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Abstract

In this paper, we analyze the perturbation in the recon-
structed optical absorption images, resulting from the dis-
cretization of the forward and inverse problems. We show
that the perturbation due to each problem is a function of
both the forward and inverse problem solutions and can
be reduced by proper refinement of the discretization mesh.
Based on the perturbation analysis, we devise a novel adap-
tive discretization scheme for forward and inverse prob-
lems, which reduces the perturbation on the reconstructed
image. Such a discretization scheme leads to an adaptively
refined composite mesh sufficient to approximate the for-
ward and inverse problem solutions within a desired level
of accuracy while keeping the computational complexity
within the computational power limits.

1 Introduction

Diffuse Optical Tomography (DOT) is a non-invasive

imaging modality that makes use of the light in the Near-

Infrared (NIR) spectrum [1]. The inverse problem in DOT

involves reconstruction of spatially varying absorption and

scattering properties as well as fluorophore lifetime and

yield in tissues from boundary measurements. These fun-

damental quantities can be utilized to obtain tissue oxy- and

deoxyhemoglobin concentrations, blood oxygen saturation,

water, fat, and contrast agent uptake in tissue [2], use of

which find applications in breast cancer diagnosis [3], cog-

nitive activity monitoring [4], brain tumor and hemorrhage

detection [5], and in fluorescence tomographic imaging [6].

DOT imaging is comprised of two interdependent stages

which seek solutions to the forward and the inverse prob-

lems. In this work, we analyze the effect of forward and

inverse problem discretizations on the accuracy of the re-

constructed optical absorption images. Based on this anal-

ysis, we propose a novel adaptive discretization scheme, in

an attempt to directly reduce the perturbation in the recon-

structed optical image, which arises due to the discretization

of the coupled forward and inverse problems. We note that

the discretization error in each problem does not directly

induce a perturbation in the reconstructed image. We show

that there are other factors which may spatially amplify or

reduce the effect of the discretization error at each stage.

As a result, the proposed discretization scheme takes the

intrinsic properties of the imaging problem, such as the mu-

tual dependence of forward and inverse problems, source-

detector configuration and inverse problem formulation into

account. Therefore, the proposed adaptive discretization

approach outperforms the generic adaptive and uniform re-

finement schemes, while keeping the computational com-

plexity to minimum.

So far, several investigators reported adaptive discretiza-

tion based schemes for DOT imaging. We have presented

a region-of-interest (ROI) imaging scheme for DOT[14],

which employed a multi-level algorithm on a nonuniform

grid. The non-uniform grid is designed so as to provide

finer spatial resolution for the ROI which corresponds to

the tumor region as indicated by the a priori anatomical im-

age. Torregrossa et al proposed an a priori non-uniform

mesh design which provides high resolution for the hetero-

geneities as well as for the near-boundary regions [10]. Gu

et al proposed a dual mesh strategy, in which case, a rel-

atively finer uniform mesh is considered for the forward

problem discretization and a coarser uniform mesh is gen-

erated for the inverse problem discretization [11]. In the

same study, a dynamic adaptive scheme has been proposed

for the inverse problem discretization as well, however no

adaptive refinement is considered for the solution of the for-
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ward problem. Furthermore, the influence of the forward

problem solution on the reconstructed image accuracy is not

considered in the design of the adaptive mesh. Huang and

Zhu (also presented a dual-mesh strategy that makes use

of a priori ultrasound information [12]. In this work, the

dual mesh implies a coarse mesh for background tissue and

a relatively finer mesh for the heterogeneity, similar to the

approach in [14]. Joshi et al used a 3D mesh to discretize

the inverse fluorescence imaging problem and the associ-

ated coupled diffusion equations [13]. An adaptive finite

element method is used for discretization where the refine-

ment criterion is based on a posteriori interpolation error

estimates. However, the mesh generation disregards the in-

terdependence between the forward and inverse problems

and ignores the dependence on the regularization parame-

ter.

In this work, the forward problem is defined by the

frequency-domain diffusion equation and the associated ad-

joint problem. As for the inverse problem, we consider the

linear integral equation resulting from the Born approxima-

tion with a zero order Tikhonov regularizer. We use finite

elements and linear Lagrange basis functions for approxi-

mating the forward and inverse problem solutions. Our per-

turbation analysis is confined to showing the impact of the

discretization error in the forward and inverse problem so-

lutions on the reconstructed optical absorption image. In

this context, we disregard the perturbation due to other er-

ror sources such as model inconsistencies (due to the diffu-

sion model, linearization of the inverse problem, and noise),

numerical algorithm efficiency and inverse problem formu-

lation. The perturbation analysis portrays the dependence

of the image quality on the optical image properties, the

configuration of source and detectors and the parameters in-

volved in the inverse problem formulation, such as the reg-

ularization parameter. In our analysis, we show that contri-

bution in the perturbation due to forward problem depends

on the inverse problem solution, whereas the contribution

due to inverse problem depends on the forward problem so-

lution. Thus, discretization error in each problem may be

amplified based on the spatial behavior of the solution of

the other problem. We note that the discretization scheme

described here can be either a priori, a posteriori or both,

depending on the availability and/or reliability of a priori
anatomical information.

2 Forward and Inverse Problems

In this section, we define the integral equation describing

the inverse DOT problem and introduce the components of

the inverse problem formulation with the associated nota-

tion as well as the underlying forward model.

We model the NIR light propagation in a bounded do-

main Ω ⊂ R3 with the following boundary value problem:

−∇ · D(x)∇g + (μa(x) +
iω

c
)g = δ(x − xj

s) x ∈ Ω, (1)

g + 2AD(x)
∂g

∂n
= 0 x ∈ ∂Ω. (2)

where x ∈ R3, D(x) is the spatially varying diffusion coef-

ficient, μa(x) is the spatially varying absorption coefficient,

ω is the modulation frequency of the point source δ(x− xj
s)

and A = (1+R)/(1−R) where R is a parameter governing

the internal reflection at the boundary ∂Ω.

Based on the Born approximation, the following linear

integral equation relates the differential optical measure-

ments to a small perturbation α(x) on the absorption co-

efficient μa(x):

Γ(xi
d; xj

s) = −
∫

Ω

g∗(x́; xi
d)g(x́; xj

s)α(x́)dx́ (3)

=
∫

Ω

H(x́; xi
d, xj

s)α(x́)dx́

= Aaα, (4)

where (xi
d), i = 1, . . . , Nd and (xj

s), j = 1, . . . , Ns stand

for the detector and source positions, respectively and

Γ(xi
d; xj

s) represents the perturbation in the measurement

at the jth detector due to the ith source and Ω ⊂ R3.

H(x́; xi
d, xj

s) = −g∗(x́; xi
d)g(x́; xj

s) is the kernel of the inte-

gral operator Aa : L∞ → CNd×Ns . In 3, g∗ is the solution

to the adjoint problem [9]:

−∇ · D(x)∇g∗ + (μa(x) − iω

c
)g∗ = 0 x ∈ Ω, (5)

g∗ + 2AD(x)
∂g∗

∂n
= δ(x − xi

d) x ∈ ∂Ω, . (6)

In this work, we consider Tikhonov regularization for

our illustrative purposes, which yields the following equa-

tion in terms of αλ which approximates α:

γ = A∗
aΓij = (A∗

aAa + λI)αλ (7)

= Kαλ, (8)

for some λ > 0. In this representation A∗
a : CNd×Ns → L1

is the adjoint of Aa and I is the identity operator. Let A =
A∗

aAa, then A : L∞ → L1 is defined as follows:

(Aα)(x) =
∑Nd,Ns

i,j H∗(x; xi
d, xj

s)
∫
Ω

H(xi
d, xj

s; x́)α(x́)dx́,

=
∫
Ω

κ(x; x́)α(x́)dx́,

where κ(x; x́) stands for the kernel of the integral operator

A and is given by

κ(x; x́) =
Nd,Ns∑

i,j

H∗(x; xi
d, xj

s)H(x́; xi
d, xj

s), (9)
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where we derive the kernel H∗(x; xi
d, xj

s) of the adjoint op-

erator in the following section. Note that, in this work we

assume that the solution αλ ∈ L∞ also satisfies αλ ∈ H1.

From this point on, we will replace L∞ and L1 with X
and Y , respectively, where necessary for notational conve-

nience. Thus K : X → Y . Note also that X ⊂ Y .

2.1 Operator Approximation and Dis-
cretization of the Inverse Problem

In practice, we seek a finite-dimensional approximation

to the solution of the inverse problem defined by equation 8.

Therefore, we discretize the inverse problem defined by

equation 8 by projecting it onto a finite dimensional sub-

space Xn ⊂ X .

Let Xn be a sequence of finite-dimensional subspaces of

dimension n, spanned by the linear Lagrange basis func-

tions {L1, . . . , Ln} and {xk} for k = 1, . . . , n be the set of

projection points. Then the projection operator Pn : X →
Xn for collocation method is defined by

Pnf(x) =
n∑

k=1

f(xk)Lk(x), (x) ∈ Ω, (10)

for all f(x) ∈ X .

Projecting equation 8 yields:

PnKαλ
n = Pnγ. (11)

The operator PnK = (klk) ∈ Cn×n is a complex matrix

where n is the size of the matrix. Applying projection by

collocation [8], the projection for the operator K yields

λaj +
n∑

k=1

ak

∫
Ω

κ(xj ; x́)Lk(x́)dx́ = γ(xj), j = 1, . . . , n,

where we expressed αλ
n in terms of the linear Lagrange ba-

sis functions Lk as

αλ
n =

n∑
k=1

akLk. (12)

Therefore klk is given by

klk = λδlk +
∫

Ω

κ(xl; x́)Lk(x́)dx́,

for l = 1, . . . , n, and k = 1, . . . , n, where δlk = 0 unless

l = k. However, projection methods are only semi-discrete,

thus equation 11 does not provide a fully discrete model.

Furthermore, in practice, we only have approximations to

the operator K and the right hand side γ. Using a finite di-

mensional approximation for the kernel κ(x), we have a full

discrete model for the approximating sequence α̃λ
n, given by

the following relationship:

PnKnα̃λ
n = Pnγ̃n. (13)

In equation 13, the operator Kn : X → Y is a finite di-

mensional approximation of the original operator K and

PnKn : Xn → Yn. Similarly

γ̃n = A∗
anΓ, (14)

where A∗
an is the approximation to the adjoint operator A∗

a.

Note that Kn → K and γ̃n → γ as n → ∞.

As a result of operator approximation and discretiza-

tion of the inverse problem, the reconstructed image α̃λ
n

is merely an approximation to the actual image αλ. The

outcome of projecting the inverse problem onto a finite-

dimensional sub-space and the discretization error in the

solution of the forward problem is perturbation in the re-

constructed image. Therefore, the accuracy of the recon-

structed image is challenged by the discretization followed

in forward and inverse problem solutions.

We analyze the error in the solution α̃λ
n of equation 13

with respect to the actual solution αλ of equation 8, in two

steps. We write α̃λ
n = α̃λ − en, where en is the error re-

sulting from only projection of the inverse problem with the

degenerate kernel and denote α̃λ = αλ − ẽ, where ẽ is the

error due to operator kernel approximation. As a result, we

arrive at the following straightforward conclusion:

α̃λ
n = α̃λ − en = αλ − en − ẽ. (15)

Therefore, we can write an upper bound on the perturbation

αλ − α̃λ
n as follows:

‖αλ − α̃λ
n‖ = ‖αλ − α̃λ + α̃λ − α̃λ

n‖ ≤ ‖ẽ‖ + ‖en‖.
In the following section, we outline a different perspective

where we explore the effect of projection and forward prob-

lem discretization separately.

3 Discretization-based Error Analysis

In this section, we discuss how discretization of for-

ward and inverse problems impacts the accuracy of the DOT

imaging. The analysis is carried out based on the inverse

problem defined by equation 8 and the associated kernel

κ(x; x́). We first consider the impact of projection (i.e. in-

verse problem discretization) by collocation method when

the kernel of the integral operator is exact, or equivalently,

when there is no discretization error in the forward prob-

lem solution. Next, we explore the practical case where the

kernel is replaced by its finite-dimensional approximation

and interpret how discretization error in the forward prob-

lem solution impacts the optical imaging accuracy.
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The two investigations reveal that even if there is no dis-

cretization error in the kernel approximation, the accuracy

of the solution approximation α̃λ
n depends on the kernel

κ(x; x́) of the integral operator. Furthermore, the perturba-

tion in the reconstructed optical image due to discretization

error in the forward problem solution is a function of the

inverse problem solution. These results suggest that the dis-

cretization of the inverse and forward problems can not be

considered independent of each other.

3.1 Case 1: The kernel is exact

Theorem 1 Let {Ωm} denote a set of triangular finite el-

ements for m = 1, · · · , NΔ, such that NΔΩm = Ω
and hm be the longest edge of the mth triangle. Then

‖αλ − αλ
n‖L1(Ω) ≤

CAΩ‖(I − Tn)‖Y →Xn

NΔ∑
m=1

‖αλ‖1,mhm

+
C

λ
‖Tn‖Y →Xn

max
i,j

‖g∗i (x)gj(x)‖L1(Ω)

×
NΔ∑

m=1

Nd,Ns∑
i,j

‖g∗i (x́)gj(x́)‖0,m‖αλ‖1,mhm,

where Tn = [I + 1
λPnA]−1Pn : Y → Xn is a uni-

formly bounded operator [15].

3.2 Case 2: The kernel is degenerate

Theorem 2 The operator approximation Kn results in the

perturbation in the reconstructed optical image. As a

result, ‖αλ − α̃λ‖L1(Ω) ≤
2C/λ

1 − ‖K−1(Kn − K)‖

×max
i,j

‖g∗i (x)gj(x)‖L1(Ω)(
NΔ∑

m=1

Nd,Ns∑
i,j( ‖gjα

λ‖0,m + ‖α‖0‖gj‖0,m

) ‖g∗i ‖1,mhi
m

+
( ‖g∗i αλ‖0,m + ‖α‖0‖g∗i ‖0,m

) ‖gj‖1,mhj
m), (16)

where hi
m and hj

m are the longest edges of the mth

finite element in the solutions g∗i and gj , respectively.

Thus, we consider different meshes for the solutions

g∗i and gj for i = 1, . . . , Nd and j = 1, . . . , Ns [15].

3.3 Adaptive mesh generation

In this section, we first discuss the adaptive mesh de-

sign for the discretization of forward and inverse problems,

such that the resulting perturbation in the reconstructed op-

tical image due to each discretization is below the allowable

bound.

3.3.1 Forward Problem Discretization

Let the mesh parameter hi
m for g∗i and the mesh parameter

hj
m for gj be adjusted as follows:

hi
m ≤ εf∑Ns

j (‖gjαλ‖0,m + ‖α‖0‖gj‖0,m)‖g∗i ‖1,m

(17)

hj
m ≤ εf∑Nd

i (‖g∗i αλ‖0,m + ‖α‖0‖g∗i ‖0,m)‖gj‖1,m

, (18)

where the tolerance εf will be defined later. By theorem 3,

the perturbation in the reconstructed image due to forward

problem discretization is bounded by:

2C/λ

1 − ‖K−1(Kn − K)‖ max
i,j

‖g∗i (x)gj(x)‖L1(Ω)

×NΔ(Nd + Ns)εf = ε̃f , (19)

where ε̃f is the total allowable perturbation due to forward

problem discretization and 19 implies the following value

for εf :

εf =
λε̃f

2C(Nd + Ns)NΔ

1 − ‖K−1(Kn − K)‖
maxi,j ‖g∗i (x)gj(x)‖L1(Ω)

. (20)

3.3.2 Inverse Problem Discretization

Similarly we define the mesh parameter hm for the inverse

problem discretization as follows:

hm = εinv/(CAΩ‖(I − Tn)‖Y →Xn‖αλ‖1,m

+
1
λ
‖Tn‖Y →Xn

max
i,j

‖g∗i (x)gj(x)‖L1(Ω)

×
Nd,Ns∑

i,j

‖g∗i (x́)gj(x́)‖0,m‖αλ‖1,m), (21)

for

NΔεinv = ε̃inv, (22)

where ε̃inv is the total allowable perturbation due to inverse

problem discretization.

4 Adaptive Mesh Refinement

We consider a 2D rectangular domain Ω ⊂ R2 and gen-

erate an initial uniform triangular-element mesh which con-

sists of right triangles. Based on the theorems 1, 2 and the

described adaptive mesh generation scheme, we apply Ri-

vara’s algorithm [7] to adaptively refine the specified ele-

ments in forward and inverse problem discretizations.
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5 Results

We consider a simple case to show the effectiveness of

the proposed discretization scheme.

Figure ?? shows a small heterogeneity close to the

source side. The domain Ω is a square with a side of 6 cm.

There are 11 sources on the side closer to the heterogeneity

and 11 detectors on the other side. We consider two cases:

In the first case, we use a uniform mesh with 361 nodes for

the solutions of the forward and inverse problems (figure 2).

In the second case, we generate an adaptive mesh for both

the forward and inverse problems as described in the pre-

vious section. We show the adaptive mesh with 339 nodes,

generated for the inverse problem in figure 3. The recon-

structed images are shown in figures 4 and 5, corresponding

to the uniform and adaptive meshes, respectively. We ob-

serve the improved quality in figure 5, where we used an

adaptive mesh for the discretization.

Figure 1. The optical medium used in the sim-
ulation experiment. The circular inclusion
corresponds to the perturbation in the ab-
sorption coefficient of the medium

Figure 2. The uniform mesh.

Figure 3. The adaptive mesh.

−6 −5 −4 −3 −2 −1 0
−6

−5

−4

−3

−2

−1

0

Figure 4. The reconstructed image where we
used the uniform mesh for discretization.

6 Conclusion and Future Work

In this work, we proposed a novel adaptive discretization

approach for diffuse optical tomography. We showed the ef-

fectiveness of the proposed adaptive discretization scheme

on a 2D problem. The proposed discretization scheme en-

hances the image quality while keeping the computational

complexity to minimum.

The perturbation analysis presented in this paper is valid

for the 3D case as well. The computational savings in 3D

will be much more than in 2D. Therefore, as for the future

work, we will show the computational benefits of the pro-

posed adaptive discretization scheme on 3D examples.
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