transmit with low power. On the other
hand, for the sector of interest inner region, some interferers
are in the inner region of some co-cells, but other interferers
are in the outer regions. Hence, these interferers use high
transmission power, once they are further away from their BS.
This produces a high CCI variance.

The next figure is similar to the previous one, once the
same parameters are considered, except that Fig. 14 shows
only scenarios with G = 2. In this figure, we can observe the
impact that the values ofKg have on the system performance.
When the power of the LOS component increases, the CCI
effects are reduced. For this reason, the scenario with K =
[7, 9] presents the best performance. As example, compare
the BER curves for K = [5] in Fig. 13 with the curves for
K = [0, 1] in Fig. 14. Notice that the first scenario, despite
having diversity order 1 (or no diversity), presents better
performance than the second scenario, where the diversity
order is 2. This is due to the high ratio of the LOS path power
to the NLOS multipaths power of the first scenario. This can
be evidenced in (33), where although the diversity order G
influences on the system performance, it is also important that
the sum of the Kg factors is a high value to ensure a lower
BER. Finally, observe that the derived BER upper-bound is
more accurate when this sum of Kg factors is small. Despite
that, the upper-bound is quite accurate for all scenarios.

Fig. 15 shows the mean BER as a function of Eb/N0 for
both regions of the sector of interest, parameterized by the
modulation order (4-QAM, 64-QAM and 256-QAM) and
considering the antenna patternA,K = [3, 5, 7], i.e.,G = 3,
and Pc = 1. As expected, as the modulation order increases,
the BER also increases for the same Eb/N0. Thus, a higher
modulation is more susceptible to the effects of CCI. How-
ever, based on previous results, if the LOS component power

FIGURE 14. BER as a function of Eb/N0 for both regions of the sector of
interest, parameterized by K and considering the antenna radiation
pattern A, 16-QAM and Pc = 1 in scenarios with G = 2.

FIGURE 15. BER as a function of Eb/N0 for both regions of the sector of
interest, parameterized by the modulation order and considering the
antenna radiation pattern A, K = [3,5,7] and Pc = 1.

is high, then acceptable BER can be achieved for a given
telecommunication application. This figure also evidences
that the derived upper-bound is more accurate for low order
modulations. Nevertheless, it is still tight for evaluating the
BER of high order modulations, like 256-QAM.

Fig. 16 shows the BER as a function of Pc for both inner
and outer regions of the sector of interest, parameterized
by the antenna radiation pattern, for Eb/N0 = 30 dB,
64-QAM andK = [2, 4, 6, 8], that is, the diversity order is 4.
In particular, the analytical radiation patterns of Fig. 4 and
Fig. 5 were considered. From (16), it is known that the CCI
variance is proportional to Pc. Hence, in Fig. 16, note that
as Pc increases, the mean BER also increases. By comparing
the results of both antennas, note that the BER of antenna
A is lower than that of antenna U for both cell regions.
More specifically, the first antenna greatly attenuates signals
outside the sector of interest, but the second antenna does
not significantly attenuate undesirable signals from regions
outside the angle interval [−π/3, π/3]. Obviously, the cost
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FIGURE 16. BER as a function of Pc for both regions of the sector of
interest, parameterized by the antenna radiation pattern and considering
Eb/N0 = 30 dB, 64-QAM and K = [2,4,6,8].

of reducing CCI is related to a smaller coverage area, since
a more directive antenna is used. Consequently, one antenna
mitigates CCI better than another, but at the cost of coverage.

Fig. 17 shows the mean BER as a function of the path-loss
exponent, β, for both regions of the sector of interest, param-
eterized by the approach used to model non-ideal sector-
ization and by considering Eb/N0 = 30 dB, 64-QAM,
K = [1, 3, 5, 7, 9], i.e., G = 5, and Pc = 3. The pro-
posals of [38]–[40] were considered together with our pro-
posal (antenna pattern U). Thus, the non-ideal sectorization
approaches of Fig. 3 and Fig. 4 are used. From (11), a higher
β value means that the received power decays faster with
the distance r . Therefore, as β increases, the BER decreases
because the CCI power decreases. In the approach of [39], as v
increases, more CCI is captured by the antenna and the BER
increases. In this case, the BER of the inner region is greater
than that of our proposal for both values of v. This is due to
the CCI from the outer region of co-cell 3 (refer to Fig. 2)
is not attenuated when non-ideal sectorization is modeled

FIGURE 17. BER as a function of β for both regions of the sector of
interest, parameterized by the approach to model non-ideal sectorization
and considering Eb/N0 = 30 dB, 64-QAM, K = [1,3,5,7,9] and Pc = 3.

by a directive antenna having an additional opening angle
that adds to the angle at which the sector is defined. In fact,
CCI from the outer region of co-cell 3 is high because the
interferer is far away from its serving BS and consequently,
must transmit with high power. On the other hand, the outer
region BER obtained with the proposal of [39] for v = π/36
rad is smaller than that obtained with our proposal. This is
because the additional opening angle excludes all interference
from co-cells 3 to 6. For v = 5π/36 rad, the mean BER
increases because the CCI from co-cells 3 and 6 is also
included. As this CCI is not attenuated, the BER is higher
than that of our proposal. Finally, the approach used in [38]
and [40] yields the lowest BER for both cell regions. This is
due to the backside lobe used in this approach, that greatly
attenuates the interference from co-cells 4 and 5. In addi-
tion, unlike the proposal of [39], in which interference from
co-cells 3 and 6 is not attenuated as v increases, the radiation
pattern presented in [38] greatly attenuates this interference
and for this reason, it yields to a lower BER. Thus, in some
cases, other proposals presented in the literature yield overly
optimistic or pessimistic BER results, but we would like to
clarify that our proposal is the most similar to real antenna
radiation patterns.

All the previous scenarios consider H = 1/3, that is,
the cell outer region area is one-third of the total cell area.
However, in order to observe the effects of the reuse radius,
Rs, on the performance, we now consider some scenarios
where H is different for each co-cell. In this paper, we focus
on a target user performance by considering that there is
always an interferer in each co-cell. Hence, this scenario is
maintained in the following analysis despite that channel allo-
cation within cells regions may change since Rs is modified.
Thus, this is the worst case scenario.

By the above, Fig. 18 shows the BER as a function of
Eb/N0 for both regions of a sector, parameterized by the
scenarios of Table 8 and considering the antenna radiation
pattern U , K = [3, 5, 7] and Pc = 2. In this table, for
Hj = 1/2, Hj = 1/3 and Hj = 1/4, from (1) the ratio Rs/R
is 0.707, 0.816 and 0.866, respectively. Based on the BER
curves, the first scenario presents the worst performance,
while the third scenario ensures the best performance for
both sector regions. In this scenario, the inner region area of
even co-cells is reduced. For both cell regions, there are less
CCI levels from these co-cells, when compared to scenario 1,
since interferers are close to their BSs and consequently,

TABLE 8. H for the j-th co-cell for each scenario presented in Fig. 18.
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FIGURE 18. BER as a function of Eb/N0 for both regions of the sector of
interest, parameterized by the scenarios of Table 8 and considering the
antenna radiation pattern U , K = [3,5,7] and Pc = 2.

they employ low transmission powers. The second scenario
is superior to the first scenario but inferior to the third one
for the inner region. In this case, the inner region area of
odd co-cells is reduced, consequently, the outer region area
of these co-cells is increased. The CCI affecting the sector of
interest inner region is reduced because interferers in outer
regions of odd co-cells may be closer to their service BS,
therefore, on average, they use lower power levels when
compared to scenario 1. However, the CCI reduction, and
consequently, the BER improvement is not as great as in sce-
nario 3 because interferers in outer regions always transmit
with higher power than those in inner regions. On the other
hand, due to hexagonal symmetry, the sector of interest outer
region in scenario 2 has exactly the same performance as
the outer region in scenario 3. Scenario 4 considers arbitrary
values of H for the co-cells. This scenario and the previous
ones show that the derived expressions are quite accurate
with the simulation results. In particular, the fourth scenario
presents the second best performance for the inner region and
the third best performance for the outer region. Finally, notice
that modifying Rs in the co-cells affects to a greater extent
the performance of the users in the outer region. In fact, this
happens because these users are the most susceptible to CCI.

B. MEAN CELLULAR SPECTRAL EFFICIENCY
The mean cellular spectral efficiency is evaluated in this
subsection employing Algorithm 1 and (40). For this, we use
some parameters of the LTE standard [52]. An OFDMA
system is evaluated with L = 1200 subcarriers, each with
Bs = 15 kHz, Lp = 95 samples, Pt,M = 23 dBm, and
N0 = −174 dBm/Hz.We also assume that the RicianK factor
may change as UE moves away from their serving BS. Thus,
the shorter the distance between them, the greaterK is. At the
edge of the cell it is more likely that K = 0, once there is
NLOS between the BS and an UE.

By the above, we have established three intervals for the
distance between an UE and the BS. If there is diversity

of order G, then G Rician K factors are assigned to each
interval. In our analysis, we have also assumed that Pc = 1,
that is, co-cell interferers have NLOS with the BS of interest.
Moreover, as R0 = 20 m, R = 1000 m and H = 1/3, then
Rs = 816.6 m. In addition, the 3 different scenarios shown
in Table 9 are considered. Notice that scenarios X, Y and Z
employ G = 2, G = 3 and G = 4, respectively. Finally,
it is considered that the cellular system employs 4-QAM,
16-QAM and 64-QAM.

Fig. 19 shows the normalized coverage radius for each
modulation used in the system as a function of the target BER,
Pb,T, parameterized by the scenarios shown in Table 9. These
results are obtained employing the Algorithm 1. Observe that
for Pb,T = 10−3, the system uses 16-QAM and 64-QAM
throughout the cell. As example, in scenario Z, the system
uses 64-QAM in almost all inner cell region and in all outer
region. Without sectorization and SFR, this would not be
possible due to high CCI levels. On the other hand, as Pb,T
is reduced, the cellular system must employ lower order
modulations in order to ensure the target BER for all UEs.
Notice that the cellular system cannot ensure Pb,T = 10−6

in the outer cell region for scenario X. This occurs because
this scenario presents the lowest diversity order (G = 2)
and therefore has less immunity to fading and interference.
In addition, observe that forPb,T of 10−5 or 10−6, UEs cannot
employ 64-QAM in any cell region.

FIGURE 19. Normalized coverage radius for each modulation as a
function of Pb,T for scenarios of Table 9.

TABLE 9. Rician K factors as a function of the distance between UEs and
their BS, r , for three different scenarios.

Fig. 20 shows the mean spectral efficiency obtained for
the scenarios of Table 9, which is calculated using the cov-
erage radii of Fig. 19 and (40). As the Pb,T is reduced,
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FIGURE 20. Mean cellular spectral efficiency as a function of Pb,T for
scenarios of Table 9.

ξ decreases because UEs must use lower order modulations.
For Pb,T = 10−3, 10−4 and 10−5, scenario X presents the
best spectral efficiency because the lowest diversity order
is employed and despite this, the target BER is guaranteed.
In this work, frequency or time diversity are assumed, which
represent loss in spectral efficiency at a cost of improving
the system performance. On the other hand, notice that for
Pb,T = 10−6, the scenario Y presents the best spectral
efficiency. In this case, scenario X no longer guarantees the
target BER in the outer cell region and therefore, it does not
have the best spectral efficiency. Moreover, note in Fig. 19
that for this value of Pb,T = 10−6, the Y and Z scenarios
use the same modulations. However, scenario Y has better
spectral efficiency because it uses a lower diversity order.
By the above, the algorithm and the proposed expressions
can be used to determine scenarios that maximize the system
spectral efficiency under different configurations.

VII. CONCLUSIONS
The performance of non-ideal sectorized OFDMA cellular
systems was analyzed assuming that SFR and power control
are used to reduce CCI levels. Non-ideal sectorization was
emulated taking as a reference the radiation pattern of real
antennas. The channel assumed path-loss and Rician fading.
In order to counteract the fading effects, a MRC stage was
used in the receiver at the BS. The fading affecting the signals
of the diversity branches are characterized because they have
different Rician K factors, this is, unbalanced diversity.
The analysis showed that the CCI received in each branch

can be modeled as a zero-mean Gaussian random variable
whose variance depends mainly on the cell region a target
user is located. An exact expression to calculate the CCI
variance was derived. From this analysis, we observed for
the SFR scenario, that outer region users are less affected by
CCI than inner region users when the same Rician K factors
are assumed in the fading channel. An exact single-integral
expression to calculate the mean BER of a target user was
derived. Then, a closed-form upper-bound expression was

obtained, which is tight to the exact BER in all the SNR
regimes and even for high order modulations. Unlike expres-
sions of [13], where first is necessary to determine some
parameters related to the constellation decision boundaries,
our expressions can be used directly for any square M-QAM.

An algorithm that calculates the coverage radius for each
modulation of the analyzed system was presented. which can
be used for dimensioning or/and analyzing cellular systems,
as long as BER expressions are available. Its computational
complexity may vary from scenario to scenario. However,
as it is an analytical tool, its execution time is not related
to the system performance. In addition, an expression that
evaluates the cellular spectral efficiency was obtained, which
allows to analyze scenarios that maximize ξ and guarantee
a target BER in both cell regions. From the results, it was
observed that the number of diversity branches, the sum of the
K factors of these branches, and the antenna type are decisive
to guarantee the target BER and to maximize ξ .
Two commercial antennas were used as reference to

emulate imperfect sectorization. However, in practice, any
antenna can be chosen based on network planning. In fact,
our proposal allows any directive antenna to be used in the
proposed system model. We compared our imperfect sec-
torization approach with other proposals in the literature.
Results showed that other proposals may be too optimistic
or pessimistic because they do not resemble the radiation
pattern of a real antenna. Although the analysis was made
considering cells divided into three sectors, it can be easily
modified for scenarios with more than three sectors.

For the proposal presented in this work, it is necessary to
know the Rician K factor for each diversity branch, which
is a problem of channel estimation. However, some recent
techniques have been proposed to estimate these factors in
different scenarios [53]–[56]. Finally, aspects such as imper-
fect CSI and correlated fading between diversity branches
were not considered in our proposal. Hence, they are inter-
esting extensions for future investigation. Besides, as non-
ideal sectorization using SFR was analyzed for the first time,
a cellular scheme based on hexagonal and circular geometries
was used as a first approach in this paper. Thus, non-ideal
sectorization of random cellular networks based on Voronoi
tessellation [57] is also an interesting option for future work.

APPENDIX
UPPER-BOUND FOR THE INTEGRAL I
An upper-bound of the integral I, defined in (31), is obtained
in this appendix.

From (28), (30) and (31), I is rewritten as

I =
1
π

∫ π/2

0
f (x)dx, (41)

where f (x) = f1(x)f2(x), and f1(x) and f2(x) are defined
respectively as

f1(x) =

[
sin2(x)

sin2(x)+ mκ

]G
, (42)
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f2(x) =
G∏
g=1

exp

(
−

0νκµ
2
g

sin2(x)+ 2σ 20νκ

)

= exp

− mκ
sin2(x)+ mκ

G∑
g=1

Kg

 , (43)

where we have used (9) and mκ is defined in (34)
The primitive of

∫ π/2
0 f1(x)dx can be found. Hence, in order

to obtain an approximation of (41), Taylor series expansion
[51, Eq. (0.318.1)] is used on f2(x). Consequently,

I =
1
π

∫ π/2

0
f1(x)

∞∑
n=0

(x − x0)n

n!
f (n)2 (x0)dx, (44)

where f (n)(x0) is the n-th derivative of f (x) evaluated at x0.
The derivative of order zero of f (x) is f (x) itself. The integrals
of the terms for n > 0 do not have closed-form. Thus, as our
goal is to find a closed-form approximation, we will use only
the first term of the expansion.

Due to the single-term Taylor series expansion, the point
x0 takes an important role in the approximation. In general,
the idea of this series expansion is to evaluate f (x), when x
is very close to x0. This means that the closer x is to x0, less
terms are used to obtain a reliable precision. However, we are
interested in evaluating an integral for 0 ≤ x ≤ π/2. There-
fore, the selection of x0 must follow another criterion. In par-
ticular, we are interested in the worst-case performance of a
telecommunication system. Thus, an accurate upper-bound
performance indicator is an interesting tool. In this sense,
the selection of x0 is motivated by this aspect.

By the above, f (x) can be approximated by

f̃ (x, x0)≈

[
sin2(x)

sin2(x)+mκ

]G
exp

− mκ
sin2(x0)+mκ

G∑
g=1

Kg

 .
(45)

As example, we have chosen two scenarios to show the
behavior of f (x) and its approximation. They are shown
in Fig. 21 as a function of x. The approximations are plotted
for different values of x0. Fig. 21a considers mκ = 4.5 and8

K = [2, 4]. On the other hand, Fig. 21b uses mκ = 3 and
K = [0, 1, 3, 5]. In the figure, note the exact function and the
approximations intersect at x0. Thus, we could find an appro-
priate x0 value from

∫ x0
0 [f̃ (x, x0) − f (x)]dx =

∫ π/2
x0

[f (x) −
f̃ (x, x0)]dx, but, this involves the numerical resolution of the
exact integral, which we want to avoid.

From another point of view, Fig. 21 shows that a
Taylor expansion around x0 = 0 (Maclaurin series
[51, Eq. (0.318.2)]) generates a lower-bound for the integral
calculation. In fact, it may not be precise enough because the
area under the approximate curve is much smaller than that
under the exact curve. In contrast, notice that values of x0
close to π/2 approximate the area under the curve in a better
way. However, depending on the values ofKg andmκ , a same

8We have used the notation K = [K1,K2, . . . ,KG]

FIGURE 21. Approximations for the function f (x) parameterized by x0
considering two different scenarios.

value of x0 can generate a lower-bound or an upper-bound
for the integral. For example, for the scenario of Fig. 21a,
the exact value of I is 2.236×10−3 and the approximate value
with x0 = 3π/8 is 2.271× 10−3. In Fig. 21b, the exact value
of the integral is 3.489× 10−4 and the approximate value of
I with the same value of x0 is 3.179 × 10−4. Hence, having
an expression that behaves sometimes as a lower-bound and
sometimes as an upper-bound is not desirable.

From the previous results, we realize that using x0 = π/2
rad always guarantee an upper-bound for the integral value.
Hence, considering x0 = π/2 rad, the upper-bound for I can
be calculated as

I≤exp

− mκ
1+ mκ

G∑
g=1

Kg

 1
π

∫ π/2

0

[
sin2(x)

sin2(x)+ mκ

]G
dx︸ ︷︷ ︸

L

.

(46)

Therefore, from [50, Sections 9.2.2 and 9.2.3], it is possible
to realize that L has a closed-form expression given by

L =
(
1− ρκ

2

)G G−1∑
j=0

(
G− 1+ j

j

)(
1+ ρκ

2

)j
, (47)

where ρκ is defined by (35). Finally, notice that ifKg = 0,∀g,
I is similar to the well known expression to evaluate the BER
of MRC with BPSK modulation in Rayleigh fading channels
[8, Eq. (14-4-15)].
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