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Abstract The study of rank constraints for certain kind of mo-
tion can be found in [2] [6] [7] [12] etc. In [2], Han et al.

We propose a factorization method for structure from pla- study the case of linear motion with constant speed for mul-
nar motion using a stationary perspective camera. Com- tiple objects, and develop a method of scene reconstruction
pared with [8] for general motion, our work has three ma- through factorization. In [7], Quan et al. develop a method
jor differences: a different measurement matrix spec@liz  for decomposing a 2D image into two 1D images, so that the
for planar motion is formed. The measurement matrix has structure can be reconstructed from images captured under
a rank of at most 3, instead of 4; the measurement ma-constrained planar motion, but they restrict the imagegplan
trix needs similar scalings, but estimation of fundamental to be perpendicular to the motion plane. Both of these meth-
matrices or epipoles is not needed; we have an Euclideanods have very restrictive assumptions. In [6] and [12], ma-
reconstruction instead of a projective reconstruction.eTh trices formed by displacements of feature points are shown
camera is not required to be calibrated. A simple semi- to have a lower rank condition with certain approximations
automatic calibration method using vanishing points and under constrained motion. Then iterative estimate of the
lines is sufficient. Experimental results show that the @algo motion and depths can be carried out. Their methods can
rithm is accurate and fairly robust to noise and inaccurate be used to recover the motion plane, but lack the flavor of a

calibration. direct factorization without iteration. We propose a gémner
] factorization method for structure from planar motion unde
1. Introduction perspective projection. A measurement matrix specialized

for planar motion is formed in order to lower the rank con-

Since it was first introduced in [11], the factorization ap- jition. we exploit the constraint of planar motion to find
proach has been very popular for solving structure from mo- 5 gimple scaling method instead of using the fundamental

tion (SfM) problems. It stands out among qther batch Pro- matrix and epipoles as in [8], where the authors propose a

cessing methods becguse the reconstructlon_gan be eas'%ctorization approach for the perspective camera.

carried out through singular value decomposition (SVD).

Generally, the observation matrix is factorized as a biline Study of planar motion is motivated by applications such

product of motion and shape matrices. SVD is then used to@s parking lot surveillance, traffic scene analysis etc- Pla

find the factorized components, at the same time denoisingnar motion is arguably the most dominant type of motion in

the data. surveillance videos, simply because most objects move on
Factorization approach for SfM has been studied exten-the typically planar ground plane. In this paper, we focus on

sively in the last decade [4]. The essence of factorization @ monocular sequence captured by a stationary perspective

approach lies in finding the right rank constraint, which-cor camera, in which arigid object moves on the ground plane.

responds to the lowest rank among all the factor matrices. Many methods for structure from planar motion have
The main goal is to find a lower rank condition by exploit- peen proposed such as [6][10][12]. Many of them need non-
ing the special structures or constraints. Rank consgraint |inear optimizations or iterative schemes and sometimes
have been found for different camera models, or different .5nnot guarantee a global optimal solution. Our method
types of objects such as planar objects, rigid or non-rigid oy requires SVD and linear operations with no iterations.
objects. Another branch of study has focused on the rankgyr formulation is similar to [10], where the authors con-
constraints for certain kinds of motion, such as linear and gjqer the reconstruction of perspective depths from corre-
planar motions. spondences across two frames. They find quadratic equa-

*Partially funded by the ARDA/VACE program under the contrac tiOI.’IS Of. depths by using two facts: corresponding feature
2004H80200000. points lie on a plane parallel to the ground plane, and the




3D displacement between them is constant for every pair of In CCS, denote the direction of x- y- and z-axis of WCS
feature points because of the rigidity constraints. Butsin asg,, g, andg, respectively, and the origin of WCS as.
they only consider a pair of frames and there is no denoising f is the focus. As mentioned above, all those vectors can be
process, the method is very sensitive to noise. Our methodestimated.
makes use of multiple frames and takes the factorization ap- Suppose a point is the image of a poinP in the 3D
proach, and therefore, is more robust to noise and incorrecspace. Its representationjis = (x,y, f)* in the CCS.
calibration. ThenP. = \(z,vy, f)T, where)\ is the perspective depth.

In our method, the camera does not have to be calibratedlts representation in WCS is,
For an uncalibrated sequence, our method requires the es-

timation of the focal length and ground plane constraints 9z z

(GPC), so that the motion plane is known. In our exper- Py, = 9; Ay | —9) 1)
iment, we use vanishing points and line [3][5][13] to find 2 f

the GPC. According to our assumption, the only unknown in the

The rest of the paper is organized as follows. Section above equation i&. Here are some key observations about
2 first gives a derivation and detailed description of our the factorization method. If the feature points are from a
method, followed by comparisons with the factorization rigid object moving on the ground plane, then each of them
method for general motion. Section 3 explains the neces-will move on a plane parallel to the ground plane, and hence
sary preprocessing steps for an uncalibrated sequence, theits z-coordinates in WCS will remain constant across all
gives both quantitative and qualitative analysis on the ex- frames. Because of rigid motion, its x- and y-coordinates

perimental results. Section 4 concludes the paper. in WCS will take a 2D Euclidean Transform. Note in [10],
similar constraints are used, but they only consider two
2. Problem formulation frames and the algorithm is more sensitive to noise.

Suppose we have an image sequence from a stationary
In this section, we derive the factorization method forstru  perspective camera, in which a rigid object moves on the
ture from planar motion and present the detailed algorithm. ground. N visible image points on the object have been
Then we compare our method with the factorization method tracked over M frames. We will use factorization to estimate
for general motion under perspective projection. the structure of the vehicle.

In our work, the camera is not necessarily calibrated.  Denote);; the perspective depth of pointin frame.

The calibration and ground plane constraints can be es-And from Eq. 1, all points should satisfy
timated through a number of ways. In the next section,
we show a simple semi-automatic calibration scheme using

T .
vanishing points and line. Once the calibration and GPC ,;; _ Iz, A\ ltf 1\ ut? >
is estimated, a matrix is constructed from the observations = — | % | M y}” ~90) = i Z“} —s @
which after properly scaling has a rank of at most 3. ? b
s should be the same for all points across all frames.
2 1. Derivation of our method Then if we form a matrix from the: andy components of

. ) - Pt and using the fact that they take a 2D Euclidean trans-
Consider the selection of CCS and WCS in Figure 1, where ¢ e will have

the x-y plane in WCS lies on the ground plane. In this pa-
per, we focus on the typical case that the image plane is not _

parallel to the ground plane. Anuin Apuiz o Avuiy
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where W is the rescaled observation matrixR; =

Figure 1: Selection of world coordinate and camera coordi- rtort, ] _
nate systems. O is the camera center. [ b } is an orthogonal matrix and corresponds to



the rotation matrix for frame. [ ¢ ¥ ]T corresponds to

the translation vector for frame. [ z; y; ]T is the x-y
coordinate of point i, but because of the ambiguity in se-
lecting the reference coordinates for motion and structure

they are not necessarily defined in WCS. Also note that the

contribution fromsis absorbed intd ¢ t% ]T

Therefore the rescaled matrWw/ will have a rank of
at most 3. To find the scale, we use the fact that the z

component of each feature point in WCS remain constant

across all frames, i.ez(P) = z(Pg%) fors = 1, ..., M.
Then we can obtaid,wy; = Agws;. Thus the ratio of\s
can be recovered along each columin

Thus using the equality, we can sktw,; = c¢;, for
t=1,..,.M,and: = 1,...,N. Typically w;; # 0 and
¢; # 0 unless the feature point lies on the vanishing line
of the ground plane. So we substitutg and move all the
unknowns to the right hand side, which will produce,
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The matrixW can be directly calculated from the ob-
servations, calibration parameters and GPC. It is a bitinea
product of motion and shape matrices on the x-y plane in
WCS. Its rank is at most 3.

Once we have the rank constraints, similar procedure for2-2.
other factorization methods can be applied. SVD can be

applied to find the rank 3 matrix which is closestWbin
the sense of Frobenius norm.

Because = MS = (MT)(T~!S) for any 3x3 non-
singular matrixT, we need additional constraints to elimi-
nate the ambiguity. Rewrit€ = [T;T2], whereT; andT,

used to recovef) = T1T1T. ThenT; can be estimated
through SVD ofQ and it is unique up to a 2x2 rotational
matrix. That ambiguity comes from the selection of the ref-
erence coordinate system. If we select the first frame as the
reference frame, namey; = I, andt; = t, = 0, then

T, can be uniquely recovered afid can be recovered up to

a scaleT, can be solved using the known elementi/ifi,.

The scale can be arbitrarily chosen and that is an inherent
“ambiguity when a monocular sequence is used.

After T is found, the desired shape matrixds= T~!S,
Using the the last row db, we can easily find the perspec-
tive depth of each feature points, thus the 3D structure can
be recovered. It is only recovered up to a scale because of
ambiguity inTs.

The algorithm can be summarized as follows,

Algorithm:

a. Calculate the matriyV from Eq. (2) and (3), using th
observations, estimated calibration and GPC.

b. Use SVD to getW Udiag(oy, 09, ...,06)VT,
where s = min(2M,N). Use the 3 largest sin
gular values and the corresponding singular vectors
get an initial estimate of motion and shape matric
i.e., setM = W2M><3dzag( 05 595 695) and S
diag(o?”, 25 99 Vs

C. FindT = [T1T2] and eliminate the ambiguity. Firs
find LLSE of Q T, T} from known elements i

M(T:TT)M” according to Eq. (5). Set the first frame
the reference frame, then uBe = 1,2 andt} =t = 0
to further remove the ambiguity ifi; and flndTg up toa
scale. Set an arbitrary scale fbs.

d. Reconstructed shape and motion matricesSare
T-!SandM = MT respectively. Ther/ss; = \jwy;
are used to find\;, the perspective depth, and hence
structure is reconstructed.

D

—

Comparisons with the factorization
method for general motion

Factorization method is generalized for perspective proje
tion in [8]. The authors form a measurement matrix of
rank at most 4. The key factor in factorization under per-
spective projection lies in the scaling of the measurement
matrix according to the perspective depths. In [8], the au-

are 3x2 and 3x1 matrix respectively. Suppose the correctinors use epipolar constraints to recover the ratio of tak sc

motion matrixM = MT, then

e (5)
Ry
Using the orthogonal property &;, certain elements along
the tri-diagonals in(MT,)(MT)” = M(T,TH)M” are

known. So the linear least square estimate (LLSE) can be

ings. However, the estimation of the fundamental matrix
and epipoles is not an easy job.

The general method can be used to handle the special
case of planar motion. However, we find a simpler and more
efficient formulation which is tailored to deal with the con-
strained case. In summary, our method is different from the
general method in the following ways,

1. We form the measurement matrix using only the x-
y coordinates in WCS instead of CCS. The measure-



ment matrix is shown to come from points taking a

2D Euclidean transform, which has a rank of at most &
3. In [8], the homogeneous coordinates of projections Vanishing Line =4
scaled by the depths are gathered together to form i«

matrix of rank at most 4. So the rank condition is re-

duced for planar motion. &

2. We use the property that the z-component for each fea- ] o
ture point is constant in WCS to find the right scaling, Figure 2: lllustration of the calibration results. Left: ¢at-

which is a lot easier than estimating the fundamental ind vanishing points by marking parallel lines. Right: The
matrix and epipoles. However, we do need one-time WCS we choose.
calibration and estimation of the motion plane, which

can be done fairly easily using vanishing points and  \ye assume a pinhole camera model, and the image cen-
lines. ter to be the central projection point. Then the only un-

3. We have an Euclidean reconstruction instead of a pro-km::"_\’n InK :CS Z)cusf. ishi ) dv. f
jective reconstruction, because more ambiguities are st to find, two vanishing points; andv, fortwo
removed in our formulation. The structure can be re- perpendicular lines on the ground plane are located semi-

covered up to a scale, while in [8], it is recovered up to automatically. Usjng Eg. 6, in_whichos_e = 0, f can
a 4x4 non-singular matrix. be found by solving a quadratic equation. Second, the

line passing through the two vanishing points is the van-
ishing line of the ground plane. Hence the plane normal is
3. Experiments known. We can set the WCS gs = K~ 'vy/||[K vy ||,
gy = K 'va/||[K™ v, andg, = g, ® g,. go can be set
In this section, we first explain the simple calibration by arbitrarily setting the perspective depth of the image of
method we use in our experiment, then we do quantita- an point that lies on the ground plane. Results are shown in
tive and qualitative analysis of our method by applying it Figure 2.
to some real and synthetic sequences.

) , o , 3.2. Quantitative Analysison Synthetic Data
3.1. Calibration through vanishing pointsand . i : -
Using the calibration data, we synthesize very realistic

line tracking results that carry characteristics similar to rea

Many methods are available for automatic or semi- data. We do some quantitative analysis on those sequences
automatic calibration and recovery of the ground plane by adding noise to the tracked feature points and changing
constraints (GPC). We use vanishing points and linesthe calibration.
[3][5][13][14]. We make use of parallel and perpendicular  Figure 3 shows the example of the synthetic data we gen-
lines, which are very often seen in man-made environments.erated. 26 points are tracked over 40 frames. Note that the

In perspective camera model, the images of parallel linesfeature points on the vehicle are chosen to be points that can
typically will intersect at one point, which is the vanishin  be tracked on a real vehicle, seen in Figure 7.
point corresponding to those lines. Geometrically, it is th The noise we add to each feature points is drawn from
intersection of the image plane with a ray passing throughan i.i.d. isotropic Gaussian distribution. We vary the stan
the camera center and parallel to those lines. Algebrgjcall dard deviatiorr to test how robust the method is to noise.

the direction of the rayl and the vanishing point will be Two kinds of calibration error are studied here: error from
related byv = Kd [3], whereK is the calibration matrix. the focal lengthf, and from the angle between and the
The angle between two such rays is, ground plane, denoted @as Here we assume that, can

be estimated reliably, i.eg,, lies on the ground plane. That
Ty —Ty—1 requires very accurate estimation of one vanishing point,
vi (KT KT )vs (6) which comes from only one set of parallel lines and is very
\/\/IT(K—TK—l)V1 \/VQT(K—TK—l)VQ plausible in man-made environments.
First, we consider the case that all the feature points are

The vanishing line for the ground plane corresponds tracked over all the frames. The reconstruction results-wit
to the intersection of image plane with the plane passingout missing data under two conditions are shown in Figure
through the camera center and parallel to the ground plane4. For correct calibratiorf = 690, ¢ = 0°, and for wrong
Once calibration is done and the vanishing line is known, calibrationf = 690, ¢ = —4.6°. The same condition ap-
the ground plane normal can be calculated. plies to Figure 6 (a) and (b). As can be seen in Figure 4, the

cosf =




reconstruction does not change much visually when noisenon-rigid motion on the ground plane, and SfM for video

and incorrect calibration are considered. captured on moving platforms. Motion constrained on non-
In Figure 6 (a), the relative construction error is plot- planar surface can also be studied.

ted as a function of for both correct and wrong calibra-

tions. For eachr, the experiments are run for 40 times

and the average error is plotted. For correct calibration,'A‘Cknow'edgmentS

the structure can be reconstructed perfectly with simgll

When the noise levet increases to apbout 7)p/)ixels, perfor- We would like _to_ thar_1k Shaohua Zhou_for h_elpful discus-

mances under correct and incorrect calibrations become al>'°"S and providing his code for SVD with missing data.

most the same. (c) and (d) show how the reconstruction er-
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Figure 3: Sample of a synthetic sequence. Top: The pro- :  —
]ected model The car makegao turn. BOttom Synthetlc Deviation from correct focal length (unit:pixel) Deviation from correct angle (degree)
tracking results without missing data. Feature points se- (€ (d)

lected according to real vehicles (compared to Figure 7).

Figure 6: Quantitative analysis of reconstruction erratt an
rank condition. Suppose during estimation of GRglies

on the ground plane, and the angle betwggnand the
ground plane ig. For correct calibratio = 0. (a) shows
reconstruction error in the case of correct and wrong cali-
brations. Here for wrong calibratioh = —4.6° and focal
length f is correct. (b) The ratio of the 3rd to 4th largest
singular values is shown to analyze the rank condition of
scaled measurement matrix. Calibration condition same as
(a). (c) Reconstruction error as the estimated focal lerigth
deviates. Correcf = 690. ¢ = 0 in this case. (d) Recon-
struction error as estimation gf, changes.g, assumed to
be on the ground planef = 690 here. Noise ot = 2 is
added in both (c) and (d).
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Figure 4: Sample of reconstruction results with no missing
data. First row, correct calibration with no noise. Second
row, wrong calibration with added noise @f= 5.
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Figure 7: Reconstruction results for a real sequence. Top
Figure 5: Sample of reconstruction results from observa- row: The real sequence taken on a rainy day and the tracked
tions with missing data. feature points. Bottom row: Reconstruction with texture

mapping.



