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Abstract

A broadcast network is a classical network with all source messages collocated at a
single source node. For broadcast networks, the standard cut-set bounds, which are known
to be loose in general, are closely related to union as a specific set operation to combine
the basic cuts of the network. This paper provides a new set of network coding bounds
for general broadcast networks. These bounds combine the basic cuts of the network via a
variety of set operations (not just the union) and are established via only the submodularity
of Shannon entropy. The tightness of these bounds are demonstrated via applications to
combination networks.

1 Introduction

A classical network is a capaciated directed acyclic graph ((V, A), (C, : a € A)), where V' and
A are the node and the arc sets of the graph respectively, and C, is the link capacity for arc
a € A. A broadcast network is a classical work for which all source messages are collocated at a
single source node.

Consider a general broadcast network with one source node s and K sink nodes t;, k =
1,..., K (see Figure[ll). The source node s has access to a collection of independent messages
W; = (W, : i € I), where [ is a finite index set. The messages intended for the sink node
t, are given by Wy, , where I is a nonempty subset of I. When all messages from W; are
unicast messages, i.e., each of them is intended for only one of the sink nodes, it follows from
the celebrated max-flow min-cut theorem [4] that routing can achieve the entire capacity region
of the network. On the other hand, when some of the messages from W; are multicast messages,
i.e., they are intended for multiple sink nodes, the capacity region of the network is generally
unknown except when there is only one multicast message at the source node [I,89] or there
are only two sink nodes (K = 2) in the network [3[10,[12].

In this paper, we are interested in establishing strong network coding bounds for general
broadcast networks with multiple (multicast) messages and more than two sink nodes (K > 3).
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In particular, we are interested in network coding bounds that rely only on the cut structure
of the network. The rational behind this particular interest is two-folded. First, cut is a
well-understood combinatorial structure for networks. Second, the fact that standard cut-set
bounds [2, Ch. 15.10] are tight for the aforementioned special cases [11,[3,4],[8HI0,12] suggests
that cut as a combinatorial structure can be useful for more general broadcast-network coding
problems as well.

The starting point of this work is the following simple observation. For each k =1,..., K,
let Ay, be a “basic” cut that separates the source node s from the (single) sink node ¢;. Then, for
any nonempty subset U C [K] := {1,..., K} the union Uy A is also a cut that separates the
source node s from the “super” sink node t;;, whose intended messages are given by Wy, _ 1, .
By the standard cut-set bound [2, Ch. 15.10], we have

R(Urev i) < C(Urev Ak) (1)

for any achievable rate tuple R; := (R; : i € I). Here, R : 2 — R* is the rate function that
corresponds to the rate tuple R; and is given by

R(I'):=Y Ry, VI'CI, (2)

ier
and C : 24 — R* is the capacity function of the network where

C(A):=> C., VA CA (3)

ac A’

Note that the above observation depends critically on the fact that all messages W; are
collocated at the source node s. When the messages are distributed among several source nodes,
it is well known that the union of several basic cuts may no longer be a cut that separates the
super source node from the super sink node and hence may not lead to any network coding
bounds [7].

Based on the above discussion, it is clear that for broadcast networks the standard cut-set
bounds [2 Ch. 15.10] are closely related to union as a specific set operation to combine different
basic cuts of the network. Therefore, a natural question that one may ask is whether there are
any other set operations (besides the union) that will also lead to nontrivial network coding
bounds.

In this paper, we provide a positive answer to the above question by establishing a new set
of network coding bounds for general broadcast networks. We term these bounds generalized
cut-set bounds based on the facts that: 1) they rely only on the cut structure of the network; and
2) the set operations within the rate and the capacity functions are identical (but not just the
union any more), both similar to the case of standard cut-set bounds as in (). From the proof
viewpoint, as we shall see, these bounds are established via only the Shannon-type inequalities.
It is well known that all Shannon-type inequalities can be derived from the simple fact that
Shannon entropy as a set function is submodular [I4, Ch. 14.A]. So, at heart, the generalized
cut-set bounds are reflections of several new results that we establish on submodular function
optimization.

The rest of the paper is organized as follows. In Section 2l we establish several new results on
submodular function optimization, which we shall use to prove the generalized cut-set bounds.
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Figure 1: Illustration of a general broadcast network.

A new set of network coding bounds that relate three basic cuts of the network is provided in
Section Bl The proof of these bounds is rather “hands-on” and hence provides a good illustration
on the essential idea on how to establish the generalized cut-set bounds. In Section [, a new
set of network coding bounds that relate arbitrary K basic cuts of the network is provided,
generalizing the bounds provided in Section Bl In Section [l the tightness of the generalized cut-
set bounds is demonstrated via applications to combination networks [I1]. Finally, in Section
we conclude the paper with some remarks.

2 Modular and Submodular Functions

Let S be a finite ground set. A function f : 2% — R¥ is said to be submodular if

F(S1) + f(S2) = f(S1US2) + f(51NS2), V51,8 €S, (4)
and is said to be modular if

F(S1) + f(S2) = f(S1US) + f(S1NSs), ¥S1,8 CS. (5)

More generally, let Sy, k = 1,..., K, be a subset of S. For any nonempty subset U of [K]
and any r € [|U]], let

S(")(U) = U{U’QU:\U’\:T} Nreu Sk (6)
Clearly, we have
UrerSp = SOU) 2 SO D -+ 2 SN = Nyers S )

for any nonempty U C [K] and
sU(U') € sU() (8)



for any ) C U' C U C [K] and any r € [|U’|]. Furthermore, it is known that [6, Th. 2]

U]
TS =Y HS(W) (9)
keU r=1
if f is a submodular function, and
|U|
D FS) =D f(ST(W) (10)
keU r=1

if f is a modular function.

Note that the standard submodularity (@) relates S)(U) for different r but a fized U. To
establish the generalized cut-set bounds, however, we shall need the following technical results on
modular and submodular functions that relate S (U) for not only different r but also different
U.

Lemma 1. Let v’ and J be two integers such that 0 <1’ < J < K. We have

YFS) Y FS VST = Y ASOID) + Y FESTE) (1)

r=r'+1 r=r/+1
if fis a submodular function, and

,r./

r’ J J
DS+ D FSUSTIIE) =Y ASTOID) + D AT (12)

r=r/+1 r=1 r=r/41
if f s a modular function.

Note that when 7' = 0, we have SU*V([r]) = SW([r]) = U;_,Sp 2 S, forany r = 1,..., J.
In this case, the inequality (II]) reduces to the trivial equality

PFICRIGNED BRI (13)

On the other hand, when 1’ = J, the inequality () reduces to the standard submodularity

D FS) =D FST(I). (14)

For the general case where 0 < 7’ < .J, a proof of the lemma is provided in Appendix [Al

Let S, := Sg U Sy for k =1,..., K. For any nonempty U C [K] and any r = 1,...,|U| we
have

S"NU) = Ugrcuvr=ry Nierr Sp (15)

= Ugurcu:urj=r} Niev’ (Sk U So) (16)

= (U{Ung;\U/\:r} Nkev’ Sk) U So (17)

= SOU) U S, (18)

Applying Lemma [l for S;, k =1,..., K, and (I8), we have the following corollary.
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Corollary 2. Let 1’ and J be two integers such that 0 < r' < J < K, and let Sy be a subset of
S. We have

DS USe) + Y f(S,uSTEI([r]) U Sp)

=TT”+1 ,
> SO US) + Y FSTTI([r]) U Sy) (19)

if f s a submodular function, and

Zf(SrUSO) + Z F(S, uSTI([r]) U Sp)

=TT”+1 ;
=D FSTOWNUS)+ Y FSTHI([r) U S) (20)

if fis a modular function.
We shall also need the following lemma, for which a proof is provided in Appendix [Bl

Lemma 3. Let U and T be two nonempty subsets of [K]. Write, without loss of generality, that
T ={ty,....t} where 1 <ty <ty <--- <ty < K. Let q and rq be two integers such that
1<q<|U,1<r, <|T|, and SDU) C ST)(T). We have

|T|

> F(S,) + e f(SOU))

rq 7|
> (F(SUT) + f(S, nSOW)) + Y F(S, N (SOU)USTHI ({t,. ., 11)))
r=1 r=rq+1
(21)
if f s a submodular function, and
|T|
D F(Sh) + 1 f(SOU))
r=1
Tq 7|
)+ £(S, N SOWN) + D (S, N (SDU)USTTI ({1, )))
r=1 r=rq+1
(22)

if fis a modular function.

For specific functions, let Zg := (Z; : i € S) be a collection of jointly distributed random
variables, and let H(Zg) be the joint (Shannon) entropy of Zg. Then, it is well known [14]
Ch. 14. A] that Hz : 25 — R* where

Hz(S/) = H(ZSI), VS/ Q S (23)



is a submodular function. Furthermore, it is straightforward to verify that the rate function R(-)
(for a given rate tuple R;) and the capacity function C(-), defined in ([2) and (B]) respectively,
are modular functions.

3 Generalized Cut-Set Bounds Relating Three Basic Cuts
of the Network

3.1 Main Result

Theorem 1. Consider a broadcast network with a collection of independent messages Wy col-
located at the source node s and K > 3 sink nodes ty, k=1,..., K. Foranyk=1,..., K, let
Wy, be the intended messages for the sink node ti, and let Ay, be a basic cut that separates the
source node s from the sink node t,. We have

R(LULUL)+R(I;NI) <C(AUA;UAL) +C(A N A, (24)
R(LULUIL) +R(LNL)U(L;N1)U(L;N 1))
SCAUAUA)+C(ANA)UANAL)U(A; NA)), (25)
R(I; UI; Uly) + R(; U1;)+ R(I; N I; N I})
<C(AUAUAL) +C(AUA) +CANA;NA, (26)
and 2R(I; UL UIL)+R(LNLNIL) <2C(AUAUAL)+CANA;NA) (27)

for any achievable rate tuple R; and any three distinct integers i, j, and k from [K].

Note that the left-hand sides of the generalized cut-set bounds 24)—(27) are weighted sum
rates with integer weights on the rates of the messages from Wy,z,uz,. Figure 2 illustrates the
weight distributions for the generalized cut-set bounds (24)—(21).

3.2 Proof of Theorem [

Let (n,{X, : a € A}) be an admissible code with block length n, where X, is the message
transmitted over the arc a. By the independence bound [2] Th 2.6.6] and the link-capacity
constraints, we have

Hy(A) <Y H(X,)<n) C,=nC(4), VA CA. (28)

ac A’ acA’

For notational simplicity, in this proof we shall assume perfect recovery of the messages at each
of the sink nodes. It should be clear from the proof that by applying the well-known Fano’s
inequality [2, Th 2.10.1], the results also hold for asymptotically perfect recovery. By the perfect
recovery requirement, for any nonempty subset U C [K] the collection of the messages Wy, 1,
must be a function of the messages Xy, , 4, transmitted over the s-ty cut UpepAr. We thus
have

Hw(UrevIr) < Hx(Urev Ax), YU C [K]. (29)



a) Generalized cut set bound (24) b) Generalized cut set bound (25)
c) Generalized cut set bound (26) d) Generalized cut set bound (27)

Figure 2: The weight distributions for the generalized cut-set bounds (24)—(27)). Here, each
circle represents the set of the messages intended for a particular sink node. The number within
each separate area indicates the weight for the rates of the messages represented by the area.

Proof of 24). Let U = {i,7,k} in (29). Denote by
Ix(Ai Aj) = 1(Xa,;: Xa,) (30)
the mutual information between X4, and X,4,. We have

Hw(L;UI; Uly) < Hx(A; UA; U Ay) (31)

= Hx(A:) + Hx(A4;]A;) + Hx(Ax|Ai U A)) (32)
= Hy(A;) + (Hx(A;) — Ix(As Ay)) + (Hx(Ap) — Ix(As A U A))  (33)
= Hx(A;) + (Hx(4;) — Ixw(As, Ii; Aj, 1)) +

(Hx(A) — Ixw( Ak, I; A; U A, I U I)) (34)
< Hx(A;) + (Hx(A;) — Hxw(AinA;, LN 1))+

(Hx(Ag) — Hxw(Ar N (A, UA), I, (L; U L)) (35)



where (34)) follows from the fact that: 1) Wy, and W, are functions of X4, and X4, respectively
so we have Ix(As;; Aj) = Ixw(Ai Ii; Aj, 1;); and 2) Wy, and Wy, are functions of X4, and
X a,u4; Tespectively so we have Ix(Ag; A; U Aj) = Ixw( Ak, Ir; Ai U Ay, I; U 1), and (3B5)) follows
from the fact that

= Hx7w(AZﬁAj,IZm[]) (37)

and

Ix w(Ag, Ii; Ay UA; ;U )
Z [X,W(Ak N (Az U Aj), [k N ([z U [j); Ak N (Az U Aj), ]k N (]z U ]j)) (38)

Note that we trivially have

Hxw(A,NA;, ;N 1;) > Hw(L; N 1) (40)
and I‘I)(N\/(z‘l]C N (Az U Aj), ]k N (]z U ]j)) Z Hx(Ak N (Az U AJ)) (41)

Substituting (40) and (A1) into (B5]) gives

Hw(I; U I; U L) + Hw(I; N I;) < Hx(A) 4+ Hx(A;) + Hx(Ag) — Hx(Ax N (A; U A)))  (42)
< Hx(A;) + Hx(A;) + Hx(Ax \ (A U A;)) (43)
< n(C(A) + CA)) + C(A \ (AU 4))) (44)
where ([A3) follows from the independence bound

(@) follows from (28) for A" = A;, A;, and A \ (4; U A4;); and ([@H) follows from the fact that
the capacity function C(+) is a modular function. Substituting

into ({H) and dividing both sides of the inequality by n complete the proof of (24). O

We note here that if we had directly bounded from above the right-hand side of (BII) by
nC(A; U A; U Ay) using the independence bound, it would have led to the standard cut-set
bound

R(L,UIL UI,) <C(A;UA;UA). (49)

But the use of the independence bound would have implied that all messages transmitted over
A; UA;UA,; are independent, which may not be the case in the presence of multicast messages.



Proof of ([23)). Applying the two-way submodularity (l) of the Shannon entropy with Z = (X, W),
Sl = (Az N Aj, [2 N Ij)7 and SQ = (Ak N (Az U Aj), ]k N (]z U ]j))a we have

Hyw(AiNA;, ;N 1) + Hxw(Ar N (A; UA)), 1,0 (L; U L))
> Hxw(AiNA;NA, LN N L)+
Hxw((A;NA)U (A NA)U A NA), (LNL)N (LU L) N (L UL)) (50)
> Hx(A;NA;NAg) + Hw((LiN 1) U (LN 1) U (LN 1)), (51)

Substituting (5I)) into (B3)) gives

Hw(L; UL Uly)+ Hw((L;N ;) U (LN 1) U (1, N 1))
< Hx(A;) + Hx(A;) + Hx(Ag) — Hx(A; N A; N Ay) (
< Hx(A;) + Hx(A;) + Hx(Ax \ (AN 4;)) (
<n(C(A)+C(A) +C(AL\ (AN A4y))) (54
=n(C(AUA UA)+C(ANA)UANA)U (A NAL)) (

— N N

where (53) follows from the independence bound
Hx(Ax) < Hx(Ar N (A N Ay)) + Hx(Ae \ (Ai N Aj)); (56)

(B4) follows from (28)) for A" = A;, A;, and A \ (4; N A;); and (B5) follows from the fact that
the capacity function C(-) is a modular function. Substituting (47) and

I{V\/((IZ N ]j) U (]z N ]k) U (Ij N ]k)) = ’/LR((IZ N ]j) U (IZ N ]k) U (I] N Ik)) (57)

into (53) and dividing both sides of the inequality by n complete the proof of (23]). O
Proof of (20]). By the symmetry among i, j, and k in ([B3), we have

Hw(L; UI; Uly) < Hx(A;) + (Hx(Ar) — Hxw(A; N A, I; N 1)) +
(Hx(A;) — Hxw(A; N (A UAL), ;N (L;ULL))). (58)

Also note that

HW([Z U ]j) < Hx(Ai U Aj) (59)

= Hx(A;) + Hx(A;]As) (60)

= Hx(A;) + (Hx(4;) — Ix(Ai; Aj)) (61)

= Hx(A;) + (Hx(A;) — Ixw(Ai, Ii; Aj, 1)) (62)

< Hx(A;) + (Hx(A;) — Hxw(AiNA;, I, 1)). (63)

Adding (B8) and (63]) gives
Hw(L; UL Uly)+ Hw(L; U L)
Hy w(A; M A, I; N 1) — Hxw(A; N (A U A, ;N (LU L)). (64)



Applying the two-way submodularity (] of the Shannon entropy with Z = (X, W), S; = (A4; N
Aj, [2 N Ij), and Sg = (Az N Ak, [2 N [k>7 we have

Hyw(AiMA;, ;N 1)+ Hxw(A; N Ag, I; N 1)
> Hxw(AiNA;NAL LNLNT) + How(A, N (A UAg), LN (1; U L)) (65)

> Hw(L; NI N 1) + Hx (AN (A; U Ag)). (66)
Note that we trivially have
Hyw(A; N (A; UAR), LN (L;Uly)) > Hx(A; N (A U Ay)). (67)

Substituting (66) and (67) into (64]), we have
Hw([Z U [j U [k> + HW(]@ U ]j) + HW(]@ N ]j N ]k)

< 2Hx(A;) +2Hx(A;) + Hx(Ar) — Hx(A; N (A; U Ag)) — Hx(A; N (A; U Ay)) (68)
< Hx(A;) + Hx(A;) + Hx(Ag) + Hx(A; \ (A; U Ay)) + Hx(A; \ (A; U Ay)) (69)
<n(C(A) + C(A) + C(Ax) + C(A\ (A4 U A)) 4+ C(A; \ (AU Ay))) (70)
=n(C(AUA UA)+CAUA)+CANANA) (71)

where (69) follows from the independence bounds
Hx(A;) < Hx(A; N (A; U AL)) + Hx(A; \ (43 U Ag)) (72)
and Hx(A;) < Hx(A; N (A; U Ag)) + Hx(A; \ (A U A)); (73)

((7Q) follows from ([28) for A" = A;, A;, Ax, A; \ (A; U Ag), and A; \ (A; U Ag); and (7)) follows
from the fact that the capacity function C(-) is a modular function. Substituting (@1),

and Hw([,ﬂ[]ﬂ[k) :nR(lzﬂljﬂ[k) (75)
into ([{1) and dividing both sides of the inequality by n complete the proof of (20]). O

Proof of 7). Adding (B3] and (58)), we have
2Hw(L; U I; UIy) < 2Hx(A;) + 2Hx(A;) + 2Hx(Ax) — Hxw(A; N A; LN 1) —
Hyxw(Ai N Ae, LN 1) — Hew(A; N (A U A, LN (LU I))—

Hyxw(Ar N (A, UA)), I, N (L;UL)). (76)
Note that we trivially have
Hxyw(Ax N (A, UAj), IyN (L;U1)) > Hx (A N (A; U Ay)). (77)

Substituting (66l), (67)), and (1) into (76]), we have
OHw(I; U L; UTL) + Hw(L; N ;N I})
< QH)((AZ) + QH)((Aj) -+ 2Hx(Ak) — Hx(AZ N (Aj U Ak))—

Hx(A; N (AU AR)) — Hx(Ap N (A U A))) (78)
< Hx(4;) + Hx(Aj) + Hx(Ap) + Hx(Ai \ (4; U Ag))+

Hx(A; \ (4 U A)) + Hx(Ax \ (4; U Aj)) (79)
<n(C(A;) + C(A;) + C(Ar) + C(A: \ (Aj U Ag))+

C(A;\ (AU Ap)) + C(Ar \ (A U 45))) (80)
=n(2C(A; UA;UA,) +C(ANANAL) (81)
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where ([[9) follows from the independence bounds (@), (72), and (73); B0) follows from (28]

for A" = A;, Aj, A, A\ (A;UAL), Aj\ (AU A,) and Ag \ (A4;UA)); and (I) follows from the

fact that the capacity function C/(-) is a modular function. Substituting (A7) and (75) into (8I))

and dividing both sides of the inequality by n complete the proof of (27]). O
We have thus completed the proof of Theorem [Il

4 Generalized Cut-Set Bounds Relating K Basic Cuts of
the Network

4.1 Main Results

Theorem 2. Consider a broadcast network with a collection of independent messages Wy col-
located at the source node s and K > 3 sink nodes ty, k=1,..., K. Foranyk=1,..., K, let
Wy, be the intended messages for the sink node ti, and let Ay, be a basic cut that separates the
source node s from the sink node ty,. Let G, U and T be nonempty subsets of [K] such that

AV(G) D AV(D). (82)

Let @ be a subset of {2,...,|Ul|}, and let (ry : ¢ € Q) be a sequence of integers from [|T|] and
such that

ADWUY C AYN(T) and I9U) C IU(T), VYqeQ. (83)
We have
RUV@)+ Y RUDW)+D Y agle,r)RUIT(T))
re{2,..,|U|\Q qeQ r=1
<CAD@G)+ Y CADW) + ) Z ag(g,r)C(A(T))  (84)
re{2,..,|U|1\Q qeqQ r=1
for any achievable rate tuple Ry, where
(@) { 0, ifreq (55)
OZQ q,7) = H{pEQ:p<r}(p_l) H{pEQ:r<p§r-q}p . 85
Tq H{peQ:pST-q}(p_l) ) Zfr ¢ Q

for any g € Q and r € [ry].

Note that the generalized cut-set bound (84]) involves a number of parameters: G, U, T, Q,
and (r, : ¢ € Q). Specifying these parameters to certain choices will lead to potentially weaker
but more applicable generalized cut-set bounds. More specifically, let G = U =T and r; = ¢—1
for any ¢ € Q. By the ordering in (), the condition in (83]) is satisfied (the condition in (82)
holds trivially with an equality). Thus, by Theorem 2l we have

>, RUVU +ZZaQq, "))

re(|lU\Q qeQ r=1
q—1
< D G+ DY aqlen)CA(D) (86)
rel|lUIN\Q 9€Q r=1

11



for any achievable rate tuple R, where

0, ifre@
O‘Q(%T) - ipe@pary @D Ilipeqir<p<a—13 P if r g_f Q (87)

H{pGQ:qu} (p—1)

for any ¢ € @Q and r € [¢ — 1]. A proper simplification of (86]) leads to the following corollary.
See Appendix [C] for the details of the simplification procedure.

Corollary 4. Consider a broadcast network with a collection of independent messages Wy col-
located at the source node s and K > 3 sink nodes ty, k=1,..., K. Foranyk=1,..., K, let
Wy, be the intended messages for the sink node ti, and let Ay be a basic cut that separates the
source node s from the sink node ty. Let U be a nonempty subset of [K|, and let Q be a subset
of {2,...,|U|}. We have

U] U]

> Bo(r)RUID(W)) <> Bo(r)C(AV(D)) (88)
r=1 r=1
for any achievable rate tuple Ry, where Bo(r) =1 for any r € [|U|] if Q@ =0, and

- 0, ifreq
6Q(T) B { H{qEQ:q<r}(q - 1) H{QGQ¢£]>T} 4, Zf’f’ ¢ Q (89)

for any r € [|U|] if Q # 0.
The generalized cut-set bound (88)) can be further specified by letting @ = {2,...,m} for

m=1,...,|U| (note that @ = () when m = 1). For this particular choice of @), we have
m!, r=1
Bo(r) = 0, r=2,...,m (90)

(m—=1, r=m+1,...,|U|
Substituting (@0) into (8F)) immediately leads to the following corollary.

Corollary 5. Consider a broadcast network with a collection of independent messages Wy col-
located at the source node s and K > 3 sink nodes ty, k=1,..., K. Foranyk=1,..., K, let
Wy, be the intended messages for the sink node ti, and let Ay be a basic cut that separates the
source node s from the sink node ty. Let U be a nonempty subset of [K]. We have

U] |U|
mR(IMVU)) + Y RIDU)) <mCAVU)+ > C(A(U)) (91)
r=m-1 r=m-1
for any achievable rate tuple Ry and any m = 1,...,|U|.

Now, the generalized cut-set bound (27)) can be recovered from Corollary [ by setting U =
{1,2,3} and m = 2 in ([@Tl); the generalized cut-set bound (25]) can be recovered from Corollary [l
by setting U = {1,2,3} and @ = {3} such that

fa ={ 5 1257 (92

12



the generalized cut-set bound (24]) can be recovered from Theorem [l by setting G = {1, j, k},
U={i,j} (so AV(G) D AN (U)) and Q = ); and finally, the generalized cut-set bound (Z6) can
be recovered from Theorem Bl by setting G = U = {i, j, k} (so AV (G) = AN(U)), T = {i,5},
Q = {2}, and r, = 1 such that

Ai U Aj - A(Tz)(T)’

O Jndun a0 A Chug = (93)

C

0y
I;
and ag(2,1) = 1.

4.2 Proof of Theorem

Let (n,{X, : a € A}) be an admissible code with block length n, where X, is the message
transmitted over the arc a. Similar to the proof of Theorem [I we shall assume perfect recovery
of the messages at each of the sink nodes. As such, for any nonempty subset U C [K] the
messages Wy, 5, must be functions of the messages X, _, 4, transmitted over the s-t; cut
Ukev Ak

Let us first consider the case where @ = (). Note that

Hw(I'M(G))
< Hy (Al <G>> (94)
< Hx(AD(U)) + Hx(AM(G) \ AD(U)) (95)
= Hyw(AW(U), IV(U)) + Hx(AM(G) \ AV(U)) (96)
U]
<> Hyw(Ar, L) — Z Hyxw(A(U), I™(U)) + Hx(AV(G)\ AD(U))  (97)
keU
U]
= Hx(Ar) = Y Hxw(AV(U), 17(U)) + Hx(AM(G) \ AD(U)) (98)
keU =
U]
<n ) C(A) +C(ANG)\ AVU ))) =Y Hxw(AY(U), 17(U)) (99)
keU r=2
U] |U|
=n (Y CADU) +C(AD(G)\ A“)(U))) — > Hw(I"(U)) (100)
U] U]
=n | C(AG) + ) O<A<’”><U>>) — Y Hxw(AD(U), 17(U)) (101)

where ([04) and (@6) follow from the fact that the messages W) are functions of X )
([@7)) follows from the independence bound on entropy; (@7) follows from the standard multiway
submodularity ([@)); (@8) follows from the fact that the messages W, are functions of X4, so we
have Hx w(Ag, I) = Hx(Ay) for any k € U; ([@9) follows from the link capacity constraints;
(I00) follows from the fact that the capacity function C(-) is a modular function so we have
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Yorer C(AR) = Z'ﬂl C(A™(U)); and (I0I) follows from the fact that the capacity function
C(+) is a modular function and the assumption ([82) so we have C(AM(G)) = C(AD(U)) +
C(AD(G)\ AD(U)). Rearranging the terms in ([0I)) gives

U] |U|
Hw(IV(G)) + Y Hxw(AV(U), ID(U)) < n (C<A<”<G>> +D C(A“)(U))) - (102)
Further note that

Hw(I'(G)) = nR(IM(G)) (103)
and  Hyw (AT (U), I™(U)) > Hy(I™(U)) = nR(IV(U)), Vr=2,...,|U|. (104)

Substituting (I03]) and (I04]) into (I0I]) and dividing both sides of the inequality by n, we have

U] U]

RIM(@) + Y RUIT(U)) < C(AN(G) + ) C(AT(U)) (105)

for any achievable rate tuple R;. This completes the proof of ([&4) for @ = 0.
Next, assume that @) # (). Write, without loss of generality, that @ = {¢1,...,qg} where

2< i <@ <---<qq <|U| (106)

By Lemma [ for any two integers ¢’ and ry such that 1 < ¢’ < |U|, 1 <1, < |T|, A4)N(U) C
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r=1
|T| Tyl
<> Hxw(Ar, I,) = Y Hxw(A, 0 AYU), 1L, n T9(U)) -
r=1 r=1
|T|
S Hyw(d, N (ADU) U AT ({1, 1)),
T’—rq/—i-l
L (IO U I ({ty, . 6))) (107)
|T| Tq!
< Z Hx(A,) =Y Hx(A, N AD(U))-
r=1 r=1
|T|
> Hx(A, (A U) U AT ({0 1)) (108)
T’:rq/+1
Tq! ) [T )
<N H (AN ADW) + Y He(A, \ (AU UATT ({1, 1)) (109)
r=1 r:rq/—i-l

"y 1T
<n (ZO(AU\A@”(U)H > C(Atr\<A<q’><U>uA“‘q'*”({tl,...,tr}))) (110)

r:rq/—l—l

T Tyl
0 (Z C(A,) = C(A, nA(U))-

7|
Y O, N (AT AT ({1, ,t,})))) (111)
—n (Z C(AD(T)) - rqfc<A<q’><U>>) (112)

where (I08) follows from the fact that the messages Wy, are functions of X4, so we have
Hxw(A;,, 1) = Hx(A;,) for any r € [|U|] and the trivial inequalities

Hyw (A, NADU), I, N I9U)) > Hx(A, N A1), Vr € [ry] (113)
and  Hyw(Ay, N (AU)YU AT ({ty, . 6.0), L, 0 (IO U 10 ({ty, .. 1))
> Hy (A, N (AU U A ({1, 1 1)); (114)

(I09) follows from the independence bound on entropy; (1) follows from the link-capacity
constraints; and (1)) and (II2) follow from the fact that the capacity function C(-) is a modular
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function. Letting r,, = ¢ = ¢; and U =T in , we have
g 7q j

Z Hyw(A"(T), 17(T))~q; Hx w(A@(T), 19)(T))

<n (qzj C(A(T)) - ng(A(q”')(T))) : (115)
Let
noe.r)= ] -1 [ » (116)
{peQ:p<r} {peQ:r<p<rq}
and do(q):= [J[ -1 (117)
{reQ:p<rq}

for any ¢ € @Q and r € [r], and let Q; := {qg € @ : ¢ < r,}. Note that ng(q,r) and dg(q)
are always positive. Multiplying both sides of (IIH) by ng(gi,¢;) and then summing over all
q; € Q;, we have

|Qil qj
Z nqQ(4i, q;) (Z Hyw(AY(T), 1"(T)) — q; Hxw(A“)(T), ﬂqj)@)))
Qs qj
<n (Y nolaa) (Z C(AD(T)) - qjc<A<qf><T>>)) . (118)
Note that
|Q:l q; q|Q;| |Qs|
> g gy) Y Hxw(A(T), 17(T) = | Y nlggy) | Hxw(A™(T), 17(T))  (119)
j=1 r=1 r=1 \ j=j(r)
where

1, forO0<r<gq
. 2, forqp <r < g
j(r) = : (120)
|Qil, for ;-1 <7 < qpu-

We can thus rewrite (II8) as

91Q;| (o
Yo D nlanay) - m@(qi,r)l{reczi}) Hyw(AD(T), 17(T))
r=1 \yj=i(r)
Q] Qi
sn > nlanq) — mQ(qi,T)l{rte}) C(A(”(T)) : (121)
r=1 \j=i(r)
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Furthermore, letting ¢’ = ¢; and ry = r,, in (I12) and multiplying both sides of the inequality
by dg(g;), we have

’f‘qi

> do(a:) Hxw(AD(T), I7(T)) = rq,dg(g:) Hx (A (U), 1)(U))
r=1
sn (Z do(q:)C(AV(T)) — TqidQ(qz‘)C(A(q”(U))> : (122)
r=1
Adding ([I21)) and (I22) gives
> (g3, r) Hx w(AT(T), I0(T)) = rq,d(q:) Hxw(A® (U), 14)(1))
r=1
sn (Z ng(qi,7)C(A(T)) — qu'dQ(Qi)C(A(qi)(U))) (123)
r=1
where
(q“ ) Z‘]Q]'(r nQ(q“ qJ) TnQ<qivr)1{T€Qi} + dQ(qi>v %fl sr< 41Qi (124)
do(q:), if qo, <1 <1y,
By (20), when ¢,,—1 < r < g, for some m = 1,...,]Q;| (g := 0 for convenience), we have
j(r) = m and hence
Qi |Qi
> noaa) =Y nolai g;) (125)
J=i(r) j=m
Qi [i—-1 |Qil
= [T@-1 J] « (126)
j=m \ l=1 l=j+1
Qi [i—-1 Qs J Qs
= HQI—1HQI HQI_l)HQI (127)
j=m =1 l=j+1
Qi (51 Qs |Qs|+1 fj—1 |Qil
= qu—l qu - > (@—-D]]a (128)
j=m j=m+1 =1 l=j
m—1 |Qil Qi
=qu—1qu [Tt@-1 (129)
1=1 1=1
m—1 |Qz‘
=[[@-D]]a-dola). (130)
=1 l=m
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Therefore, when r = g, for some m € [|Q;|] we have

Qi m—1
ZnQ(Qi,%) GmnQ(dis gm) + do(qi) = H (@ —1 H @ = m H (@ —1)
j=m =1 l=m

0;

when ¢, 1 <1 < @y, for some m € [|Q;|] we have

|Qil
> nala, ¢) + dola:) =
j=m

and when qq,| <7 < 1, we have ag(g;,r) = 1/, and hence

dQ(qi) = TQidQ(qi)aQ(Qia T)'

Combining (I32)), (I34), and ([I37), we conclude that

n/Q(an ’l“)

= 74,do(¢) (¢, ),

Dividing both sides of ([I23) by r,d(¢;) and then summing over all ¢; € @), we have

ZZQQ (q,m) Hxw(AT(T), 1)

qeQ r=1

n (Z Z ag(q,r)C(AM

qgeQ r=1

Adding ([I02) and ([I31), we have

Hy(I(G)+ Y. Hxw(AD(U), 10U

re{2,.,UNQ

<n (0(A<1>(G)) + Y oUW

re{2,.[UNQ

Note that we trivially have

Hyw(A™(T), 1"(T)) > Hw(I7(T)) =

Qi il
IT « @31
l=m+1
(132)
m—1 Qi
= [[@-1 qu (133)
rq,do(a)aq qm“); (134)
(135)
Vr € [ry,]. (136)
)= Y Hxw(AD(U), 19(U))
q€Q
- ZC(A@)(U))> . (137)
q€Q

+ZZO@ ¢,7) Hxw(A"(T), 17(T))

qeQ r=1
)+ ZaQ (q,7 <T>>) . (138)
qeQ r=1
nR(I"(T)), Vg€ Qandr € [r,]. (139)

Substituting (I03), (I04)), and ([I39) into (I38) and dividing both sides of the inequality by n

complete the proof of [&4) for Q # ().

We have thus completed the proof of Theorem
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(Wiiy, Wiay, Wesy, Wi 0y, Wy 3y, Wia 31, Wi 2.33)

(Wiay, Wip 0y, Wi 3y, Wi 03y) (Wiay, Wit 3y, Wia 3y, Wi 03y)

(W{2}7 W{I,Z}a W{2,3} ) W{1,2,3})

Figure 3: Illustration of the general combination network with K = 3 sink nodes and a complete
message set.

5 Applications to Combination Networks

To demonstrate the tightness of the generalized cut-set bounds, let us consider a special class of
broadcast networks known as combination networks [11]. A combination network is a broadcast
network that consists of three layers of nodes (see Figure @] for an illustration). The top layer
consists of a single source node s, and the bottom layer consists of K sink nodesty, k=1,..., K.
The middle layer consists of 2 — 1 intermediate nodes, each connecting to the source node s and
a nonempty subset of sink nodes. While the links from the source node s to the intermediate
nodes may have finite capacity, the links from the intermediate nodes to the sink nodes are all
assumed to have infinite capacity. More specifically, denote by vy the intermediate node that
connects to the nonempty subset U of sink nodes and ay; the link that connects the source node s
to the intermediate node vy. The link capacity for ay is denoted by Cpy. Note that when Cpy = 0,
the intermediate node vy can be effectively removed from the network. By construction, the
only interesting combinatorial structure for combination networks is cut. Therefore, combination
networks provide an ideal set of problems to understand the strength and the limitations of the
generalized cut-set bounds.

In Figure B we illustrate a general combination network with K = 3 sink nodes and a general
message set that consists of a total of seven independent messages

(Wiay, Wiay, Wisy, W0y, Wi sy, Wi gy, Wi 233),
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where the message Wy, U C {1,2,3}, is intended for all sink nodes t;, & € U. This network
coding problem was first introduced and solved by Grokop and Tse [5] in the context of charac-
terizing the latency capacity region [13] of the general broadcast channel with three receivers.
More specifically, it was shown in [5] that the capacity region of the network is given by the set
of nonnegative rate tuples

(Rpy, Ryoy, Rysy, Rpi 2y, Ra3y, Rpsys Rya2,3y)

satisfying
Roy+Rugy + Rusy + Rpesy < Cpy + Chgy + Cusy + Cpagy, (140)
Ry +Ru2y + Riogy + Rppsy < Cpoy + Cigy + Cragy + Cagy, (141)
Ry +Risy + Rpgsy + Rposy < Oy + Cusy + Cagy + Casy, (142)
Ruy + Ry +Roy + Riagy + Rpsy + Ry
< C{l} + C{g} + 0{1,2} + 0{273} + 0{1,3} + 0{172,3}, (143)
Ry + Ry +Rioy + Rpogy + Rpsy + Ry
< C{Q} + C{g} + C{l,g} + 0{273} + 0{1,3} + 0{172,3}, (144)
Ruy + Ry +Rpgy + Ragy + Rpsy + Ry
< C{1} + C{g} + C{Lg} + 0{273} + 0{1,3} + 0{172,3}, (145)
Ry + Rpgy + Rygy T Rpoy + Rpay + Rpsy + Ry
< C{l} + C{z} + C{g} + 0{1,2} + 0{273} + 0{1,3} + 0{1,273}, (146)
Ry + Regy + Risy 2Ry + Rpay + Rpsy +2Rp 2
< C{l} + C{Q} + C{g} + 20{172} + 0{2,3} + 0{1,3} + 20{1,273}, (147)
Roy + Rygy + Rygy+ Ry + 2R3y + Rpgy + 2R 23
< C{l} + C{Q} + C{g} + 0{1,2} + 20{2,3} + 0{1,3} + 20{1,273}, (148)
R{l} + R{g} + R{3}+R{172} + R{273} -+ 2R{173} -+ 2R{172,3}
< 0{1} + C{z} + C{g} + 0{1,2} + 0{273} + 20{173} + 20{1,273}, (149)

Ry + Ryoy + Ryzy+2Rp1 0y + 2Rp23y + 2R3y + 2Rp12.3)
< Cuy+ Cray + Cpay +2C1 9y +2C0 3 +2CH 3 +2CH 23,  (150)

Rpy + 2R} + 2R3 +2R2) + 2Rz 5y + 2R3y + 3R 03
< Cpy + 20y + 20y +2CH 0 + 2003 + 20 33 + 3C 2,33 (151)

2Ry + Rpoy + 2R3y +2Rp1 0y + 2R3y + 2R 3y + 3R 23)
<201y + 20y + Cgy + 2CH 9y + 2C0 3y + 2C 3y + 3C 2,31, (152)

2Ry + 2Ry + Ry 2R 0y + 2Ry 3y + 2R1 3y + 3R12.3)
<20y + 20y + Oy + 2CH 2y + 2C 03y + 20 3y + 3C 2,31, (153)

2Ry + 2R + 2R3 2R 2) + 2R3y + 2R sy + 3R12
<204y + 20y + 20y +2C 2y + 2003 + 20 33 + 30{1,273}.( N

15

From the converse viewpoint, the inequalities (I40)-(I46]) follow directly from the standard cut-
set bounds (Il) by considering the following three basic cuts: A; = {agy, agi2y, ag1,3), @123}
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A2 = {a{g},a{l,g},a{2,3},a{1,273}}, and Ag = {a{g},CL{273},CL{173},CL{1,273}}. For the inequalities
(I27)—([I54), the proof provided in [5] was problem-specific and appears to be rather hand-
crafted. With the generalized cut-set bounds now in place, however, it is clear that the in-
equalities (I47)—(I49) follow directly from (24]); the inequality (I50) follows directly from (25);
the inequalities (I5I)-(I53) follow directly from (26]); and the inequality (I54]) follows directly
from (27). Thus, the standard and the generalized cut-set bounds together provide an exact
characterization of the capacity region of the general combination network with three sink nodes
and a complete message set.

Next, let us consider the general combination network with K sink nodes and symmetrical
link capacity constraints [13]:

Cy =Cly, YU CI[K] (155)
i.e., the link-capacity constraint for arc ay depends on the subset U only via its cardinality.
Assume that the source s has access to a set of K + 1 independent messages (W1, ..., Wg, W),
where Wy, k = 1,..., K, is a private message intended only for the sink node t;, and W, is a

common message intended for all K sink nodes in the network. For this communication scenario,
note that Ay = {ay : U 2 k} is a basic cut that separates the source node s from the sink node
ty for each k =1,..., K. Applying Corollary Bl with U = [K], we have

K K K K K
KRO—l—mRspSmZ(T)C}—i-ZZ(j)Cj (156)
r=1

r=m+1 j=r

:mKl(I:)C’r—l—i(r—m)(I:)Cr (157)

r= r=m+1

for any achievable rate tuple (Ro, Ry, ..., Rk) and any m = 1,..., K, where Ry, = Zszl Ry is
the sum of the private rates. It is clear that the outer bound given by the inequality ([I57) for
m =1,..., K has exactly K + 1 corner points:

(e (F)a) rmnm

=T

The achievability of these corner points was proved in [I3]. Therefore, the generalized cut-set
bounds also provide a tight characterization of the common-v.s.-sum-private capacity region of
the general symmetrical combination network.

Finally, let us make an explicit comparison between the common-v.s.-sum-private capacity
region of the general symmetrical combination network and the outer region given by just the
standard cut-set bounds for the case of K = 3 sink nodes. For K = 3, the common-v.s.-sum-
private capacity region of the network is given by all nonnegative (Ry, Rs,) pairs satisfying

3Ry + Ryy < 3Ci+6Cs+3Cs,
3Ry + QRSP < 6C 460, + 3C5, (158)
and Ro + Rsp S 301 + 302 + Cg.



TS

C3 Co+C5 203+Cs5 C1+205+C4

Figure 4: Capacity v.s. cut-set outer regions for K = 3 sinks. The boundary of the capacity
region is illustrated by solid lines, while the boundary of the cut-set outer region is illustrated
by dashed lines.

The standard cut-set bounds, in this case, are given by

Ro+ Ry, < C)+2C,+ Cs,
Ry + Ry < O+ 20+ Cs,
Ry +Rs < O+ 20 + Cs,
Ro+ R+ Ry < 2C) +3Cy + Ch, (159)
Ro+ R+ Ry < 2C; + 30+ (5,
Ro+ R3+ Ry < 2C) +3Cy+ Ch,
Ry+ Ry +Ry+ Ry < 2C; +3Cy + Cs.

Substituting Ry = R, — R — R3 into (I59)) and using Fourier-Motzkin elimination to eliminate
Rs and Rj3 from the inequalities in (I59]), we may explicitly write the outer region given by just
the standard cut-set bounds as the nonnegative (Ry, R,) pairs satisfying

3Ry + R,y < 3Cy +6C, + 3C5,
2Ry + Ry, < 3C) +5C; + 2C5, (160)
and Ro + Rsp S 301 + 302 + Cg.

In Figure @] we illustrate the rate regions constrained by (I58) and (I60), respectively. Clearly,
even for the case with only K = 3 sink nodes, the standard cut-set bounds alone are not tight,
while the generalized cut-set bounds provide a precise characterization of the common-v.s.-sum-
private capacity region.
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6 Concluding Remarks

The paper considered the problem of coding over broadcast networks with multiple (multicast)
messages and more than two sink nodes. The standard cut-set bounds, which are known to be
loose in general, are closely related to union as a specific set operation to combine different basic
cuts of the network. A new set of network coding bounds (termed as generalized cut-set bounds),
which relate the basic cuts of the network via a variety of set operations (not just the union), were
established via the submodularity of the Shannon entropy. It was shown that the generalized
cut-set bounds (together with the standard cut-set bounds) provide a precise characterization of
the capacity region of the general combination network with three sink nodes and the common-
v.s.-sum-private capacity region of the general symmetrical combination network (with arbitrary
number of sink nodes).

Our ongoing work focuses primarily on further understanding the strength and the limitations
of the generalized cut-set bounds established in this paper. In particular, it would be interesting
to see whether the generalized cut-set bounds are tight for the symmetrical capacity region of
the general symmetrical combination network, which was recently characterized by Tian [13].

A Proof of Lemma I

Fix two integers r’ and J such that 0 <’ < J < K. Let

T . 0, forr=1,...,7
T SN, forr =041,

and let G, := S, UT, for r = 1,...,J. By the standard multiway submodularity (@) and
modularity (I0) we have

(161)

DS+ D FSUSTII(]) =Y F(G) = > FGT(() (162)
if f is a submodular function, and

v J J J

S FS)+ DD FS ST =D (G =D AGT(]) (163)

if f is a modular function. Next, we shall show that

SO, forr=1,... 7

(r) —
(D) = { SV —r 40" 4+1]), forr=1"4+1,...,.J. (164)

We shall consider the following two cases separately.

Case 1: 7 € [r']. Note that S, C G, for any r € [J], so we have S ([J]) C G™)([.J]) for any
r € [J]. On the other hand, since T, C ST +1([J]) for all » € [J], we have G, C S, U ST +D([J])
and hence G™([J]) € S™([J]) U ST+ ([J]) for all » € [J]. Since ST)([J]) 2 ST+V([J]) for all
r € [r'], we have G ([J]) € S™([J]) for all r € [r]. We thus conclude that G ([J]) = S ([J])
for all r € [r].

Case 2: r € {r' +1,...,J}. For this case, we have the following fact.
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Fact 1. For anyr € {r'+1,...,J}, we have
GO([J]) = umntrr 2 (SE=D([J —r 4m = 1)) N Ty gm) - (165)

Proof. Fix r € {r' +1,...,J}. By definition,
G([J)) = Ywepvi=r Nkev G- (166)

Fix U C [J] such that |U| = r. We have

NkevGr = Niev (Sk U T) (167)
= Uprco ((NkeorSe) N (Nkevnor k) (168)
= (Uurco ((MkevrSk) N Tiry) ) U (NiewSk) (169)

where k(U’) is the smallest integer in U \ U’, and ([I69) follows from the fact that

T CT C---CTy. (170)

Write, without loss of generality, that U = {uy,...,u,} where 1 <uy <wupy <+ <wu, < J. Fix

k(U") = u,y, for some m € [r]. Then we must have U’ D {uy,...,uy,—1} for any such U’. We
thus have from (I69) that

Meev G = (U:nzl ((m?;lsuz) N Tum)) U (mlesuz) : (171)

The right-hand side of ([I71]) can be further simplified based on the following two observations.
First, for any r € {r' +1,...,J} we have u, > r >’ + 1 and hence

T, = S ([w]) 2 M2 S 2 Mz Sur- (172)
We thus have
Mzt Sy € ()21 Su) N To, (173)
and hence
Neev G = Uy ((N7'Sw) NT,,) - (174)

Second, since u, 1o > 1’ + 2, we have
) + )

18, € S ([uppa]) = T, (175)
and hence
(M2 Su) N T, = 074 Sy, (176)
It follows that for any m > r’ 4+ 2, we have
(N2 Su) N T © O S = (NS0 N T, (177)
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Substituting (I71) into (I74), we have
NkerGr = UnZt™ ™ (N7 50) N T ) (178)
Finally, substituting (I78)) into (I66]), we have
G([J]) = Vwemwi=n < Un ™ 2 (P72 Sur) 0 Tum)) (179)
= U2 (Vwewi=n (M727"Sw) N ) (180)

for any r € {r' +1,...,J}. Note that for any U C [J] such that |U| = r, the largest numerical
value that w,, can assume is J —r +m for any m € [r]. By the ordering in (IZ0), for any
m=1,...,r we have

U{UQ[JHU|=T’} ((ﬂ;:lsul) N TJ—T-i-m) - (U{1§u1<u2<“'<um71§J—T’+m—1} m;z_ll Sul) n TJ_T_H” (181)
= SO =1t m = 1) N Ty (182)

Substituting (I82) into (I80) completes the proof of the fact. O

Further note that for any r € {r' +1,...,.J} we have
Trorim €S T=r+m]) CS(T—r4+m—1)) CS™N([J—r+m—1]) (183
for any 2 < m <14 1. When r =’ + 1, substituting (I70) and (I83)) into Fact [Il we have
GO([J]) = Upea Tyrim = Ty = STTV((J)). (184)

When r € {r'+2,...,J}, by Fact [l we have

GO(J) = U5 (ST V(T —r+m=1) N Ty pym) (185)
= <u;ﬁ;11 (S (T —r+m—1])N TJ_Hm)) U

(S(T’Jrl)([J —r+r+1)n TJ—r+7”+2>

(u’“ 7y T+m> U (S(’“’“)([J —r+r +1)N TJ_W,H)

186)
187)

— T g U <S<"’+1>([J 1)) N TJ_WH) 188)

89)

(
(
(
= ST —r+r +1]) U (S“"“)([J —r+r + 1) N STTNT =+ + 2] ))
(1
(190)

= SUHE(T —r 40" +1))

where (I87) follows from ([I83), and (I88)) follows from the ordering in (I70). Combining (I84))
and (190) completes the proof of (I64]) for r € {r' +1,...,J}.
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Finally, substituting (I64) into (I62) and (IG3)) we have

DS+ D SIS USTEED) 2 Y FSTOID) + Y FSTIT = 4 1)

r=r’'+1 r=1 r=r’+1
(191)
r’ J
=D FSOD) + Y AT (192)
r=1 r=r/+1
if f is a submodular function, and
r’ J
> F(S, Z F(S, U ST Zf (SO + D FSTHI () (193)
r=1 r=r/+1 r=r/+1
if f is a modular function. This completes the proof of Lemma [
B Proof of Lemma
Without loss of generality, we may assume that 7' = [|T'|] such that ¢, =r for all r = 1,...,|T.
Under this assumption, the inequality (21]) can be written as
|T|
Zf ) + 1 f(SO(U))
|T|
> Z FESOT) + £(S,nSDOWN)) + D F(S, N (SOWU)uSTHI([))).  (194)
r=rq+1
Assume that f is a modular function. By the two-way submodularity (@) we have
|T|
Zf ) + 1o f(SO(U))
ry 7]
=Y (FS)+ LSOO + Y () + FS D) USTHI([)) -
r=1 r=rq+1
||
FSOU) U STHI([r])) (195)
r=rq+1
> (£(S,nSDW)) + £(S, LSV +
r=1
||
> (S (SOWYuSTEI(])) + f(S, U (SOU) U STEI([r])))) —
r=rq+1
||
> FSDU)uSTEI([r). (196)
r=rq+1
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Applying Corollary @ with v’ = r,, J = |T|, and Sy = S@(U), we have

Tq T
D FSUSOW) Y f(S U ST (] U SO(D))
Tq T
> ST uSOW) + Y FSTE () uSOU) (197)
Tq T
=2 SO+ 5, fST) uSOW) (198)

where ([98) follows from the assumption S« (T) D S@(U) such that S (T) D S@(U) for any
r=1,...,r, Substituting (I98) into (I96) completes the proof of (I94]) and hence that of (2I).

When f is a modular function, both inequalities (I90]) and (I97) hold with an equality. This
completes the proof of (22)) and hence that of the entire corollary.

C Proof of Corollary 4

Note that when @ = 0, So(r) = 1 for all r € [|U]|]. In this case, the corollary follows directly from
(B6)). Now, assume that @) is nonempty. Write, without loss of generality, that @ = {q1,...,qq|}
where

1:IQQ<C]1<Q2<"'<(]‘Q‘§|U|. (199)
Note that
q—1 qq—1
> > agle, r)RUIM(U Z Bo(r)RUID(U)) (200)
qgeQ r=1
where
Q|
o(r)=> " agla,r) (201)
l=m

for any ¢,—1 < r < g, for some m € [|Q|]. When r = g, for some m € [|Q| — 1], by (87) and
(201T)) we have ag(q,r) =0 for any [ =m,...,|Q| and hence

Bo(r) = 0. (202)
When ¢,,,—1 <1 < ¢y, for some m € [|Q|], by [87) and (201)) we have
calar) = Bt DL (203)
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for any [ =m, ..., |Q| and hence

Q|

Ht 1 9t — )Hi 171%
Z t1(Qt_1)

(204)

m—1 Q| -1 QI
:%z [T« 11 qtl) (20)

—1\4t 1) 1= t=m  t=l+1

m—1 Q] -1 Q]
:%; —(@-)]Ta ]I @ —1) (206)

t=m  t=Il+1

Hm—l(q —1) Q| l Q] -1 Q)
Z’]:Cj—tz [He [J@-v-]la]l(@-1 (207)

(@ —1) 50 \i=m =i t=m =l
m Q| (o]
Ht 11 qt
"% 1) JusIe (208)
t=m t=m
_ H:n 11(% —1) H'tQ|m qe
_ (209)
lQl (g —1)
= —IQfQ( 0 1, (210)
(g —1)
where (2I0) follows from the fact that
m—1 Q]
=[T@-D][]a Yom1<r<anm (211)

t=1 t=m

by the definition (89) of Bg(r).
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By (200), [202), and (2I0), the left-hand side of (BG) can be simplified as

Z R(IM(U +ZZ&Q q,r (U))

re[lUNQ q€Q r=1
9 —1
- Y R Z Bo(r)RIM(U)) (212)
rellUNQ
= > RUIVW)Y+ N (&# - 1) R(IM(U)) (213)
re[lUNQ relg\Q (@ —1)
1 (o] U]
=—g——| X BemRUPWN+ | [[@-1) > RUITW)
Pla— 1 \eioio
(214)
41| U]
o | 2RI + 3 SerRUW)) (215)
B r=qq|+1
U]
0% -1 2562 ©)), (216)
where (2I5)) follows from the facts that Sg(r) = 0 for all r € @) and that
1Q
Ba(r) = H(Qt —1), Vr>gqq+1 (217)
t=1
by the definition (89) of Sg(r).
Similarly, the right-hand side of (8f]) can be simplified as
q—1 U]
> CAVW)+ 3P aqleICAV) = T 3 AalICATW). (219

re[UI\Q qeQ r=1 (¢ — 1)
Substituting (216]) and (218]) into (86 and multiplying both sides of the inequality by H‘Q‘ (—1)
complete the proof of Corollary @l
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