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Abstract—This paper studies incremental relay strategies for
a two-user Gaussian relay-interference channel with an irband-
reception and out-of-band-transmission relay, where the ihk
between the relay and the two receivers is modelled as a degrad
broadcast channel. It is shown that generalized hash-andsfward
(GHF) can achieve the capacity region of this channel to witim a
constant number of bits in a certain weak-relay regime, whee the
transmitter-to-relay link gains are not unboundedly stronger than
the interference links between the transmitters and the reeivers.
The GHF relaying strategy is ideally suited for the broadcasing
relay because it can be implemented in an incremental fashig
i.e., the relay message to one receiver is a degraded versiohthe
message to the other receiver. A generalized-degree-okefrdom
(GDoF) analysis in the high signal-to-noise ratio (SNR) reigne
reveals that in the symmetric channel setting, each common
relay bit can improve the sum rate roughly by either one bit
or two bits asymptotically depending on the operating regine,
and the rate gain can be interpreted as coming solely from the
improvement of the common messages rate, or alternativelyni
the very weak interference regime as solely coming from theate
improvement of the private messages. Further, this paper sidies

an asymmetric case in which the relay has only a single single

link to one of the destinations. It is shown that with only one
relay-destination link, the approximate capacity region @n be
established for a larger regime of channel parameters. Futter,

from a GDoF point of view, the sum-capacity gain due to the
relay can now be thought as coming from either signal relayig

only, or interference forwarding only.

Index Terms—Approximate capacity, generalized hash-and-
forward (GHF), generalized degrees of freedom, Han-Kobayshi
strategy, interference channel, relay channel.

I. INTRODUCTION

signals from the base-stations and is capable of indepégden
communicating with the receivers over a pair of relay links,
can significantly help the receivers mitigate intercelenfer-
ence. This model is often referred to as an in-band-reaeptio
and out-of-band-transmission relay-interference chinas
the relay-to-receiver transmission can be thought of aisgak
place on a different frequency band.

A particular feature of the channel model considered in
this paper is that the relay-to-receivers link is modelechas
Gaussian broadcast channel. This is motivated by the fatt th
the relay’s transmission to the remote receivers oftenstake
place in a wireless medium. Consequently, the same relay
message can be heard by both receivers and can potentially
help both receivers at the same time. Further, it is conwtnie
(and without loss of generality as shown later for the achiev
ability scheme and the converse proved in this paper) to mode
the relay-to-receiver links as digital links with capaes#tiC,
and C, respectively, but where one relay message is required
to be a degraded version of the other relay message, as in a
Gaussian broadcast channel. The goal of this paper is tealevi
an incremental relaying strategy and to quantify its befiefit
this particular relay-interference channel.

A. Related Work

The classic two-user interference channel consists of two
transmitter-receiver pairs communicating in the preseoice
interference from each other. Although the capacity regibn
the two-user Gaussian interference channel is still notvkno
exactly, it can be approximated to within one it [1] using a

Interference is a key limiting factor in modern communicaHan-Kobayashi power splitting strategy [2].
tion systems. In a wireless cellular network, the perforaean The use of cooperative communication for interference

of cell-edge users is severely limited by intercell intesfece.
This paper considers the use of relays in cellular netwdrks.

mitigation has received much attention recently. For examp
[Bl-[5] studied the Gaussian Z-interference channel with a

uses of relays to combat channel shadowing and to extesidirectional receiver cooperation link, and [6]-[9] died
coverage for wireless systems have been widely studiedtite Gaussian interference channel with bi-directionaignait-
the literature. The main goal of this paper is to demonstradgs/receiver cooperation links. In addition, the Gaussiger-
the benefit of relaying for interference mitigation in thderence channel with an additional relay node has also been

interference-limited regime.

studied extensively in the literature. Depending on theesyp

Consider a two-cell wireless network with two base-statior®f the links between the relay and the transmitters/recgive

each serving their respective receivers while interferinitp
each other, as shown in F[g. 1. The deployment oéliredge

the relay-interference channel can be categorized as dpavin
in-band transmission/reception _[10]=[17], out-of-bamant-

relay, which observes a linear combination of the two trahsnmission/reception [18]-[20], out-of-band transmissiorl an-
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band reception [21]5[24], or in-band transmission and afut-
band reception([25], the last of which is directly related to
the channel model in this paper. In the following, we review
different transmission schemes and relaying strategias th
have emerged for each of these cases.

For interference channels equipped with an in-band trans-
mission and reception relay, the relay interacts with bhg-
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The interference channel with an in-band reception/out-of
band transmission relay has been briefly discussed in [BH], a
studied in [22], [28] for a case where the relay-destination
links are shared between the two receivers. Conventional
decode-and-forward and compress-and-forward relayestrat
gies are not well matched for helping both receivers simeha
ously with a common relayed message. Thus| [22]} [23] con-
sider a generalized hash-and-forward (GHF) strategy, hwhic
generalizes the conventional compress-and-forward sehem
E‘rgédléastiﬁgt‘?’;;e'f'or”‘ifnt‘t"é‘r’ffgrewngz ;f;tiig”é;tti’g:d reception and ofiband- gnd js shown to achieve the capacity region of this channel

model to within a constant number of bits in the regime where
the shared relay-destination link rate is sufficiently dmal

. ) ) The channel model under consideration in this paper further
mitters and receivers in the same frequency band. Relaylggends the shared relay-destinations link to be a degraded
strategies that have been investigated in the Iiteratum.de broadcast channel. We focus on a different weak-relay regim
decode-and-forward, compress-and-forward, and amphiy- The main objective is similar: to efficiently use the relaysbi

forward. For example,[[12],[[13] show that decoding-andy simultaneously benefit both users and to achieve capacity
forwarding either the intended signal or the interferingnsil 15 \within a constant gap.

to a receiver can both be beneficial. The former is termedFinaIIy the GHF relay strategy used in this paper is es-

as signal relaying, the latter interference forwardingc@e-  genjally the same as the noisy network coding [27]-[29] and
and-forward and half-duplex amplify-and-forward str#8g {he quantize-map-and-forward relay strategies [30]. Eselt
are also studied in [14]/[16]. When combining decode-ang this paper can be thought of as an effort in generalizing
forward relaying strategy and the Han-Kobayashi rate®pit hese relay strategies to a particular case of the multiple
input scheme, [17] gives an achievable rate region that haggcast setting, for which constant-gap result continogsoid

shape similar to the Chong-Motani-Garg (CMG) region fofyr certain channel-parameter regimes. Related worksHer t
the interference channél [26]. The exact capacity for et multiple unicast problem includé [31]/=[33].
of relay-interference channel is in general open, but tliere oo

a special potent-relay case [11] for which the sum capasity i . o
known in some specific regimes. B. Main Contributions

The difficulty in establishing the capacity of the interfece This paper considers a relay-interference channel with in-
channel with in-band transmission/reception relay is imt paband reception and out-of-band degraded broadcasting link
due to the fact that the relay’s received and transmit sggndtom the relay to the receivers. The key features of the
intertwine with that of the underlying interference chanfie transmission strategy and the main results of the paper are
simplify the matter, the interference channel with an diut-oas follows.
band transmission/reception relay has been studied in-[18] 1) Incremental RelayingThis paper uses a GHF relaying
[20]. In this channel model, the relay essentially operatesa strategy to take advantage of the in-band reception link and
separate set of parallel channels. Based on signal relayidg the out-of-band broadcasting link from the relay to the re-
interference forwarding strategie’s, [18] identifies thadition ceivers. In GHF, the relay quantizes its observation, wisgch
under which the capacity region can be achieved with sepatinear combination of the transmitted signals, usinfixad
rable or nonseparable coding between the out-of-band ret@yantizer, then bins and forwards the quantized observétio
and the underlying interference channel. Furthier, [19§is&1 the receivers. This strategy of fixing the quantization lése
this channel model in a symmetric setting and characteriz@sar optimal when a certaineak-relaycondition is satisfied,
the sum capacity to withit.15 bits. The transmission schemeand is ideally matched to the degraded broadcasting relay-t
of [19] involves further splitting of the common messages ifeceiver links with capacitie€; and Cy, because it allows
the Han-Kobayashi scheme and a relay strategy that combia@sincremental binning strategy at the relay. Assuming that
nested lattice coding and Gaussian codes. It is shown thatdp < C,, the relay may first bin its quantized observation
the strong interference regime, the use of structured cimdesnto 2°C' bins and send the bin index to both receivers, then
optimal. further divide each bin int@"(¢=—C1) sub-bins and sends the

Another variation of the relay-interference channel inesl extra bin index to receive2 only. Thus, the relay message to
an out-of-band reception and in-band transmission relhis T the first receiver is a degraded version of the message to the
channel is studied in[21], in which the transmitter furthesecond receiver.
splits the transmit signal according to the Han-Kobayashi2) Oblivious Power Splitting: The transmission scheme
scheme; the relay decodes only part of the message dependised in this paper consists of a Han-Kobayashi power syjitti
the capacity of the transmitter-relay links; the rest of thstrategy [[2] at the transmitter. The common-private power
codewords are transmitted directly from the sources to tkplitting ratio in such a strategy is crucial. In a study o th
destinations without the help of the relay. With this partiagnterference channel with conferencing links [6], Wang and
decode-and-forward relaying scheme, the sum capacity Tise used the power splitting strategy of Etkin, Tse and Wang
found under a so-called strong relay-interference coonliti  [1] where the private power is set at the noise level at the
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receivers. This is sensible for the conferencing-receivedel the very weak, moderately weak, and very strong interfexenc
considered in[[6], but not necessarily so for the interfeeenregimes, but by one bit per each relay bit in other regimeis Th
channel with an independent relay, unless again a cexi@tk- asymptotic behavior can be interpreted by noting that tleyre
relay condition is satisfied. This strategy of fixing the powelink essentially behaves like a deterministic channel antilgh
splitting at the transmitter to be independent of the rely signal-to-noise-ratio (SNR) regime. Further, in the syrtrine
termed oblivious power splittingin [23]. Oblivious power setting, the sum-capacity gain due to the relay can be though
splitting is used in this paper as well. of as solely coming from the rate improvement of the common

3) Constant Gap to Capacity in the weak-relay Regimemessages, or alternatively in a very weak interferencenegi
The main result of this paper is that when the relay links aes solely coming from the rate improvement of the private
not unboundedly stronger than the interfering links, i.e., messages.

2 |gaf? In_ asymmetric settings, the improvemenf[ in the sum ca-
{ PRERRT 2} = p < 00, Q) pacny by the re!ay can be mte_rprete_d in d|fferent_ways. To
[haz]? " [has| illustrate this point, this paper investigates a speciaecaf
for some fixedp, the capacity of the relay-interference channehe channel model, where the relay link is available to only
with a broadcast link can be achieved to within a constant gaghe but not both destinations. In this case, the relay may
where the gap is a function @fbut otherwise independent offorward information about both the intended signal and the
channel parameters. This operating regime is calledvitek- interference, and the capacity can benefit from both signal-
relay regimein this paper. relaying and interference-forwarding. This paper shoves ¢h

The main result of this paper is motivated by the results ttbnstant-gap-to-capacity result can be derived for thisnge
[22] and [23], which studies a two-user interference channgnder a more relaxed weak-relay condition that requireg onl
augmented with a shared digital relay link to the receivérs @, <, /p|h21| (@and notlg;| < ,/p|h12|). Moreover, this paper
rate Ry, and obtains a constant-gap-to-capacity result undstiows that in term of GDoF, when the relay link is above a
a certain smallR, condition using GHF and oblivious powercertain threshold, the sum-capacity gain is equivalenhs t
splitting. The relay strategy studied in this paper goes owrg¢that of a single relay link from usdr. When the relay link
step further in that the relay-to-receivers link is modedsda is below the threshold, the sum-capacity gain is equivaiznt
degraded broadcast channel. Moreover, the weak-relagneegithat of a single relay link from usex.
studied in this paper is a counterpart of the snigjlregime  Finally, the results of this paper show that GHF is sufficient
studied in [28], as can be visualized in the practical setdpr achieving the approximated capacity region of an in-
of Fig. [1. When the mobiles are close to their respectitgand reception and out-of-band transmission Gaussiag-rela
cell centers, the relay link capaciti€s and C, are small, interference channel in the weak-relay regime. Thus, more
thereby satisfying the smalk, condition of [23]. In the more recently proposed relay techniques based on compute-and-
practically important regime where the mobile terminale aforward [35] or lattice coding[[36] is not necessary in this
close to the cell edge, the channel falls into the weak-relaggime as far as constant gap to capacity is concerned .d@utsi
regime of this paper. An interesting feature of the result isf the weak-relay regime, the optimal relay strategies iema
this paper is that the gap to capacity is a functionppthe an open problem; lattice coding strategies may be helpful.
relative channel strength between the interfering chaandl
the channel to the relay; the gap becomes smaller as 1.
In the limiting case withp = 1, corresponding to the situation
where the mobiles are at the cell edge, the capacity region caThe rest of the paper is organized as follows. Section
be achieved to withir} log @ = 1.2128 bits. Il introduces the Gaussian relay-interference channelehod

A technical contribution of this paper is a particular sederives capacity region outer bounds that hold for all clehnn
of capacity region outer bounds which are established pgrameters and an achievable rate region, and presents the
giving different combinations of side information (geriégs main constant-gap theorem and the GDoF analysis. Section Il
the receivers and by applying the known outer-bound resuteals with the relay-interference channel with a singlayrel
of the Gaussian interference channél [1] and the singlatingink, derives the corresponding constant-gap result, anelsg
multiple-output (SIMO) Gaussian interference channe].[B4 a quantitative analysis on the relation between signayireda
is shown that there are two constraints for the individutdsa and interference forwarding. Section IV concludes the pape
R, and Ry, twelve constraints for the sum rafg + R, Six
constraints foR2R; + Ry, and six constraints fof?; + 2Rs. I. GAUSSIAN RELAY-INTERFERENCECHANNEL
Furthermore, the outer bounds established in this paper hol GENERAL CASE
for all channel parameters. This set of outer bounds is tight
within a constant gap in the weak-relay regime.

To obtain insights from the performance gain brought by A Gaussian relay-interference channel consists of two
the relay, this paper further investigates the improvenent transmitter-receiver pairs and an independent relay. Eaols-
the generalized degrees of freedom (GDoF) per user for thmitter communicates with the intended receiver while qagisi
relay-interference channel due to a broadcasting linkhm tinterference to the other transmitter-receiver pair. Tékay
symmetric setting, it is shown that a common broadcast limkceives a linear combination of the two transmit signald an
can improve the sum capacity by two bits per each relay bit elps the transmitter-receiver pairs by forwarding a mgssa

C. Organization of This Paper

A. Channel Model and Definitions
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X1

in Fig. 2 is contained in the outer bourd given by the set
of (R, Rs) for which

1
Rl S 510g(1 +SNR1)
1 SNR;1
inqCy, =1 14— 7
X2 +In1n{ 1,2Og< +1+SNR1)} ()
1
Ry, < 510g(1 +SNR2)
Fig. 2. Gaussian relay-interference channel with two iedelent digital 1 SNR,»
relay links in{ Co, =1 14+ —"= 8
g +mm{ 2’2°g< +1+SNR2)} ®
1
. . < =
to receiverl and another message to receigethrough rate- Bi+ Ry < glog(l+SNRy +INRy)
limited digital links with capacitiesC; and C, respectively. 1 SNRy
We start by treating a channel model with independent relay +§ log { 1+ 1+ INR; +G+G ©)
links, and later show that requiring one relay message to be a 1
degraded version of the other is without loss of approximatt + 2 < 5log(1 +SNRy +INR)
optimality. As shown in Fig[12X;, X, and Yy, Y, are real- 1 SNR,
valued input and output signals, respectively, angdis the tylg {1+ N, ) TG+ C (10)
observation of the relay. The receiver noises are assumed to 1 SNR
be independent and identically distributed (i.i.d.) Gaussan- R; + R, < 3 log (1 + INRy + H—T}?)
dom variables with variance one, i.€Z; ~ N (0,1),i = 1,2 !
and R. The input-output relationship can be described by +% log (1 +INR; + %) +Ci+ Gy
Y1 = hi Xy + ha1 Xo + 23, (2) i (11)
Yo = hoo Xo + h12 X1 + Za, ) R+ Ry < llo 14 SNR;
Yi = 1.X1 + g2 Xo + Zn, @ TR= g 1+ INR; + SNR,;
whereh;; is the channel gain from transmitteto receivery, —i—% log(1 + SNR2(1 + ¢§SNRT1)
andg; is the channel gain from transmittgrto the relay, all
real valued. The powers of the input signals are normaliaed t 1 +SNRpz + INRy +SNRp) + G (12)
one, i.e K[| X;]?)] <1,i=1,2. Ri+Ry < 5 log(1 4+ SNR; + INRy)
Define the signal-to-noise ratios and interference-t@aoi 1 SNR, + SNR
ratios as follows: 4olog(1+2—21>"""2) 4 C (13)
) ) 2 8 1+ INR; !
SNR: = [haf SNRrs =gl ¢=1,2 Ri+Re < Zlog(1+ SR, +INR
INRy = [hn2]?, INRy = [hon |*. = 98U T THINR, £ SNR,, 2
Define functionsa(-) and 3(-) as 1 log <1 n SNR2(1 + ¢3SNR;1) + SNRy»
1 11 1+ 2 14 INRs
a(z) = S log(2z+2+p), fB(z)=g+glog|1+——], +INR; + SNR,1) 4 C; (14)
®) Rr+R < i (1 + SR >
wherelog(-) is base2 andp is defined as ! 2= 3% 1+ INR2 + SNR,»
2 2 1 2
—log(1+ SNRy(1 SNR,. SNR,.
pe | g ©) g loll SR+ OINR2) + SNRo
12 21 +INRy + SNRTQ) + Cq (15)
This paper considers a weak-relay regime wheis a finite 1
constant. Ri+ Ry < 3 log(1 + SNR2 + INRy)
1 SNR; + SNR,;
B. Outer Bounds and Achievable Rate Region +§ log (1 + 1+ INR; ) +Ce (16)
We first present outer bounds and achievability results that R, < 1 ) 1 SNR2 INR
are applicable to the relay-interference channel modeh wit™! The < 5108 + 1+ INRy + SNR,» +INR

two independent digital relays as shown in Kij. 2.

SNR; (1 + ¢?SNR;2) + SNR,4

Theorem 1 (Capacity Region Outer BoundsThe capacity
region of the Gaussian relay-interference channel as degic

1
+§10g (1 +

1+ INRy

+INRy 4+ SNR,2) + Cy (17)
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R+ Ry

R+ Ry

Ry + Ry

2R1 + Rs

2R1 + Rs

2R1 4+ Rs

2R1 + Rs

2R1 4+ Rs

IN

IN

IN

IN

IN

IN

IN

IN

1o () s SNRi+SNR,y
2 %% 1+ INR; + SNR,;

1
+5 log(1 + SNRy(1 + $5SNR;1) + SNR;2

+INR; + SNR,1)
SNR; + SNR,
3108 (1 TTIINR, + SNRT2>

1
+5 log(1 +SNRy (1 + #1SNR;2) + SNR,1

+INR; + SNR,2)
llog <1 SNRy (1 + ¢?SNR,5) + SNR,,

1+ INR; + SNR,;
+INR; 4 SNR;2)

(18)

(19)

1 SNR2(1 + ¢2SNR;1) + SNR,2
g log (H 1+ INR; + SNR
+INR; + SNR;1)

1
5 108 (1+ SNR; + INRy)

SNRy )

1
Dog (14 INRy + 2Rz
*3 °g<+ " TTINR,

1 SNR;
+§10g (1 + TNRl) +2C; + Gy

1o (). SNRi+SNR,y
2 %% 1+ INR; + SNR,;

1
+35 log (1+ SNRi(1 + ¢7SNR;2) 4+ SNR,1
+INR: + SNR;2)

(20)

1 SNRa(1 + ¢2SNR,.1) + SNR,»
“log (1
*3 °g< + 1+ INR; + SNR
+INR; + SNR,1)

1
3 log(1 + SNR; + INRz2)

+% log <1 n SNR; + SNRH)

(22)

1+INR;
2
% log (1 N SNR2(1 + ¢2SNR;1) + SNR, 2
+INRy + SNR;1) + G

1+ INRo
1 SNR SNR,
! log (HL)

1+ INRy
1 SNR
+§1og (1+ 2

1+ INR2 + SNR;5

+% log (1 + SNRy(1 + ¢7SNR;2) + SNR;
+INRz + SNR2) + C»

%log(l + SNR; + INRy)

SNR;
1+ INR; + SNR;;

SNRy(1 + ¢2SNR,1) + SNR,»

+ INRl)

1
+§10g (1 +

(23)

(24)

1
-1 1
*3 °g< + 1+ INR,
+INR; + SNRTl) +2C4

1
2R+ Ry < 5 log(l+SNR; +INRy)

1 SNR,
"1‘5 log (1 + INR; + TNRQ)

1 SNR; + SNR,4
g log (H 1+ INR; )
+Cy + Ca, (26)

and R; + 2R, bounded by[([21)-(26) with indices and 2
switched, where)? and ¢3 are defined as

g1hai ? g2hi2 ?
1= -1, ¢3= -1 27
7 g2h11 & g1ha2 @7)
Proof: The above outer bounds can be proved in a genie-
aided approach. See Appendix A for details. [ ]

Theorem 2 (Achievable Rate Region) et P denote the set
of probability distributionsP(-) that factor as
P(q,w1, w2, 71, 22,Y1,Y2, YR, UR1, JR2)
= p(q)p(z1, wilg)p(x2, walq)p(y1, Y2, yrlT1, T2, 9)
p(Jr1, IR2|YR, q)- (28)
For a fixed distributionP € P, let R(P) be the set of all rate

(21) pairs (R1, R2) satisfying

0<R; < dy+min{(C—&)", Adi}, (29)
0<Ry < dp+min{(Co—&)T, Adp}, (30)
Ri+Ry < a1+ge+min{(C;—&)", Ay}
+min{(C2 —52)+,Agg}, (31)
Ri+Ry < ax+g1+min{(Ci—&)",Agi}
+min{(C2 —52)+,Aa2}, (32)
Ri+Ry < er+er+min{(C;—&)", Aer}
+min{(C2 —§g)+,Aeg}, (33)
2Ri+ Ry < ar+gi+e+min{(C—&)", Aar}
+Inin{(C1 —51)+,Agl}
+min{(C2 —52)+,A62}, (34)
Ri+2Ry < ax+go+er+min{(C— &)1, Az}
+min {(C2 — &)1, Aga}
+min{(C1 —51)+,A61}, (35)
where
ar = I(X1;Y7|W,Wa, @), (36)
di = I(X1;Y1|W2,Q), (37)
er = I(Xy,Wa; 1|1, Q), (38)
g = I(X1, Wi Y1(Q), (39)
Aa; = I(Xy; YRl|Y1,W1,W2,Q), (40)
Ady = I(Xy;Yri|V1, W2, Q), (41)
Aey = I(Xq, WQ,YR1|}/1,W1,Q), (42)
Ag = I(Xl,WQ,YRﬂYl, Q), (43)
& = I(Yr;Yr|Y1, X1, Wo,Q), (44)

(25) and as, Aas, d2, Ads, ea, Aes, g2, Ago, and&, are defined by

(39)-(44) with indicesl and 2 switched. Then

R=J R(P)

PcP

(45)
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is an achievable rate region for the Gaussian relay- Constraints at receiver 2:

interference channel as shown in Hg. 2. ) n
Sy < min{I(Xo; Ya[Wi, W2, Q) + (C2 — &) 7,

Proof: The achievable scheme consists of a Han- [(X2;Ya, YRa|W1, W2, Q)} (50)
Kobayashi strategy at the transmitters and a generalizettha  So + 7o < min{l(Xz;Ya|W1,Q) + (C2 — &)™,
and-forward strategy at the relay. They are the same sieateg I(Xy;Ys, YR2|W17 Q)} (51)
as adopted ir [23] except that unlike the GHF relaying scheme So+T1 < min{I(Xa, Wi;Ya|Wa, Q) + (Co — &)
in [23, Theorem 2], where the relay quantizes the received 2 ' = 2 2T
signal and broadcasts its bin index to both receivers throug [(Xo, W13 Y2, Yre[W2, Q) } (52)
a shared digital link, the relay here quantizes the receivéd + To + 71 < min{I(Xz2, W1;Y2|Q) + (C2 — &)™,
signal with two different quantization resolutions, themnds I(Xy,W1;Ys, YR2|Q)} (53)

the bin indices of the quantized signals to the receivemuiin

separated digital links of rates, andC,. The following is a  The achievable rate region consists of all rate paits, R>)

sketch of the encoding/decoding process. such thatR, = S, + 71 and R, = Sy + T>. Applying the

Fourier-Motzkin elimination procedure [B7] gives the ashi

Encoding Each transmit signal is comprised of a commogple rate regior (29J-(85). m

message of ratd; and a private message of rat. The  we remark here that although both Theorgm 1 and The-

common message codeworti (j), j = 1,2,---,2"" of orem[2 are stated for the digital noise-free relay-destinat

lengthn are generated according to the probability distributiofhks, it can be easily verified that both results continubadd

I, p(wilq), whereg ~ p(q) serves as the time-sharing ranwhen the digital links are replaced by analog additive Gianss

dom variable. Based on the common message codewords, ygfi€e channels. The fact that the achievable rate regiotiéor

i generates codewords;'(j, k),k = 1,2,---,2"5 of length analog channel is at least as large as the rate region for the
n following the conditional d'St”bUt'O'ﬂz 1P(xz|wu q)- Each digital channel is obvious since one can always digitize the
input messagé; € [1,2,---,2%"]i = 1,2 IS mapped t0 analog link. The fact that the outer bound continues to hold
a message paifsi, t;) € [1,---,2%] x [1,---,2%], then sent can be verified by going through the proof of that converse

to the destinations aXZl(Sh 1)- At the relay, the quantization jn Appendix[A. The outer bounds in the converse involve
codebook is generated according to the probability distidn  terms like 7(X7; Y;*, V), which is in turn upper bounded
p(Jr1, Ir2|yr; ). After receivingYy, the relay quantize¥; by 1(X7;Y;") +nC,. Itis easy to show that when the digital
into Y, andY%,, then binsy’z; to 2" bins, and blnsyﬁl to link C; is replaced by an analog link with input,; and
27¢1 pins, and sends the bin indices to the receivers througbtputY,,, the mutual information term is upper bounded by
the digital links. I(X7YP) + I(X2; Y. As a result, all the outer bounds
in TheorentIL continue to hold in the case of the analog relay
link with C; replaced byI(X,:;Y,1) and C, replaced by

I(XaQ; Ya2)-

Decoding The decoding process follows the Han
Kobayashi frameworkX 7 and W3 are decoded by receiver
1 with the help of the index of the relayed messa@g;
X3 and W7 are decoded by receiv@rwith the help of the
index of the relayed messaég‘2 To decode, receiver first C. Constant Gap in the Weak-Relay Regime

constructs a list of candidates for the relayed messgge We now specialize to the Gaussian case, and show that under
then jointly decodes(}', W3' andY%, using typicality decod- the weak- relay conditiofi{1), the achievable rate regiahtae
ing. Similarly, receiver2 jointly decodesXs', Wi* andY}%,.  outer bounds of the Gaussian relay-interference chanribl wi
Following the error probability analysis in [23, Theoremtle jhdependent relay links can be made to be within a constant
rate tuple(S1, 71, 52, T3) satisfying the following constraints gap to each other. The relaying strategy that achieves this
is achievable: capacity to within a constant gap turns out to be naturally
suited for the Gaussian relay-interference channel with a
degraded broadcasting relay, thus establishing the aunsta
gap result for the broadcasting-relay case as well.

Assuming Gaussian codebooks and a Gaussian quantization
scheme, the key design parameters are the choice of common-

Constraints at receiver 1:

Sy < min{I(Xy;Yi|Wy, Wa,Q) + (C, — &)t, Private power splitting ratio at the transmitters and thargu
(XY YR1|W1 Wa, Q)} (46) _tlzz_mon_ level at the relay. Our choice of design paramete_rs
e e is inspired by that of Wang and Tsel [6], where the capacity
Si+T1 < min{I(Xy;Y1|[Ws, Q)+ (C1 — &)™, region of a Gaussian interference channel with rate-lighite
I(Xq; Y7, YR1|W27 )} (47) receiver cooperation is characterized to within a congjapt
Si+ T, < min{I(X;,Wa; Y1|[W1, Q)+ (C; — & )T, Two key observations are made Inf [6]. First, the Etkin-Tse-
(X1, Wa: Vi YRllWl Q) (48) Wa_mg strategyl[1] of se_ttlng th_e prl_vate power to be at the
ey ’ noise level at the opposite receiver is used. Second, thg rel
Si+Ti+Tp < min{l(X,,Wa; V1|Q) + (C1 — &), quantizes its observation at the private signal level ireotd

I(Xq1,Wa; Y1, ?R1|Q)} (49) preserve all the information of interest to the destinatioft
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the destinations, a joint decoding (s€el[22].][30]./[38B]}3 in (@), and using the Han-Kobayashi scheme with Etkin-Tse-
is performed to recover the source messages. Wang power splitting strategy; = U; + W, i = 1,2, where

Consider now the optimal power splitting in a Gaussiaby; and W, are both Gaussian distributed with the powers
relay-interference channel with independent relay linkse of U; and U, set according toP;, = min{1,h;} and
Etkin-Tse-Wang strategy, i.e., setting private powEys as P,, = min{1, hgf}, respectively, the achievable rate region
given in Theorerf]2 is within

P, = min{1,h7}, Psp=min{l,hy7’}.  (54)
/ n2
is near optimal for the Gaussian interference channel with 5= l]og <2+ prvp t16p+ 16) (59)
conferencing receivers, but is not necessarily so for relay 2 2

interference channel shown in Fifl 2 in its most genergls of the capacity region outer bound in Theorgmn 1.
form. Consider an extreme scenario ©f, Co — oo. In this

case, the relay fully cooperates with both receivers, so the Proof: The main step is to show that using superposition
relay-interference channel becomes a single-input medtipcoding X; = U; + W;,i = 1,2, whereU; ~ N'(0, P;) and
output (SIMO) interference channel with two antennas at th&: ~ N(0, Pic) with Py, + P, = 1, Py, = min{1, h;, }, and
receivers. Thus, the private powers at the transmitters bris P2 = min{1, 5}, each of the achievable rate constraints
set at the effective noise level for the two-antenna output in (29)-(35) is within a finite gap to the corresponding upper
order to achieve capacity to within constant bits| [34] [4@),, Pound in [T)(26). Specifically, it is shown in Appendik C tha

(i) Individual rate [29) is within
Pl:D = min{la (g%+h%2)_1}7 P2P = min{la (gg—i—h%l)_l}.
(55) g, = max{a(q1), B(q1)} (60)

WhenC; andC, are finite, the optimal power splitting strategy,is of th b 7). whet- da(- defined
is expected to be a function of not only, andho; but also . I?GC)J. e upper boundl(7), whevet-) and () are as define

g1, g2, C1 and Co, lying somewhere betweep (54) and](55). (i) Individual rate [3D) is within

This complication can be avoided, however, if we focus
on the weak-relay regimel(1), namely,| < ,/p|hi2| and 0r, = max {a(qs2), 8(q2)} (61)
lg2| < \/p|h21| for some finite constanp. In this case, the . )
power splittings [(B4) and (55) differ by at most a <:onstarlﬁ't3___OfSthe upfer boun([](28), 3 ithi
factor. The main result of this section shows that in thiskvea (iii) Sum rates [(31),[(32), and.(B3) are within

relay regime, the Etkin-Tse-Wang’s original power splii Sry+r, = max{a(qr)+alge),alqr)+ B(gz),

(B9) is sufficient for achieving the capacity of the Gaussian 62
relay-interference channel to within a constant gap (wlsch Blar) + alaz), flar) + Blaz)} (62)
a function ofp). bits of the upper bound§](9)-(20);

Consider next the optimization of the quantization level. (iv) 2Ry + R rate [34) is within
Applying the insight of [6] to the Gaussian relay-interfece

channel with independent relay links shown in Fig. 2, the 02fi+R. = Max {2a(an) + al(a2), 25(a1) + ala2),
quantized messages for two receivers can be expressed as a(q1) + B(a1) + a(q2),
of no interest aft; 20‘(q1) + ﬂ(qQ)v 2B(q1) + ﬂ(qQ)
N —_—
Yr1 = 1Ur + g1Wh + g2Wa + g2Uz2 +Zr +m (56) a(q1) + Ba1) + Blaz)} (63)
Vre = iWi + goUs + g2Wo + giUi + Zr 412 (57)  bits of the upper bound§ (RA)=(26);
of no interest afY; (V) Ri + 2R, rate BE) is within
wherelV; andU; are common message and private messagedy, 1op, = max{a(qr)+2a(qz),a(q1) + 258(qz),
respectively, andy; ~ AN (0,q;) is the guantization noise, = alar) + B(gs) + alge),
1, 2. Therefore, a reasonable choice of the quantization levels ) )
for receiverl and receiver is Blar) + 2a(az), Blar) + 26(az),

B(a1) + B(a2) + a(q2)} (64)

) ) . bits of the upper bounds not shown explicitly in Theofdm 1 but
Now observe that in the weak-relay regime, i1 < can be obtained by switching the indiceand? of (Z1)-(28).
VI, |g2| < /p|hail, the above quantization levels (with  ginceq(.) is a monotonically increasing function arid.)
Etkin-Tse-Wang power splitting) are betweerand the con- s 5 monotonically decreasing function. In order to minieniz

stantp 4 1. Thus, we can _choose the quantization levels to Bgs sphove gaps over, andgs, the quantization levels should
a constant and optimize it betweérandp + 1. be set such that

Theorem 3 (Constant Gap in the Weak-Relay Regimé&pr ) *) *) X 65
the Gaussian relay-interference channel with independent a(a1) = Alar) = alaz) = Blaz), (65)
lay links as depicted in Fid]2, in the weak-relay regimengsi \yhich results ing; = qf = \/p2+1ip+167f7_ Substitutingq?

the generalized hash-and-f(grward relaying scheme Witmquaandq§ into the above gaps, we prove that the constant gap is
tization levelsq; = qo = 7“’”1”1(”, wherep is defined 4 bits per dimension, wheré& is given in [59). [ ]

g =1+g5Py, Q=1+ giPi. (58)
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Fig. 3. Evolution of the generalized hash-and-forwardyredeheme

Note that the finite capacity gap is an increasing function
of p: smallerp results in a smaller gap. In the case that 1,
i.e., |g1] < |hi2| and|gz| < |ha1], the optimal quantization
and the gap to the capacity is Ri+Ry, <

* __ k. V33—1
levels areq; = q3 = =7,

given by 3 log (%) = 1.2128 bits.

in Fig. [3(c). We note here that the outer bounds for the
independent relay link case (Theorém 1) continues to hold
for the degraded broadcast relay case.

Corollary 1. The constant-gap-to-capacity result stated in
Theorem[B holds also for the Gaussian relay-interference
channel with degraded broadcasting relay links, whereass

ing C; < Cy) the message sent through the link with capacity
Cy must be a degraded version of the message sent through
the link with capacityCs.

E. Comments on the Strong-Relay Regime

The constant-gap result in this paper holds only in the weak-
relay regime ofg:| < \/plh12| and|gz| < /plha1|, wherep is
finite. The main difficulty in extending this result to the geal
case is that both the choice of the Han-Kobayashi power
splitting ratio and the GHF relay strategy are no longerropti
in the strong-relay regime. As mentioned earlier, the Etkin
Tse-Wang power splitting is not optimal when the relay links
gi,i = 1,2 grow unboundedly stronger than the interference
links hi5 and hs;. Further, GHF may not be an appropriate
relay strategy. To see this, assume a channel model with
separate relay links and consider an extreme scenario where
the relay linksg;, i = 1, 2 go to infinity, while all other channel
parameters are kept constant. This special case is knovine as t
cognitive relay-interference channgl [41]. The capadigyion
outer bound of Theoref 1 for this case reduces to

1
R, < 51og(1 +SNRy) +Cy (66)

1
Ry, < 51og(1+5NR2)+(:2 (67)

1
5 lo(1 + SNRz + INRy)

1 SNR;
+§10g (1+TNR1) + G +G (68)

I:R)élgaussmn Relay-Interference Channel with a Broadcgstin Ryt Ry < llog(l + SNR; + INRy)
y 2
The GHF relaying scheme originally stated in Theofeém 2 —i—llog (1 n SNR» ) +C 4G (69)
requires independent relay links. As shown in Fig.|3(a), the 2 1+ INR2
relay observatiory'; undergoes two separate quantization an 1 SNRy
binning processe}; to obtain the two messages for the tv(\jlgl th = 510g (1 +INRz + 1+ INRl)
receivers. However, in the weak-relay regime, Theoigm 3 1 SNR,
shows that using an identical quantization level for the two +35 log (1 +INR; + TNRQ) +CG+ G
receivers is without loss of approximate optimality, thus a (70)
common quantization process can be shared between the two 1
receivers. Further, since the sarfig is binned into bins of 281+ Rz < Slog(1+SNR; +INR:)
sizes2"C and 2", this is equivalent to first binning into 1 SNR,
2nC1 pins (assumingC; < Cy) then further binning each bin +3 log (1 +INRy + m)
into 27(¢2=C1) sub-bins, as shown in Fif. 3[b). The message ) SNR 2
sent to receiver 2 can be thought of as the refinement of the +=log <1 + 71) +2C;+Cy  (71)
message sent to receiver 1. This is exactly the incremental 2 L+ INRy
relaying strategy we seek for the Gaussian interferencer#a | op, < % log (1 + SNRy + INR;)

with a broadcasting relay, where the message to receiver 1
is a degraded version of the message to receiver 2. Finally,
if C; = Cy = C, the relay-interference channel reduces to
the universal relaying scheme studied[in|[23], where a aligit
link is shared between the relay and the receivers, as shown

1
Diog (14 INRy + 2Rt
*3 °g<+ 2T TTINR,

SNR2
1+ INR;

SNR; )

1
+§10g (1 +

) +Cp +2Co, (72)



TO APPEAR IN IEEE TRANSACTIONS ON INFORMATION THEORY 9

45

which is in fact the outer bound of the underlying interferen
channel expanded b{; bits in the R; direction andC; in 4
the R, direction. In this special case, a decode-and-forwar
strategy can easily achieve the capacity region to within
constant gap. This is because the relay is capable of degodi
all the source messages, so it can simply forward the b
indices of the privates messages to achigve+C;, Ro+Cs) £
for any achievable rate paifR;, R;) in the absence of = |
the relay. Etkin-Tse-Wang power splitting with decode-and '

25

forward then achieves the outer bound to within a constar s “. M e |
gap. In contrast, GHF cannot achieve the capacity region LS - - k=05 |
within a constant gap in this case. — =12

05 —

F. Generalized Degrees of Freedom

We can gain further insights into the effect of relaying or ’ ' ’ a
the Gaussian interference channel by analyzing the GDoF of _ ‘ _ _
the sum rate in the symmetric channel setting. Consider g - enggihiﬁr?; ?Oﬁ":rg“f gocz‘;’ere'ay in a symmetric Gaussbay 1
case wherdNR; = INRy = INR, SNR; = SNR; = SNR,
SNR,; = SNR,2 = SNR,,, andC; = C, = C. In the high
SNR regime, similar to [1],[]6], define

for0 < a <1, and

) log INR
a = SNléIEw log SNR’ (73) dsum = min {a + 5, 2(1 + k), 2a}, (80)
8 = im logSﬂv (74) for a > 1. Interestingly, this is the same as the sum capacity
SNR—oc log SNR (in GDoF) of the Gaussian interference channel with rate-
o= lim - . (75) limited receiver cooperation [6]. Therefore, the same sum
SNR—oo 5 log SNR capacity GDoF gain can be achieved with either receiver
The GDoF of the sum capacity is defined as cooperation or with an independent in-band-reception and
c out-of-band-transmission relay assuming that the sorelzs-
dsum = lim lﬁ (76) links are the same as the interfering links of the underlying
SNR—oo 3 10gSNR g i 0 5.0 interference channel (i.ex = 3).
As a direct consequence of the constant-gap redult, can Fig.[4 shows the GDoF gain due to the relay for the- 3
be characterized in the weak-relay regime as follows. case. There are several interesting features. When 0.2,

. . . the GDoF curve remains the “W” shape for the conventional
Corollary_ 2. For the symmetric Ga_u55|an relay-interference;  gsjan interference channel [1]. The sum-capacity gain i
cr?annel in the _vve_ak-r.elay t:eg'?ef('l'lﬁ'g_ O‘)’VU;;; GDoFlof 2k in the very and moderately weak interference regimes
the sum capacity is given by the following. fa< (when0.2 < a < 0.6) or the very strong interference regime

dewm = min{2 —a+ min{B, x},2max{a,1 —a} +2x, (a > 2.2), and isx in other regimes§ < o < 2). As x
2max{a,1+ 8 — a}}. (77) gets larger, the left “vV” branch of the “W” curve becomes
smaller, and it disappears completely at the critical poit
Whena > 1 k = 0.5. As k keeps increasing, the right “v” of the “W”

dgum = min {a + &, a + 3,2(1 + k), 2max{1, 8}}. (78) Ccurve also eventually disappears. The detailed sum-dgpaci
gains for different values of are listed in Tablél .

Note that whenn = 1, the GDoF of the sum capacity is
in fact not well defined. This is because bdifR = YSNR  G. Interpretation via the Deterministic Relay Channel
(wherevy # 1 is finite) andINR = SNR result in the same
a = 1. However, in the case ofNR = SNR, the channel
becomes ill conditioned, i.eh; = ¢ = 0, which results in a
dsum Other than the one i (¥8). In other words, multiple valu
of dsum correspond to the same= 1. This is similar to the

In the Han-Kobayashi framework, each input signal of the
interference channel consists of both a common message
and a private message. The sum-capacity gain due to the
er%lay in the relay-interference channel therefore in ganer

ituati £16. Th 231 Applving the simil " includes improvements in both the common and the private
situation of [6, Theorem 7.3]. Applying the similar argurne essage rates. This section illustrates that in the asyimpto

tggt 'refe%em{lNR = SNRt} is ofhzero rEa;éJre,l we ?ave tlhqwigh SNR regime, the rate improvement can be interpreted
OF of the sum capacity as shown [01(78) almost surely. as either a private rate gain alone, or a common rate gain

When the relay links and the interference links share th . : .
same channel gain, i.e. = 8, the GDOF of the sum capacitya?one' Further, the one-bit-per-relay-bit or the two-ipits

reduces to relay-bits GDoF improvement shown in the previous section
can be interpreted using a deterministic relay model. Tke re
dsum = min {2 + k — o, 2max{e, 1 — a} + 2,2}  (79) of this section illustrates this point for the symmetric Gsian
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TABLE |
SUM-CAPACITY GDOF GAIN DUE TO THE RELAY FOR THE SYMMETRICGAUSSIAN RELAY-INTERFERENCE CHANNEL FOR THEx = 3 AND Kk < % CASE

Range ofo [ a<k [ h<a<ZE | 2 <a<? [ 2<a<2 [ 2<a<2+k [ a>2+k
Gain 20 2K 2—3a+k K a+Kk—2 2K

relay-interference channel in the= g andx < % case as an two-stage Han-Kobayashi scheme used In [1] for the Gaussian
example. interference channel without the relay.

1) Very Weak Interference Regimdor the symmetric  Specifically, the relay uses the same GHF relaying strategy
Gaussian interference channel, in the very weak interéereras in Theoreni]3, but it is now designed to help the common
regime of0 < o < 1, common messages do not carry anjessages only. Here, both common messagigsand Iy’
information (although it can be assigned nonzero powers asare decoded and subtracted at both receivers with the help of
the Etkin-Tse-Wang power splitting strategy). Settikig and the GHF relay first (while treating private messages as hoise
X, to be private messages only is capacity achieving in terrtige private messages are then decoded at each receivargreat
of GDoF ( [1], [42]-[44]). each other as noise. The decoding of the private message at

Assigning X; and X, to be private only is also optimal for the second stage results in
GDoF for the symmetric Gaussian relay-interference chlanne SNR
in the very weak interference regime. This is because when R, = 21 (1 + m)

X; and X, are both private messages and are treated as P

noises alr, andY; respectively, the relay-interference channel — max{0,1-a}, (82)
asymptotically becomes two deterministic relay channels Note that the relay does not help the private rate.

the high SNR regime. Consider the relay operation Yor In the common-message decoding stadg. and W3 are
as illustrated in Fig[ 5(f). When noise variancesZqfand jointly decoded at both receiverr and receiver2 with the
Zr go down to zero, the observation at the relay becomhslp of the GHF relay. As a resultiv;*, W3, Y*, Y};) forms
Yr = ¢Xi + gX, and the received signal at receivér a multiple-access relay channel at receivewith W7, W
becomesY; = hqX; + h.Xo. In this case, the relay’s as the inputsY;" as the output and’}; as the relay. The
observation is a deterministic function of; and Y3, i.e. achievable rate region of such a multiple-access chanrikl wi
Yr = gX1 + £ (Y1 — hqX1). Thus X; and Yy, along with a GHF relay is given by

the relayYg form a deterministic relay channel of the type

studied in [45]. According td [45], the achievable rate oéwus Ry < I(Wis Y1)

1 is given by + min {(c - §)+,J(W1;YR|Y1,W2)}
R = min{I(X1;Y1,Yg), [(X1;Y1) +C} Ryy < I(WyY1|W7h)
2 : _ A\t Y
- min{%log(l—l—hfl),%log(l—i—ZQ)+C} +min {(C - &) (Wi VilYa, W)}
Rw1+Rw2 S I(WlaW%}/l)
— min{l,1 —a+ &}, (81)

+ min {(c ) I(Wy, W YR|Y1)} .
resulting in one- b|t improvement for each relay bit in the

regimex < a < 3. Similarly, as illustrated in Fig- 5(b)X>, With the Etkin-Tse-Wang mput strategy (i.ePy, =

Y, andYx form another deterministic relay channel with, ~™in{l; A1 2}, Py = min{l,hy7}) and the GHF relaying

as the inputY; as the output, andfz as the relay. Thus, the scheme withq; = g2 = 7Vp2+1im, it can be shown
achievable rate of usé@ris the same as usér resulting in the that the common-message rate region for the receiver 1 in the
same one-bit-per-relay-bit improvement. Further, as shiow high SNR regime in term of GDoF is given as follows. When
[45], a hash-and-forward relay strategy achieves the égpa® < a <1

for deterministic relay channels. As the hashing operaiton

the same for both case, the same relay bit can therefore benefi R <«
both receivers at the same time, resulting in two-bit inseea Ry> < min{o, k + max{2a — 1,0}}
in sum capacity for one relay bit, as first pointed outlin [22]. Ruy1+ Ry2 < o+ min{a,rs}.

2) Moderately Weak and Strong Interference ReginTdse Whena > 1
above interpretation, which states that the GDoF improveme
in the very weak interference regime comes solely from the Ry,1 < min{e, 1+ &}
private rate gain, is not the only possible interpretatibhe Ruys < «
rate gain can also be interpreted as improvement in common

Rwl + RwQ S a+ K.

information rate — an interpretation that applies not ordy t
the very weak interference regime, but in fact to all regimd3ue to symmetry, the rate region for the multiple-accessyrel
(for the symmetric rate with symmetric channels). In thehannel at receivel can be obtained by switching the indices
following, we illustrate this point by focusing on a two-1 and2.

stage Han-Kobayashi strategy, where common messages aféote that in suitable interference regimes, both the indi-
decoded first, then the private messages. This is the sawitual rate and the sum rate can potentially be increased by
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(a) At receiverl, X3 is treated as noise.

Fig. 5. Asymptotic deterministic relay channels in the vergak interference regime < a <

one bit for each relay bit. This is again a consequence of the
fact that the relay operation has a deterministic relay nbbn
interpretation in the high SNR regime. For example, in the
strong interference regime whete< o < 2 + &, the sum rate

of the multiple-access relay channel benefits by one bit for
each relay bit in the high SNR regime as shown in Fig.]6(a).
In the very strong interference regime, the interferencelma
decoded, subtracted or can serve as side informationfthere
the individual rate increases by one bit for each relay bit as
shown in Fig[6(d).

Now, the achievable rates of common messages can be
obtained by intersecting the two rate regions. Taking the
achievable rates of private messages[in (82) into account, i
is easy to verify that this two-stage Han-Kobayashi scheme
achieves the sum capacity ih {79) amdl(80). As depicted in
Fig.[, the sum-capacity gain due to the relay can be one-bit-
per-bit or two-bits-per-bit. In the following, we demorete
in Fig.[d how these gains are obtained by pictorially showing
the intersection of the two common-message rate regions for
different values ofx.

« When a < &k, as can be seen from Fi§. 7(a), the
two rate regions are identical and are both given by
{(Ruw1, Rw2) : Ru1 < a, Ry2 < a}. The intersection of
the two is the same rectangle with the top-right corner
located at(«,«). This gives a2a-bit gain over the
baseline, which is located at the origin.

« As «a increases tor < a < i, the base- 1.
line rate pair is still at the origin. With the help

11

(b) At receiver2, X is treated as noise.

1
5

bits is obtained. However, when > Z‘T" as depicted

in Fig. [7(d), the intersection of the two rate regions
is still a pentagon with the sum-capacity limited by
Ry1 + Ry2 < 2 — a+ k. In this case, depending on
the value ofa, the sum-rate gain i8 — 3« + « bits when
225 < o < £, and isx bits whenZ < o < 1. (The latter
case is shown in Fig. 7{d).)

Whenl < a < 2 + k, the common-message rate regions
are again pentagons and the interpretation is similar to
the 22% < o < 1 case. Fig[7(¢) shows an example
of 1 < a <1+ k. In this case, the two rate regions
are identical pentagons with the sum capacity limited by
Ry1 + Ry < a+ k. Compared with the baseline sum
capacity, ax-bits gain is obtained. Wheh + k < a <

2 + &, the intersection of the two common-message rate
regions again gives a sum-capacity @f+ . However,
since the baseline sum capacity becomes saturated when
whena > 2 ([1], [46], [47]), the sum-capacity gain over
the baseline ig bits whenl <« < 2, and isa +x —2

bits when2 < a < 2 + k.

Finally, « > 2 + & falls into the very strong interference
regime. The intersection of the two common-message rate
regions is a rectangle with the top-right corner located at
(1+ k,1+ k) as shown in Figl_7(f). The sum-capacity
gain is thu=2x bits in the very strong interference regime.

G AUSSIAN RELAY-INTERFERENCECHANNEL WITH A
SINGLE DIGITAL LINK

of the relay, the two common-message rate regionsThe result of the previous section shows that for the sym-
become rectangleq (R, 1, Rw2) : Ruw1 < o, Ry2 < k} metric channel, the sum-capacity improvement can be though
and {(Ry1, Ruw2) : Ru1 < Kk, Ry2 < a} respectively. As as coming solely from the improvement of the common
shown in Fig[7(8), the intersection of the two gives anessage rate, or in a very weak interference regime as coming
square with the top-right corner located (at, <). As a solely from the improvement of the private message rates.
result, the sum-capacity gain 2% bits. Thus, the function of the relay for the symmetric rate in
As « increases t(% < a < 1, the common-message ratesymmetric channel is solely in forwarding useful signalsisT
regions at receivers and2 become pentagons. Howeverjnterpretation does not necessarily hold for the asymmetri
depending on the value af, the sum rate improves cases. In this section, we study a particular asymmetrioroéla
by different amounts. Whemx < Q*T“ as shown in to illustrate the composition of the sum-capacity gain. We
Fig. [7(c), the intersection of the two pentagon regioreve motivated by the fact that the relay’s observation in
gives a square shape with the top-right corner locatedatrelay-interference channel is a linear combination of the
(2a—14k,2a— 1+ k). Compared with2a—1,2a—1) intended signal and the interfering signal. Clearly, fawmhag
achieved without the relay, a sum-capacity gain2aef the intended signal and the interfering signal can both be



TO APPEAR IN IEEE TRANSACTIONS ON INFORMATION THEORY 12

%
X1 hq [ Y;
N 1
g
10 c
P Yien[rcly]
(a) Y7 decodes bothX; and X5. (b) X is decoded and serves as side information.

Fig. 6. Asymptotic deterministic relay channels in the srand very strong interference regimes.

Ry2 Ry Ry2
1 e With relay 1 e With relay 1 *  With relay
»  Without relay =  Without relay =  Without relay
ARw =2« ARw = 2K AR’LU = 2K
0.5} 0.5
«
K| K [---- >
o} |
A ‘ dn ‘ I
0" ax 05 1 Ry 9 K a05 1 05 a 1 R
@0<a<k (b)s<a<i ©i<a<2E
Rw2 RwQ R 9
w
«  With relay o k- e With relay 1+ k
) «  Without relay /
1t =  Without relay 1+ I -
@ ARy =k
o With relay
0.5 0.5} 0.5 = Without relay |
K K P AR, =2k
07 % 05 a 1 R, * K 05 1« R, 0 K 05 1 1+k Run
(d3<a<i @l<a<l+r M a>2+r

Fig. 7. Generalized-degree-of-freedom gain due to retpysnroughly x or 2« depending on how the two common-message multiple-accegsneeare
intersected

beneficial (e.g.[[12]). This section illustrates that defirg the constant-gap-to-capacity result can be establishedisn

on the different channel parameters, the sum-rate gain framecial case for a broader set of channels. Unlike the weak-
forwarding both intended signal and interference signal-harelay assumptiofy;| < \/p|h12| and|gz| < /plho1| made in
pens to be the same as that of forwarding intended signal ofihg previous section, this section assumes [at< ,/p|h21|

or forwarding interference signal only. only with no constraints ory; or his. Under this channel

Specifically, we focus on a particular asymmetric mod&ftuP, it can be shown that in the high SNR regime, the sum

as shown in Fig[l8, where the digital relay link exists onlf@Pacity improvement can also be obtained as if only the
for receiver 1, and not for receiver, i.e., Co = 0. This intended signal is forwarded or only the interference digna

section first derives a constant-gap-to-capacity resultHis is f_orwarded. Note_ tha_t thi_s conclusion applies to th(=T cdse o
channel. Note that this channel is a special case of thesingle relay-destination link only, and not necessaalyfie

general channel model studied in the previous section, Klneral case with two relay-destination links.
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Proof: Although the signalling scheme and the constant
gap result resemble those of TheorEm 3, Thedrém 4 is not
simply obtained by setting”s = 0 in Theorem[3B, since
the weak-relay condition has been relaxed. In the following
we prove the constant-gap result by directly comparing each
achievable rate expression with its corresponding uppento

Applying the inequalities of Lemnid 1 and following along
the same lines of the proof of Theorém 3 in Apperldlx C, it
is easy to show that each of the achievable rateg ih [83)-(89)
achieves to within a constant gap of its corresponding upper
bound in Theorerh]1 (witlC, set to zero) in the weak-relay
regime. The constant gaps are shown as follows:

() Individual rate [88) is within

X1

Xo

Fig. 8. Gaussian relay-interference channel with a singjéad link

A. Capacity Region to within Constant Gap in the Weak-Relay
Regime or, = max{a(q1), B(q1)} (90)

Since the channel model studied in FI[J. 8 is a special
case of the general Gaussian relay-interference chanrel, hits of (4).
first simplify the achievable rate region in TheorEin 2 to the (i) Individual rate [82) is within
following corollary by settingC, = 0. The only difference
in the coding scheme is that instead of performing two

guantizations as in the general relay-interference cHatime SR, = L (91)
relay in Fig[8 does one quantization of the received sigial 2
into Yz, and sends the bin index &fz; to receiverl through
the digital link C;. bits of (8).
Corollary 3. For the Gaussian relay-interference channel with (iii) Sum rates [(85),[(86) and_(87) are within
a single digital link as shown in Fid.]8, the following rate
region is achievable: 1
’ Oriins = 5 +max{a(@). Bla)}  (92)
0<R; < di+min{(C;—&)", Ady} (83)
0<hy < d (B4 bits of their upper bound§l(9f, M6}, {10). (15),1(11), and)(1
Ri+Ry < ar+go+min{(Ci—&)",Aar}  (85) specifically,
Ri+Ry < az+gi+min{(C;—&)",A 86 . ,
! ? ; 2T m.m {(Cl §I)+ Ag1} (8 ) « The first term of[(8b) is withird + 3(q1) bits of (3). The
Ri+Ry < ertex+min{(C—&)" Aer}  (87) second term is withirk + a(q1) bits of (16).
2R1+ Ry < a1+g1+e+min{2(C; — &)Y, « The first term of [(86) is withinj + 3(q1) bits of (10).
(Cy — &)t 4 Aay, Aay + Agl} (88) The second term is Withi% + a(qy) bits of (IB).
Ri+2Ry < ax+go+er+min{(C—&)", Aer}, + The first term of [(817) is within} + 3(q1) bits of (11).

(89) The second term is withig + a(q1) bits of (I7).

Therefore, the achievable sum rate [inl(85)}(87) is within a
constant gap of the sum-rate upper bound specifiedlby (9)-(20
The proof follows directly from Theorerl 2. Note that inin the weak-relay regime.
(88), we apply the fact thaka; < Ag,. Likewise, the capacity (i) 2R, + R, rate [88) is within
region outer bound in Theordm 1 also simplifies wiign= 0.
We can now prove the following constant-gap theorem for the 1
Gaussian relay-interference channel with a single digjitel 6,5, g, = 3 +max {2a(q1), a(q1) + B(q1),28(q1)} (93)

Theorem 4. For the Gaussian relay-interference channel with

a single digital link as depicted in Fid.] 8, with the samei« of the upper bound5(R11(26), afidl(24). Specificalig, t

signaling strategy as in Theorehh 3, i.e. a combination of st term of [88) is withink + 2,3( :

. . . L 5 q1) bits of (21). The second
Han-Kobayashi scheme with Etkin-Tse-Wang power sphttn?grm is within L + a(q:) +2[3(q1) blitS of (26). The third term
strategy and the GHF relaying scheme with the fixed quanil-inin 1 n 220[(q1) bits of (22)

5 .

where all the parameters are as defined in Thedrém 2.

. \/ p2+16p+16— . .
zation levelq, = %, in the weak-relay regime of (\y p | 9p, rate [89) is within
lg2| < /p|h21], the achievable rate region in Corollafy 3 is
within ¢ bits of the capacity region outer bound in Theoilgm 1
(with C, set to zero), wheré is defined in Theorei 3. O0Ry+2r, = 1 + max{a(q1),8(q1)} (94)
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35

bits of the upper bounds

1 3
2R+ Ry < 5 log(1+SNRy +INR)

1 SNR1 25 b
+§10g (1+|NR2+TNR1) L i ————————

1 SNR2 2
"1‘5 log (1 + T’\IRQ) +G (95) £

1
B log(1 + SNR2 + INR;)

SNR2 T
1+ INR2 + SNR;2
SNR; (1 + ¢7SNR,2) + SNR,;

1
Slog (1
*3 °g< + 1+ INR;
+INR2 + SN RTQ) ’ (96) 0 0.5 1 15 2 2u5 3 35 4 4.5 5

2R+ Rs

IN

- Baseline
=-=-k=0.2

- = k=0.4 7
—Kk=1.2

1
“log (1
+5 og< +

05 —

which are not shown explicitly in Theorefd 1 but can beig 9. impact of the relay-destination link on sum capacity
obtained by switching the indices and 2 of (2I) and [(Zb)
followed by settingC, = 0.
Sincea(-) is an increasing function and-) is a decreasing  Table[Tl and Fig.[P illustrate the GDoF gain due to the
function, to minimize the gaps above, we need relay where the direct links, the interference links and the
a(q?) = B(a}) ©@7) links to the relay are symmetric for both users, and where
’ a = 1 = B2. The main feature here is that there is no gain
which results in the quantization levet = Y6216 in sum capacity fors < a < 2. In other regimes of, the

1 . .. . .
With this optimal quantization level applied to the gapswaho SUM-capacity gain is roughly one bit per relay bit.
we prove that the achievable rate regibnl (83)-(89) is within

11 p++/p?+16p+16 C. Signal Relaying vs. Interference Forwarding
max | 5,5 log |2+ 5 In the relay-interference channel, the relay observes a cor

rupted version of the weighted sum of two source sigdéals
llog <2 i p+/p?+16p+ 16) 98) and X,, and forwards a description to the receiver. Intuitively,
2 the observations about both source signals are helpfutthigor

receiverl, the observation about; helps receivet reinforce
the signal intended for it; the observation abaoXif helps
) receiverl mitigate the interference. The former can be thought
B. Generalized Degree of Freedom of as signal relaying, the latter interference forwarding.

We now derive the GDoF of the channel depicted in Eig. 8, In this section, we show that the sum-capacity gain in a
for the case where the underlying interference channelis syGaussian interference channel due to a single relay link is
metric, i.e.,INR; = INRz = INR andSNR; = SNR; = SNR.  equivalent to that achievable with signal relaying alone or

bits of the capacity region. ]

In the high SNR regime, define with interference forwarding alone, depending on the cleénn
logSNR,; . parameters. Toward this end, we first set the source-raiay li
Bi = _lim logSNR ~ '~ 1,2, (99)  from X, to zero, i.e.,go = 0, and compute the GDoF of
. C, the sum capacity. In this case, the sum-capacity gain must
K1 = lim  ————, (100) be solely due to forwarding intended sign&h. Similarly,
SNR—oo 5 log SNR
. _ we can also sey; = 0, and compute the GDoF of the
Applying Theorem[#, we have the following result on thgum-capacity gain due solely to forwarding interferengeai
GDoF: X5. By comparing these rates we show that interestingly

Corollary 4. In the weak-relay regime wherg, < o when the relay link of uset is under certain threshold, i.e.,

the GDOF sum capacity of the symmetric relay-interferenéé < 1 — @+ (2, the sum-capacity gain is equivalent to that
channel with a single digital link is given by the following@chievable by interference forwarding. When>1—a+ 5,
Foro<a<1 the sum-capacity gain is equivalent to that achievable dpyadi

relaying.

min{2 — &, 2max(a, 1 — a) + k1, max(e; 1 — @) More specifically, withg, = 0, the sum-capacity can be

A . +max(f1,1+ 2 —a, )}, A=l computed as
min{2 — a + #1,2max(a, 1 — a) + K1,
1+ 61 —a}, B >1 min{2 — o, 2max(«, 1 — a) + k1, max(o, 1 — a)
and fora > 1 dsp = +max(fr, 1 —a,a)}, pr<l

min{2 — a + #1, 2max(a, 1 — a) + K1,
dsym = min{a, 2 + k}. (101) 1+ 81 —al. 51 >1
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TABLE I
SUM-CAPACITY GDOF GAIN DUE TO THE RELAY FOR THE SYMMETRICGAUSSIAN RELAY-INTERFERENCE CHANNEL WITH A SINGLE DIGITAL RELAY
LINK FOR a = 31 = f2

folng

Rangeofa [ a <k | k<a<ZE [ ZE Ja <2 <a<2[2<a<2+k [a>2+5
Gain [ K 2 — 3« 0 o—2 K

dsum one receiver is a degraded version of the message to the
other receiver. We focus on a weak-relay regime, where the
transmitter-to-relay links are not unboundedly strondeant
1.2 : Ry the interfering links of the interference channel, and shioay
Ro ; GHF achieves to within a constant gap to the capacity region
1 7777777~ CTTTTTTTTTTTTTo baseline in the weak-relay regime. Further, in a symmetric settirghe
: common relay bit can be worth either one or two bits in the
i ; signal relaying sum capacity gain, illustrating the potential for a celged
forwarding relay in improving the system throughput of a wireless datlu
: network.
‘ - Furthermore, the Gaussian relay-interference channdfs wi
0 0.7 1 b1 a single relay link is also studied. The capacity region is
characterized to within a constant gap for a larger range of
channel parameters. It is shown that in the high SNR regime,
the sum-capacity improvement is equivalent either to that o

Similarly, let gy = 0. The sum-capacity GDoF obtained bysingle source-relay link from useéror that of a single source-

15 [ capacity

interference -

Fig. 10. Signal relaying vs. interference forwarding

forwarding interference signal is relay link from user2.
dirp = min{2 — «,2max(a, 1 — a) + k1, max(e, 1 — @)
+max(1+ 2 — a,a)}. (102) APPENDIX
Comparing [101),[{102), an@ (Z02), it is easy to verify that A- Proof of Theorerill1
dip  when B <1+ s —a Define V;* as the output of the digital link,, andV3* as
sum = dsp  when (1 >1+4 ;s —a (103)  the output of the digital linkC,. The outer bounds are proved
as follows:

Therefore, we observe the following threshold effects. Whe (i) Individual-rate bounds: First, the first term dfl (7) is

the relay link from userl is weak, the sum-capacity gain he simpl t-set bound f& . For th dt
is equivalent to a channel with a single source-relay Iinke simple cut-se ’upper oun 1. FOrihe second term,
starting from Fano’s inequality, we have

from X,. As the source-relay link fromX; grows stronger

and crosses a threshof{ > 1+ 3; — a = 37, the sum- Ry —en) < I(XT Y™V (105)
capacity gain becomes equivalent to that of a single source- ; [(Xn?yn’yn x1)

relay link from X;. Note that this is a GDoF phenomenon in - 1y 21> 2 R>42

the high SNR regime. In the general SNR regime, the sum- < 5 log(1 + SNR; + SNR,1).

capacity gain contains contributions from both signalyiglg
and interference forwarding. The outer bound of?, in (@) can be proved in the same way.

To visualize the interaction of signal relaying and interfe (i) Sum-rate bounds:
ence forwarding, a numerical example is provided in Eig. 10., First, (9)-[T1) are obtained from Fano's inequalities,, i.e
The channel parameters are setato= 0.5, 2 = 0.2, and
k1 = 0.5. The GDoF of the sum capacity is plotted as a n(R1 + Rz — €p) (106)
function of 5;. The sum capacity of the interference channel < I(XT YT V) + I(X5 Y9, Vi)
without the relay serves as the baseline:

= I(X15Y)") + 1(X55Y5") + T(XT5 VYY)
dpr, = min {2 — @, 2max(a,1 —a)}. (104) S VYD)

Fig.[I0 shows the sum-capacity gain due to the relay. When < (XY + I(X35 Y9 + h(V) + h(VyY)

81 < By = 0.7, the gain (labeled a®;) is equivalent to < nClum(0) + nCy + nCy,

that by forwarding interference signal only. Whén> 0.7,

the gain (labeled a®,) is equivalent to that by forwarding where Cy.,,, (0) is the sum capacity of the interference

intended signal only. channel without relay. Clearly, the sum-rate gain due to

the digital relay is upper bounded by the rates of digital
IV. CONCLUSION links. Although the sum-rate capacitys,..(0) is not

This paper investigates GHF as an incremental relay sfrateg  known in general, its upper bound has been studied in

for a Gaussian interference channel augmented with an out- literature [1], [34], [42]-[44], [48]. Applying the sum-

of-band broadcasting relay, in which the relay message to rate outer bounds iri [34], we obtainl (8)-[11).
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« Second,[(I2)E(T4) can be obtained by the following steps:

n(Rl + Ry — En)
< IX Y V) + (XG5 Y50, V)

(107)

(@)
< IXT YY) + (V) + 1(X55 Y5, YR),

where in (a) we give geniky to receiver2 and apply the
fact thatYy, is a function ofYx. Note that/ (X7; Y") +
I(X2; Y5, YR) is upper bounded by the sum capacity of
the SIMO interference channel with]* and X} as the
input, andYy* and (Y3",Y};) as the output. The sum-rate
outer bound of such a SIMO interference channel has
been studied in[[34], which along with(V;*) < nCy
gives the outer bounds di (1Z)-(14).

Third, (I8)-[1T7) can be similarly derived following the
same steps of (12)-(14) with indicésand 2 switched.
Fourth, [(I8){(2D) can be obtained by giviligf as a genie
to both receivers, i.e.,

n(Rl + Ry — En)

IXT5 Y V) + I(X 35 Yy, V')
I(XT5 YY)+ 1(X55 Yy, YR),

(108)

<
<

which is upper bounded by the sum capacity of the
SIMO interference channel with* and X as input, and
(Y, YR) and(Yy', Y7) as output. Applying the result in
[34], we have[(IB)E(20).

(i) 2Ry + R» bounds: Six upper bounds @R; + Rs.

« First, (21) is simply the cut-set bound, i.e.,
TL(2R1 + Ry — En)

20X Y V) + I(X5 Y5, VYY)
20(XT5Y") + 1(X55Y5") + 2h(VY") + h(V3),

(109)

<
<

where2I (X7 Y7")+I1(X%;Y5") is upper bounded by the
2R; + Rs bound of the interference channel wiki* and
X3 as the input, and}* andYy" as the output, which
together withh (V") < nCy andh(V3") < nC, gives the
upper bound in[(21).

Second,[(22) can be derived by giving gehig to both
receivers:

TL(2R1 + Ry — En)
20X Y W) + (X5 Y5, V)
2I(X£l7 Ylna YI?) + I(ng Y'2n7 Ylg)a

(1100 .

<
<

which is upper bounded by theR; + R, bound of the
SIMO interference channel with{* and X% as the input,
and (Y, Y}) and (Y3, Y}2) as the output. Applying the
result of [34], we obtain[(22).
Third, (23) can be obtained by giving genies
(X3,Y}p,ST) to Y™ in one of the twoR; expressions
and (S7,Y}) to Y3', where geniesS? and Sy are
defined as

ST = h12 X" + Zo,

S = hoy XJ + 7. (111)
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According to Fano’s inequality, we have

n(2R1 + Ry — En)

20X Y V) + I(X35 Y5, VsY)
I(XT YY" YR, ST, X3) + T(XT5 Y7") + h(V)")
+1(X3;Ys, Y, 55)

(112)

IAIA

—
S
~

(X7 YR, STIXS) + h(Y)") = h(S3) +nCy
+I(X3555) + 1(X5: Yy, YE[S7)

I(XT587) + I(XT5 Y, YR(ST, X3) + h(Y)")
—h(S3) +nCy + h(S3) — h(Z7)

+h(Y5', YR[S3) — h(ST) — h(YR[Y2", X3)
h(Y)") = h(Z7) + h(Y{", YR [ST, X5') + nCy
—h(Z1', ZR) + h(Y2", YR|S3) — h(Z3, Z)
—I(Yg; X{'|X3,Y5")

h(Y\") = h(Z7) + h(Y{", YR [ST, X3') + nCy
—hWZT, Zg) + (Y3, YR [S5) — h(Z3, ZR),

where in (a) we use the fact that is independent with
X7. Note that, the last inequality df (112) is maximized
by Gaussian inputX ?* and X2 with i.i.d A/(0, 1) entries,
because
— Rh(Y7") is maximized by Gaussian distributions, and
— h(Y, YR|ST, Xy) and h(Y3,Y}|Sy) are both
maximized by Gaussian inputs since the conditional
entropy under a power constraint is maximized by
Gaussian distributions.

Applying Gaussian distributions to the last inequality of

(112), we havel(23).

« Fourth, [24) can be obtained by giving genig to Y7,

ie.,

n(2R1 + Ry — fn)
2ICXPS YT V) + T(XE5 Y, V)
20X Y YR) + I(X55 Y3") + h(Vy?),

(113)

<
<

where2I (X7, Y", YE) + I(X7;Y3) is upper bounded
by the2R; + R, bound of the SIMO interference channel
with X" and X3 as the input, andY;",Y};) andY;" as
the output. Applying the result of [34] and the fact that
h(V3*) < nCy, we obtain [(24).

Fifth, (25) can be obtained by giving geni€; to Y3,
ie.,

n(2R1 + Ry — En)
20(XT5 Y ) + 1(X3: Y5, V)
21(XT5Y)") + 2h(V") + 1(X3: Y5, YE),

(114)

<
<

where2l (X7 Y") + I(X%; Y5, Y) is upper bounded
by the2R; + R, bound of the SIMO interference channel
with X7 and X7 as the input, and?* and (Y5, Y}) as
the output. Applying the result of [34] and the fact that
(V") < nCy, we obtain [(2b).

Sixth, [26) can be obtained by giving genies
(X2,YZ,ST) to Y™ in one of the twoR; expressions,
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and S% to Y3, i.e.,

n(2R1 + Ry — En)

20X Y V) + I(X5 Y5, V)

I(XT Y YR, ST, X)) + T(XT5 YY) + h(V)")

+I(X3;Ys", S5) + h(Vy')

(X753 S7) + I(X{5 YPYRISE, XE) + h(Y])

h(SE) + T(XZ3 83) + T(X3Y|53)

+nCi +nCy

h(ST) — h(Z3) + h(Y)", Yg|ST, X3')

—h(Z7', Zg) + h(Y)") — h(S3) + h(S3) — h(ZT")

+h(Y5')S5) — h(ST) + nCy + nCs

= h(YY") = h(Z7) + h(Y{", YR |ST, X3)
—h(Z7,Z%) + h(Y5'|S3) — h(Z5) + nCq + nCq,

(115)

IA A

IN

IN

which is maximized by Gaussian distributions &f}"
and X2 with i.i.d entries following A/(0,1). Applying
Gaussian distributions t@ (1115), we obtdin](26).

B. Useful Inequalities

17

and the lower bounds afs, as + Aas, ds, do + Ads, €3, €5 +
Aes, g2, g2 + Ago and the upper bound @&, can be obtained
by switching the indices of and 2 in (118)-[124).

Proof: First, define the signal-to-noise and interference-
to-noise ratios of the private messages as

SNRy, = |h11|2P1p, SNRy, = |h22|2P2p, (125)
INRy, = |h12|2P1p, INR2,, = |h21|2P2p, (126)
SNerp = |gl|2Plpa SNRTZ;D = |92|2P2p7 (127)

which can be lower bounded or upper bounded as follows:

SNRy, = |hu|*P1,

. hi1|?
= mln{|h11|27 :hillz}

= min {SNRl, %}

This appendix provides several inequalities that are uisefu

to prove the constant-gap theorems.

Lemma 1. For Aai,ai,Adi,di,Aei,ei,Agi,gi and &,Z' =

1,2 as defined in[(36)(24), witli) set as a constant, when

W;, X; are generated from a superposition coding %f =
U; + W; with U; ~ N(0, P,;,) and W; ~ N(0, P,.), where
P, + Pi. = 1 and Py, = min{1,h;;’}, P, = min{1, hy’},
and when the GHF quantization variables are setttg, =
Yr + €1, YRy = Yr + €2, Wheree; ~ N(0,q1) and ey ~
N(0,q2), in the weak-relay regime df:| < \/plhi2], |g2| <

V/Plha1|, the mutual information terms i _(B)-(44) can be

bounded as follows:

1 SNR; 1
> - - ) _Z
a; > 210g(1+1+|NR1> 3’ (116)
1 SNR; + SNR;4
A > =1 14+ — " | — 117
ar+Aa; > 2og< + T7INR, > a(q1),(117)
d > %log(l—l—SNRﬂ_%, (118)
1
di+Ady > Slog(L+SNR; +SNR1) —afar), (119)
1 SNR;

1+ INRy

[\]

ep > —log(1+ +|NR2>—%, (120)

1 SNR; (1 + ¢2SNR,2) + SNR,1
Ae; > =log (1
catac = 2°g< + 1+ INR;
+INR2 + SNR;2) — a(q1), (121)
n > %log(l—l—SNRl—l—lNRg)—% (122)
1
g+ Ag > 510g(1+SNR1(1+¢>§SNRT2)+SNRT1
+INR2 4+ SNR;2) — a(q1), (123)
1 1+ 1
6 < yioe(1+ 20 —sa) -y (20
qi 2

INR;
SNR;
> -
~ 1+INRy’ (128)
and
0 <INRy, =min{l,INR;} <1, (129)
and
SNerp = |91|2P1p
2
— min 27 |91| }
{|91| |h12|2
. SNR,
= mln{SNer, INRll}
SNR,1
> —
— 1+INRy (130)

Since |g1| < /plhi2], SNR,1, is upper bounded byp.
Therefore

SNR,;
> > .
Switching the indices ot and2, we have
SNR2
NRg, > ————— 132
SNR2» 2 TRy (132)
1> 1INRy, >0, (133)
SNR2
> > — .
p > SNRygp > [T INR, (134)

Now, starting from[(116), we prove the inequalities one by
one.

« First, (116) is lower bounded by
ar = I(Xy;Y1[W1, Wa)
B 110 <1+SNR1P+INR2p)
T2

1+ INRs,
(@ 1 1

® 1 SNR; 1

> ] 14— ) —= 135
= 20g(+1+INR1> y (139)

where (a) holds because< INR,, < 1 and (b) is due

SNR
to the fact thaSNR;, > THNE, -
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a4+ Aay = I(Xy;Yi| Wi, Wa) + I(X1; Ve |Yi, Wi, Wa)

_ %log ((q1 +1)(1 + SNRy,, +

INR2,) + SNR,1;, + SNR;2, (1 + ¢%SNR1P)>

(41 + 1)(1 + INRg,) + SNR,5,

1 1
> 3 log(1 4+ SNRy, 4+ SNR;1,) — 3 log((g1 + 1)(1 + INR2,) + SNR;2,)
(@ 1 SNR; + SNR;1
> = it R
2 glog (14 ISR —atan), (136)

« Second,[(117) is lower bounded EMJ.%) where (a) holdsrresponding outer bounds in TheorEim 1. Note that, in the

becauséSNRlp> SNR1_ ' SNR,.1, >

THINR and

1+|NR !

3 1og((q1 +1)(1 4 INR2p) + SNR;2,)

< gloal(@ + 1)1 +1)+p)

= alq)- (137)
« Third, (II8) is lower bounded by
di = I(X1;Y1[Wa)
_ Ly, (L£SNRi+INRy,
B 1+ INRy,
> % log(1+ SNRy) — % (138)

« Fourth, [1I9) is lower bounded bl _(139).
« Fifth, (I20) is lower bounded by

e = I(Xl,WQ;Y1|W1)
_ Ly, (L£SNRy, +INR,
T2 1+ INRy,
1 SNR; 1
> -1 14 ———— +INRy ) — =.(140
= 20g(+1+INR 2> 5-(140)

o Sixth, (I21) is lower bounded by (141).
« Seventh,[(122) is lower bounded by

g = I(Xy, W2 Y1)
110 1+ SNR; + INRy
) 1+ INRs,
1 1
> Slog(1+SNR: +INRy) — 5. (142)

« Eighth, [128) is lower bounded bjy (143).
« Ninth, (IZ3) is upper bounded by

& = I(Yr:Ym|Yi, X1, Wa)
1 1 SNR;2
= =1 14+ — (14— TP
2 °g< +q1< +1+INR2p>)
1 1
- _1og(1+ *”) (144)
2 qi

C. Proof of Theorerhl3

In this appendix, we show that using the Han-Kobayashi
power splitting strategy with the private message power set

to P, = min{l,h;;} and P, = min{l,hy’}, all the

achievable rates in_(29)-(B5) are within constant bits @firth

following proof, inequalities in Append(xIB are implicitlysed
without being mentioned.

(i) First, (29) is within constant bits of(7), and (30) is hiit
constant bits of[(8). To see this, the first term[of] (29) is lowe
bounded by

dy + (C1 — fl)Jr
1 1
2 51Og(1+SNR1)—§+C1—§1

1 11 14p
> = N —
> 210g(1—|—SNR1)—|—C1 (2—|—2log<1—|— @ ))
(145)

which is within 3(q;) bits of the first term of[{[7).
According to Lemmadll, the second term bfl(29) is lower
bounded by
1
d1+Ad1 Z Elog(l—l-SNRl —|—SNRT1) —Oé(ql),
(146)

which is within a(q;) bits of the second term of](7). As a
result, the gap betweeh (29) aid (7) is bounded by

or, = max{a(q1),5(a1)}. (147)
Due to symmetry,[(30) is within
532 = max {O‘(qQ)vﬁ(qQ)} (148)

bits of the upper bound(8).

(i) Second, [(31){(33) are within constant bits of their app
bounds|[(P){(20). To see this, inspecting the expressiotiseof
achievable sum rates, it is easy to see that each_of [311)-(33)
has four possible combinations: having b@thandC,, having
C; only, havingCsy only, and having none of; and C,. In
the following, we show that, when specialized into the above
four combinations,[(31)=(33) are within constant gap to the
upper bound${9)-(20). The constant gaps are givat%;ycgg,
55%(:110})%2, 65{31’%}%2, andég’l"f r, (to be defined later) respectively,
each corresponding to a specific combination.

« First, when having botl€; and C,, (31)-[33) become

Ri+Ry < a1+g2+(Ci—&)T+(CG—&)T,
(149)

Ri+Ry < az+g1+(C—&)T+(CG-&)",
(150)

Ri+Ry < er+e+(C—&) +(Co—&)T,
(151)
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I(X1; Y1 |Wa) + I(Xy; Y| Y1, W)

2

e1 +Ae; =

_ 1y <(q1 + 1)(1 + SNRy + INRy,) + SNRy1 + SNRo, (1 + ¢,;SNR1)>
- ¢ (g1 4+ 1)(1 + INR2p) + SNR,2,,

> %10g(1 + SNRy + SNR;1) — a(q1)-

(139)

I(X1, Wa; Y [Wh) + I(X1, Wa; Yia Y1, W1)

2

_ 1y ((ql+1)(1+SNR1p+INR2)+SNRT1p+SNRT2(1+¢%SNR1P))
’ (g1 + 1)(1 + INR2,) + SNR,2,

> 11
= 3% 1+INR;

g1+Ag =

1 (1 N SNR; (1 + ¢?SNR;2) + SNR,4

+ |NR2 + SNRr2> — Oé(ql). (141)

I(X1, Wa; Y1) + (X1, Wa; YR |V1)

2

Y

2

_ llo ((Ch+1)(1+SNR1+INR2)+SNRH+SNRT2(1+¢%SNR1)>
-2 (@ + (1 +INRs,) 1 SNR,o,

11og (14 SNR;(1 4+ ¢3SNR,2) + SNR,1 + INR2 + SNR;2) — a(q1).

(143)

which are within constant bits of (9)-(IL1) respectively.
To show this, first, according to Lemrha [, (149) is lower
bounded by

a1+g2+ (G — &)t + (G- &)*"

> l1og<1+ﬂ> 1
2 1+ INRy 2
+% log(1 + SNRs + INR;) — %
+a—a+ G- &, (152)
which is within
045G = Blar) + Blaz) (153)
bits of the upper bound(9). Due to symmetiy. (150) is

within 65%1%2) bits of the upper bound(10) as well. Now

applying Lemmali,[(151) is lower bounded by
ertex+(C—&)" +(C—&)*F
> %log <1+ SNR; +INR2> —%

- 1+ INR;
1 SNR; 1
Llog (14202 LR, ) — =
T3 Og<+1+INR2+ 1> >

+C =&+ G — &, (154)

which is within 5%14%2 bits of the upper bound_(11).
Therefore, when specialized to the form with bdth
and C; as shown in[{I49):(151) (B1)-(83) have a gap of

65%1%2) bits to their upper bound§&](9)-(11).

« Second, when having; only, (31)-[33) become
R+ Ry <
Ri+Ry <
Ri+Ry <

a; + g2+ Ags + (Cy — &)™, (155)
az + Aaz + g1 + (C1 — &)™, (156)
e1+ e+ Aex + (C1 — &), (157)

where [(15b) is lower bounded by

a1+ g2 + Aga + (C1 — E1)Jr

> 110 1+ SNR, L
= 3% 1+INR, )~ 2

+% log (1 + SNR2(1 + ¢3SNR;1) + SNR;»

+CG-&

+INR; 4+ SNR,1) — a(q2), (158)
which is within
041, = alaz) + Bla) (159)

bits of the upper bound (12), ad (156) is lower bounded
by

ag + Aaz + g1+ (C; —&)*F

1 SNRs + SNR
> 1 - =2 = e
= 3 °g< T TITINR, ) (2)
1 1
+§10g(1+SNR1+|NR2)—§+C1 + &,

(160)
which is within 65%1;%2 bits of the upper bound (13), and
(@I57) can be lower bounded by

€1 —+ €2 + AGQ —+ (Cl — 51)+
1 SNR; 1
> Zlog(l4+——r +INRy) —= -
> 20g<+1+|NR1+ 2> 2—|—C1 &1

1 <1 N SNRy (1 + ¢2SNR,.1) + SNR,»

i}
tg08 1+ INR;

+INR; +SNRy1) — afqa),  (161)

which is within 6% bits of the upper bound{14).
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« Third, when havingCs only, (31)-[33) become

Ri+Ry < a1+Aay+gs+(Co—&)T,(162)
Ri+ Ry < as+g1+Ag +(Co—&)",(163)
Ri+ Ry < e+ Aei+e+ (Co—&)T.(164)

Due to the symmetry betweeh (16£)-(164) and {155)-
(@I57), and the symmetry between their upper bounds, we

can see tha{ (162)_(1b63) arfld (164) are within

g{%}ez = a(q1) + B(az)

bits of the upper boundg{lL5), (16), ahd](17) respective
Fourth, when having none o€, and C,, (31)-(33)

become
Ri+Ry < a1+ Aa+g2+Ag, (166)
Ri+Ry < ax+Aax+g1+Ag, (167)
Ri+ Ry < e1+ Aeq+ e+ Aes, (168)

where [16B) is lower bounded by

a1 + Aar + g2 + Ago

1 SNR; + SNR,,
> Zlog (14 LT
= 3 Og( T TIIINR, > o(a1)

1
+5 log (14 SNR2(1 + ¢3SNR,1) + SNR,»

+INR; + SNR;1) — a(q2), (169)
which is within
03, = alar) + a(a2) (170)

bits of the u?pe
is within 6;31’11%2 bits of the upper bound(19) as well.
Further, [[16B) can be lower bounded by

61+A61—|—62+A62
2
. %bg (1 N SNR; (1 + ¢?SNR;2) + SNR,4

1+ INR;
+INRgy + SNRTQ) — a(ql)
1 SNRa(1 + ¢2SNR;1) + SNR,2
1 1
*3 °g< + 1+ INR;
+|NR1 + SNRTl) — Oé(qg),

(171)

which is within 69

R, 1R, Dits of the upper bound_(20).

Therefore, when specialized into the form with none of

(0,0)
Ri+R2

C; andC,, B1)-(33) is withiné
bounds [(IB)E(20).

bits of their upper

Overall, the gap between the achievable sum-ratds [33)-(33
and the upper bounds ihl(9)={20) is upper bounded as follows:

(C1,C2) 5((:170)

_ (0,C2)  ¢(0,0)
531 +R, = INax {6R1 +R2°“Ri1+R2> 5 5

Ri1+R2’ “Ri1+R2

} . (172)

(iii) Third, the achievable ratd_(84) is within constantsbit

of upper bounds[{21J-(26). To see this, note thal (34) has

r bound_(18). Due to symmetfy, (167)

20

different forms as follows:

a1+ (Cr— &) T+ g1+ (Cr = &) T + e+ (Ca — &)T,(173)
a1+ Aay + g1 + Agy + es + Aes,(174)

a1+ Aay + g1+ (C1 — &) + ea + Aey,(175)

a1+ Aay + g1 + Agr + ez + (Co — &) T,(176)

a1+ (Cr = &) + g1+ (C1 = &) + e2 + Aey,(177)
a1+ Aar + g1+ (G — &))" +ea + (Co — &2)7,(178)
a; +(Cy — &) + g1 + Agy + ex + Aey,(179)

a1+ (G — &)t + g1+ Agy +ex + (C2 — &) (180)

Ief[mdant compared witlh (178) due to the fact that > Aa;.

Therefore, there are six active rate constraints in totathe
following, we prove that all active achievable rate&f, + R;
in (IZ3)-[178) are within constant bits of their correspiogd
upper bounds in(21)-(26).

o First, (173) is lower bounded by

o+ (G- T+ + (G -&) e+ (C-&)F

= %log <1+15+N|7§1R1) —%+C1—§1
—|—% log(1 + SNR; + INRg) — % +C =&
o (1) L,
(181)
which is within
05365 = 28(an) + Alaz) (182)

bits of the upper bound (21).
« Second,[(174) is lower bounded by

a1—|—Aa1 —|—gl—|—gl—|—Agl—|—€2+A€2
1 SNR; 4+ SNR,.
3 log (1 + ;> —a(q1)

1+ INRy
1
+35 log (14 SNRy (1 + ¢7SNR;2) + SNR,4
+INRgy + SNRTQ) — a(ql)

>

1 SNR2(1 + ¢3SNR;1) + SNR;2
-1 1
3 Og< * 1+ INR,
+INRy +SNR;1) — a(q2),  (183)
which is within
5;3%(1))-1—1%2 =2a(q1) + a(q2) (184)

bits of the upper bound (22).
e Third, (I75) is lower bounded by

a; +Aay + g1+ (Cp — &)1 +ex + Aesy

1 SNR; 4+ SNR,
> B log (1 + #> —a(qr)

1+ INR;
1 1
+§ 10g(1 + SNR1 + |NR2) — 5 + Cl — 51

1 SNR2(1 + ¢2SNR;1) + SNR,2
g log (H 1+ INR;
+INRy + SNer) — Oé(qg),

(185)

where [I7D) is redundant compared wlth (175) and](180) is re-
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which is within

585 0. = alar) + alaz) + Blar)

bits of the upper bound(23).
« Fourth, [I78) is lower bounded by

(186)

ai +ACL1 +g1 +Agl + eo + (CQ —52)+

1 SNR; + SNR,
Zlog (14 2R T O
2 °g< T TIIINR, > ala)

1
+5 log (14 SNRy (1 + ¢7SNR;2) + SNR,
—|—|NR2 + SNRTQ) — Oé(ql)

>

—log |1+ -—-"—+INRy ) — = _
T3 °g< TTTINR, 1> 3 T2~ &
(187)
which is within
553%?1)32 =2a(q1) + B(g2) (188)

bits of the upper bound (24).
« Fifth, (I71) is lower bounded by

a+ (G —&) T+ + (G —&)" +ex+ Aéy

SNR; 1
O*TIWE>_§+Q_&

1 1
+§ 10g(1 + SNRl + |NR2) - 5 + C1 — 51

1
— log

>
- 2

L SNR2(1 + ¢3SNR;1) + SNR;2
“log (1
g < * 1+ INR,
+INR; 4 SNR;1) — a(q2),  (189)
which is within
55%(:11#%)%2 = a(q2) + 25(a1) (190)

bits of the upper bound (25).
« Sixth, (I78) is lower bounded by

ar+Aar+g14+(C—&) T +ea+ (C—&)7F

> Lo (1 ; %) ~ a(qn)
—i—% log(1 4+ SNR; + INRy) — % +C-&
+% log (1 + TEIZRQ + INR1>
—% +C - &, (191)
which is within
35, = alqr) + Blar) + A(az) (192)

bits of the upper bound (26).
Therefore, the gap between the achievable raié¢ (34)

the corresponding upper bounds](21)}}(26) is bounded by

following constant

2C,,C 0,0) Cy,0 0,C2)
02r,+R, = Mmax {5§Rll+1§2)v5§RI+R275§R11+)R2v5éRliRza
(2€1,0)  ¢(Cy1,C2)
Ot s 0578550 |- (193)

21

Due the the symmetry betweeh [35) arid](34), and the
symmetry between their corresponding upper bounds, it is
easy to see thaf (B5) is also within constant gap to the upper
bounds. The constant gag, +2r, can be obtained by simply
switching indices ofl and2 in dag, +&,.
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