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Abstract—There is a widespread belief that clustering is
inherently subjective. To quote A. K. Jain, “As a task, clustering is
subjective in nature. The same dataset may need to be partitioned
differently for different purposes.”” One is then left with a
number of questions: Where do clustering algorithms account
for statistical properties of the sampling procedure? How can
one address the ability of a clusterer to make inferences without
a definition of its predictive capacity? This work develops a
probabilistic theory of clustering that fully parallels the well-
developed Bayes decision theory for classification, making it
possible to address these questions and transform clustering from
a subjective activity to an objective operation.

1. INTRODUCTION

Clustering algorithms attempt to group objects based on
some notion of similarity, with the hope of gaining some
knowledge about the underlying classes in a problem. But
is anything really inferred when applying these algorithms?
Consider Fig. 1, where several popular clustering algorithms
are applied to a simple mixture of a Gaussian and a ring-
shaped distribution. Performance appears very poor. This is
confirmed in the average error rates provided in Table I (we
will subsequently define error), where we see that the best
performance is achieved by fuzzy C-means with an error
of about 14%. These classical clustering algorithms perform
poorly here because they either make incorrect (implicit)
assumptions about the geometry of clusters (usually that they
are spherical) or they are too sensitive to outliers.

It has been asserted that clustering is inherently subjec-
tive [2]. The definition of clustering is itself not formulated
mathematically, but rather explained subjectively. How can we
address the ability of a clusterer to make inferences without

TABLE I
CLUSTERING ERROR (%) OF ALGORITHMS UNDER THE MIXTURE OF A
GAUSSIAN AND A RING MODEL [1].

Algorithm Error
K-means 18.9

fuzzy C-means 13.97
hierarch. complete  26.59
hierarch., single 46.14
hierarch., average 40.75
random 46.04
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Fig. 1. Clustering point sets of size 50 from a mixture of a Gaussian and
a ring [1]. (a) True labels, (b) K-means (24 errors), (c¢) fuzzy C-means (21
errors), (d) hierarchical with Euclidean distance and complete linkage (18
errors), (e) hierarchical with Euclidean distance and single linkage (49 errors),
(f) hierarchical with Euclidean distance and average linkage (42 errors).

a definition of its predictive capacity [3]? Duda et al. put the
matter clearly, “The answer to whether or not it is possible in
principle to learn anything from unlabeled data depends upon
the assumptions one is willing to accept — theorems cannot be
proved without premises” [4].

This is all in contrast to the probabilistic theory underlying
classification, where given the distributions from which test
points are drawn it is well known how to find the optimal clas-
sifier, and the corresponding minimal error. Even in a practical
setting where the distributions are unknown and training data
are used, there is always a backdrop of objective theory that
serves in understanding fundamental limits of performance,
the tradeoff between cost of constraint and cost of design
when learning, consistency guarantees, and the accuracy of
error estimation.

To date, the only part of this edifice that has been established
for clustering is a probabilistic framework based on random
set theory, including the definition of the error rate, the key re-
alization being that, whereas a classifier operates on a random
variable associated with a feature-label distribution, a clusterer
operates on a random point set associated with a random
labeled point process (RLPP) [5], making clustering theory
inherently more difficult than classification. The development
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in [5] does not go beyond the basic probabilistic model and
operational definitions, and does not provide a representation
of the optimal, or Bayes cluster operator. Moreover, the
modeling problem was left open, with only trivial models
having been considered.

II. BAYES CLUSTERING

In clustering, the objective is to find the best partition of
a point set. It was understood in the original paper [5] that
the Bayes clusterer and Bayes error may be found pointwise,
that is, they are defined for every possible input point set
independently of other point sets. However, it was not realized
that the partition error at point set .S for an arbitrary clustering
algorithm ¢ assigning partition ((S) = Ps can be written in

the form
Z cps,0s P
Qs€Pgs

elS, Ps] = (Qsl5), (D

where Pg is the set of all partitions of S (which we call
reference partitions), cpg o is a fixed deterministic partition
cost for choosing the candidate partition Ps when the true
partition is Qg, and P(Qg|S) is the probability that partition
Qg is the true partition of S. The partition cost in clustering
plays a role analogous to cost in Bayes decision theory for
classification, and the partition error is analogous to the risk
(error) of a given classifier label assignment at a fixed point.

In [5], the definition of error provided was equivalent to (1)
with a partition cost function

1
Cps,0s = — Min

N ¢s€fog

Z Lo (x) 65 (x)5 @

where n is the number of points in S, ¢§ is any fixed
label function inducing Pg, and Go. is the set of all label
functions inducing the partition Qg. A label function is a
mapping from points in S to the set of all labels, L =
{1,2,...,1}, and a label function, ¢5, induces a partition Pg
if Pg = {51,52,...,5} where S; = {x € S|ps(x) = i}.
This definition of cost finds the proportion of points that are
mislabeled in the best possible labeling of S relative to the
labeling ¢¢. It has been shown that this definition of cost is
a valid metric in the space of all partitions of S.

Having defined the partition error, the Bayes clusterer out-
puts the partition R that minimizes the error, i.e., €[S, Rg] <
e[S, Pg] for all Pg € Pg. Provided that P(Qg|S) is available
in a given model and the size of Pg is feasible, the Bayes
clusterer can be found with an exhaustive search. Once the
Bayes partition, Rg, has been found, the Bayes partition
error can be found using (1). This is completely parallel to
classification, where the goal is to find a rule that will assign
an optimal label to an observed object, where optimality is rel-
ative to the expected error of the rule. The duality goes deeper:
Classification involves an feature-label distribution; clustering
involves a random labeled point process. Bayes decision theory
in classification provides exact Bayes classifiers with minimum
expected error relative to known underlying processes. In this
work, for the first time we do the same in clustering.
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III. A GAUSSIAN MODEL

The main theoretical challenge is in determining the parti-
tion probabilities, P(Qs|S), for a given RLPP, which models
probabilistically how points in .S, and their true labels, are
realized. In general, P(Qg|S) can be written in the form

P(QslS) = > P(¢sl9), 3)

¢s€Gog

where P(¢g|S) is the probability that the labeling ¢g of
points in S is the true labeling. This problem has been solved
for several Gaussian models, and here we discuss a class of
Gaussian RLPP models with random means and covariances.

Assume that the true clusters in a point set we wish to
partition are each drawn from Gaussian distributions in a
d-dimensional space with independent unknown means, ;,
and covariances, >;, where 7 € L indexes each of [ groups.
For each cluster define the following hyperparameters: a real
number v; > 0, a length d real vector m;, a real number
ki > d—1, and a positive definite matrix ¥;. Then we assume
Y; is inverse-Wishart distributed,

2 ri+d+1
e

|24

i
2% Ta(%)
where I'; is the multivariate gamma function and, given %;, the
1; have Gaussian distributions with mean m; and covariance
ViZi. With ¥; and p; fixed, each point x € .S, having label 4,
is independent and Gaussian with density f;(x) ~ N (i, 2;).
Under this model, it can be shown that
P(¢s]S) x P(ny,na,...,ng)
l T, (m+ni )
i=1 |Hz+nz‘2|\1/ +\Ij*

f(E:) = exp (—5tr(¥;571))

aw @

where n; is the number of points in cluster S; = {x €
Sl¢s(x) = i}, P(nq,ng,...,n;) is the prior probability of
observing exactly n; points in cluster ¢ for all ¢ € L,

niv; ~

U = (1= DS+ = (= o) (@ =), )

and 1i; and ZA]l are the usual sample mean and covariance for
points that are assigned to cluster .S;.

If we additionally assume there are exactly [ clusters where
all clusters are known to contain the same number of points,
ny =ng = --- = n; = m, then for any partition Qg with the
correct sized clusters, from (4),

1
P(¢s]S) o [ ] 1w + 95

i=1

(6)

The above models assume some information is known about
the means and covariances through use of a proper prior
density. It is possible to carry out a similar derivation using
a RLPP model with improper priors over the means and
covariances, resulting in a generalized Bayes cluster operator.
In particular, set v; = 0 for all ¢, so that the p; have
improper distributions of the form f(u]%;) o |22, and



set ; > —d—1 and ¥; = 0 for all ¢, resulting in an improper

density:
ritdtl
i
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As long at n; > 1 for all ¢ € L, or equivalently as long as
every cluster is known to have at least one point associated
with it so that there are exactly L clusters, P(¢s|S) is still
given by (4) and (6) with U} = (n, — 1)X; for n; > 2 and
¥* = 0 for n; = 1. For instance, if all clusters have exactly
m points and kK] = Kg = -+ = K] = K,

! -
P(s]S) o (Hli-l) : ®)
i=1

Under these assumptions, a labeling ¢s has maximum prob-
ability if the product of the determinant of the sample co-
variance of each cluster is minimized. If n; = 0 for any
i € L, P(¢s|S) cannot be solved, and thus a generalized
RLPP model must assign P(nq,na,...,n;) = 0 for any label
function that assigns no points to one of the labels.

IV. SUBOPTIMAL ALGORITHM

As n grows, the problem of finding the Bayes clusterer
quickly becomes intractable due to the number of partitions
that must be considered. Even overlooking the complexity of
computing the sum in (1) for every partition Pg € Pg, com-
puting the probability P(Qg|S) for all reference partitions can
itself become infeasible. Hence, we must consider suboptimal
algorithms to approximate the Bayes clusterer, the idea being
to constrain the space of candidate and reference partitions to
a subset of partitions representing a high concentration of the
probability mass over all partitions. This boils down to the
problem of identifying partitions that have high probability
without evaluating the probability for every partition. The
methods discussed herein assume that partitions “near” each
other have close probabilities, so that we can search for high
probability partitions by looking at only neighborhoods of
high probability partitions. This tends to be the case for the
Gaussian RLPP model we have introduced. We measure the
distance between two partitions, say P& and P2, by the mini-
mum Hamming distance between labels inducing the partitions
or, equivalently, the scaled partition cost, n x cg (P&, P%), with
cost as defined in (2). We loosely refer to this as the Hamming
distance between partitions.

Algorithm 1 is a greedy method that searches for the highest
probability partition by evaluating the scaled probability of a
seed partition (the right hand side of (4) or (6), ignoring
the scaling factor), evaluating the scaled probability of all
partitions within a closed ball of radius k& centered on the
seed partition for a given fixed integer k£ (call these parti-
tions Q}g, Q%‘, ceey Q? ), identifying the partition among these,
including the seed, with highest probability, and repeating
using the highest probability partition as the new seed until
there is no improvement. This procedure is guaranteed to
converge to a local maximum in a bounded number of steps,
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Data: P§ = seed partition
k = Hamming distance
Result: Pg = local maximum probability partition

1 =0;

po = scaled probability of PY;

repeat
1=1+1; 4
{QL,0%,..., QK} = Neighborhood(PL*, k);

for j =11 K do
‘ qj = scaled probability of Q-g;
end
j* = argmax(qi, g2, . - .
if gj~ > p;_1 then
Ps = Qg
Pi = qj5+;
end
until ¢;- < p;_1;
Ps =P b

Algorithm 1: Search for the maximum probability partition.
Neighborhood(Ps, k) finds all unique partitions in a closed
ball of radius k& centered on a seed partition, Pg.

1 Qs);

since the search is over a finite number of partitions and the
probabilities can only increase. It is also guaranteed to find
the maximum probability partition when k is large enough.
The entire procedure may be repeated a number of times
with different seeds, and a final partition with highest scaled
probability selected.

When the Bayes error is not high, most of the probabil-
ity mass over partitions tends to be concentrated around a
neighborhood of the maximum probability partition. To take
advantage of this, we propose a suboptimal clusterer in which
the set of candidate and reference partitions is constrained
to a closed ball of radius A, a fixed integer threshold, about
a given seed partition, for instance, the partition output by
Algorithm 1. Note & controls the complexity of the maximal
probability partition search in Algorithm 1 and h controls
the complexity of the Bayes partition search. There are two
extremes: If h = 0, then the only reference partition is the
seed partition, so the suboptimal clusterer trivially produces
the seed partition. If h is large enough, then the space of
reference partitions includes all partitions, so no matter what
seed partition is used we produce the exact Bayes partition.
This suboptimal method can be made as accurate as desired
by increasing h.

Approximating the partition error for a given point set is
more difficult than clustering itself. To illustrate, suppose that
the partition error is approximated by considering only the
constrained set of reference partitions, and we approximate
the probability of each reference partition by normalizing the
sum of the scaled probabilities to one. If h = 0, then only
one reference partition is considered, and since the normalized
probability of this partition is 1 (it is the only partition), we
would report an approximate error of zero for this partition. In



fact, the approximate partition error computed in this fashion is
upper bounded by the maximum cost between partitions in the
candidate and reference sets, which is upper bounded by 2h/n
when the candidate and reference sets are both contained in a
ball of radius /. Put another way, we must choose h > F¢&*,
where £* is the partition error, for it to even be possible
to report the Bayes error correctly. In this way, difficult
problems with higher Bayes error require higher computational
complexity, or higher h, for accurate error estimation. The
necessary value of A for accurate error estimation is typically
much larger than that required for accurate clustering.

V. PERFORMANCE

Consider a 2-feature 2-cluster mixture of Gaussians model
with unknown means and covariances. Point sets contain 20
points, 10 points per cluster. Set m; = [0,0], my = [1,1],
141 :1,1/2:2,}{1 :2,:‘{2:3,51 252:0512
These hyperparameters correspond to a proper density over
the parameters of the distributions generating points in .S. An
example of a point set realization of this model is shown
in Fig. 2, along with the result from clustering using the
Bayes clusterer, our suboptimal clustering algorithm (based on
Algorithm 1 with constrained reference partitions) and several
classical clustering methods.

Average partition errors from 500 realizations of point sets
are shown in Fig. 3. Performance graphs are shown for the
Bayes clusterer (Optimal), a suboptimal algorithm constraining
the set of candidate and reference partitions to a neighborhood
of radius h centered on the true maximum probability partition
(Subopt. Pmax), a suboptimal algorithm constraining the set
of candidate and reference partitions to a neighborhood of
radius h centered on a seed generated by running Algorithm
1 five times, and further constrained to only partitions with
clusters of the correct size (Subopt. Pseed), and several
popular algorithms. The performance of random labeling is
also shown, representing worst-case performance. The optimal
and suboptimal methods we propose all assume the correct
number of clusters, and the correct number of points per
cluster. The z-axis in Fig. 3 corresponds to h, the Hamming
distance determining the number candidate/reference partitions
considered in our suboptimal algorithms. At h = 0, Pmax
reports the maximum probability partition, while Pseed reports
the output of Algorithm 1. At & = 10, Pmax is equivalent to
the optimal clusterer, and Pseed is very close (in rare cases
the optimal partition may not have the same number of points
in each cluster). Note the significant performance gain of the
Bayes clusterer relative to the other algorithms. The RMS of
the approximate partition error found using Pseed is shown in
Fig. 4. For small h, the RMS is quite poor, although for large
h the RMS converges to zero.

Next we cluster 70 points in 2 dimensions, with 28 point
in cluster 1 and 42 points in cluster 2. Set hyperparameters
m; = [070], mo = [575}, vy = 2, Vo = 5, R1 = 2, Ro = 3,
S1 = Sy = 4I,. An example of a point set realization of
this model is shown in Fig. 5, along with partitions produced
by our suboptimal clustering algorithm (Pseed) and several
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classical clustering methods. For this many points, the Bayes
clusterer and maximum probability partition usually cannot
be found exactly because the set of all partitions of the point
set is very large. For this particular example, a cluster with
small variance is embedded in the middle of a cluster with
large variance. Pseed very successfully clusters the point sets,
while all of the classical methods have a high error rate.
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Fig. 2. Examples of clustering mixtures of Gaussians with unknown means
and covariances.
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Average partition errors from 500 realizations of point sets
is shown in Fig. 6 with respect to the Hamming distance, h.
Although the simulation can only be carried out for small h,
note the significant performance gain of the suboptimal Bayes
clusterer relative to the other algorithms.
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VI. CONCLUSION

Two basic requirements for developing a rigorous theory
of clustering are now in place: An appropriate probabilistic
framework including a definition of clustering error, and a
Bayes decision theory within that framework. We have shown
that Bayes clustering can be formulated analogously to Bayes
risk in classification, where a cost function between a predicted
partition versus actual partition pair must be specified. The
Bayes clustering error can also be objectively quantified for
a given RLPP model, turning clustering into an objective
operation. One difficulty is that of evaluating the probability
(or scaled probability) for any partition. Given a RLPP model,
we have shown that this probability can be theoretically
formulated in closed form. A second difficulty is the size of
the search space, consisting of all partitions of a point set.
Though the size of this space is intractable for even moderately
sized point sets, this problem can be alleviated with suboptimal
search algorithms tailored to a given RLPP model. Many
issues remain uncharted in clustering, for instance the practical
problem of model uncertainty and learning from examples.
The current work lays out tools necessary to begin addressing
these fundamental epistemological issues.
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