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Abstract—The rapid growth of content distribution on the In this paper, we investigate a “revenue sharing” approach
Internet has brought with it proportional increases in the costs of  tg this issue. We suggest that users can be motivated toreesha
distributing content. Adding to distribution costs is the fact that the content legally by allowing them to share the revenue

digital content is easily duplicable, and hence can be shadan an - . ; .
illicit peer-to-peer (P2P) manner that generates no revene: for associated with future sales. This can be accomplishedghro

the content provider. In this paper, we study whether the cotent ~ €ither a lottery scheme or by simply sharing a fraction of
provider can recover lost revenue through a more innovative the sale price. Recent work on using lotteries to promote
approach to distribution. In particular, we evaluate the benefits  gocietally beneficial conduct][9] suggests that such scheme
of a hybrid revenue-sharing system that combines a legitimta could potentially see wide spread adoption.

P2P swarm and a centralized client-server approach. We show Such hh kev benefits: Fi bviousl
how the revenue recovered by the content provider using a . uch an approac as two key en? its: .'!‘St' 0 Y'O_us Y
server-supported legitimate P2P swarm can exceed that of ¢h this mechanism ensures that users are incentivized tohein t
monopolistic scheme by an order of magnitude. Our analytica legitimate P2P network since they can profit from joining.
I’(?SU“:S _are obtained in a fluid model, and supported by stochstic Second, less 0bvious|y, this approach actua”y damages the
simulations. illicit P2P network. Specifically, despite the fact that temt
is free in the illicit P2P network, since most users expect a
|. INTRODUCTION reasonable quality of service, if the delay in the illegéie

warm is large they may be willing to use the legitimate

:_ii p;gst depad;ha;stseentthetrr?p|d w:jgreas? gf ﬁog;né 5P network instead. Thus, by encouraging users to reshare
ribution using the Internet as the medium of delivery [ ]I'egitimately, we are averting them from joining the illi¢2P

;J;rirj 3;2 ?gpt?raetlﬁrshelzsgg ifIOV:E;?St(I?;Z?\Ziinthkz)lttva\:etnetwork, reducing its capacity and performance; thus ngakin
q g quality : PVeL less likely for others to use it.

providing content distripution gt a IOW. cost is challenging he natural concern about a revenue sharing approach is that
The major costs associated with meeting demand at a g sharing profits with users, the provider is losing revenue

Y
quality of service are (i) the high cost of hosting services owever. the kev insi . L9
. ) \ y insight provided by the results in this pape
the managed infrastructure of CDNs such as Akaifiai [3], [ji that by discouraging users from joining illicit P2P netkjo

and (ii) the lost revenue associated with the fact that dligit,, _ . : . .
content is easily duplicable, and hence can be shared inthe increased share (possibly exponentially more) ofifegie

S &bies makes up for the cost of sharing revenue with endsuser
illicit peer-to-peer (P2P) manner that generates no revéou rb P g

. More specifically, the contribution of this paper is to deyel
the gontent provider. Together, these factor_s have IEdec'ﬁmtand analyze a model to explore the revenue sharing approach
distributors to search for methods of defraying costs.

One technique that is often suggested for defraying di;j??scribed above. Our model (see Secfion Il) is a fluid model
tribution costs is to use legal peer-to-peer (P2P) netwtwks at builds on work studying the capacity of P2P content

. A . distribution systems. The key novel component of the model
supplement provider distributioRl[SH{7]. It is well docemmted is, the competition for users among an illicit P2P system

that the efficient use of P2P methods can result in significazs'ﬁd a legal content distribution network (CDN), which may
cost reductions from the perspective of ISBis [B], [8]; howevm ke use of a supplementary P2P network ’With revenue
there are substantial drawbacks as well. Probably the mog fing. The main results of the paper (see Sedf@n IIl) are
troublesome is that providers fear losing control of Comerf?eorer"nm which highlight the order-of-magnitude gain
owne_rsmp, N the sense that they are no longer '”.C‘”?”O' IN revenue extracted by the provider as a result of partitiga
the distribution of the content and worry about feedinggidle in revenue sharing. Further, In addition to the analyticiss

P2P activity. to validate the insights provided by our asymptotic analysi

Thus, a _key quest|o_r_1 th‘."‘t must be answered be_fore W€ & the fluid model we also perform numerical experiments
expect mainstream utilization of P2P approachesimy can ?f the underlying finite stochastic model. Tab@s | dad Ii
0

usehrs thi‘tl hav”e oosbt%m_ed c((j)_r;;[ent ![egally be encorl:raged summarize these experiments, which highlight both that the
reshare 1t legallyzoaid in a cifierent way, can mechaniSMseg, s optained in the fluid model are quite predictive far t

i e . My
tbhe d_ﬁSl.?r:DezdPthat enSL;re legitimate P2P swarms wil dom|nﬁ ite setting and that there are significant beneficial ¢ffet
€ el swarms: revenue sharing.

Preliminary results were presented at Allerton, 2012 [1]. There is a significant body of prior work modeling and
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analyzing P2P systems. Perhaps the most related work fron8) The model of the illicit P2P system.
this literature is the work that focuses on server-assiBt2id 4) The model of the legal CDN and its possibility to use
content distribution networks [10]=[15] in which a central “revenue sharing”.
server is used to “boost” P2P systems. This boost is impbrtage discuss these each in turn in the following.
since pure P2P systems suffer poor performance duringliniti
stages of content distribution. In fact, it is this initialboor
performance that our revenue sharing mechanism exploitsﬁto
ensure that the legitimate P2P network dominates. The simplest possible model of demand is that the entire
Two key differentiating factors of the current work compopulation gets interested in the content simultaneously a
pared to this work are: (i) We model the impact of competitioime ¢ = 0. We call this the “Flash crowd model” due
between legal and illegal swarms on the revenue extracfionto the instantaneous appearance of all the demand. While
a content provider. (ii) Unlike most previous works on P2fhe model is simplistic, it can serve as a foundation for
systems, we consider a time varying viral demand model fdeveloping performance results, and we will utilize it as ou
the evolution of demand in a piece of content based on thase case. More complex models of demand can be considered
Bass diffusion model (see Sectigh 11). Thus, we model the faas well. Indeed, models of the dynamics of demand growth for
that interest in content grows as interested users cortiagtso innovations dates to the work of Griliches [21] and Bass [22]
and make them interested. The most widely used model for dynamics of demand growth
With respect to (i), there has been prior work that focusésthe Bass diffusion model which describes how new products
on identifying the relative value of content and resouraes fget adopted as potential users interact with users that have
different userg[16]/117]. For instancé, [16] deals witeating already adopted the product. Such word of mouth interaction
a content exchange that goes beyond traditional P2P bahefween users and potential users is very common in the
schemes, whil€ [17] attempts to characterize the relatieev Internet and we use a version of Bass diffusion model that
of peers in terms of their impact on system performance a®aly has word of mouth spreading. We describe both models
function of time. However, to the best of our knowledge, ouformally below.
is the first work that considers the question of economics andWe defineN to be the total size of the population an(t)
incentives in hybrid P2P content distribution networks. to be the number of users that are interested in the content at
With respect to (ii), there has been prior work that considetime ¢. In the Flash Crowd Model,
fluid models of P2P systems such [as [18]+[20]. However, these () = N )
all focus on the performance evaluation of a P2P system with T
constant demand rate. As mentioned above, a unique fagigice all users are interested from the very beginning. én th
of our approach is that we explicitly make use the transieBass diffusion model, each interested user “attempts” tsea
nature of demand in our modeling. In the sense of explicitly randomly selected user to become interested in the chtent
accounting for transient demand, the closest work to oursAs any timet, there areN — I(t) users that could potentially
[14]. However, [14] focuses only on jointly optimizing serv be interested in the content. Thus, the probability of figdin
and P2P usage in the case of transient demand in ordefst@h a users i$N — I(t))/N. Assuming that an interested
obtain a target delay guarantee at the lowest possible rseryger can interact with other users at ratger unit time, we
cost. get that the rate at which interested users increase is giyen
The remainder of the paper is organized as follows. Wae following differential equation:
first introduce the details of our model in Sectioh Il. Then,

The evolution of demand

Sectior Il summarizes analytic and numeric results, tloefsr di(t) — (N _ I(t)> I(t). )
of which are included in the appendix. Finally, Sectioh V dt N
provides concluding remarks. The above differential equation can be easily solved andsyie
the so-calledogistic functionas its solution.
II. MODEL OVERVIEW 1(0)et
our doal | N e (1) = ————, 3)
goal is to model the competition between illicit peer- 1—(1- et)%

to-peer (P2P) distribution and a legitimate content distibn _ i )
network (CDN), which may make use of its own P2P netvhere I(0) is the number of user that are interested in the

work. Our model is a fluid model, and there are four maifPntent at time = 0. _ o o
components: Though the Bass model is quite simple, it is a useful

1) The evolution of the demand for content. A key featur ualitative summary of the spread of content. To highlight

. . . S this, Figure[l (taken froni[14]) highlights a similar behavi
of this paper is that we consider a realistic model far :
the evolution of demand, specifically, the Bass diffusion 2 dat_a tra_ce from CpraICDI[[IZ3], a CDN hos_ted at different
model. university sites. The figure shows the cumulative demand for

a home video of the Asian Tsunami seen over a month in

2) The m_odel of user behavior, Wh'.ch allows the user tBecember 2005. For comparision, the figure on the right shows
strategically choose between attaining content legally or

|Ilegally based on the price and performance of the twoie that these “attempts” should not be interpreted ligeraut rather as
options. the natural diffusion of interest in the new content throdigd population.
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(a) Single-file cumulative (b) Cumulative demand in Bass
demand model
Illicit Legitimate
Fig. 1. (a) shows the cumulative demand for a file over one montCoral Sharing Sharing

CDN (Dec 2005-Jan 2006). (b) shows the cumulative demantine Bass

diffusion. Fig. 2. An overview of the progression of a user through thetesys. The
labels are defined as follows: W - Wanter, F - Fraudster, R -uep® -
Booster, and Q - Quit.

the model in equatior(3). The qualitative usefulness of the _ . .,
Bass model has been verified empirically in many setting{%,gard reducing the number of “early adopters” that go Rogue

and hence the Bass model is often considered as canoni&gPS the llicit P2P swarm from growing enough to provide

4. good enough quality of service to dominate the legitimate
swarm.
To model this system more formally, we introduce the
B. The progression of a user following notation. LetN,,(t) be the number of Wanters at

In order to capture the strategic behavior of users in the faéme ¢, i.e., the number of users who have not yet attained
of competition between a legitimate CDN using P2P and e content, and assumg, (0) = 0. Further, letN;(t) and
illicit P2P network our model is necessarily complex. Figldr Ni(t) be the number of users with legal and illegal copies of
provides a broad overview of the user behavior in the systefi¢ content at time. Note that the total number of interested

which we explain in detail in the following. users at any time satisfies the following equation
Let us explain the model through tracking the progression
of a user. We term an initial user that wants, but has not yet I(t) = Nu(t) + Ni(t) + Ni() 4)

attained, the content Wanter (W) When a Wanter arrives

to the system, it has two options: get content from the fllic¥Ve can break this down further by noting that the number
P2P system for free or get content from the legitimate systé¥h Rogues, Fraudsters, and Boosters in the system atttime
for a pricep. We assume that the Wanter wishes to obtaf§lenoted byN:.(t), N¢(t), and N, (t) respectively) is:

content as quickly and cheaply as possible, and so she first

approaches the illicit P2P swarm and then only attains the Ni(t) = pNi(t) (5)
content from the legitimate system if the content is notilagte Ny (t) = kN;(t) (6)
a reasonable time interval (one infinitesimal clock tick ur o Ny(t) = BN,(2), @)

model) from the illicit P2P. This cycle repeats, if necegsar

until the content is attained. In some sense, this is thetworg;ith , + 3 < 1. The rest of legal and illegal users leave the
case for the legitimate provider since the illicit sourcerisd  gystem.

first. ) _ The key remaining piece of the model is to formally define
Once the Wanter has attained the content (legally or {he transition of Wanters to holders of illegal/legal carite

legally), it could stay in the system and assist in conteng  the evolution ofV;(t) and N (¢). However, this evolution

dissemination. We denote the probability of this event Bysnends critically on the model of the two systems, and so we
k < 1. Otherwise, it could simplyQuit (Q) and leave the yascribe it in the next section.

system with probabilityl — <. Now, if a Wanter obtains the
contentlegally and decides to assist in dissemination, it has
two options: (i) It might decide to use the content to assist t
illicit P2P swarm, i.e., g&kogue (R)We denote the probability
this happens by < 1. (ii) It might decide to assist the We discuss in detail the illicit and legitimate system madel
legitimate P2P swarm (if one exists) asBaoster (B) We below. The factors in these models are key determinants of
denote the probability of this event Ity < 1. Note thatd = 0 the choice of a Wanter to get the content legally or illegally
if no legal P2P is used. Clearly + 8 = x. However, if a When modeling the two systems, we consider a fluid model,
Wanter obtains conteritlegally and chooses to stay in theand so the performance is determined primarily by the capaci
system, it can only aid the illicit swarm asFwaudster (F). of each system, i.e., the combination of the initial seeds an
The probability of this event is simply. the Fraudsters/Boosters that choose to join (and add dgpaci

Note that the goal of revenue sharing is to incentivizidowever, other factors also play a role, as we describe below
Wanters to become Boosters after attaining content legallhroughout, we model the upload capacity of a user as being
rather than going Rogue. The hope is that the revenue inestee.

C. System models



1) The illicit P2P system:There are two components tothrough different amounts of revenue sharing requirehéurt
the model of the illicit P2P network: (i) the efficiency of themodeling of user motivation, which we will consider in gresat
network in terms of finding content, and (ii) the initial siaé detail in Sectiof . IV. But initially we are more concernedhwit
the network and its growth. the impact ofp and 3, rather than how to socially engineer

Let us start with (i). To capture the efficiency of the P2Fheir values.
system, we take a simple qualitative model. When attainingNext, with respect to (ii), unlike for the illicit P2P swarm,
the content illegally, a Wanter must contact either a Rogtiee legitimate network does not start empty. This is because
or a Fraudster. We let)(t) capture the probability of a it has a set of dedicated servers at the beginning which are
Wanter finding a Rogue or a Fraudster when looking for onken (possibly) supplemented using a P2P network. We denote
instantaneous time slot. We consider two cases: an efficiét Cx be the capacity of the dedicated CDN servers when
P2P and an inefficient P2P. In &fficient P2R we model  the total population size iV. Note that this capacity must

scale with the total population size to ensure that the geera
n(t) =1, wait time for the users is small. As shown [n[14], a natural
with the understanding the the P2P allows easy lookup &¢aling that ensures no more ti@atln In V) delay is to have
content and all content is truthfully represented. In castir the capacityCy = © (N/In N). Based on this, we adopt
for aninefficient P2P, we model N

n(t) = (Ne(t) + Ny (t))/N, TN

where recall thatV is the total population size. This corre-in this work. Additionally, we assum&/;(0) = 0, in the case
sponds to looking randomly within the user population fosf Flash Crowd model andV;(0) = I(0) in the case of Bass
a Rogue or Fraudster. Neither of these models is completehpdel.
realistic, but they provide lower and upper bounds to the tru Given these initial conditionsy;(t) evolves as follows:
efficiency of an illicit P2P system.

Next, with respect to (i), we model the initial conditionrfo 4 (t) Cn + BNi(2), Ny(t) >0,
the illicit network with N;(0) = 0, since the assumptionisthat™ z+ ~ ) min {CN + BN, (t), ar@) _ dN_i(t)} No(t) = 0.

Cn

. d d
the content has not yet been released, and therefore is hot ye ! ' 9)

available in the illicit P2P swarm. From this initial coridit, The interpretation for the above is that if there are a pasiti
Ni(0) evolves as follows: number of Wanters remaining in the system, then the full
dN;(t) . dI(t) current capacity of the CDN can be used to serve them,
gr {77(75) (Nw(t) + W) , Ne () + Nf(t)} »i.e., Cy + BN;(t). However, if there are no “leftover” Wan-
(8) t?irls, arriving Wanters that are not served by the illicit P2P
) ) ) ) % - de—it(t)) are served up to the capacity of the CDN.
The interpretation of the above is that.(¢t) + Ny(¢) is the

current capacity of the illicit P2P angl(t) (Nw(t) + %&t)

is the fraction of the Wanters (newly arriving and remaining Il. RESULTS
in the system) that find the content in the illicit P2P network T4 characterize the performance of the CDN against the

The min operator then ensures that no more than the capagjitit pop distribution, we usdractional legitimate copies

isused. _ , , _which is defined as follows:
2) The legitimate CDN:As discussed in the introduction,

our goal in this work is to contrast the revenue attained byRefinition 1. The fractional legitimate copiesL, is defined

CDN that uses P2P and revenue sharing with one that d@ss

not use P2P. Thus, there are two key factors in modeling Ni(Ts)

the legitimate CDN: (i) the rate at which users that possess L=

content copies become fraudsters or boosters, and (ii) the

initial size of the CDN and its growth, which depends on thehere T, is defined as the time after which onfy(In V)

presence/absence of the legal P2P. users are left in the system without a copy of the content
Let us start with (i). From a performance standpoint, the

most important parameter is, since it determines what

fraction of users stay in the system and act as servers. Thg%%settlngs: when the CDN competes against inefficiemttlli

users could either support the legal system as boosterkeor t sharing and when it competes against efficient illic? P2

illegal one as fraudsters. The question that we wish to ansv%'a”ng' Recall, that Olg Tnodelsbfor tgese tv;/r(]) cz;tses afrfgt_mean
is that of how much of an impact the division of those who sta SEIVe as upper and lower bounds on the true etciency
f,an illicit P2P system. We start by considering the case

into fraudsters and boosters would have on revenue obtain . - A
of an inefficient, illicit P2P. Note that the theorems stated

As we saw earlier, o+ B=r below characterize only the asymptotic growth of the fiawdil

’ legitimate copies. However, the proofs of these theorems,
and our key result will be on their relative impact on obthiea presented in Appendic€d[AFD, actually characterize thetexa
revenue. How we might attempt to control the booster fagtorgrowth.

(10)

Using this metric, we look at the performance of the CDN in



A. Inefficient illicit P2P 1022 Lottt

As discussed before, we look at the performance of CDI
under two simple models of demand evolutions, namely Fla
Crowd Model [1) and Bass modéll (3). H

First, we state the result for Flash Crowd model.

BN W e oo 9 @ e

Theorem 1. Supposel (¢) satisfies(d). The fractional legiti-
mate copies attained by the content provider in the presence
an inefficient, illicit P2P is (@) r=0.75,5=0 (b) 1 =0.75,5 = 0.52

0 5

(11) Lox 10" Lox 10’

Leq <lnlnN+ (InN)

5 Fig. 3. Evolution of usage in the presence of inefficientiilliP2P sharing.
InN )

Further, whens = 0,

Inln N
L . 12
€®<mN) (12)

[ S SR SN

The interpretation of this theorem is striking. When boostc  ° ~
factor, 5, is zero, the fractional legitimate copies is expo- (@) k=04,8=0 (b) k= 0.4, 8 = 0.38
nentially small, © (2I2) However, asj increases, the _ _ N _
fractional Iegitimate copies grows by orders of magnitude. Fig. 4. Evolution of usage in the presence of efficient tlieRP sharing.

Now, we consider the second model for demand evolution,

Bass model. For analytic reasons, we are not able to wask Efficient illicit P2P
with the exact Bass model. Thus, we approximate the logistic
curve, [3), as follows:

As before, we first consider the case of Flash Crowd model.

Theorem 3. Supposel(t) satisfies(@). Let x € (0,1 —

% 0<t<Ty :Phasel I(0)/N). The fractional legitimate copies attained by the
_ ) L=N/InN Ty <t<7T, :Phase content provider in the presence an efficient, illicit P2P is
I(t) = e (13)
13:7 T <t <13 : Phase3 8
L=N Ty3<t<T, :Phasel, Leql L N+ -1 (16)
In N (ﬁ
where we havell = In(N/(I(0)InN)), T = In(N/1(0)), "
Ty = 2In(N/I(0)) and T, = 3In(N/I1(0))A Notice that the Further, whens =0,
first stage is the exact Bass diffusion, while the other stage Inln N
order sense approximations of the actual expression. Thoug Le® ( v ) (17)

this model is approximate, it yields the same qualitatiwight ) ) o o
as the original model. Now, we are ready to state the result. Again, the fractional legitimate copies rises by an order of
magnitude as the booster fact@r,increases. Interestingly, the
Theorem 2. Supposd () satisfies{I3). The fractional legit- efficiency of the illicit P2P does not impact the asymptotic
imate copies attained by the content provider in the presengrder of the fractional revenue wheh = 0, since in both

an inefficient, illicit P2P is the efficient and inefficient case it i® (218, However,
s the efficiency of the illicit P2P does affect the fractional
Leq(RnN+(InN)x (14) legitimate copies attained for positive values of boostetdr.
In N In particular, it causes @l — %) factor change in the fractional
legitimate copies attained; however this has almost ncceffe
Further, whenj = 0, on the asymptotic growth.
lnln N Now, we consider the second case, Bass model of evolution.
Leo (221, (15) -
In N Theorem 4. Supposel(t) satisfies(3). Let k € (0,1 —

I(0)/N). The fractional legitimate copies attained by the

Note that the results of the above theorem match with th&ntent provider in the presence an efficient, illicit P2P is

of Theorem[L. That means, the fractional legitimate copies

attained by the CDN under Bass model of evolution is no 1 (lnN)é —1
different from that of Flash Crowd model in asymptotic sense Le In N (é) : (18)
Next, let us consider the case of an efficient, illicit P2P "
system. Further, wheng = 0,
Inln N
2Note that the value of; has been chosen such that y_, oo I(T1) = Leo® . (29)
N/InN. In N



. TABLE 1l
The above theorem along with Theorém 3 asserts that th€crional ReVENUE RATIO - EFFICIENT ILLICIT P2P. (*) SMULATION

fractional legitimate copies attained by the CDN under Bass RESULTS. (**) A NALYTICAL RESULTS
model of evolution is no different from that of Flash Crowd

; ; k=0.75 k=0.5 Kk =0.25
mod_el in asymptotic order. . % [ SIMF T AN | SIM | ANC | STV | ANC

Since TheoremBl1 arid 3 rely on a fluid model, and char- 0 T 003 003 T 015 015 [ 042 037
acterize only the asymptotic growth rate of the fractional 0.48 | 0.07 | 0.07 | 0.28| 0.26 | 0.56 | 0.50
legitimate copies produced in the system, we present noaieri 0.69 | 018 | 014 | 040] 038 | 0.67 ] 059
simulations to verify the qualitative insights in discreystems 0.84 | 0.30 0.24 | 0541 052 | 077 0068

it fy the g 9 Ve 095| 055 | 041 | 078 ] 069 | 09 | 0.78
with finite V.

To simulate the underlying discrete stochastic system, we

assume time is discrete and that there afe= 100,000 increase, is phenomenal. For example, in the case,0.75,
users in the system. A Bass model based interest evolutigf nooster factor increases frafn= 0 to 8 = 0.95x, the

is assumed. That means, at each time slot, each user pickggtional legitimate copies increases b§33%.
Poisson distributed number (with meah of other users to

spread interest to. The server has a FIFO policy with service
rate C' = 8000 ~ N/In N. . . . .
Figure3 iIIustratés the evolution of legal and illegal i In the previous sections, we studied the impact of the three
of the content in the case of an inefficient illicit P2P syster%arametem’ A andx on the eventual number_of legal content
with % = 0.75. In Figure[3(d), whered = 0, the final number copies in the system. We made the assumptionghat = &,
of legal copies produced in ,the systeméts 000. When the following the intuition thatx is the fixed probability of a user
booster factor increases. as shown in Fié(b) Wi who has the content being willing to redistribute it, amdich
0.52. the number of Iegai copies increases3&8ss: In fact P2P swarm is joined affects the number of legal copies. We
the %ractional legitimate copies increases by mor,e DFaTh " now consider the motivation behind the users’ decisions on
" which swarm to join.
TABLE | Suppose that the purchase price of a copy of the content
FRACSTl ﬁg&&?;’gﬁfﬁg'g;;RE’\‘F/E'L‘;'TElEH'-EE'SLE’TZSP- ) is p. Hence, a user that wishes to obtain a legal copy of the
content must pay the content generator the gurhrough

IV. REVENUE SHARING MODEL

5 k=0.75 =05 some kind of online banking system. Suppose that the content

~ [ SIM* T ANL* [ SIM | ANL owner utilizes a simple model for revenue sharing, where
0_010 8:3‘1‘ 8:32 8:(753 8:% a user receivesp for each piece of content it distributes
0241 077 T 072 o8zl 077 when taking part in the legitimate network as a Booster. Thus
041 081 | 0.75 | 0.86| 0.79 e = 0 corresponds to no revenue sharing. Note that this could

0.63 | 0.87 0.79 0.92 | 0.80
0.92 | 0.97 0.85 0.98 | 0.82

potentially be implemented on a system such as BitTorrent by
simply keeping track of amount uploaded by each E:e'élne
value e can be viewed either as a share of the revenue from

Itn_ Taple1|;|,b\/|vﬂe lcompgretthe 5|mullag|orl1 resulltts (ASII\II\C gglhlujmgach download or as the expected payoff of a lottery scheme
entries in Ta ) against our analytical results ( operated by the CDN.

entns_s |r1_TabIEﬁL) fro(;n Limnﬁ 9 atng ?orolléﬂlno,dmﬂr.ganous While it is difficult to exactly predict the effect of revenue
;(r)\r;l ':ir::ZIIorr]s dci)ctiggs fl'oszle):r?:t((:: E witrr?rt];le girrzu?ati Bl;l,;ursharing, it seems reasonable that increased revenue gharin
y P y @ should limit the likelihood of a Wanter going rogue after

:n the:\[hcas?ﬁ =0 ::[ the gase_ﬂ = 0 thle tpredlc';]e_dhvaluesd:re ttaining the content legally. To qualitatively capturdasth
€ss than those obtained using simuiation, WhICh agreds Wit .t \ye modelp as a decreasing function ef A specific

Lemmal®; nevertheless, the differences are quite smalb Alfs
. : . . form could be
observe that, ag increases, the fractional legitimate copies

improves significantly. Especially, in the case,= 0.75, as p = ro(e),
booster factor increases frofi = 0 to 3 = 0.92x, the whereg(.) is a decreasing function with(0) = 1 and(1) =
fractional legitimate copies increases by0%. 0

Next, we move to the case of an efficient illicit P2P. Fidure 4 Recall that we defined the paramet@ras the fractional
illustrates the case of an efficient illicit P2P system. Igufe revenue, also the fraction of legitimate copies in the syste
[4(@), wheres = 0, the final number of legal copies produce@t 7. It is clear that the profit obtained by the content
in the system ist5,920. When the booster factor increasespwner also depends on the amount of revenue shared with
as shown in Figurg 4(p) wherg = 0.38, the number of legal the boosters, which in turn depends on the exact fori(ef.
copies increases 06, 380; In fact, the fractional legitimate Hence, the content owner would have to determine the optimal
copies increases by more tha60%. amount of revenue sharing in order to maximize profit. For

In Table[dl, we tabulate the simulation results and thilustration, let us choose
analytical results. The analytical results are obtainesmfr .

Lemmal[IB and Lemm& 1l4. The simulation results are in $le) =N,
agreement with our analytical predictions. Also note thia,  sgjttorrent Trackers already collect such information irder to gather
improvement attained in the fractional legitimate cop&s performance statistics.
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adoption of our revenue sharing approach might result in a PROOF OFTHEOREM 1

cooperative equilibrium between content owners, distaisi

and end-users. Future work includes a characterizatioheof t To prove Theoreri]l, we analyze two procesag&) and
exact value of users based on their times of joining the Byste/N;(¢) which bounds the actual evolution$;(t) and N;(t).

as well as considering content streaming, which requirés st Importantly, the bounding processes are equivalent to the
quality of service guarantees. original processes whefi = 0.
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Before stating the results, we introduce a few notation. Let The proof is as follows: First, we defin€](t) = N;(t) +

I I Ni(t). We can obtairy and 4¥: from the pair of equations
9, = “ifh iy g =t N1y 28), [28) and[(23),[(24) respectively. Then, it can be shown
2 2 kIn N’ 2 2 kIn N’

g that
b= gy M=0-0 (20) dN;, dN;, (30)
W Ni=z,U=y > ﬁ Niy=z,U=y>
2 \/ L+ mﬁN +1 .
7 = —In| Ye—o—o—, (21) and the equality holds whet = 0. Note that the range space
Af V1t oy -1 of functionsU(t) and U(¢) are identical. Since, the initial

values N;(0) and N;(0) are equal by definition, we get the

N, = wCN ( 1 >“ (1 _6(7’32;*)) o(227) result in [29).

Bo1 \1+b Now, we derive N,(t). Let 7 be the time at which the

1=

KCx 1 5 s s0sr number of wanters in the system vanishes to zero. Then,
- (1—+b> () (1—e7). (22) N,(t) = 0 andU(t) = N for t € [7,T]. Adding [23)

2 and [2B), fort € (0, 7], we get,
Finally, we are ready to define the bounding processes _ _

used in the proofN;(t) and N;(t). Let N;(0) = N;(0). av _ ((B+ p)Ni(t) + KN (1)) (N = (Ni(®) + Ni(1)))
Furthermore, let dt N_O) N
- - - () 7 - Ut
. : _ _ = kU(t) ————=.
WD) _ o8+ 680 () 4w, @9 WO ()~
o _ ollows from the fact thap + 8 = x and the definition o
foll f he fact th B d the definiti f
Similarly, let N;(0) = N;(0) and Ut).
dN;(t) Cy + ﬁNl(t)Nf(Nl(t)JrNi(t)) Ny(t) >0 The above differential equation is in the form of a standard
ar { 0 N ’ Ny(t) = O? Riccatti equation, and it's solution can be written as
(24) N6, NAY
where N, (t) = N — (N;(t) + Ni(t)). Ut) = 52 " be—/Zet’ (31)
We can now state our result characterizing the number of
legal and illegal copies. whereAfd = 6, — 0. 01,0, andb are given by equatioh_(20).

o o From the relation[/(7) = N, we get [21).
Lemma 5. In the presence of an inefficient, illicit P2P, the Now from [23), fort < (0,7], we get

number of illegal and legal copies at the end of evolution is

Y AN (t oo N = (Ni(t) + Ni(t
Ni(Too) 2 Ny, dlt( )~ o+ Ry Y l(J\)[ ®),
where equality holds whefl = 0. A lower bound on the solution of the above differential

Proof: Recall that the efficiency factor of an inefficien€duation is provided by Lemniall6 in Appendlk E. From the
illicit P2P, 7(1), is given by defintions ofb and 7, given by [20) and[{21), it is clear that
R b>1and7 > Inb/Af. Then, by evaluatingd (147) at= 7
_ Ne(O) + Ny(t) _ pNi(t) + £Ni(E) (25) With Ni(0) = I(0), we geth; in (22). Also, whenj = 0,

®) N N ' the lemma yields an exact solution of the above differential
The second equality follows froni](5) and (6). Froim (8), thequation. Hence proved. u
illegal growth rate is As mentioned in the statement of Lemida 5, the inequality
AN (1) @ is exact in the case of = 0. Additionally, in this case, the
dzt = n(t)Ny(t) (26) form of N;(T) simplifies.
® (pNL(t)+mN1;(t))(]J\]V—(NZ(t)-l—Ni(t))). 27) Corollary 6. Let 3 = 0. In the presence of an inefficient,

illicit P2P, the number of illegal and legal copies is given b
(a) follows from the definition ofn(t) and the fact that

N, (t) < N. (b) follows from [25) and[{4). From equatidd (9), 20N V1t oy +1
the growth rate of legal copies is given by 1(Too) = g ™ — : (32)

le(t) . C’N + ﬂNl(t)v Nw(t) > 07 (28)

at 0, N, (t) =0. Now that we have characterized the number of legal and

Let U(t) be the total copies of the content in the system. The!”,egal copIes precisely, attaining the statement in Theud .

Ut) = Ni(t) + Ni(t) is’accomplished by studying the asymptotics of the resnlts i
= 1Vl % .

Now, we claim that, Lemma% and Corollari]6.

To begin, recall from[(70) that,
> N _
Nl(Too) = Nl(Too)a (29) I Nl(Too) - Nl

and the equality holds whef = 0. N ~ N’ (33)



where N; is defined by[(2R). Following a few algebraic stepsTherefore, it follows from equatioil4) tha¥;(t) + N;(t) =

from the above equation, we get that 1(t).
P Next, from equation[{8), we get that
Inln N + (InN)*=
Led N (34) dN;(1) dI(t)
i, = min {05 N0+ V0
Inln H _ H
andL € © (2l if 3 = 0, which completes the proof of @ dI(t)
Theorend]L. = 77(07, (38)
APPENDIX B where the equality (a) follows from the definition ¢ft) and
PROOF OFTHEOREM 2 the fact thatd(t)/dt < Cy < N.

. Because we are considering an inefficient P2P, we have
To prove Theoreni]2, we will go through a sequence of

intermediate results characterizing the number of IdigiAl N, (t) + Ng(t)
copies at the transition points of the approximate Bass mode n(t) = N )
We start by characterizing the number of legal and illegal ®) pNi(t) + KN;(t)
copies at the end of Phage - N '
Lemma 7. In the presence of an inefficient, illicit P2P, the © pU(1) — Ni(t)) + “Ni(t),
number of illegal and legal copies at the end of Phasef 7 N N N
the approximate Bass model are given by - p]\(ft) + (r _’])\)[ i)
Ni(T) = pI(O)Jr Np By) . .
)=\, T oy exp (By where equality (b) follows from{5)[16) and the equality (c)
(1) N follows from the fact thatV;(¢) = I(t) — N;(t). Substituting
— VP _ P 5 (35) the above result in equatioh (38), we get
k—p  (n—p)
Ni(Th) = I(Th) — Ny(Ty), (36) AN(t) _ dI(t) pI(t) , dI(t) (s — p)Nu(1)
dt dt N dt N '
where
N N The solution of the above differential equation is given by

1) =5 NN —1(0) + (N/InN)
n . D= Fe (TO(E=p)\ _pIt)  Np
By — <L&P)(1(T1) _ 1(0))) . Nilf) = K exp < N > k—p (r—p)?

Note that in the ab h I d d3 10 b where the constanf{ can be obtained from the fact that
'ote that In the above, we have allowsdp, an 5. 0 be N;(0) = 0. Thus, the evolution of illegal copies is given by
arbitrary. In fact, in this case3 is inconsequential since the

full amount of interested copies can be served by the desticat pI(0) Np (k — p)
capacity of the CDN. Note that in the case whes «, things i(t) = (Ii — 0 + (k — p)2> (
simplify considerably. pI(1)

<uw—ﬂmﬁ

Np
Corollary 8. Let p = «. In the presence of an inefficient, k—p (k—p)?

illicit P2P, the number of illegal and legal copies at the end

of Phasel of the approximate Bass model are given by The _number of illeg_al copies at the end (_)f Phdsean be
obtained by evaluating the above expression at 737. The

Ny(Ty) = K(I*(Th) — 17(0)) remaining population get the content legally, i/6,(7}) =
2N I(Ty) — N;i(T1). ]
Ni(Th) = I(T1) — Ni(Ty), Now that we have characterized the number of legal and
where I(T}) = 2. N illegal copies at the end of Phasewe can move to Phases
In N N-I(0)+(N/In N})* 2-4. Unfortunately, the resulting number of legal and illegal
We now prove the lemma. copies at the end of these phases is much more complicated.
Proof of Lemma]7: From equation[(113), the populationHowever, much of this complicated form is only necessary
of interested copies in phadeis given by to specify the exact analytic values. Once we focus on the

NI(0)e! asymptotic form (as in Theoreh 1), it simplifies consideyabl
= N T0) £ IOt (37) Before stating the result, we need to introduce a consid-
— 1(0) + I(0)e erable amount of notation. This notation stems from the fact
From the above equation, it is easy to verify that the rate tfat we do not analyze the exact process\oft) and N;(t).
growth of interested copies is less than the server capaditgtead, we define a process®gt) and N;(t) which bounds
Cn, i.e.,dI(t)/dt < Cn. Thus, any interested user is served;(¢) and N,(¢) and analyze these processes. Importantly, the
instantaneously either by a legal or illegal mechanism.dden bounding processes are equivalent to the original prosesse
the number of Wanters in the system is zero, Mg,(t) =0. when g = 0, i.e., the case of no revenue sharing. Before

1(t)



defining N; and IV;, Let

21(T))
ATy = 1 In S O 7ATY))
21(T
kIn NZ; Zy—1+ (N/(ln%)
1 Z1+1
1 39
+/~@1nNZ1 n<Z1—1)’ (39)
2 Zo+1— 2
Afg——ﬂ( 2+ ln4N)
K2 Zo — 1+ =%
2 Zo+1
—1 40
1 Z3+1
ATy = —-1 41
T4 s n(Z3—1)7 (41)
where Z; = 1+412N722 - 1+~11va23
N N ..
I+ ,{lﬁN andI(Tl) = N NI+ (NN - In addition,
let
L7 "N "2\ N InN’
i I 1 kI \? 4k
J ) ~
92—/{2 7 (N) +—1nN’ (43)
A9; = 6] — 6} and
o Nel.,j — KI(Tj,l) (44)

77 RI(Tj—1) — N2

Note that, in the above definition, in fa&tZ;_,) = I;_1 for
j =3 and4.
Furthermore, forj = 2,3 and4, let

dj = (b7 + exp(AHjA%j)) (45)
. 92 I

/= (% - %) 46)
) oj .

e @7)

10

N,(T}) recursively as follows:
8
Nj = N (L) ecatany
l l dj

N (el =)
L O (b_a) loaian) (07 L
d; 1

8
—Cn <i> e(-adam) !

— (1= 1p>1), (50)
d; @
wherel,>; is given by
1 b>1,
Loz = { 0 b<l. D)

We can now state our result characterizing the number of
legal and illegal copies at the end of Phagek

Lemma 9. In the presence of an inefficient, illicit P2P, the
number of illegal and legal copies at the end of Phgse
j €42,3,4} of the approximate Bass model are given by

N(T) > NY,
where equality holds whefi = 0.

From the approximate Bass modEl](13), the evolution of

demand in Phasg, for j = 2,3 and4, is given by,
I(t) :Ij, where ¢ € [ijlaTj)-

Note that in these three phases, a change in the number of
interested copies occurs only at the beginning of the phade a
then, it remains constant throughout the phase. That mésns,
dynamics of evolutions oV;(¢) and N;(¢) in these phases are
similar to that of Flash Crowd model discussed in Lenitha 5.
Also, it can be shown that each of these phases is long enough
so that every interested user appearing at the beginning of a
phase is being served by the end of that phase. Therefore,

Finally, we are ready to define the bounding processe® can analyaze each of these phases independently. Now, by

used in the proofN;(t) and N;(t). Let N;(Ty) = N;(Th).
Furthermore, during Phagg let

dNi(t) _ le(t) + KNi(t)

7 N (L = (Ni(t) + Ni(t))).  (48)
Similarly, let N;(Ty) = Ny(T1) and, during Phasg,
AN(t) [ Oy + BNy (1) L= EOENO) -y (1) > 0,
dt 0, Ny (t) = 0.
(49)

where N, (t) = I; — (N;(t) + Ni(t)). Finally, let

U(t) = Ni(t) + Ni(t).

To state the result, we use a bit more notation about these

recursively applying the analysis of Lemifnja 5 for each of the
three phases, we get Lemina 9. A detailed proof of the above
lemma is given below.
Proof: From the approximate Bass modell(13), the evo-
lution of demand in Phasgis,
I(t) = Ij, where t € (Tj_l,Tj],

and the number of Wanters in Phgsis N, (t) = I; —(N;(t)+
Ni(t))-

Recall that the efficiency factor of an inefficient illicit P2
n(t), is given by

Not) + Ny(®)  _ pMilt) + kNi(t)

n(t) = N N (52)

processes. LelN} = N;(T1) and forj = 2,3, and4 define The second equality follows fron](5) and (6).
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From equation[(8), the illegal growth rate in Phagsks Let 7; be the time such thdf (;) = ;. This event happens
dNi(t) (@ With_ir_1 Phasej itself (from (51)). i.e,7; € (Tj_1,Tj]. In
ol min {n(t) Ny (t), Ny (t) + N¢(t)}, addition,

= 1(t)Nuw(t) (53)
(©) pNi(t) + kN:(t) Adding (49) and[(4B), for € (T;_1,7;], we get,
2 PR T I — () + Ni(t))). (54) d0 (WD) + Fio)

N G v L
— = ((B+p)Ni(t) + xN;(t
Here (a) follows from the fact that() is constant in the last ¢ ( Wil ®) Ji_fv(t)))

three phases. (b) follows from the definition %ft) and the () (kNi(t) + KN (2)) (I; — (Ni(t) +
fact thatV,, (1) < N. (c) follows from [52). N
From equation{{9), the growth rate of legal copies in Phase @ KU (t )I - Ut )_
is given by N
(e) follows from the fact thap + 5 = «. (f) follows from the
dzfllt(t) B { Cn + OBNz(t% ]ngg; z 8 (55) definition of U (¢) in Phasej.
’ v ' The differential equation given above is a standard Riccatt
The second equality follows from the fact th@{—i = (0 when equation. Its solution is given by
there are no Wanters in the system (frdml (53)) dift) is ~ Nbs.; NAG; /i
constant. U(t) = i The A6 T, )
Let U(t) be the total copies of the content in the system. i€
Then, where A0; = 60, ; — 62;. 01,,02; and b; are given by
U(t) = Ni(t) + Ny(t). equations[(42) [(43) anf (#4) respectively.
Let A7; = 7; — T;—1. Recall thatr; is the solution of the

Note that the growth raté/ () is at least equal t6’y when equationl/(7;) = I,. Hence, from the above result, we get,
Ny (t) > 0. In that case, it can be shown that

1+ +1- 2=
Cn x (Tj = Tj—1) > (I(T) = I(Tj-1)). 7Ty = Lo T L)
. . . j M+ 4 1420
since I(0) << Cy, by assumption. This means that every RN 1(T5)
interested user generated in any one of the last three phases /14 4 j41
can be served within that phase itself. Furthermore, Lemma + Lln rln ¥ ) (61)
\/ L+ KliNj -1

[@ shows that no Wanters are left unserved after Phase Ab;
The above expression yields {39), (40) ahd (41) respeytivel

N, (t) =0 whent € (7}, T}].

—~
= =

~

(60)

Therefore, we can conclude that

Ni(T;) + Ni(T}) = U(T;) = I(T}) = 1. (56) when I(T}) is substituted by actual values from the bass
Th ts hold true in the caseVft), i model. _ o
esame_argumen_s ° r_ue in the casevptt), i.e Now, applying the above expression ih_49), for €
Ni(Tj) + Ni(T) = U(T}) = I(T3) = I;. (57) (Tj-1,75], we get
' dNy(t I; — (N(t) + Nyt
Now, we claim that, ) dlt( ) O+ BN ( l(J\){ (1)
Ni(Ty) 2 N(T5), (58) A lower bound on the solution of the above differential
and the equality holds whef = 0. equation is provided by Lemn{all6 in Appendikx E. It can
We can deriveZY: and 4% from the pair of equation§ (53), be shown thabexp(—Af;AT;) << 1. Then7; satisfies the

(G5) and [4B), @g) respectively. Then, it can be shown thatcondition stipulated by that lemma and a lower bound on the
IN. an, number of legal at the end of Phagecan be obtained by
sy < (59) evaluating[(14]7) at = 7;, which yields N} in (&0). In case
au dU B = 0, (I147) is an exact solution of the above differential
and the equality holds whef = 0. Note that the range spaceequation. [ |
of functionsU (t) andU (t) are identical; in fact they are equal As mentioned in the statement of Lemfda 9, the inequality

to [I(Tj-1),I(T;)] in Phasej which follows from [56) and is exact in the case of = 0. Additionally, in this case, the
(7). Furthermore, recall that the initial values §f(T:) and  form of N;(T}) simplifies.
N,(T1) are equal by definition. Hence, the conclusion is

Ni=z,U=y>

B Corollary 10. Let 8 = 0. In the presence of an inefficient,
N;(T;) < Ny(T). illicit P2P, the number of illegal and legal copies at the end

f Phased of th imate B del is gi b
Then, the claim in[(88) is true from the facts thsit(7;) = o Fhases of e approximate Bass mocel Is given by

I(Ty) — Ni(Ty) and Ni(T;) = I(T;) — Ni(T;). _

Our objective is to derive an expression df(t). Then, Ni(Ta) = Ni(T1) + Cn ZATJ (62)
evaluate the expression at= T in order to obtain a lower =2
bound on the number of legal copies at the end of each Phasahere N;(T}) is given by CorollaryB.
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Now that we have characterized the number of legal amchere (a) follows from equationgl(5L]1(6) along with the fact
illegal copies at the end of Phadeprecisely, attaining the thatn = 1 and(¢) is constant. (b) follows from the definition
statement in Theorel 1 is accomplished by taking studyiog the number of wanters in the system.
the asymptotics of the results in Lemiia 9 and Corollﬂy 10. From equation(9), the growth rate of legal copies in Phase
Throughout, we usely ~ By to denotelimy_; oo 4 =1 is given by

To begin, recall from[{10) that,

dNi(t) ¢ .
N;*N N L0 i Ny(t) =o0. (72)
> L
- N’ (64) (d) follows from the facts thath: = 0 when there are no

where N} is recursively defined by((50) in terms of}, N2 wanters in the system (froriL(70)) adt) is constant.
and V3. As N goes larger, from the above equatlon we get AS defined before, let/ (¢) be the total copies of the content

that in the system. Therl/(t) = N;(t) + N;(t).
Leq Inln N + (In N)g ) Now, we claim that, )
A Ni(T;) = Ni(T;). (73)

and L € © (o) jf 3 = 0, which completes the proof of and the equality holds whef = 0.

Theoren{]L. N Note that
dN;(t e AN (t
APPENDIX C dlt( )|U:z,l\7i:y = dlt( )|U:z,Ni:ya (74)
PROOF OFTHEOREM 3 AN, (t) /AN (1)
The proof of Theorerfil3 parallels to that of Theofdgm 1.We ar [T — 7 lU=z,N;= (75)

mimick the approach of the proof of Theordh 3 and define
two processed;(t) andN;(t) that boundV; (¢) and N;(t) and
analyze these processes. Importantly, the bounding peses,
are equwalent to the original processes wiies 0.

Knd (f) is an equality whem3 = 0. (e) follows from [€6)
and [72). And (f) is due to[{70) and (67). From the above
equations, we can deduce that

Let U(t) = Ni(t) + N;(t). Further, letN;(0) = N;(0) =0 dN; dN;
and dU|U z,N; yS dU|U x,N;=y- (76)
dN; ®)_ _ { Cn + BNi(t)  Nu(t) >0, (66) Note that the range of functioris(t) and U(t) are identical,
dt 0 Ny(t) =0. [1(0), N]. SinceN;(0) = N;(0), from the above equation, we
where N,,(t) = N — U (). Furthermore, we defin&/,(0) = 9t thatVy(T;) > N;(T}), Also, equality holds wher = 0.
N;(0) = 0 and Let 7 be the instant at whicV,,(7) = 0. Then, the number
- _ _ of legal copiesN;(t), is given by
aNi(1) { pNIY) +kN()  0<TW) < £ o i
= N 7 _ COn ) Bt _ Cn 7
dt N - Ni(t) - Ni(t) £S <T@ <. Nl(t):{ (% 2Ve ~ e (0,7, n
_ t>T.
Finally, let N;(0) = N;(0) = 0. To state the results, we may ) -7
need a bit more notation. Let The above result follows froni_(66) and the initial condition
_ N e N;(0) = 0. Now, we resort to findr. Note that,N,,(7) = 0
T IaNg -4 implies U (7) = N. Therefore, first we deriv&/(¢) and then,
N, (" =1) (68) implies U7(7) = N. Therefore, f derivé/(t) and th
s finds the time at whichU( ) reachesN.
Furthermore7 = 1+/5 In (1 + %) +im(H), Note thatU (0) < 1+ , by assumption. Then, frofi {66) and
, we get that
where H =1+ *(‘llij\g Now, we characterize the number o ) 9 _
legal copies and |Ilegal copies in the following lemma. d[iiit) —pU(t)+Cn, i telo,v]
Lemma 11. In the presence of an efficient, illicit P2P, the
number of illegal copies is given by wherev is defined ag/ (v) = +p. Solving the above equation
= with the initial conditionl/ (0) = 0 yields
N(T) > N, (69 crenin =
and the equality holds whef = 0. Ut) = TNe“t - TN’ if ¢te]0,v]. (78)
Proof. Then, from the above result can shown to be = X In(H),
From equation[{8), the growth rate of illegal copies is giveyhere 77 — 1 + Kllil])\f.
by Now, consider the casec [v, 7]. Then, 1]): <U({t)<N
D LNy (0,pNi(0) + sN(0))  (70) and hence. fron{(B7),

L min{I(t) — U®t), pNi(t) + 6N;(t))}  (71) djl? =N - Ni(t) - Ni(t), if tely7]




Solving the above equation, we get 1Pl O
_ _ CN) eﬁ(t V)
Ni(t) = N-—(N(®@v)+— — () =0
© ( ) B ﬂ Ni(O) = 1(0)
< Ni(v) y )
+ (Ni(l/) + 1+8 ) (=), Phase 1
_COn efv CN dNi(1)
= i7" 5 = pN(t) + KNi(Y)
( Np CNeBu) - d]\;lt(t) _ %S}t)_dj\;(t)
1+p 1458 ’ [
for ¢ € [v,7]. Here, the second equality is obtained by Phatw Phat”
replacingV; () with U(v) — N,(v) and by substitutingV, (v)
from (72). Then,U(t), which is eqaul toN;(t) + N;(t), is aNi(t) N dI@)
given by at PN) + £Ni(t) dt at
AN,(t AN, (t
O(t) = N + COnePt _ ( Np CNeﬁV) o= (t=v) dlt() = C+BN() dlt() =0
N 1+ 1+p 1458 ' |
Now, solving for¢, from U(t) = N, we get that Phase 3 Phase 4
_ 1 In N(1+ B)e P
= —h(l+—— 79 : :
YT < " L+p (79) IO _ i) + it Wl e+ IO
=2 dNi(t) _ dI(t) dN;(t) dNi(t)
:llnH+—1J1rﬂ1n <1+—1HN(111ﬁ)H ) (80) & d @ - CrAN
K p
'}I’Ihe sleconld ;fesult follows by susbtituting= %ln H, where Phase T Phass 6
=1+ “lip . B
Finally, substituting7 in (Z4) yields NV;, which completes dNi(t) _ dI(t) ANi(t) _ dI(t)
the proof. | dt dt dt dt
As mentioned in the statement of Lemma 11, the inequality dj\gt(t) =0 d]\gt(t) =0

is exact in the case of = 0. Additionally, in this case, the
form of N;(Tw) simplifies.

Corollary 12. Let 8 = 0. Then, the number of legal copies at
the end of Phasé is given byN;(T) = CnT,

Fig. 6.

Now that we have characterized the number of legal ar(fI
illegal copies precisely, attaining the statement in ThedB
is accomplished by studying the asymptotics of the results
Lemmé[Il and Corollafy12. From (10), Lemma 11, Corollar
[I2 and equatior (68), we can show that

X (0

Then
(InN)% —1

& )

) if 8 =0, which completes the proof.

1

LeQ
< In N

(81)

Inln N
In N

andL € © (

APPENDIXD
PROOF OFTHEOREM4

In our model, an efficient illicit P2P is characterized by
efficiency parameter(t), equal to one. Then, froni](8), the
evolution of illegal copies of content in the systef(t), is
given by

dNi(t) _ dI(t)
dﬁ(” _mm{sz<t>+%’”,pwwwxﬂ}- (82) “ B dflf
T dt

And, the evolution of legal copies of the content in the syste
N;(t), is given by,
le(t) _ {

dIt

min{Cy + SN;(t )

(t) >0,

=0.

Ny
dNiy

dt at

’dt

} t) + Ni(t) =

Ny (0) +

dI(t)
dt

=

dN; (1)
dt

1(t).

o > pNi(0) + kN;(0).

= pNi(t) + KNy(t).

From [83), the evolution ofV;(¢) at time¢ = 0 is,

) dNy(t)
4t
D (oNi(t) + kNi(1)).
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Evolutionary phases of the growth of Legal and lllegapies of
content in the presence of an efficient lllicit P2P

As the interest for the content evolves according to the Bass
mand model, the evolution a¥;(¢) and N,(t) traverses
along multiple stages of dynamics as shown in Figure 6.
$e|ow we discuss these stages of evolution in detail.
Stagel By assumption,N;(0) = 1(0), N;(0) = 0 and
= 0 whereI(0) is the initial demand in the system.

The above result follows from our assumption thak 1 —
ITO). Therefore, at = 0, from (82),

(84)

(85)

(86)

The first equality follows from the facts thaf,,(0) = 0 and
|t o < Cn. Also, from the above equations, we get that



The evolution exits Stagé when any one of the following
conditions is attained,

dr AN,
Ci: Cn-2 ©, (@)
2 U ) < pNi(E) + KN (1), (88)

dt
Here, Q occurs when the number of wanters approachi

(83), the dynamics of evolution d¥;(¢) changes. € happens

when the number of users attempting to download from the

illicit P2P reduces below the current capacity of the itlieRP.
Then, from [[82), the dynamics of evolution 8f;(¢) changes.
Next, we show ifk < 1— —— Cl occurs before € and the
evolution proceeds to Stage Otherwise, Stage is followed

by Stage7.
Now, let T, be the time at which Cis attained, i.e,
dI(t dN;(t
d(t) li=1, — # li=1, = Cn + BN;(12)(89)
dI(t
= di) |t:T2 — HI(TQ) = CN (90)

N1 —r) 4
The second equality follows frorh (B4) along with the factatth
k= p+ B and Ni(t) + N,(t) = I(t). Equation [[9L) follows
from the definition of(¢). In the above equatiorf, has a
r_eal positi\{e solu.tion ifffa <1- \/li_N Also, let T be the
time at which Q@ is attained, i.e,

dl(t li=r. = pNi(T7) + kN, (T7)
i) e, — KI(T7) = —BN(T7). (92)

dt
The second equality follows from the facts that= p + 3
and N;(t) + N;(t) = I(t). From [90), [9R) and the definition

=

of I(t), it can be shown that, if» has a real valued solution,

thenT, < T7 Therefore, Stagé is followed by Stage? if
K<1l-— and, Stager otherwise.

Stage2 : "The evolution enters Stagefrom Stagel due to
the condition @ given by [8Y). Then, the dynamics of;(¢)
does not change from that of Stage

dN;
dat = le (t) + HNi(t), (93)
but the dynamics ofV,(¢) changes to,
dN,
— = Ox + BNi(0). (94)

Also, from the above equations afdi(8R),(¢)+ V;(t) < I(¢).

The

the legitimate CDN exceeds its current capacity, Then, fro
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capacity. Then, froni(83), the dynamics of evolution’gf(%)
changes. € happens when the number of users attempting
to download from the illicit P2P reduces below the current
capacity of the illicit P2P. Then, froni_(B2), the dynamics of
evolution of NV;(t) changes. The evolution enters Stegydf

C3 is attained before € Otherwise, it proceeds to Stage

Let 75 mark the time at which the evolution enters St&ge

n, from G and [93),

> )

On + BN 7

(T3) > (pNi(T3) + Ni(T3)), (97)
and N, (T5) =0. (98)
Also, let Stagel start at timet = Ty. Then, from @,

dI()

|t =T3 —

li=7, + Nuw(Ta) = pNi(Ty) + £Ni(Ty). (99)

Stage 3: The evolution enters Stage from Stage2 due
to the condition @ given by [95). Then, the dynamids;(¢)
does not change from that of Stage

PO _ omitt) + i) (100)
but, the evolution ofNV;(¢) changes to,
ANi(t)  dI(t) dNi(t)
-~ dt  dt (101)
= PO omi) +av). @02)

This stage starts at = T3, which is defined by[(37) and
(@8). From the above dynamics equations dnd (98), we get
Ni(t) + N;(t) = I(t).

We show that the evolution oW, (t), given by [101), does
not change as long as the evolution/¥f(t) does not deviate
from (Z00). This claim holds true if

Cn + BN,(t) > d;—it) — (pNi(t) + N;(t)),
d;—f) —rI(t) < Cy, (103)

for all t > T5. The second inequality follows from the facts
k= p+ g and N;(t) + N;(t) = I(t). At t = T3 the above
requirement is met, which follows frorhi (97). Then, we get
N(1-k)
2 3

from the definition of7(¢) and [I0B). The functiorfﬁ
kI(t) is monotonically decreasing if(t) > M Then
(I03) holds for allt > T3 and that proves our cla|m

The above discussion implies that a transition from this

I(T3) > (104)

A transition from this stage occurs when any one of thgtage happens only when the dynamics of evolutiovg(t)

following conditions is satisfied,

ca:  Owt N> DU N
Ny, (t) =0, (95)
C4: d{i—(t)—i-N (t) < pNi(t) + kN;(t). (96)

changes. Froni(82) and(100), the dynamic&Vgft) changes,

when the number of users downloading from the illicit P2P

reduces below the current capacity of illicit P2P,

dl(t)
dt

When G occurs, evolution enters Stade Let this occurs at

Cs: < pNJ(t) + kN (1). (105)

Here, G occurs when the number of wanters in the systefn= 75. Then,

goes to zero and the rate at which newly generated popula-
tion approaching the legitimate CDN falls below its current

dI(t)
dt

= pNi(T5) + £N;(T5). (106)

|t:T5
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Stage4: The evolution enters Stagefrom Stage2 due to A. Analysis
the condition @ given by [96). Then, the dynamics of;(¢)

We first consider the case,> 1 — —2—. Let us introduce
does not change from that of Stage

a few notation before stating the result. We define

le(t) B
= Cy + BNI(t), (107) _ (1O _ LA 1z
dt o@) = (37 ) N[a-wv (s 5)-rv(8-15)].
but the evolution ofN; () changes to, p (113)
andy(8,z) = [ 1=u)® . Also, let
ANt _ gy, U0 (108) VB2 = Jiom (52)
ar dt T:m[ N(1-k)G ] (114)
This stage starts at time= T} defined by[(39D). 100) 2= (1 - »)G)
We claim that the evolution oW, (¢) follows (Z08) for all B 165D B
t > T. This claim holds true if where R A and D= @(N(1 -
dI(t) K)) (%) . Now, we are ready to provide the result.
(Nw (1) + d—) < pNit) + ANA(1),  (109)
t Lemma 13. Assumex > 1 — QN. Then, a lower bound

for all ¢ > 7. Note that Equatior {Z09) holds truetat 7,. ©Nn the number of legal copies of the content in the system at
Since, N, (t) = I(t) — (Ni(t) + N;(t)) by definition, from ¢ = T is given by,
Equation [I0B), we get thadew—t(t) < 0. Also, using the NA(T) > (D(I(T 1(0))eBT 115
definition of NV,,(¢) in (@9), we can show that ((Too) 2 (2U(D)) + 10D (115)
dI(t)
dt

Then, from the definition of (¢), the above result holds for
all t > Ty. Then, we get

where(t) is given by(3).

|t:T4 — KI(T4) = —(1 + K)Nw(T4) — ﬁNl(T4) < 0.

Proof: Recall that, whensx > 1 — \/hQTV the evolution
of N;(t) and N,(t) takes place in two stages, namely Stdge

and Stager. Solving the dynamics of evolution in Stage
given by [85) and[(84), we get

4 (Mul)+ 5 ) < M@ + rNi(0), Nt) = (@) - (IO + 10},
(D(I(t)) + 1(0))e’, (116)
which along with [[9P) proves (109). _ _ _
The above discussion implies that a transition from thighere®(x) is defined by[(1T3). The second equality follows
stage occurs when the evolution () changes. Froni{107) Since®(1(0)) = 0. _
and [83), the evolution oN;(t) changes when the number of Stage7 starts att = T7. Recall from [9P) thatl; is a

wanters goes to zero. Then, solution to the equation,
dI(t
Nu(T5) = 0. (110) O ety = v
whereT; marks the beginning of Stadge . It is not easy to solve the above equation exactly . Hence,
Stage5,6,7: here, we obtain a lower bound df. Let r = ln(NI((logs)).
These are the final stages of evolution. Stagis preceded Note that, att = r,
by Stage3, Stage6 is preceded by Stagé, and Stager is dl
preceded by Stagé. The dynamics of all these stages are ﬁ(t) —rI(t) =0.
identical,
AN (¢ Also, the functionZL (t) — kI(t) is positive fort < r and, it
1(t) = 0, (111) is monotonically decreasing fdr> r. Then,r < T7. Then,
d]\cfif(t) a1(t) ) Ni(r) < N,(T7). That implies the solution of the equation,
- : dl
o at = — Al = =pNi(r),
It is easy to see that the evolutions 8f(¢) and V;(t) stay in o
these Stages forever once they reach here. must be IeSS than or equalm. NOW, SubStItutIngNl (T) from
In summary, if x > 1 — —2—, the evolution Equation [1I6) in the above equation, and then, solving for

of Ni(t) and N(t) traverse al%ng the sequencé(i_elds T, which is defined byIII_:I4), as the u_nique solution.
of phases, Stage 1 _Stage 7. Otherwise, they Since no legals are generated in Stagaccording to[(111),
proceed along the sequence of phas&tage 1 — andT7 =T, we have

Stage 2 —Stage 3(Stage4) —Stage 5(Stage 6). In the Ny(Ts) = Ni(T7) > Ny(T).

next section, we analyze these two cases separately and B

obtain a lower bound on number of legal copies of thWow, obtain N;(T) from (II8) and substitute in the above
content in the system at the end of evolution. inequality to prove the lemma. [ |
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Now, we consider the second case where: 1 — ¢12W where T, is given by [1IB),T is defined by [(122)15 is
We introduce a few notation before stating the result. Let defined by [A25),R = I(T3) — (Ni(T3) + Ni(T3)) and é(t)

N(1—r) . is Kronecker delta function. It can be verified thgf > T5.
L =75 [1 BRVARE T =R (117)  Also, the following equations can be verified:
Ty =In {%} ; (118) ) %(:i |t:T3 — kl(T3) < O, ) (129)
I = — IéziAfleTl’ (119) N (t (dzzt N;(t) < I(t)tor T f t7< Ts, (130)
e YD | g, — KI(Ts) = BN,(Ts). (131)
AT (4] (120) . .
! N<1 NO =R [1_H) Also, we deflne]ngt) =I(t) — (N;(t) + N;(t)). In the next
1 c i, step, we show thatv;(t) < N,(t) for all ¢.
ATh =xin {%HJ ’ (121) Step 2: We claim thatV;(¢) < N;(¢):
T3 =Ty + ATy (122) Recall that, the actual processes may pass through either
Ly — %(em:rz — 1)+ (D) + I(O))eBTg,’ Stages3 and5 or Stagesl and6. We analyze these two cases
separately.
whereH = . /1 — 1nN(£Ln)2- Casel: The evolution ofV;(t) and N,(t) takes place along
Stages3 and 5
Also, let ; _ _
i First of all, we haveN;(0) = N;(0) and V;(0) = N,(0)
I =I(T3) = %, (123) from the definition of the bounding processes. Now, suppose
-y twer T3 < T3. Then, comparing Stage dynamics, [(8b[ 84), and
Is — M [1 +./1+ N‘(*l Lz)z , (124) Stage2 dynamics[[94.93) with the bounding process dynamics
~ NI (1Z1,[128), we get that, fare [0, T3],
T5 = ln [m} (125) _ _
L dNi(t)  dNy(t) d dN;(t) < dN;(t)
Ly = (®(I5) — ®(I4))e > + Lgel 1= To), a @ " = dt
where(t) is the Bass demand function. Then, _ ~
Ni(t) = Ni(¢) if tel0,T3]. (132)
the number of legals at=T., Is given by, Also, supposé’; < T5. Then, comparing Stagedynamics,
I if T<T (94,[93), Stage dynamics[(101[_100) and Stagedynamics
Ni(Tso) > { L3 : |5 =3 (126) (I11,[112) with the bounding process dynamics {127] 128),
4 else we get that, fort € [T, Tw),
Proof: Whenx < l—ﬁ, the evolution of ofV;(¢) and dN,(t) _ dNy(t) dN;(t) _ dNy(t)
N;(t) takes place along a sequence of stages, which is given dt < dt and dt 2 dt

by, ‘Stagel — Stage2 —Stage3(or Stage4)— Stage5(or _ _
Stage 6)’. An exact characterization ofV,(¢t) and N;(t) Then, Ny(t) < Ny(¢) for ¢ > T5. To complete the proof, we

might be quite difficult as the analysis involves solving mangrl:St Sr;]ow_thiﬂ% =T ar;ld jr} SST"" bea in th
complex differential equatlons Therefore, we define two-pr ow thatTs < 75: Recall that Stage@ begins atT; in the

cessesV,(t) and Ni(¢); Ni(t) boundsN;() from below and evolution of the original processes. From the definitiorY of
N;(t) boundsN;(t) from above. We analyze these boundin§"e" by [97),

processes instead of the actual processes. dI t) L=ty — (PNU(T3) + 6Ni(T3)) < Cn + BNI(Ts),
We go through a sequence of intermediate steps to prove ar()
this lemma. = @ =1y — £I(T3) < Cy. (133)
Step 1: Define N;(t) and N;(t) B The second inequality follows from the facts that= p + S
_ First of all, let N;(0) = N;(0) and N;(0) = N;(0). Let and N;(T3) + N;(Ts) = I(T3) (sinceN,,(T3) = 0 from (38)).
Ni(t) evolves as follows, First, we guess a lower bound fdf. Suppose, at time
) — (pNi(t) + KN (1)), 0,73, b=
dNi(t) Cn + BNI(t), [T, N(1 - k) A
dt dL_ (pNy(t) + kNi(t)),  [T3, max{Ts, T5}], Ir)=——— |1+ /1+ 77—z | -
dt o) S 2 InN(1— k)
0, [max{T3, T5}, TOO]
(127) is satisfied. Note thak(r) > I(Tz) and hencey > T5. It can
Also, let be shown that it € [T5, 7],
dl
(pNi(1) +RNi(1), [0, S0 = KI(t) = C,
AN (1) (pNi(t) + £ N (1)) !
= +RO(t — T3), [Ty, T3], (128) with equality att = 7, andt = r. Also, the functlon,dt (t)—
dt (pINy(t )+ kN;(t)), (T3, max{T3,Ts}], kI(t) strictly decreasing ift > r. Then, from [(I3B) and the

a max{T3, T}, Two). fact that7s > T5, we conclude that < T5.
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Now, obtain a better lower bound fdF;. Let us define Therefore,T; < Tj since% — kI(t) is decreasing it once
U(t) = Ni(t)+N;(t). From [98), we haveV,,(T5) = 0, which it goes negative.
implies thatU (T5) = I(T3). We know thatl/ (r) < I(r). Find Supposel, > Ts: Note that the dynamics of actual and the
t' such thatU(t') = I(r). Then,U(¥') < I(t'). Then, gets bounding processes are identical untik= 73. To prove the
such thatU(s) = I(t’). SinceU (t) andI(t) are monotonically claim, we show that
increasing, we have <t/ < s < Tj. .
From the dynamics of evolution of Stage given by [93) d]\;lt( ) > d]\;lt(t)

and [9%), we can show that during the interVa], T3], _
At t = T3, from (I29), the dynamics of actual and the

when t > Tj. (135)

Ult) = (g +12) el (t=T2) _ g bounding processes, the above expression holds true. Also,
K K during ¢ € [T3,Ts], 10 and Y0 gre increasing and
Then, it can be shown that = T, + ATy, I3 = I(#') and decreasing functions respectively. HenEe, {135) holdsuntil
s = T3. Hence, T3 < Ts. t < Ts. Now, we show thals < 75, and hence the growth rate
Show thatT < Ts: Recall that Stagé begins atl5. From of N;(t) is zero fort > Tg. This asserts thal (IB5) holds for
(108), t > Ts. The proof is as follows: Fromi (99) and the definition
dI(t f N, (1), t
D o, — w1 (T5) = —N(Ty). of Nut), we ge
dI(t)

The above result is due to the facts that p+ 3 and N; (t)+ o lt=u = £1(T1) = =BNi(T4) = (1 + k) Nu(T4). (136)
Ni(t) = I(t) in Stage3 and5.

We guess a lower bound fdr,. From, [I31), Then, Ts < Ty due to these reason$) T; satisfies [(131),

2) BN(T3) = BN|(T5 < ﬁngTzl) (1 + k)N, (Ty) since

dI(t) 7 o ait) :

—L|ieq, — KI(T5) = —BN(T3). Ty < Ty by assumption3) xI(t) is decreasing once
dt ° its value goes negative. Now swffg < Ty, we havels < T,

is satisfied. I < T3, thenTs < T3 < T;. Supposd’s > T5. and hencel(I35) is attained.

Recall thatls < T3 < Ts and N;(T3) = N,(T3) (from (I32)). Having shown thatV;(t) boundsN,(t) from below, we

Then, N;(T3) < Ni(T5). Also, L 11(1) is a decreasing evaluateN;(T%) in the next step.

function oft when its value is negat|ve Combining these facts Step 5: Evaluate the bounding proces); (7' ):

with the definitions ofls andT5, we can assert thdt; < 7. Find N,(T»): The evolution of the bounding processes
Case2: The evolution ofV;(¢) and N;(t) takes place along during [0,75] are given by [(127) and (1P8). Solving them,
Stage4 and Stages. B . we get
We have to consider two cas€g; < 13 and T, > T3 Nit) = (®(I(t)) — BI(0))e + I(0)e
respectively. B e
Supposelyy < Ts: First, we show that, = (®((t) + 1(0))e™,
N(T5) = Ny(T). (134) Where ®(z) is defined by [(IT3). The second equality holds

true since®(1(0)) = 0.
Note that the dynamics of actual and the bounding processesubstitutingZ’, from (II8) in the above result,

are identical untillt = Ty. Then, N, (Ty) = N, (T}). Also, B

during 7, < t < min{Tg, T3}, N;(t) grows faster than Ni(Tp) = (®(I2) + 1(0))e’"2,

N;(t), while N;(t) grows at the same rate as that &f(t). wherel, = I(T3).

Therefore, to prove[{134) holds true, we just need to Show 4 Ny(T5): Solving the growth equations given Hy{127)

that Ty > T3, which is done as follows: Note that, Whe nd [I28), for the intervally, T3], we get

t € [Ty, min{Ts, T5}], the growth rate ofV;(¢)+ Ny(t) is less ’

than that ofN; (t) + N;(t), and henceV,, (t) < N, (t). Then, N(t) = (Q +NZ(T2)) A1) _ C

from (I30) and the definition ofV,, (), we getN,(t) > 0 B B

whenTy < t < T3 (sinceTy > T, by definition). Then, from T - . .

(I10), we get thafl; cannot be less thai;. exiret;sg;;l;tlnvgélsetfrom (122), and Ny(73) in the above
Now, supposds < Ts. Then, from [I34) and(127), ’

_ C .
Ni(Ts) = Ni(T) = Ni(T3) < N(Tho), Ni(T5) = (%% = 1)+ (2(L2) + 1(0)e”™ = Ls.
which proves our claim. Now, we show thdk < T3 as whereL; is given by [12B).
follows: For allt > Ty, (I09) is satisfied. Then, we get Let T < Ts. Find Ny(T5): Solving the growth equations
dI(t) - - given by [12¥) and{128), for the intervély, T5], we get
d |t T3 — IQI(T3) S —ﬁNl(Tg). _ _ Bt _ 5(1577—,)
Ni(t) = (P(I(t)) — P(I(T3))e”" + Ni(T3)e 3)

due to the assumptiofl); < T3 and the definition ofV,, (t).
But, from (131) and[{134),

dI(t) _ _ . -
dt jt=t, = 5I(T5) = =BNU(Ty). Ni(t) = (®(I5) = ®(I1))e™ + LyeP 57T = Ly,

SubstitutingTs, 75 and N;(T3) in the above equation, we
get
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whereTs, I, L3 and L, are given by[(124) [(123)[(IR3) and Hence, from[(140),
(128) respectively.

Find N,(Tw): From [127), we have%lt(f) = 0, Ni(Te) = Ls.
for t > max{T3,T5}. Therefore, we haveN;(T.,) = From [141), the above equation, afd](10), we Qet (16), which
N;(max{T5,T5}). Then, completes the first part of theorem.
ML) > Fi(T) = J_\_fl@%) Ly if T <T, . The second pr?rt of the theorem deals with the ¢ase0.
o) 2 Nilloo) =4 Ny(Ty) = I, else rom, [16), we have,
n LeQ (mmzv) . (142)
We have characterized the number of legal copies generated In N

in the system in the presence of an efficient illicit P2P in thow, to complete the proof, it suffices to prove the following
previous two lemmas. Attaining the statement in Theorém|8mma.

is accomplished by studying the asymptotics of the resalts i

LemmalIB and14. We start by introducing a few notation. Lemma 15. Wheng =0,

1 Leo Inln N
AT; = Eln[li(l—ﬂ)lnN—F(l—li)], In N
Ts = Ty+ ATy, (137)
— . 2 H
AT, — lln k(1 — k) N+ (1—x), (138) Proof: Recall thgt whens < 1 — Ve which holds
K 1+k for any x when N is large, the evolution ofN;(¢) and

T, = To+ ATy (139) NVi(t) takes place along the sequence of phaSesgel —
L An Stage2 —Stage3 ( or Staged)— Stageb ( or Stage6)’. We
Also, we say,Ay ~ By, if limy—eo 5 =1, AN = BN, apalyze each of these phases and obtain an upper bound on
if limy oo 4% < 1. and, Ay = By, if limyoe 5% > 1. Ny(T.) as follows.
Now, we are ready to prove the theorem. Stagel: An upper bound on the number of legal copies at
As N goes large, for any givem;, the assumption of the end of this stage is given by,
LemmalI# thats < 1 — 12N is attained. Therefore, in the

asymptotic case, we use the result of Lenfa 14. That lemma Ni(Ts) = L (143)
says, InN(1-—k)
N(Two) > { §37 if le;g T (140) which follows from the facts thaiv;(¢) < I(¢) for all ¢ and
4,

I(Ty) ~ W Stage2: First we show that asv goes
=13

) . .
whereTs, Ls, Ts and L, are given by[(122) [(123)[(IP5) andlarge, Ty =< and hence, in the asymptotic case Stage

(128) respectively. The proof is done in two steps. First, wa followed by Stagel. The proof of this claim proce_eds as
evaluateLs;. Next, we show thafl; = T5. Then, from the follows. Let, U(t) = N(t) + N;(t). From the dynamics of

above equation, we get thaf(T..) = L. evolution of Stage2, given by [98) and[{34),

EvaluateLj\;;: As N goes Iarglger, it can be shown that, U = <% n 12) R(=T2) %’ (144)
I~ —— ATy, ~ =1 1—k)logN), . .
2" I N(1 - k) P (k(1 = r)log N) where I, is_given [11¥) andT; is given by [11B). Now,
Tl ( N > substitutingTs from (I37) in the above equation, we get
g2~ | —————=7—+ |, - -
1(0)(1 = ) lan U(Ty) ~ I(T5).
T5 ~ In lN(K(l — ) N) N] . Also, it is easy to verify thafl; satisfies[(97). These results
I(0)(1 — k) In N along with the definition off’;, given by [97E9B), implies that
() <](0))5 N(l — k) < 1 >15 T3 ~ T3. Similarly, substitutingl’; in (I44), we can show that
The above results follows frorh (TN 7], (121), (1 18), (1229 an Y 1%k Y aY )
(L13) respectively. Substituting the above resultdin 188 This result along with the definition of, given by [99),
get that implies thatT; ~ Ty.
N (In Nw(1 — K))g We have, T, < T3, since
Ly~ —1 (141) ) N )

Show thatTs > Tx: First of all, from [125) and{124), note
that,1(T5) = Is andI5 < N. Also, for large values oiV, from
(122) and the definition of (¢), we can show that,(73) ~ N.
Combining these two results, we géfls) < I(T3) This result
in turn implies that7Ts < T, since I(t) is monotonically
increasing. Ni(Ty) = Ni(T2) + Cn(Ty — Ts).

andU (t) is monotonically increasing. Therefore, we conclude
that T, < T3. And hence, this stage is always followed by
Staged.

Then, from the dynamics aW;(t), given by [9%),



19

Now, from [I43) and the definitions af; and 7%, we get Then,

NIy <N N m(mN%H_ﬁ), CNefpdt_ONB(t)eXp<@_@>t7

" InN(1-k) kInN K N
(145)
Stage4: This stage starts at tim¢ = 7,. From the where s
discussion given above (in Stageanalysis),ﬂ ~Ti. Then, B(t) = (14 (1/b) exp(Ab(t —T)))~ .
from (139), 1(Tx) ~ I(Ty) ~ N and dl( 1) ~ G (Ta) ~ Forb > 1, we can lower bound3(t) as
Also, N, (Ty) = I(Ty) — U(Ty) ~ m Recall thatU( ) -
Ni(t) + Ny(t). And U(Ty) is obtained from[{144) and (IB9). B(1) > , 1 t<ixg +T (149)
Using these facts and the dynamicg\g{¢) andN;(t) given 1 (3) " exp (%Ab‘(t — T)) t>Wby
by (I08) and[(107) respectively, we show that,
- . On the other hand, b < 1,
Ut) = (Cy + N)(1 —e ) + U(Ty)e” 1), .
This stage terminates, when no Wanters are left to be served,  B(t) > (%) ’ exp (E AG(t — T)) , VWt (150)
i.e U(t) ~ N. Let Ty marks this event. Then, v
~ In N Let us now evaluatel(t). We have
Tﬁ ~ In
1+k

= /CNef Pdt gy,
The legal copies of content generated in this phasépsx
(T — Tu) from the dynamics ofV;(¢) given by [I0V). Then, Initially consider the casé > 1. Fort < 2 4 T it is easy

from the above result an@{145), we get to verify that
N In N)E+D /(1= k)r\ »
Ni(T) % ot | 2229 (( “)”) , exp (5 - %))
In N 1+«x (1+ k) A(t) > Oy 58, Bl (151)
which completes the proof. | " N
where the inequality follows froni{I#9). For> L2+ T, we
APPENDIXE have
TECHNICAL LEMMAS Inbd t | Pt
Lemma 16. Consider a differential equation given Alt) 2 A(E +T)+ /J Ce (152)
A@
d 1 b 1
W o+ 2 -vw) (146) > Cy exp (@) exp (a1 2
dt N
where
1\ % Xp(BAe(t T))
U(t) = N6y n NAG/k +ON6XP(Q1t)< )
K 14 be—A0(t=T)" b 4o
8 Inb
Then for allt —T > lgg the solution to the above differential _ Cyexp(qiT) (1) exp (q2_9)
equation satisfies the inequality b a2
y(t) > y(T) (1T+b)§ o(—a1(t=T)) whereq, = (% —81) andg, = 20 — &1,
V2 (—aqu(—T)) JSak) In the second case in whigh< 1, for all values oft, we
+On ()" el o (T = | o>t have,
V2 oty [(eldm)  (a28F) 1\ % exp BA B0t —1T)
+On ()7 ( E o A(t) > Cy exp (a11) (5> ( ) '
q2

B
— N\w (a1 (t-T)) L (1 _
Cn ()" et (1= Loz1), (147) where the inequality follows froni(150).

Then, combining the expressions 4ft) in both cases, for

whered = (b + exp(A8(t — T))), ¢1 = (% — %) and b’y 7 we have,

g2 = 2% — 2L Furthermore, for = 0, equality holds. .
Proof: A general solution to the above differential equa-  A(t) > Cn exp (¢1T') exp ( ) —1p>1 (153)

A ey AG
tion is ; (B ) )
K T)
[ Cw exp([ Pdt) + M (1) exp (T (t —
y(t) T Pdi (148) +Cnexp(ait) | m
B
B B Inb
where P(t) = —& (I — U(t)). We have _ Oxexp(quT) (%) exp (;122 A7) Lot

BIt  [BOst 15}
/Pdt = Nt T In (1 +(1/b) exp(A9(t —T))). wherel,>, is the indicator function defined bz {51).



Using the above result in equation (148), we get that for
t>by,

- M Alt)
y(t) = exp( [ Pdt) - exp( [ Pdt) o
> M g)Nexp (—aqit)

exp (—q1(t = T')) exp (J1—lnb i11;21
A0 ) ¢

£ ex ﬁTM t— T))

) p( (

q2

- exp (¢2 R5)
- CN - exp (—ql (t — T)) @ 11,21.
(155)

whered = (b + exp(AQ(t — T))).
Using boundary conditions, we can show that

s 8
1+b\~ b ]
M = (T) exp (i T) <y(T) - Cn (1——1-17) albm)

() (e () o).

Substituting the above equation in equation {155) and aegkr
ing yields [14Y). Fo = 0, the inequalities in equatiors {149)
and [I50) become equalities and we get the lemma. m
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