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Community Detection on Fuclidean Random Graphs *

Emmanuel Abbe I Francois Baccelli, * Abishek Sankararaman®

Abstract

We study the problem of community detection on Euclidean random geometric graphs where
each vertex has two latent variables: a binary community label and a R? valued location label
which forms the support of a Poisson point process of intensity A\. A random graph is then drawn
with edge probabilities dependent on both the community and location labels. In contrast to
the stochastic block model (SBM) that has no location labels, the resulting random graph
contains many more short loops due to the geometric embedding. We consider the recovery of
the community labels, partial and exact, using the random graph and the location labels. We
establish phase transitions for both sparse and logarithmic degree regimes, and provide bounds
on the location of the thresholds, conjectured to be tight in the case of exact recovery. We also
show that the threshold of the distinguishability problem, i.e., the testing between our model
and the null model without community labels exhibits no phase-transition and in particular,
does not match the weak recovery threshold (in contrast to the SBM).

Keywords— Planted Partition, Stochastic Block Model, Random Connection Model, Percolation,
Phase Transitions

1 Introduction

Community Detection, also known as the graph clustering problem, is the task of grouping to-
gether nodes of a graph into representative clusters. This problem has several incarnations that
have proven to be useful in various applications ([I7]) such as social sciences ([21],[38]), image
segmentation [45], recommendation systems ([25],[42]), web-page sorting [22], and biology ([44],
[10]) to name a few. In the present paper, we introduce a new class of spatial random graphs with
communities and consider the Community Detection problem on it. Our motivation for a new class
of random graph model comes from applications where nodes have geometric attributes, such as
in social networks or more generally in graphs of similarities, where the similarity function has
metric properties. We study two regimes of the random graph - the sparse degree regime and the
logarithmic degree regime. The sparse degree regime is one wherein the average node degree does
not scale with the total number of nodes of the graph, while the logarithmic degree regime is one
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where the average node degree is proportional to the logarithm of the total number of nodes.

Model Overview - The random graph will be denoted by G,,, which has a random N,, number
of nodes which is Poisson distributed with mean An. In our formulation, A\ > 0 is a fixed con-
stant that denotes the intensity parameter and n is a scaling parameter, and we will consider the
asymptotic as n — oo. Nodes are equipped with two i.i.d. labels, a uniform {—1,+1} valued

d
community label and a uniform B, := —";/d, n;/d , d € N valued location label. Therefore, the

average number of nodes having location labels in any subset of B,, of unit volume is A, which
explains why we call A as the intensity parameter. To draw the edges, we consider two sequences

of functions (fi(;)(-))neN and (fégz())neN such that 1 > fi(g) (r) > fo(;lg (r) > 0 for all » > 0 and
n € N. Conditional on the node labels, two nodes with location labels xz,y € B,, and commu-
nity labels Z,, Z, € {—1,+1} are connected by an edge in G,, independently of other edges with
probability £ (||z — y||) if Z, = Z, and with probability f£\")(|lz — y||) if Zy # Z,. In this
interpretation, || - || denotes the Euclidean norm on the set B,, if G, is sparse, or denotes the
toroidal metric on B, in the non-sparse case. We call the random graph G, sparse if the con-

nection functions fi(: )() and fézz() do not depend on n. More precisely, the graph G, is sparse

if for all » > 0, fi(::) (r) :== fin(r) and fo(Zg (r) == fout(r), for functions fin(-) and fou(-) satisfying
0 < [oepa(fin(l|2l]) + fout([x|]))d2 < co. In this sparse regime, the average degree of any node in
G, is bounded above by (A\/2) [ cra(fin(l|2]]) + fout(|2]]))dz < oo uniformly in n. In this regime,
we draw an edge between two nodes i and j with probability fi, (]| X; — Xj||) if the community
labels Z; and Z; are the same or with probability fou:(||X; — Xj||) if the community labels Z;
and Z; are different, where || - || denotes the Euclidean norm on the set B,. Furthermore, the
‘boundary effects’ due to the edges of the set B, will not matter asymptomatically as n — oo as
the average degree is uniformly bounded in n (We make this precise in Section D We call this
the sparse regime as the average degree is a constant independent of n. If the connection functions

f(n)() and f(SZt)() depended on n and further-more satisfy [ _pa fl(:)(HxH)d:r = Ciplog(n) and
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f:ve]R‘i fo(Zg(HxH)dx = Coutlog(n) for some Cj, > Coy > 0, for all n, then we call the graph G,
as the logarithmic degree regime or simply as the logarithmic regime. This is so since the average
degree of any node is proportional to the logarithm of the total number of nodes in G,. In this case
of logarithmic regime, we avoid having to deal with boundary effects by considering the toroidal
metric on the set B,,. Precisely, conditional on the location and community labels on nodes, we
place an edge between nodes i and j in G, with probability fi(: )(||X¢ — Xj||) if Z; = Z; and with
probability fézz (11 X5 — X;l|) if Z; # Z;, where || - || is the toroidal metric on B,,. We provide a more
formal description of the random graph process in both regimes in Section

Problem Statement - In the sparse regime, we study the problem of ‘weak-recovery’, which asks
how and when one can estimate the community labels of the nodes of G;, better than at random,
given observational data of locations labels of all nodes and the graph G,. We say weak recov-
ery is solvable in the sparse case (made precise in Section if there exists an algorithm which
takes as input the graph G, along with the location labels and produces a partition of the nodes
such that the fraction of misclassified nodes is strictly smaller than a half as n goes to infinity,
i.e., we asymptotically beat a random guess of the partition. Although this requirement on es-

!We introduce the toroidal metric as it makes the space symmetric, which greatly aids in the proof



timation is very weak, we see through our results that this is indeed the best one can hope for
in the sparse graph setting considered here. In the logarithmic regime, we consider the problem
of ‘Strong Recovery’ or also known as exact-recovery, which asks how and when can one recover
the partition of nodes into communities exactly based on the observation of the random graph G,
and the location labels of all nodes. As this is a stronger requirement on the the estimator, the
graph needs to be sufficiently dense in order to perform Exact-Recovery. More precisely, we see
that the average node degree must scale logarithmically to the number of nodes to capture the
phase transition for exact-recovery. In both of these problems, we assume that the estimator has
access to the model parameters A\ and fz-(:; )() and fézz() However, we present how one could
possibly implement our algorithm in practice, when the connection functions are not known ex-
plicitly. From a mathematical perspective, the estimation of the connection functions from data in
our spatial setup is an interesting research question in itself which is beyond the scope of this paper.

Remark on the Two Different Distance Metrics - For technical simplicity, we choose to use
the Euclidean metric in the case of sparse graphs and the torridal metric in the case of non-sparse
graphs. The Euclidean metric in the sparse graph case allows us to couple all the finite graphs as
a subgraph of the limit inifinite graph (made precise in Section , while the torridal metric in the
non-sparse graph case allows us to use the translation invariance of the torus (Appendix .

Main Results and Technical Contributions - Our main results in this paper pertain to
fundamental phase-transitions, which dictate how and when we can do Community Detection in
the two regimes of interest. In the sparse regime, we show that (in Theorems [l| and [2) for every
fin(+) and four(+) E], there exists a critical non-trivial A\, € (0,00), such that if A\ < A, then no
algorithm can estimate the community labels of G,, better than at random, and if A > A, then
there exists an algorithm that can estimate the community labels better than at random. From a
rather straightforward ‘monotonicity” argument (in Proposition [I)), one can establish the existence
of A\¢ € [0, 00] such that the community detection problem shifts from being unsolvable to solvable.
Our key technical result in this paper is to establish that this phase-transition is non-trivial, i.e.,
Ac is neither 0 nor co. Furthermore, in certain special cases of fi,(-) and fou:(-), we are able to
characterize exactly the phase-transition point A..

To establish weak-recovery is solvable for sufficiently high A\, we give a new algorithm called
Good-Bad-Grid abbreviated as GBG. The key idea is to observe that for any two nodes that are
‘near-by’, we can classify them correctly with exponentially (in A) small probability of error by
simply considering their neighborhoods. Compared to the SBM, this is ‘easier’, since the geometric
embedding provides common neighbors even in the sparse regime, whereas one needs to go down
to neighbors of neighbors of large depth to obtain intersections in the sparse SBM, as done in [4]
with the sphere comparison algorithm ﬂ However in contrast to the SBM, this is not sufficient to
produce a global clustering since there will be certain pairs incorrectly classified that need to be
identified and corrected. We establish this by embedding ‘consistency checks’ into our algorithm to
correct some of the misclassified pairs by partitioning the space B, into ‘good’ and ‘bad’ regions.
Hence the name of our algorithm is Good-Bad-Grid. To analyze this algorithm, we then couple
the partitioning of space with another percolation process to prove that our algorithm will mis-

*We assume that fin(-) # fout(-) upto Lebesgue measure 0 and Jocra (fin([[2]]) = foue(J|z(]))dz < oo
3Counting common neighbors is also exploited in the algorithm of [I8]



classify a fraction strictly smaller than half of the nodes if A is sufficiently high, with an explicit
estimate of the constant. Furthermore, in certain special instances of connection functions fi,(+)
and foue(+), our lower bound and upper bound match to give a sharp phase-transition and we can
characterize the critical A for these cases. Moreover, in Section we give a way to implement
our algorithm without any knowledge of the model parameters f;"(-), f(EZt) (-) and A and is purely
‘data-dependent’. We prove A, > 0 in Theorem [1} where the technical analysis relies on identifying
an easier problem than weak-recovery, which we call Information Flow from Infinity. This reduc-

tion is similar to that done in the case of classical SBMs [37].

Our next result concerns the distinguishability problem, which asks how well one can solve a hypoth-
esis testing problem between our graph and an appropriate null model (a plain random connection
model with connection function ( fin () + fout(+))/2) without communities but having the same aver-
age degree and distribution for spatial locations. We show that for all parameters, we can solve the
distinguishability problem with success probability 1 — 0, (1), even if we cannot learn the partition
better than a random guess. We do so by identifying suitable graph ‘triangle profiles’ and showing
that they are different in the planted partition model and the null model. Similar ideas have ap-
peared in the context of distinguishing the SBM from an Erdds-Rényi random graph [37]. However,
we show in this paper, that the associated computations in analyzing this problem are much simpler
thanks to the translation invariance of the Euclidean space. In our model, we are able to infer the
existence of the partition but do not learn anything about it in certain regimes. This is because we
can always ‘see’ the partition ‘locally’ in space, but there is no way to consistently piece together the
small partitions in different regions of space into one coherent partition of the graph if A is small.
This phenomenon is new and starkly different from what is observed in the classical Erdés-Rényi
based symmetric Stochastic Block Models (SBM) with two communities where the moment one can
identify the presence of a partition, one can also recover the partition better than a random guess
([37]). Moreover, such phenomena where one can infer the existence of a partition but not identify
it better than random are conjectured not to occur in the SBM even with many communities [14],[5].

In the logarithmic degree regime, we give explicit conditions on the model parameters A, fi(nn)()

and fo(zz() under which Exact-Recovery is impossible to solve. We establish this by reducing this
problem to a Hypothesis testing problem between Poisson random vectors and them employing
the Large-Deviations results of [4] to identify an explicit condition on the model parameters. On
the positive side, we show that a direct adaptation of our GBG algorithm to this logarithmic de-
gree regime performs Exact-Recovery if the intensity A is sufficiently large, thereby establishing
the phase-transition for Exact-Recovery. However, we conjecture that the algorithm is sub-optimal
and that the lower bound identifies a sharp phase-transition. We describe a procedure that may
achieve the lower bound, but leave this as an open problem.

Central Technical Challenges - A good estimator must utilize both the spatial data about
nodes, as well as the combinatorial information provided by the random graph to perform cluster-
ing. This is different from classical graph clustering algorithms which only look at the edges and
any weights on the edges. In our model, the spatial labels provide some form of ‘side-information’
which any estimator must exploit. As an illustrative example to see this, consider the connection
functions fi,(-) and feu(-) in the sparse case to be of bounded support. In this case, the absence
of an edge between two nearby nodes makes it likely that these two nodes belong to opposite



communities but the lack of an edge between far-away nodes farther than the support of either
connection functions does not give any community membership information. Thus the lack of an
edge in this example has different interpretations depending on the location labels which needs
to be exploited in a principled manner by the estimator. Indeed this is best seen in our lower
bound for exact-recovery case, where if féZt) (r) is identically 0, i.e. there are no cross community
edges, then Exact-Recovery might still be possible even before the subgraph on the nodes of each
individual communities become fully connected. This takes place since we can use the spatial loca-
tion information in a non-trivial fashion to estimate the labels of isolated nodes. Nonetheless, the
location labels alone without the graph provide no information on community membership as the
community and location labels are independent of each other.

From a technical perspective, the core challenge in studying our spatial graph model in the sparse
regime lies in the fact that it is not ‘locally tree-like’. The spatial graph is locally dense (i.e., there
are lots of triangles) which arises as a result of the constraints imposed by Euclidean geometry,
while it is globally sparse (i.e., the average degree is bounded above by a constant). The sparse
SBM on the other hand, is locally ‘tree-like’ and has very few short cycles [37]. This comes from the
fact that the connection probability in a sparse SBM scales as ¢/n for some ¢ > 0. In contrast, the
connection function in our model in the sparse regime does not scale with n. From an algorithmic
point of view however, most commonly used techniques (message passing, broadcast process on
trees, convex relaxations, spectral methods etc) are not straight forward to apply to our graph (if
one ignores the additional information provided by spatial labels) since their analysis fundamentally
relies on the locally tree-like structure of the graph (see [I] and references therein). Nevertheless,
we show that the presence of spatial labels, enables one to consider a very simple algorithm based
on counting common neighbors, to provide an efficient clustering policy, that works even in the
sparse graph regime.

Motivations for a Spatial Model - The most widely studied model for Community Detection
is the Stochastic Block Model (SBM), which is a multi-type Erdés-Rényi graph. In the simplest
case, the two community symmetric SBM corresponds to a random graph with n nodes, with each
node equipped with an i.i.d. uniform community label drawn from {—1,+1}. Conditionally on
the labels, pairs of nodes are connected by an edge independently of other pairs with two differ-
ent probabilities depending on whether the end points are in the same or different communities.
Structurally, the sparse SBM is known to be locally tree-like ([37],[I]) while real social networks
are observed to be transitive and sparse. Sparsity in social networks can be understood through
‘Dunbar’s number’ [I5], which concludes that an average human being can have only about 500
‘relationships’ (online and offline) at any point of time. Moreover, this is a fundamental cognitive
limitation of the person and not that of access or resources, thereby justifying models where the
average node degree is independent of the population size. Social networks are transitive in the
sense that any two agents that share a mutual common neighbor tend to have an edge among
them as well, i.e., the graph has many triangles. Similar phenomena also takes place in graphs
of similarities, where vertices are connected based on metric similarity functions. These aspects
point out the limitations of the sparse SBM and a large collection of models have been proposed
to better fit applications under the realm of Latent Space Models ([19],]20]) and inhomogeneous
random graphs ([8]). See also [I] for more references. These are sparse spatial graphs in which
the agents of the social network are assumed to be embedded in an abstract social space that is



modeled as an Euclidean space and conditional on the embedding, edges of the graph are drawn
independently at random as a non-increasing function of the distance between two nodes. Thanks
to the properties of Euclidean geometry, these models are transitive and sparse, and have a better
fit to data than any SBM ([19]). Such modeling assumptions in the context of multiple communities
was also recently verified in parallel independent work [I8], where the nodes have both a community
label and a location label. The locations labels are sampled uniformly on a sphere and the edges
are generated by nodes ‘nearby’ in this sphere connecting with probabilities that depend on the
community labels. Several empirical validations of this model on real data is also conducted in
[18] which suggests that such spatial random graph model provides a good fit for several real world
networks. However, we note that the sparse SBM enjoys certain advantages over the geometric
random graph considered here, namely that of having low diameter. in agreement with the ‘small
world’ phenomena observed in many real world networks (see [47]). Therefore a natural next step
is to superimpose an SBM with the type of geometric graphs considered here to obtain both a lot
of triangles and small diameter, i.e. a type of small world SBM.

Thus, one can view our model as the simplest planted-partition version of the Latent Space model,
where the nodes are distributed uniformly in a large compact set B,, and conditional on the loca-
tions, edges are drawn depending on Euclidean distance through connection functions fi,.(-) and
fout(+). Although, our assumptions are not particularly tailored towards any real data-sets, our set-
ting is the most challenging regime for the estimation problem as the location labels alone without
the graph reveal no community membership information. However,in this paper we assume the lo-
cation labels on nodes are known exactly to the estimator. In practice, it is likely that the locations
labels are unknown (as in the original Latent Space models where the social space is unobservable)
or are at-best estimated separately. Nonetheless, our formulation with known location labels forms
a crucial first step towards more general models where the location labels are noisy or missing.
The problem with known spatial location labels is itself quite challenging as outlined in the sequel
and hence we decided to focus on this setting alone in the present paper. Another drawback of
our formulation is that we assume the estimator has knowledge of the model parameters f;,(-) and
fout(+). In our spatial setup, the estimation of connection functions from data is an interesting
research question in itself which is however beyond the scope of this paper.

1.1 Organization of the paper

We give a formal description of the model and the problem statement in Section |2l We then present
our main theorem statements in Section [3| The subsequent sections will develop the ideas and the
proofs needed for our main results. We describe our GBG Algorithm in Section @] where we first give
the idea and then the details of the algorithm. The analysis of our algorithm for the sparse case is
performed in Section[5] where the key idea is to construct coupling arguments with site percolations.
We establish the lower bound for Community Detection in the sparse case in Section [6] where we
first introduce the Information Flow from Infinity problem and then prove that this is easier than
Community Detection. Subsequently, we provide a proof of the impossibility result for Information
Flow from Infinity. In Section [7], we consider the distinguishability problem and provide a proof of
it. In Section |8 we discuss the non-sparse regime and study the Exact-Recovery problem. Thus,
Sections and |7 all pertain to the sparse graph problem and can be read in any relative order.
Section |8 exclusively only pertains to the non-sparse case and studies the Exact-Recovery problem.



In Section [, we survey related work and place our model and results in context.

2 Mathematical Framework and Problem Statement

We describe the mathematical framework based on stationary point processes and state the problem
of Community Detection. More precisely, we assume the presence of a single infinite marked Poison
Point Process (PPP)E], and consider the random graphs G,, as an appropriate truncation of this
infinite object. In the sparse case, we can construct a single infinite random graph G and consider
G, as an appropriate finite sub-graph of G. In the non-sparse case, there is no direct limiting infinite
graph. Nevertheless, we can couple all the graphs G,, on a single probability space by constructing
them on a single marked PPP. We set a common shorthand notation we use throughout the paper.
For two arbitrary positive sequences (ay)nen and (by)nen, we let b, = o(ay,) to denote the fact that
lim,, o0 by /an, = 0.

2.1 The Planted Partition Random Connection Model

We suppose there exists an abstract probability space (€2, F,P) on which we have an appropri-
ately marked PPP ¢. We will construct the sequence of random graphs (Gy,)nen on this space
simultaneously for all n as a measurable function of this marked PPP ¢. More formally, we as-
sume ¢ to be the support of a homogeneous PPP of intensity A on R¢ with the enumeration that
¢ := {X1, X2,---}. In this representation, X; € R? for all i € N. Furthermore, we assume the enu-
meration to be such that for all i > j € N, we have || X;||oc > ||Xj||cc, i.€., the points are ordered in
accordance to increasing [, distance. We further mark each atom i € N of ¢ with random variables
Zi € {-1,+1} and {Ujj}jem sy € [0, 1N} satisfying U;; = Uy; for all i # j € N. We denote
by ¢ to be this marked PPP. The sequence {Z;};cy is i.i.d. with each element being uniformly
distributed in {—1,+1}. For every i € N, the sequence {Uj;} em 4} is i.i.d. with each element of
{Usj }jeN\{i} being uniformly distributed on [0, 1]. The interpretation of this marked point process
is that for any node ¢ € N, its location label is X;, community label is Z; and {U;; }jeN\{i} are used
to sample the graph neighbors of node i. We describe this construction in both the sparse and
logarithmic degree regimes below.

d
Denote by the set B, := [—”;/d,%/d} , the cube of area n in RY. For all n € N, we let
N, :=sup{i > 1: X; € B,}. Since the nodes are enumerated in increasing order of I, dis-

tance, it follows that for all i € [1,N,], X; € B,. Furthermore, from basic properties of PPP,
N, is a Poisson random variable of mean An. We construct the graph G, by assuming its ver-
tex set to be {1,---, N,} and the location label of any node i € [1,N,] to be X; € B,, and its
community label to be Z; € {—1,+1}. However, we use the marks {U;;} en i) slightly differently
depending on whether the graph is sparse or not. Recall that in the sparse regime, we have the
connection functions fi(g )() and fézt)() to be independent of n. In this case, we first construct
an infinite graph G with vertex set N and place an edge between any two nodes 4,5 € N if and
only if Uz‘j = Uji < fzn(”Xz — Xj”)]_zizzj + fout(”Xi — Xj”)]-ZﬁﬁZj- The graph G, is then the
induced subgraph of G consisting of the nodes 1 through N, i.e., the subgraph of G restricted
to the node set with location labels in B,,. In the logarithmic degree regime, we assume that the

4This is defined in Appendix



set B, is equipped with the toroidal metric rather than the Euclidean metric for simplicity. For-
mally, for any = := (z1, - ,24),y := (y1, -+ ,yq) € By, the toroidal distance on B,, is given by
|z = yll7, = l(min(je1 = yi|,n? — |21 = y1]), - min(|zg — yal,n"/? = 24 — ya]))|l, where ||.|| is
the standard Euclidean norm on R¢. For any i,j € [1, N,], we draw an edge between nodes i and
jin Gy if and only if Uy = Uys < fi(1X: = Xl )1z, + fau (1Xi = X5l17:)1 242,

The infinite random graph G in the sparse regime can be viewed as a ‘planted-partition’ version
of the classical random-connection model ([32]). Given A € Ry, g(-) : Ry — [0,1] and d >
1, the classical random-connection model H) ;) 4, is a random graph whose vertex set forms a
homogeneous PPP of intensity A on R%. Conditionally on the locations, edges in H Ag(-),d are
placed independently of each other where two points at locations = and y of R? are connected by
an edge in H) 4(.) ¢ with probability g(||z — y||). This construction can be made precise by letting
the edge random variables for each node be marks of the PPP similarly to the construction of G.

2.2 The Community Detection Problem

In this paper, we study two different notions of Community Detection - weak recovery and exact
recovery, depending on whether the graph G,, is sparse or non-sparse. In the sparse regime, our
definition of Community Detection is analogous to the notion of ‘weak-recovery’ considered in the
classicial SBM literature ([14]) and in the logarithmic degree regime, our definition of Community
Detection is analogous to the notion of ‘Exact-Recovery’ ([2]) in the SBM literature. To state the
two notions of community recovery, we set more notation. Let ¢, be the restriction of the point
process ¢ to the set B,,. Notice that the cardinality of ¢, is N,, which is distributed as a Poisson
random variable of mean An, and X; € B, for all i € [1, N,]. Moreover, conditionally on NN, the
location variables (X;);c(1,n,] are placed uniformly and independently in B,,. Before describing the
problem, we need the definition of ‘overlap’ between two sequences.

Definition 1. Given a t € N, and two sequences a,b € {—1,1}, the overlap between a and b is

t . .
defined as M, i.e., the absolute value of the normalized scalar product.

We define two notions of performance of community detection, weak recovery and exact recovery
defined below.

Definition 2. Weak Recovery is said to be solvable in the sparse regime for \,d, fi,(-) and

Jout(+) if for every n € Ry, there exists a sequence of {—1,+1} valued random variables {Ti(n)}ZNZnI
which is a deterministic function of the observed data G,, and ¢, such that there exists a constant
~v > 0 satisfying

lim P[0, >~] =1, (1)

n—o0
where Oy, is the overlap between {Ti(n)}éinl and {ZZ}Z]\L”1

In the above definition, we let the overlap O, := 1 if N,, = 0. In the logarithmic degree regime, we
ask for exact-recovery which is formally stated as follows.

Definition 3. Exact-Recovery is said to be solvable in the logarithmic degree regime for
A, d, (fi(:)('))nEN and (f(gzt)())neN if for every n € Ry, there exists a sequence of {—1,4+1} valued



random variables {Ti(”)}fﬁl which is a deterministic function of the observed data G, and ¢, such

that

lim P[0, = 1] = 1, 2)

n—oo
where Oy, is the overlap between {Ti(")}fﬁl and {Zz}ZN:"l

A key new feature of our Definitions [2 and [3] comes from our assumption that the algorithm has
knowledge of all location labels on the nodes and it only needs to estimate the missing community
labels. In the sparse regime, we ask when can any estimator assign community labels to the nodes
that beats a ‘random guess’. Observe that if an estimator guessed every node to be in Community
+1, then the achieved overlap O,, converges almost-surely to 0, thanks to the Strong Law of Large
Numbers. Thus, achieving a positive v asks whether an estimator can asymptotically beat the
trivial estimator. In the non-sparse regime, we ask when and how can we recover the commuity
label of all nodes, upto a global flip.

Observe that we assume the algorithm has access to the parameters fi(nn)(), f(EZt) (-) and A although
this assumption may not always hold in practice. As mentioned, the estimation of model parame-
ters from data itself will form an interesting technical question which we leave for future work. We
take an absolute value in the definition of overlap since the distribution of G, is symmetric in the
community labels. In particular, if we flipped all community labels of G,,, we would observe a graph
which is equal in distribution to G,,. Thus, any algorithm can produce the clustering only up-to a
global sign flip, which we capture by considering the absolute value. We take finite restrictions B,
since the overlap is not well defined if N, = co. A natural question then is of ‘boundary-effects’,
i.e. the nodes near the boundary of B, will have different statistics for neighbors than those far
away from the boundary. However since G,, is sparse, except for a o, (1) fraction of nodes, all nodes
in G, will have the same degree as in the infinite graph G, i.e. the boundary effects are negligible.
In the non-sparse case, since we consider the set B,, as a torus, to precisely avoid the technicalities
arising out of considering the edge effects.

The following elementary monotonicity property is evident from the definition of the problem and
sets the stage for stating our main results.

Proposition 1. For every fin(+), fout(-) and d, there exists a A. € [0,00] such that
e A\ <\, = weak-recovery is not solvable.

e A\ >\, = there exists an algorithm (which could possibly take exponential time) to solve
weak-recovery.

The proof is deferred to Appendix [A] This proposition is not that strong since it does not rule
out the fact that \. is either 0 or infinity. Moreover, this proposition does not tell us anything
about polynomial time algorithms, just of the existence or non-existence of any (polynomial or
exponential time) algorithms. The first non-trivial result would be to establish that 0 < A, < oo,
i.e. the phase transition is strictly non-trivial and then to show that for possibly a larger constant,
the problem is solvable efficiently. We establish both of this in Section



Distinguishability of the Planted Partition in the Sparse Regime

In this paper, we also consider a related problem to weak-recovery, namely the distinguishability
question in the sparse regime. Roughly speaking, this problem asks whether one can identify if the
observed data (G, ¢,,) has communities or not. More precisely, we have the following definition.

Definition 4. The sparse planted partition model with parameters X, d and connection functions
fin(+) and fou(+) is said to be distinguishable, if for every g(-) : Ry — [0,1], one can identify with
probability at-least % + v —on(1) for some v > 0, whether the observed data (G, ¢n) is a sample
of the planted partition with the above parameters, or is a sample of the random connection model
Hy 4(),4, gven an uniform prior over the two models.

This problem asks if we can even identify the existence of communities, before trying to identify
them. Such hypothesis testing questions are of critical importance in practice where one needs to
be reasonably sure of the presence of communities in a given graph, before attempting to cluster the
graph. Our main result in Theorem [3]is that one can always solve the distinguishability problem, i.e.
it exhibits no phase-transition. Thus our results on weak-recovery and distinguishability predicts
regimes of the problem (i.e. d =1 and A < A. for d > 2), where we can be very sure of the presence
of communities, but cannot recover it better than at random.

Notation - Palm Probability

Before stating the results, we will need an important definition. We define the Palm Probability
measure PY of a point process in this subsection for future reference. Roughly stated, the Palm
measure is the distribution of a marked point process ¢ ‘seen from a typical atom’. We refer the
reader to [I3] for the general theory of Palm measures. However thanks to Slivnyak’s theorem
[13], we have a simple interpretation of P’ which is what we will use. The measure P? is obtained
by first sampling ¢ and G from P and placing an additional node indexed 0 at the origin of R?
and equipping it with independent community label and edges. The label of this node at origin
will be denoted by Zy € {—1,+1} which is uniform and independent of anything else. This extra
node is also equipped as a mark the sequence {Up;};>1, which will be used to sample the edges as
before. Informally, we place an edge between this extra point at 0 and any other node i € N in
the graph G,, with probability £ (||X;||) if Z; = Zo, or with probability £ (|| X;|) if Zi # Zo,
independently of everything else. More generally, for any k € N and 1, - - - 2, € R%, we denote by
the measure P*1"" %k to be the union of ¢ from before with additional points placed at z1, - - - xy,
with them having independent marks as before. Informally, the community labels of the extra
nodes located at x1,- - -,z is uniform and independent, and will have edges among themselves and
the points of ¢ with the same distribution as before. However, for the logarithmic degree regime
discussed in Section [8] since the set B, is equipped with the toroidal metric, we need a definition
of Palm measure on the torus rather than Euclidean plane. We give the necessary adaptation of
Palm measure needed to handle the torus case in the Appendix

3 Main Results

3.1 Lower Bound for Weak Recovery

To state the main lower bound result in Theorem [1] below, we set some notation. For the random
connection model graph H)y () 4, denote by CHMM,d(O) the set of nodes of H) () 4 that are in the
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same connected component as that of the node at the origin under the measure P. Denote by
O(H) g(),d) = IP’OHCHM(.M(OH = oo] the percolation probability of the random graph Hy 4. 4, i.e.
the probability (under Palm) that the connected component of the origin has infinite cardinality.

Theorem 1. If O(H) f, ()~ foui(),d) = 0, then weak-recovery is not solvable.

This theorem states that if the two functions fi,(-) and fou:(+) are not ‘sufficiently far-apart’, then
no algorithm to detect the partition of nodes can beat a random guess. As a corollary, this says
that Community Detection is impossible for d = 1.

Corollary 1. For all X > 0, fin(:), fout(:) such that [ _p fin(||z||)dz < oo, weak-recovery is not
solvable if d = 1.

Proof. This is based on the classical fact that for all g(-) : Ry — Ry such that [ _p g(||z|[)dz < oo,

The following corollary gives a quantitative estimate of the percolation probability for higher di-
mensions in terms of the problem parameters.

Corollary 2. Foralld > 2, if X < Nower := ([, cga(fin(||2]]) = fout(||2|]))dz) !, then weak-recovery
cannot be solved. Thus, Ae > ([, cpa(fin(|2|]) = four(||2]]))dz)~"

Proof. From classical results on percolation [32], by comparison with a branching process, we see
that A [, cpa g(l|2|)) 1 = 0(Hy4(),0) = 0. O

Recall that if the graph G is sparse (finite average degree), then [ _pa fin(||z||)dz < oo which
implies from Corollary 2] that \. is strictly positive in the sparse regime. The following proposition
shows that this lower bound is tight for certain specific families of connection functions.

Proposition 2. For all d > 2 and Ry > Ry, if fin(r) = Li<pr, and fou(r) = l,<r, and X is such
that Q(H)\yfin(')*fout(')yd) > 0, then weak-recovery can be solved in time proportional to n with the
proportionality constant depending on the parameters A\, Ry, and Roy:.

Hence, in view of Theorem |1} for fi,(r) = 1,<r, and fou(r) = l,<g, for some R; > Ra, then if
A is such that 0(H)y 7, ()—fou(-),d) = 0, no algorithm (exponential or polynomial) time can solve
weak-recovery, while if A is such that 0(H} , ()—f,..(),d) > 0, then a linear time algorithm exists to
solve weak-recovery. This gives a sharp phase-transition for this particular set of parameters where
the problem shifts from being unsolvable even with unbounded computation to being efficiently
solvable.

3.2 Algorithm and an Upper Bound for Weak Recovery

Our main result in the positive direction is our GBG algorithm described in Section 4| The main
theorem statement on the performance of GBG is the following.

Theorem 2. If fin(-) and fout(-) are such that {r € Ry : fin(r) # fout(r)} has positive Lebesgue
measure and d > 2, then there exists a Aypper < 00 depending on fin(4);s fout(+) and d, such that for
all X > Aupper, the GBG algorithm solves the weak-recovery problem. Moreover, GBG when run on
data (G, ¢n), has time complexity order n® and storage complexity order n.
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This gives a complete non-trivial phase-transition for the sparse graph case where we have 0 < A, <
oo which implies the existence of different phases. We also note that our algorithm is asymptotically
optimal in a weak sense made precise in the sequel below. Denote by Oy as the maximum overlap
achieved by our algorithm, with the definition of overlap as given in Definition [I] More precisely,
denote by O, as
Oy :=sup{y >0: lim P[0, > ]| =1}, (3)
n—oo

where O,, is the overlap achieved by the GBG algorithm when run on the data G, and ¢,. Thus,
for each fixed A, the overlap Oy € [0, 1] is determinstic quantity.

Proposition 3. We have the limit that limy_,, Oy = 1.

In words, this proposition states that as the ‘signal’ gets stronger, the fraction of nodes correctly
classified by our algorithm tends to 1. On a related note, we also mention in Section a practical
way of implementing the algorithm when the connection functions f,(-) and fuu:(+) are not known
explicity.

3.3 Distinguishability of the Planted Partition

The key result we show here is that unlike in the traditional Erdés-Rényi setting, the planted parti-
tion random connection model is always mutually singular with respect to any random connection
model without communities. Before precisely stating the result, we set some notation. Denote by
Mg (R?) the Polish space of all simple spatial graphs whose vertex set forms a locally finite set
of R%. Thus, our random graph G or the random connection model H Ag(),d can also be viewed
through the induced measure on the space Mg(R%).

Theorem 3. For every A > 0, d € N and connection functions fin(-) and fou () satisfying 1 >
fin(1) > four(r) >0 for all ™ >0, and {r > 0 : fin(r) # four(r)} having positive Lebesque measure
and g(-) : Ry — [0,1], the probability measures induced on the space of spatial graphs Mg(R?) by
G and H) 4,4 are mutually singular.

This theorem [3| implies that this distinguishability problem as stated in Definition 4] can be solved
with probability of success 1 — o0, (1) for all parameter values. Thus, the distinguishability problem
as stated in our spatial case exhibits no phase-transition. A consequence of our results is that in
certain regimes (A < A\; for d > 2 and A > 0 for d = 1), we can be very sure by observing the data
that a partition exists, but cannot identify it better than at random. Such phenomena was proven
not to be observed in a symmetric SBM with two communities ([37]) and conjectured not to occur in
any arbitrary SBM ([14]). Technically, this theorem gives in particular that G and H A JinO o) g

are mutually singular. Note that if g(-) # M, then the average degrees of G and H) 4.y q
are different and hence the empirical average of the degrees in G,, and H) y(.) 4 restricted to By,
will converge almost surely as n — oo (thanks to the ergodic property of PPP) to the mean degree,
thereby making the two induced measures mutually singular Thus, the only non-trivial random
connection model that can possibly be not singular with respect to G is HA, fin ) four() g i.e. the

case of equal average degrees. We show by a slightly different albeit similar ergodic argument in
Section [7] that even in the case of equal average degrees, the two induced measures are mutually
singular.
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3.4 Phase Transition for Exact-Recovery

Our main achievement in the present paper is an explicit necessary condition on the model pa-
rameters for Exact Recovery given in the following Theorem. To highlight the ideas, we primarily
focus on a simplest non-trivial example of connection functions in the logarithmic regime, where
we are able to conjecture a closed form expression for the phase-transition threshold. However, we
present the results on the general case in Proposition [15]in the Sequel in Section

Definition 5. For any 0 < b < a <1, n € N, A > 0 and d € N, we denote by G(An,a,b,d)
as the distribution of graph Gy, we defined in Section@ with fi(g) (r) = al,ciog(ny1/a and fézg (r) =

b].,r,glog(n)l/d for all v > 0, where the distance on the set By, is the torridal metric.

In the results that follow, denote by v4 to be the volume of the unit Euclidean unit ball in d
dimensions.

Theorem 4. For any A > 0,d € N and 0 < b < a < 1 such that A\vg(1—vab—+/(1 —a)(1 — b)) < 1,
Ezact-Recovery of Gy, ~ Gp(An,a,b,d) is not solvable.

This connection functions are the simplest non-trivial instance of our model that makes the study
interesting. We also believe that this necessary condition to be tight. However, at this point, we
only present the following conjecture and do not pursue a proof of this.

Conjecture 1. Forany A > 0,d € N and0 < b < a < 1 such that A\vg(1—vab—+/(1 — a)(1 — b)) >
1, Ezact-Recovery of Gy, ~ Gn(An,a,b,d) is solvable.

We believe two-round techniques developed in [4] applied to the spatial graph case can be fruitful
in establishing this conjecture. To establish the existence of a phase-transition however, we analyze
the GBG algorithm and adapt it to the non-sparse case to yield the following result.

Theorem 5. For every A > 0, d € N and 0 < b < a < 1, there exists C(a,b,d) > 0 such that if
Mvg(1—+ab— /(1 —a)(1 —b)) > C(a,b,d), Exact-Recovery of Gy, ~ Gn(An,a,b,d) is solvable by
GBG algorithm.

This theorem gives the existence of different phases of the exact-recovery problem depending on A.
In particular, it states that if the intensity A is sufficiently high, then Exact-Recovery is solvable
by our GBG algorithm. Using similar ideas as for the sparse regime, we mention in Section a
way of implementing the algorithm without knowledge of the problem parameters.

4 Algorithm for Performing Community Detection

In this section, we outline an algorithm called GBG described in Algorithm [3|that has time complexity
of order n? and storage complexity of order n. We make the presentation here assuming that
Gy, is sparse, although a straightforward adaptation can be made to apply this algorithm in the
logarithmic degree regime as well. We will make this adaptation more precise in the sequel in
Section [§| The algorithm we present and analyze requires the knowledge of the model parameters
A, fz-(g )() and fést)(), although we show in Section that by a simple modification, we can
implement the algorithm even if the model parameters are unknown to the algorithm.
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4.1 Key Idea behind the Algorithm - Dense Local Interactions

The main and simple idea in our algorithm is that the graph G,, is ‘locally-dense’ even though it is
globally sparse. In contrast to sparse Erdés-Rényi based graphs in which the local neighborhood of
a typical vertex ‘looks like a tree’, our graph will have a lot of triangles due to Euclidean geometry.
This simple observation that our graph is locally-dense enables us to propose simple pairwise esti-
mators as described in Algorithm [1| which exploits the fact that two nodes ‘nearby’ in space have a
lot of common neighbors (order A). For concreteness, consider the case when f;,(r) = al,<gr and
fout(r) = bl,<p for some R >0 and 0 < b < a < 1. This means that points at Euclidean distance
of R or lesser are connected by an edge in G with probability either a or b depending on whether
the two points have the same community label or not. Moreover from elementary calculations, the
number of common graph neighbors for any two nodes of G at a distance aR away for some o < 2
is a Poisson random variable with mean either Ac(a)R%(a? 4 b%)/2 or Ac(a)R%ab (for some constant
¢(a) that comes from geometric arguments) depending on whether the two nodes have the same
or different community labels. Thus, using a simple strategy consisting of counting the number
of common neighbors and thresholding gives a probability of mis-classifying any ‘nearby’ pair of
nodes to be exponentially small in A. We implement this idea in the sub-routine [I| below. Now,
to produce the global partition one needs care to aggregate the pairwise estimates into a global
partition. Since some pair-wise estimates are bound to be in error, we must identify them and
avoid using those erroneous pair-wise estimates (see also Figure [I)). We achieve this by classifying
regions of space B,, as ‘good’ or ‘bad’ and then by considering the pair-wise estimates only in the
‘good’ regions. We prove that if X is sufficiently large, then the ‘good’ regions will have sufficiently
large volume and hence will succeed in detecting the communities better than at random.

We summarize our main algorithm below before presenting the formal pseudo-code.

e Step 1 Partition the region B, into small constant size cells and based on ‘local-geometry’
classify each cell as good or bad. This is accomplished in the Is-A-Good routine.

e Step 2 Consider connected components of the Good cells and then in each of them apply the
following simple classification rule. We enumerate the nodes in each connected component
of Good cells in an arbitrary fashion subject to the fact that subsequent nodes are ‘near-by’.
Then we sequentially apply the Pairwise-Classify Algorithm given in

e Step & Do not classify the nodes in the bad cells and just output an estimate of +1 for them.

4.2 Notation and Definitions

In this section, we specify the needed notations for describing our algorithm. We will assume that
the connection functions fi,(-) and f,u:(-) satisfy the hypothesis of Theorem |2 Thus, there exists
0 <7 < R < oo such that fi,(r) > fout(r) for all » € [7, R]. In the rest of this section, we will use
the 7 and R coming from the connection functions.

To describe the algorithm, we need to set some notation. We partition the entire infinite domain
R? into good and bad regions. However this is just for simplicity and in practice, it suffices to
do the partition for the region B,. We first tessellate the space R? into cubes of side-length M%
where R is as above. We identify the tessellation with the index set Z?, i.e. the cell indexed z is
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a cube of side-length M% centered at the point 451% € R?. The subset of R? that corresponds to

cell z is denoted by (.. Hence the cell indexed 0 is the cube of side-length 4(1% centered at the
origin. We now give several definitions on the terminology used for the Z¢ tessellation and not to
be confused with the terminology for describing the graph G,,. We collect all the different notation

and terminology in this sub-section for easier access and reference.

Definition 6. A set U C Z¢ is said to be Z-connected if for every x,y € U, there exists a k € N
and x1,---xp € U such that for all i € [0,k + 1], ||x; — zi—1||coc = 1, where xg := x and T11 = y.

Definition 7. For any z € 7%, denote by Z%-neighbors of z the set of all 2 € Z% such that
Iz = 2|l < 1.

Definition 8. For any subset A C Z¢ and any k € N, the k thickening of A is denoted by
Lj(A) :=U.ea Uz’EZd:Hz—z/HOOSk -

Definition 9. For any set B C Z¢, denote by the set Qp = U,epQ-.

Definition 10. Let Z(-) : R? — Z? be the projection function, i.e. Z(x) := inf{z € Z% : |]45f/d —

Z||loo < 0.5}, In case, of more than one z achieving the minimum, we take the lexicographically
smallest such z.

Definition 11. For any two points x,y € R?, denote by Sr(z,y) := B(x, R) N B(y, R), i.e. the
intersection of two balls of radius R centered at points x and y.

Definition 12. For any two points x,y € R? such that ||z — y||o < R, define by the two constants
Min(z,y) and Moy (x,y) as follows.

Min (2, y) = / (fin(llz = 2|} fin(lly — 2[1) + four([|lz = 2[]) four([ly — 2l[)) dz

Mout(,y) = / (fin(llz = 2[1) four(Ily = 21) + four(Ilx = 2[]) fin(|ly — 2[]))d=

2€SRr(z,y)
Observe that the definitions of M, (z,y) and My, (z,y) immediately give that
Min(2,y) — Mout(2,y) = / (fin(lz = 2|]) = four([lx = 2I) (fin(ly — 2I) = four(|ly — 2[])) dz.
z€Sr(z,y)
R)

Definition 13. For any two points x,y € ¢, denote by Eé, (z,y) the number of common graph
neighbors of x and y in G which are within a distance R from both x and y.

4.3 Algorithm Description in Pseudo Code

We first present two sub-routines in Algorithms [1] and [2| that classify each cell of R? to be either
Good or Bad. The algorithm is parametrized by € € (O, %) which is arbitrary and fixed.
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Algorithm 1 Pairwise Classifier
1. procedure PAIRWISE-CLASSIFY (7, j, ¢, G)

2 if EéR)(XZ-,Xj) > 3 (Min(Xi, Xj) + Mow(Xi, X;)) then return 1
3 else

4: return —1
5
6

end if
: end procedure

In this algorithm, we classify two nodes as in the same partition if the number of common graph
neighbors they have exceeds a threshold. The threshold is the average of the expected number of
neighbors if the two nodes in consideration are of the same or opposite communities. Such simple
tests suffices for our purpose, although one could imagine a more accurate estimator that also takes
into account the number of nodes in Sr(X;, X;) that do not have any edges to X; and Xj; or the
location labels of the common neighbors.

Algorithm 2 Is A-Good Testing
1: procedure Is-A-GooD(z,G)
2: if [N Q.| < A(R/4)%(1/d)(1 — €) then return FALSE
3 end if
t 89 =N Uy Q)
5. for all Vk > 1, and all X1,--- X}, € ¢©® do
6
7
8
9

if Hle PAIRWISE-CLASSIFY (X;, X;+1,G) = —1 then > Where Xi 11 := X3
return FALSE
end if
end for
10: return TRUE
11: end procedure

To understand the algorithm, we need some definitions which classify cells of Z¢ into Good or Bad
depending on the ‘local graph geometry’.

Definition 14. A cell Q. is A-Good if

i |ona.

> max ()\ (%)d i(1-e), 1); and
2. Is-A-Good(z,G) returns TRUE

A cell is called A-Bad if it is not A-Good.

The key idea of our simple algorithm lies in the definition of A-Good cells. We classify a cell to be
A-Good if there are no ‘inconsistencies’ in the Pairwise-Estimates. See Figure [1] for an example of
pair-wise inconsistency due to the Pairwise-Classify algorithm. In words, a cell is A-Good, if
among the nodes of GG that either lie in the cell under consideration or in the neighboring cells, there
are no inconsistencies in the output returned by the Pairwise-Classify algorithm. Moreover, one
can test whether a cell is A-Good or not based on the data (¢, G) itself as done in Algorithm
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Algorithm 3 GBG

1. procedure MAIN-ROUTINE(G,, ¢y,)

2 Classify each cell in B,, to be either A-Good or A-Bad using subroutine Is-A-Good.
3: Let D1, - - - Dy, be the A-Good Z%connected components in B,,.
4
5

for[=1,l<kdo
Let Xll,"'Xlnj € ¢n N Qp, be maximal and arbitrary s.t [|Z(X;,) — Z2(X;,,,)||ec <
1,Vi<o<n;—1

6 Set %1(1”) =+1

7 for w=2,w <n; do
8: Set 7" = Pairwise-Classify(ly—1, L, dn, Gn) 71" |
9: end for

10: end for

11: for c=1,¢ < N, do

12: if 7" = 0 then

13: Set 7™ = +1

14: end if

15: end for

16: return {%i(")}f-v:”l

17: end procedure

Thus, we use the nomenclature of Algorithm-Good as A-Good.

The main routine in Algorithm [3|proceeds as follows. In Line 3, we extract out all A-Good connected
cells in the spatial region B,. Suppose that there are k& A-Good connected components denoted
by Di,--- ,Dg. Our algorithm looks at each connected component independently and produces
a labeling of the nodes in them. In Line 5, we enumerate all nodes in any A-Good connected
component D; as X, --- Xj, such that for all 1 < o < ny, we have ||Z2(X;,) — Z2(Xj,,)||e < 1.
Such an enumeration of any A-Good connected component is possible since by definition, every
A-Good cell is non-empty of nodes. Now, we sequentially estimate the community labels in Line 8
using the Pairwise-Classify sub-routine applied on ‘nearby’ pairs of nodes. In Line 13, we assign
an estimate of +1, i.e. extract no meaningful clustering for nodes that fall in A-Bad cells. See also
Figure [2| for an illustration.

4.4 Complexity and Implementation

We discuss a simple implementation of our algorithm which takes time of order n? to run and
storage space of order n. The multiplicative constants here depend on A. We store the locations
¢n as a vector whose length is order An and the graph G, as an adjacency list. An adjacency list
representation is appropriate since G, is sparse and the average degree of any node is a constant
(that depends on )\). Once we sample the locations ¢,, the graph G, takes time of order n?
to sample. However, if one represented the locations of nodes more cleverly, then the sampling
complexity could possibly be reduced from n?. Moreover, since the average degree is a constant,
the storage needed is order n. Given the data ¢, and the graph G,,, we pre-process this to store
another adjacency list where for every vertex, we store the list of all other vertices within a distance
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Figure 1: An illustration where Pairwise-Classify leads to inconsistency. The values on the edges
represent the output of pairwise classify run on the two end points as inputs. In this example it is
clear that for at-least one pair (i, j), (4, k), (k,7), the output of pairwise estimate is different from
the ground truth.

of 2R from it. This preprocessing takes order n? time and order n space. The space complexity
is order n since the graph is sparse. Equipped with this, we create a ‘grid-list’ where for each
coordinate of Z¢, we store the list of vertices whose location is in the considered grid cell. This
takes just order n time to build. Moreover, since only a constant number of nodes are in any
grid cell and the set B,, contains order n cells, the storage space needed for ‘grid-list’ is order n.
Furthermore, since only a constant number of nodes are in a cell, it takes a constant time to test
whether a particular cell is A-Good or A-Bad. Thus, to find Z¢ connected components of Good-cells
and produce the clustering takes another order nd time where d is the dimension. This gives our
algorithm overall a time complexity of order n? and a storage complexity of order n.

4.5 Practical Implementation if Model Parameters are Unknown

In this section, we provide a simple alternative that can be used to cluster even when the model
parameters fi(nn), (532 (-) and A are unknown to the algorithm. Assume for simplicity, that we know
an estimate of R such that fxeB(O,R)(fm(HxH) — fout(||z]]))dxz > 0, i.e. the set {r € [0, R] : fou(r) <
fin(r)} has non-zero Lebesgue measure. Then, we can change the definition of A-Good as follows.

For any grid cell 2, 2" € Z¢ such that ||z — 2[|oc = 1, consider the subgraph G_ s of G consisting of

nodes whose locations lie either in cell z or z'. Consider applying some known partition to the nodes
of G, s, for instance the standard spectral method described in [I]. We can denote the cell z to be
A—Go’od, if the number of points of ¢ in that cell is no smaller than (1—e¢) of the expected value, and
for every 2z’ in the 1-thickening of z, the partition of the nodes of G, when the spectral method is
applied to the induced sub-graph G, s is identical, i.e. for every z/, 2" in the 1 thickening of z, the
partition of the nodes of G is same whether the spectral method is run on the graph G, ,» or G, .
Since the spectral method of [I] does not need to know the connection functions, one can use this
as an alternative definition of A-Good cell in place of Algorithm [2] The only model information in
this alternative implementation required is an estimate of R to perform the tessellation of space.
Thus in line 3 of Algorithm [3] we can invoke the test described in this paragraph which does not
need knowledge of the connection functions, as opposed to involing Algorithm [2| which does need
knowledge of the parameters.
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Figure 2: An illustration of algorithm [3] In this example, we do not draw the graph G, but only
show the locations of the nodes. The shaded cells corresponds to A-Good cells and in this example
there are two A-Good connected components. In each component, we outline an arbitrary sequence
of points Xy, --- X1, and Xo,, Xo,, Xo, that will be used in line 4 of our main Algorithm (3| The
lines then represent how we recursively set the community label estimates of the nodes as in line 8
of Algorithm [3] The estimates for the nodes in A-Bad cell is always set to 1.

5 Analysis and Proof of the Algorithm in the Sparse Regime

The following theorem is the main theoretical guarantee on the performance of the GBG algorithm.

Theorem 6. Lete € (0, %) be arbitrarily set in Algorithm@. Letn € (O, %) be such that (% + 77) (1—
€) > % Then there exists a constant A\g < oo depending on fin(+), fout(+),d, € and n such that for
all X > No, Algorithm[3 will solve weak-recovery.

To prove the main result, we will need an additional classification of the cells of B,, as either T-Good
or T-Bad. The nomenclature stands for Truth-Good.

Definition 15. A cell ), is T-Good if -

1. ‘qbﬂQz > max (/\ (%)dé(l—e)J); and

2. For alli,j € N such that X;, Xj € Qu,(») N ¢, Pairwise-Classify(i, j, ¢, G) returns 1z,—z, —
1z,227;, i.e the ground truth.

If a cell is not T-Good, we call it T-Bad.

A cell is T-Good, if for any pair nodes which either lie in the cell under consideration or the neigh-
boring cells, the output of the pairwise estimation matches the ground-truth. Of-course since the
ground truth is unknown, one cannot test whether a cell is T-Good or not. We introduce the notion
of a T-Good cell to aid in the analysis.
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5.1 Proof Roadmap

The proof of Theorem [0] can be split into three parts. The first part is composed of combinatorial
arguments leveraging the definitions of A-Good and T-Good cells. These combinatorial lemmas
(Proposition [4]) will conclude that it suffices to ensure that there exists a ‘giant’ T-Good connected
component in the data (¢,,G,). The next is a local analysis wherein we conclude that the prob-
ability a cell is T-Good can be made arbitrarily large by choosing the constant A sufficiently high
(Corollary . The final step is to couple the process of T-Good cells to that of dependent site
percolation on Z¢ to conclude that if a single cell is T-Good with sufficiently high probability, then
there exists a giant T-Good component comprising of many nodes (Proposition .

5.2 Combinatorial Analysis

The main result in this sub-section we want to establish is the following statement. If we establish
this, then the performance of our algorithm will follow from a study of the properties of the random
graph G.

Proposition 4. If there exists a connected component of T-Good cells in the data (¢n, Gy,) which
contains a fraction of nodes of G, strictly larger than a half with probability 1 — 0,(1), then the
output returned by Algorithm[3 solves the weak-recovery problem as given in Definition [3

The proof of the above proposition is based on the following two elementary combinatorial propo-
sitions.

Proposition 5. If a cell Q, is T-Good, then it is also A-Good. In particular, every connected
T-Good component is contained in some connected A-Good component.

Proof. 1t suffices to prove that for any k € N, 1_[?”:1(121:21.71 —1z,+7, ) =1, where X}, := X¢ and
Zy := Zy, i.e. a cycle. We can see this by contradiction. Assume Hi-“:l(lZi:ZF1 —1z,47,,)=-1
This implies that an odd number of —1’s exists in the product. This can never be, since this would
imply that Zy must be both simultaneously +1 and —1. Hence, such a product is always +1. [

The following proposition is the basis of Line 5 in the GBG in Algorithm [3| For every z € Z¢, denote
by A(z) the mazimal Z® connected set containing z such that for all u € A(z), cell u is A-Good.

Proposition 6. For every z € Z% such that cell z is A-Good, there exists a unique partition of
) = QSSE)Z) Hgbil_()z) such that for all z,2 € A(2) with ||z — 2'||ec < 1 and all X; € $NQ, and
X;# X € 9N Q,, we have

o If X, € ¢g+) and X; € ¢27) or , if X; € qb,(;) and X; € gi),(;), then Pairwise-Classify(i, j,G)
will return —1.

o If X;,X; € ¢,(z+) or if X;, X; € ¢§‘), then Pairwise-Classify(i, j, G) returns +1.
Moreover, the partition produced in Line 8 of our Algorithm[3 coincides with this partition.

This Proposition shows that all nodes inside A-Good connected components can be partitioned
into two sets uniquely, such that the T-Good sub-component inside the A-Good component will
be partitioned according to the underlying ground truth. Moreover, by following any arbitrary
enumeration of the nodes of G' as done in Line 5 of Algorithm [3] we can now build this unique
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partition of nodes of the A-Good component. This is what allows our algorithm to be fast. The
proof of this Proposition is quite standard and is defered to the Appendix in [C] We are now in a
position to conclude the proof of Proposition

Proof. Proof of Proposition

Proposition [6] justifies Line 5 of Algorithm First note that since every A-Good cell is non-
empty of nodes of G, the arbitrary sequence in Line 5 of Algorithm [6] will enumerate all the nodes
in each connected component. In other words, the only estimates that will be set in Line 13 of
Algorithm [3] are those nodes that fall in the A-Bad cells. Moreover, the partition of the A-Good
connected components in Line 8 will coincide with the partition referred to in Proposition[6] From
the definition of T-Good components, the unique partition referred to in Proposition [6] will be such
that the T-Good component will be partitioned according to the ground truth. Hence, if there
exists a T-Good connected component that has a fraction o > % of the nodes of Gy, Algorithm
will partition this set of nodes in accordance to the ground truth. Thus, the achieved overlap will
be at-least 2 — 1 > 0. This follows since the mis-classification of all nodes apart from this ‘giant’
connected T-Good component cannot diminish the overlap below 2a — 1 which is still positive. [J

5.3 Local Analysis

The main goal of this subsection is to show that the probability a cell is T-Good can be made
arbitrarily high by taking A\ sufficiently high, which is done in Corollary In order to present
the arguments, we recall the definition of a generalized Palm distribution. For any k& € N and
z1,- -, zp € R? we denote by P*1"%k to be the Palm distribution of ¢ at x1, - - - 2. This measure
is the one induced by first sampling ¢ and G and then placing additional points at x1,--- ,xg
and equipping them with independent community labels and edges. More precisely, we give these
nodes i.i.d. uniform community labels Z_1,---Z_; € {—1,1}*. Conditionally on all the labels
and ¢, we draw an edge between any i,j7 € {—k,—(k — 1),---} such that at-least one of i or j
belong to {—Fk,---,—1} as before, i.e. with probability f;,(||X; — Xj||) if the two nodes have the
same community labels or with fo.:(||X; — Xj||) if the two nodes have opposite community labels
independently of other edges.

Proposition 7. For any two x # y € R? such that ||z —y||2 < 2R, then conditionally on the labels
of the points at x and y denoted as Z, and Z, respectively, we have for all k € N

o If Z, =Z,, then IP’:W[EéR) (z,y) =k] = EJMZ‘"(I’y)Igl)‘M""(x’y))k, i.e. s distributed as a Poisson
random variable with mean AM;,(x,y).

o IfZ, # Z,, then Pw’y[EéR) (x,y) =k] = eiAth(I’y)lg!)‘M"“t(x’y))k , i.e. is distributed as a Poisson
random variable with mean AMyy(x,y).

Proof. Slivnyak’s theorem for independently marked PPP gives that conditionally on & points at
locations z1,---x;, € R? the marked point process ¢ \ {x1, -, 2} has the same distribution as
the original marked point process, i.e. is a PPP of intensity A with independent marks. The inde-
pendent thinning property of the PPP states that if any point at x € ¢ is retained with probability
p(z) and deleted with probability 1 — p(z), independently of everything else, then the set of points
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not deleted forms a (potentially in-homogeneous) PPP.

Notice that the event that any k € ¢ \ {z,y} such that k& € B(z, R) N B(y, R) has an edge to
both points x and y in G only depends on the location k and the community labels of points at
locations k,z and y and is independent of everything else. Now, since the community labels are
i.i.d. and independent of ¢, the independent thinning property of PPP gives that the distribution

of E(GR) (x,y) is a Poisson random variable.

It remains to notice that the means are precisely AM;,(z,y) and XMy (x,y). This follows from
the Campbell - Mecke’s theorem, that for any F(-) : R — R, we have for independently marked
process is

E;Y | Y F(z)| =A / "% ([F(2)]dz. (4)

€\ {w.y} 2€R?

Now, setting F'(2) := 1, has an edge to z and y1|l2=2|]a<R1||z—y|]s<r Will conclude the statement on the
means. ]

Proposition 8. For all connection functions fin(-) and fou(-) satisfying the hypothesis of Theorem
@ there exists a constant ¢ > 0 such that for all x # y € R? satisfying ||z — y||2 < (3/4)R, we have

]P’%y[(x’ y) is misclassified by AZQOTithm < 6_0)‘, (5)

where the constant ¢ satisfies

Min(z,y) — Mout(w,y)> ’

c > lnf (lMout($7y)>OMOUt(x7 y) + 1M0ut(1',y):0M’in(x7 y))h ( 2Mzn($, y)

T zyeRY jw—y|l2<3R/4
(6)
where h(t) :== (1 +1t)log(l1+t) —t, for allt € Ry. In particular, ¢ > 0 is strictly positive.

Proof. From Proposition |7, we know that EéR) (x,y) is either a Poisson random variable with

mean AM;,(z,y) if the two nodes have the same community label or is a Poisson random variable
of mean AM,(x,y) if the two nodes have opposite community labels. Thus, the probability of
mis-classification is then

P*¥[points at x and y are mis-classified | =

1 Mzn(x7 y) + Mout (xv y)

—P |:X >\ Mm(x,y) + Mout(x,y>
2 - 2

2 )

1
} + 5IP’ [Y <A (7)
where X is a Poisson random variable of mean AMy,(z,y) and Y is a Poisson random variable
of mean AM;,(x,y). The above interpretation is a probabilistic restatement of Algorithm |1} The
coefficient 1/2 denotes the case that the points at x and y could be in the same community or in
opposite communities. Thus, by a basic application of Chernoff’s bound, we have

P*¥[points at x and y are mis-classified | <

My, (2,9)— Moyt (%,y)
le—)\Mout(x,y)h(W) +

2

1 Mipn (2,y) = Moyt (*,y)
Ze AMzn(x»y)h< L 2Mm(z,y) )7

(8)
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where h(-) is defined in the statement of the proposition.

Now under the assumptions on the connection functions f,(-) and fou(-), for all r € [7, R], fin(r) >
fout (1), we have that, inf,  cra.|jz—yls<(3/2)8 Min(@,y) — Mout(2,y) > 0. Moreover, since M;,(z,y)
and My, (x,y) are non-negative, M, (z,y) — Mout(x,y) > 0 implies automatically that M, (z,y) >
0 for all z,y € RY such that ||z — y||2 < (3R/4). Hence, it follows that

sup P*¥[points at x and y are mis-classified | < e~ (9)
z,y€R%:||z—y||2<(3/4)R

where c is a strictly positive constant as given in the statement of the proposition.

Lemma 1. For all z € 72,
1
P[Cell z is T-Good in graph G] > 1 — e MR/ gh(e) _ )\2(3R/4)dge*d‘, (10)

where the constant ¢ and function h(-) are defined in Proposition [§

Proof. This follows from a basic union bound. We will prove an upper bound to a cell being T-Bad.
A cell is T-Bad if either the number of points is smaller than A(R/4d"/4)?(1 — €) or there exists two
points X; and X in the 1 thickening of the cell {z} such that when Algorithm |I}is run on input
(i,4,G), the returned answer is different from the truth.

From a simple Chernoff bound, the probability that a cell has fewer than A(R/4dY®)%(1 — €) is
at-most e MNE/4dY () where h(e) is strictly positive for all e > 0.

We bound the probability that there exist two nodes that Algorithm [I] mis-classifies by the first
moment method. We use the fact that if X > 0 is a N valued random variable, then P[X > 0] <
E[X]. Hence, the probability that there exists a pair of points of ¢ that are mis-classified is bounded
by the average number of pairs of points that are misclassified. Thus, for each cell z, we compute

E[ Z 1x,.X,€Ly(z)1 Algorithm I] mis-classifies i and j]- (11)
i,jEN
From the Moment-Measure expansion and the Campbell-Mecke theorem for an independently
marked PPP ([I1]), we obtain

E[ 1X¢,X'€L1 (2) 1 Algorithm [1] mis-classifies ¢ and j]
J
1,7EN
d
3R\?1 _,,

= /\2/ / P*¥[points at = and y are mis-classified |dzdy < A\ <> —e N (12)
TEQL, (2) YYEQL, (2) 4 d

The last inequality follows directly from Proposition [§] Therefore, by a simple union bound, we
see that
3R

P[ Cell z is T-Bad] < e M&/4d"/9)%h(e) | )2 <4)

d
1 —cA

¢ (13)

The proposition is proved by taking complements. ]
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Thus, we immediately have the following corollary which is what we will use in the sequel. The
key fact to be used here is that the tessellation size R does not depend on A and only depends on
the connection functions fi,(-) and fou:(+).

Corollary 3. For every p € (0,1), and every fin(-) and fou(+) satisfying the hypothesis of Theorem
@ there exists a N such that for all X > X, and all z € Z%, P[Cell z is T-Good) > p.

Proof. 1t suffices to notice that for each fixed fi, (), fout(-) and d, we have

lim p(A) > lim 1 — e MR/AERE _ (32 | )\)(SR/4)d$e_CA _1, (14)

A—00 A—00

where c is given in Proposition

5.4 Global Analysis

In this section, we present the central tool required to analyze about the ‘giant’ connected T-Good
component in the graph G,. This will help us conclude the proof in the subsequent Section in
Proposition To do so, we exploit a coupling between the T-Good cells in the graph G and a
certain dependent site percolation process on Z9.

Notations and Definitions - Denote by (Y;),cz¢ to be the random 0 — 1 field on Z¢ where
Y. := 1Cell 2 is T-Good in G- From the construction of the field, notice that the random field (Y),czq
is only mildly dependent. Indeed, given any two z,z € Z<, such that ||z — z'||1 > 12d/4, we have
that Y, and Y,/ are independent random variables. This follows from the fact that we only look
upto Euclidean distance of at-most 2R from any point inside a cell z to determine whether a cell
is T-Good or T-Bad. Since, in an independently marked PPP, events corresponding to disjoint
sets of R? are independent, the claim follows. For any z € Z¢, cell z is open in Z? if Y, = 1.
Similarly, any edge connecting z and z is said to be open if both its end points are open. For any
z € 74, we denote by C(z) to be the maximal connected random subset of Z? containing z such
that all z° € C(2) satisfies Y, = 1. The main proposition we want to establish in this section is the
following.

Proposition 9. For every n € (0,3), there exists Ao(n,€) < oo (where € is set in Algorithm

[9) chosen sufficiently high (as a function of fin(r), four(r),r € [0,R] and d), such that for all
A > Ao(n,€) and all j € Z2

o 1 1
lim inf @) Z Liccy 2 5+ (15)
1€Z%:||i—j]|co<n

P almost-surely on the event that {|C(j)| = oco}. Moreover, for X > Xo(n,¢€), and all j € 72,
P(IC(j)| = 00] > 5 +n and P[3j € Z% : |C(j)| = 00] = 1.

The key insight out of the proposition we want is to ensure that by taking A sufficiently high,
there exists an infinite open component in the process (Y),cz4, i.e. there exists z € Z¢ such that
|C(2)| = oco. Moreover, we want to show that this infinite component contains more than half of the
sites of Z?. The reason this does not immediately follow from Corollary [3|is that we have not yet
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established that the infinite open component in (Y}),c7a if it exists is unique. However [24] provides
a clean ‘black-box’ methodology to establish this and our proposition can be viewed as a direct
corollary of Theorem 1 in [24]. We will first dominate the process (Y,),czs by an independent
percolation process which is known to have a unique infinite component and then leverage this
domination to conclude the proposition.

Proof. Notice that the process (Y,),cza is M := [12d'/?] dependent. Moreover, thanks to Propo-
sition |8} for every z € Z9,

PY. = 1o (Y : u € Z%, |lu = zl[oc > M)] > p(}), P as. , (16)
where p(A\) — 1 as A — oc.

Thus, from Theorem 1 in [24], the law of (Y),cza stochastically dominates that of i.i.d. Bernoulli
p(A) random variables where p(\) converges to 1 as p(\) converges to 1. More precisely, Theorem
1 from [24] gives the existence of a probability space (Q', F ,P’) containing two sequences of {0,1}
valued random variables (Y, ),cza and (Y, ),cza such that

e The distribution of (Y} ),cza is the same as that of (Y3),cza.
e Forall ze Z% Y, > Y., P almost-surely.

o P'[Y, = 1|o(Y, :u € Z%\ {z})] = p(N), P’ almost-surely. In other words, (Y, ),cza is an i.i.d.
sequence of Bernoulli random variables with success probability p(A).

e p()\) converges to 1 as p(\) converges to 1.

Denote by C'(0) and C'(0) the cluster at the origin of the process (Y} ),cze and (Y}),cza respec-
tively. Denote by 64(\) := P'[|C"(0)| = oc]. From a direct application of Peirl’s argument ([8],
Chapter 1), it is also well know that 64(A) — 1 as p(A\) — 1. Thanks to Line 4 above, we have
04(\) — 1 as p(\) — 1. From Corollary |3| this can be rephrased as limy_, o, 04(\) = 1.

The stochastic domination in Line 2 above yields

1 1 /
(2n)d Z 1i€C/(j) > (Qn)d Z lieél(j) P a.s. (17)

1€Z%:||i—j||oo <n 1€Z%:||i—j||oo <n

On the event that |C (j)| = oo, we have

1 | ,
@n)? > Lice't) 2 Gnyd Y. e P as (18)

i€L%:|[i—jlco<n i€2%|li—j|leo<n

This follows from the well known fact that in an independent site percolation process that the
infinite component if it exists is unique. In other-words, for all 4, j € 74, |C ()] = oo and |C'(§)| = oo
implies C (i) = C (j), P" almost-surely. Now, taking a limit on both sides, we get that

- 1 o 1 /

1€2%|i—j||oo<n 1€Z%:||i—j||oo<n
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From Birkhoff’s ergodic theorem, it is well known that for all j € Z¢ |

. 1 /
1€Z%:||i—j||cc<n

But since limy_,+, 04(A\) = 1, for every n and €, we can take \g(n, €) sufficiently large so that p(\) is
sufficiently large which in turn indicates p(\) is sufficiently large so that 64(\) > % + 7. The proof

is concluded by observing that (Y}),cz4 9 (Y2.).eza-

O]

5.5 Concluding that Weak-Recovery is Solvable
The following proposition along with Proposition [4 will conclude the proof of Theorem [6]

Proposition 10. Lete € (0, %) be set in Algorithm @ Foralln € (0, %) such that (1—e€) (% + 77) >
%, for all X > Xo(e,m) where Ao(e,n) is from Propositz'on@ the fraction of nodes of G, that lie in the
largest T-Good component, denoted by «,, € [0, 1] is such that liminf, . o, > %, P almost-surely.

Proof. Observe that the definition of a cell being A-Good or A-Bad is spatially ‘local’. More pre-
cisely, for all z € Z? such that z + B(0,2R) € B, the event that cell z being A-Good in G,, is
the same as cell being A-Good in G. We call cells z € Z? such that z + B(0,2R) € B,, internal
to B,. Observe that all z € Z? is eventually internal to B, for all n large enough. Moreover,
since each cell is of side R/(4d"%), B, has at-most [(4n'/?/Rd'/%)?] cells out-of which at-least
| (4n'/4/RdY )| — [8dn'/?] cells are ‘internal’ to B,. Thus, the fraction of cells in B, that are
internal to By, is 1 — o, (1).

From Proposition |§|7 we know that P[|C(0)] = oo] > £ +n and P[Fz € Z¢ : |C(z)| = oo] = 1.
Moreover on the event {|C(z)| = 0o}, we know from Proposition [J] that

o 1 1
llnn_1>£f @n)d Z Licez) = 3 +nPas. (21)
i€Z%||i—z||cc <n

However, from an elementary counting argument, we conclude that

o 1 1
1€Z%:||i|| o <n

In other words, the reference point does not matter when considering the limit, which can be seen
easily by the following in Equation .

1 1
iR > lew<gm 2 heew

1€Z%:||i—z||oo<n 1€Z%:||i—z||oo<n

1

: (2(n + 2))d Z Lji—zlloo>n L lilloc<z4n F Ljji—zlc<nlLiec(z)
i€Zd
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But since for every fixed z € Z¢

1 1
@+ ) D Limsllseznfilloozztn + Ljisllooznlicct) | = @+ 2)¢ > e

€73 i€Z%:|i—z||oc<n
= O(nlfd),
it follows that for all z € Z¢
. 1 . 1
hnH_lg.}f W Z licer) = hnnl)gf W Z Lice(z)- (23)

i€Z%:||i—z||cc<n 1€Z%||i|| oo <n

Let z € Z? be arbitrary and condition on the event {|C(z)] = oc}. On this event, Equation
and Proposition @] along with the fact that the fraction of cells in B, that are internal is
1 — o,(1) give that the fraction of internal cells in B,, in the connected T-Good component of
cell z (i.e. in C(2)) is & +n — 0,(1). Since there are at-least A(R/4)(1/d)(1 — €) nodes of G
in each T-Good cell, the number of nodes of G, in this T-Good connected component is at-
least ([ (4n'/?/R)?| — [8dn'/4]) (3 +n) AR/ (1 —€) > %(L(Zlnl/d/R)dJ — [8dn'/*)A(R/4)¢ since
we assumed that (1 — ¢) (% + 77) > % Moreover, from elementary Chernoff and Borell Cantelli
arguments, we get that for every fixed € > 0, there exists a random n . such that for all n > n_,
the number of nodes in G,, is less than or equal to [(4n'/¢/R)*|\(R/4)%(1 +6/) almost-surely. Now,
1/2 —€
L
n., the fraction of nodes in G, lying the T-Good component of cell z is oy, where

fix an € > 0, such that there exists a ~v > 0 satisfying + . Thus, for n larger than

(LnV//R)?| — [8dn'/"T) (5 +n) A(R/4)*(1 —¢)
- [(dnt/d/RYTIN(R/4)4(1 + €)

(67% > +’Y - On(l) (24)

N —

almost-surely, i.e., lim, o P [an > %‘|C(z)| = oo] —= 1. But since P[3z € Z% : |C(2)| = o] = 1,

we can drop the conditioning on the event {|C(z)| = oo} and conclude that with probability 1, a
fraction of nodes of G, strictly larger than half lie in a connected T-Good component.
O

5.6 Proof of Proposition

From Proposition we know that for every e € (0,1) and 5 € (0, 3]), there exists Ao(e,n) < oo,
such that for all A > Ag(e,n), the GBG algorithm achieves an overlap of (3 +7)(1 — €). The proof
is concluded by noticing that for any § € (3,1), we can choose € € (0,1) and n € (3,1) such that
(3+m1—e) >0

6 Lower Bound for Community Detection

The goal of this section is to prove Theorem [I] The central idea is to consider the problem of how
well can one estimate whether two uniformly randomly chosen nodes of G,, belong to the same
or opposite communities better than at random. This problem is indeed easier than Community
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Detection which requires one to produce an entire partition of the nodes of G,. We will show
that the natural way to understand the pairwise classification problem is through another problem
which we call ‘Information Flow through Infinity’ which we define in the sequel in Section [6.3
Informally, this problem asks whether one can estimate with success probability larger than a
half, the community label of any node chosen uniformly at random from G, given the graph,
the spatial locations and the true community labels of all nodes whose spatial locations are far
away (at infinity) from this chosen node. Subsequently, the core technical argument of this section
is to establish an impossibility result for Information Flow from Infinity which we state below in
Theorem [7] To aid us in developing the technical arguments, it is instructive to first consider the
proof of Proposition [2 (which was stated in Section , which identifies a special case of connection
functions fi,(-) and fou:(-) when the phase-transition is sharp.

6.1 Proof Roadmap

We will first establish in Section [6.2] the proof of Proposition [2] which considers a specific examples
of fin(-) and fout(-). Subsequently, in Section we define the Information flow from Infinity
problem (in Definition and show in Lemma |2 that Information flow from Infinity is easier than
Community Detection. We will require two supporting Propositions and which will aid in
the proof of Lemma [2l Subsequently, in Subsection we will state and prove Theorem [7], which
will gives the impossibility for Information flow from Infinity problem. Thanks to Lemma [2] this
then proves Theorem

6.2 Proof of Proposition

Let Rin > Rowt > 0 be arbitrary and consider the two functions to be fi,(r) = 1,<p,, and
fout(r) = 1,<R,.,- In words, two points of opposite communities are connected if and only if their
distance is lesser than R,,; and two points of the same community are connected if and only if their
distance is smaller than R;,. In this example, it is clear that for any two points X;, X; € ¢, no
matter their community labels Z; and Z;, if || X; — Xj||2 < Rous, then ¢ and j are always connected
in G. Similarly, any two points X; and X; such that ||X; — Xj||2 > R;, are never connected by an
edge in G no matter their community labels Z; and Z;. Hence, the informative pairs of points in
this example are those X;, X; such that || X; — Xj||2 € (Rout, Rin]. Moreover, it is immediate that, if
|| Xi — Xjll2 € (Rout, Rin) and @ ~¢ j, then Z; = Z;. On the other hand if || X; — Xj||2 € (Rout, Rin)
and i ~¢ j, then it must be the case that Z; # Z;. For any two points X; and X; such that
[|Xi — Xj||2 € [0, Rout] U (Rin, 00), the presence or absence of an edge is not informative as it is a
certain event.

This example motivates the following simple algorithm for Community Detection. Partition the
nodes of Gy, into Dy, - - - Dy, where each component D; is a maximal set of nodes {Xj;,,---Xj, } of
G, such that for all j € [1,1;], we have |[X;,_, — Xi,|| € (Rout, Rin]. In words, we form another
graph T, from the points ¢, such that any two nodes ¢ and j of G, are connected in T}, if and only
if ||X; — Xj|| € (Rout, Rin]. Then Dy,--- Dy, are the connected components of the graph T;,. The
algorithm works by considering and labeling each connected component D; independently of other
components. For each cluster i € [1, k], estimate the node label of X;, to be +1. Then for every
J € [2,1;], recursively estimate the node label by the following procedure-

o If ij—1 ~G, tj then set Zi]. = Zi;_,-
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o Ifij_1 %, ij then set Z;; = —Z;

j-1

This algorithm considers each of the connected component of T;, enumerated in an arbitrary manner
and then labels the nodes in these components. The following very elementary proposition explains
when this algorithm will perform well.

Proposition 11. Let R;p, > Ryt > 0 be arbitrary such that fi,(r) = Li<pr,, and four(r) = 1r<R,u;-
If O(H f,,. ()= four(-),d) > 0, then the procedure described above solves Community Detection for this
set of parameters.

Note that in view of Theorem [7, Proposition [[1] will imply Proposition

Proof. Notice that if fi,(r) = 1,<g,, and fou:(r) = lr<g,,., then fin(r) — four(r) = 1R, i<r<R;, -
From the properties of the construction of the graph, any two ¢ # j € N such that || X; — X|| €
(Rout, Rin] satisfies -

L4 ZZ:ZJIfZNgj
o Z;# Zjifiongj.

Hence, it is clear that the algorithm described in the preceding paragraph partitions each cluster D;,
i € [1, k] exactly in accordance to the ground truth. However, it could be that the estimated signs
in each of the connected components D; could be flipped from the underlying ground truth and
hence the achieved overlap can still be small even though we partition each cluster D; accurately. To
argue that the overlap achieved by the algorithm is not too small, a sufficient condition is that there
exists a unique giant (of size cn — o(n) for some ¢ > 0) component of T, and all other connected
components are o(n). Then, we will have by the strong-law of large numbers that the overlap
achieved will be ¢, i.e. the mislabeling in all small components will ‘cancel’ each other out and in
particular cannot drive the overlap of ¢ achieved in the giant component to 0. From the definition
of percolation, a unique giant component in T}, exists if and only if O(H) f, ()—f,..(),a) > 0 since

(4)
Tn == H)\,fin(')—fout(')vd'

O]

In the sequel, we will generalize the above example to come up with the general lower bound for
Community Detection problem.

6.3 The Information Flow from Infinity Problem

This problem refers to how well can one estimate the community label of a tagged node of a graph
better than at random, given some extra ‘information at infinity’. We make this problem precise by
posing this question under the Palm Probability measure P?. Recall that the Palm measure is the
distribution of the graph G obtained by placing an additional node at the origin and equipping it
with an independent community label and edges to other existing nodes. For every r € R, denote
by #") and G) the point-process and graph, in which every vertex i € N (which is at location
X; € R?) is equipped with the random variable Zil||x;||,>r- Note that this is not a mark since it
is not translation invariant, but is a random variable associated with vertex ¢. In words, we retain
the community label marks on nodes of G at a Euclidean distance of » or more from the origin and
delete (i.e. set to 0) the community label of those nodes which are located at distances less than r
from the origin.
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Definition 16. We say Information Flows from Infinity if for every r € Ry there exists a ran-
dom wvariable 7, € {—1,41}, measurable (deterministic function) with respect to the observed data
(6™, GM)Y and a constant v > 0 such that
1
liminf P°[7, = Z;] > 5+ (25)

r—00

We say information ‘lows’ from infinity if we are able to non-trivially estimate the community label
at origin, given ‘information at infinity’. Note that for each r, there exists algorithms (i.e. 7,.) such
that PO[r, = Zp] > % However, the non-trivial question is to understand if the limit as » — oo is
still strictly larger than a half. This definition is similar in spirit to those considered in Ising models
to detect phase-transition for multiplicity of Gibbs states (as in [6] and [37]). We first establish a
monotonicity property of this problem and connect it with the Community Detection Problem.

Proposition 12. For every d € N and fin(:), fout(:) : Ry — [0,1], the limit
lim, 00 SUD, e (G ,5(M)) P07, = Zo] exists. Moreover, A — lim, s SUD, co((G(M,5()) PO[7, = Zo)
18 non-decreasing.

Note the supremum is over all possible estimators of the community label at origin.

Proof. Denote by (A, r) = SUP, co (G, 3()) Pg[n = Zp]. Notice that, for each fixed A and
r > r, we have U((C_}(Tl),qg(rl))) C o((G™),4(M)). This follows from the fact that sample path-

Wise,(é(rl), gZ;(T/)) is a measurable function of (G, #(")) which is obtained by zeroing all revealed
labels in the set BE N B,.. Hence, the limit in proposition |12 exists.

It remains to prove that £(\) := lim, £ (A\,7) is non-decreasing in A. It suffices to prove that
5 (A, 7) is non-decreasing in A for every r. We show this by using a standard coupling argument
used to prove monotonicity of percolation probabilities (for example in Chapter 2, [32]). The basis
of the coupling argument is the independent thinning property and Slivnyak’s theorem of the PPP
and the associated random connection model. These two theorems gives the following two facts.
Let (¢,G) be a Poisson Point Process of intensity A and G is the block model graph for some
connection functions fi,(-) and fyu(-) under measure P. Then if each node of G along with its
incident edges are removed independently with probability p, the resulting point process qﬁ/ is an
instance of a PPP with intensity Ap and the resulting graph G’ is the associated block model graph
with the same connection functions f;,(-) and fou:(-). Slivnyak’s theorem for (¢, G) gives that if
we place an extra node at origin and equip it with independent community label and edges, the
resulting point-process and graph is equal in distribution to (¢, G) under the Palm measure PP,

Thus given a problem instance at intensity A under measure PV, we can independently remove nodes
of G other than the one at origin with probability p. The resulting graph and the Information Flow
from Infinity problem will be that at intensity Ap. Thus, the best performance at intensity A cannot
be smaller than that at intensity Ap. Since p was arbitrary, we have that the best performance
at intensity A cannot be smaller than that at any intensity A < \. In other words, for all r > 0,
EN ) <€), m

We will need the following classical result on the ergodic property of marks of a stationary point
process.
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Proposition 13. ([13]) Let ¢ := {X1, Xo,- - - } be a homogeneous PPP with its atoms enumerated in

an arbitrary measurable way. Let each atom i € N be assigned a translation invariant mark random

nl/d p1/d]d
2 0 2

be the box of volume n and let X;m) € ¢ be chosen uniformly at random among the atoms of ¢

that lie in By, if any. Then for all A € g, the limit lim, IP’[Jj(n) € A| exists and satisfies

limy 00 P[J;m) € A] = PO[Jy € A], where Jy is the mark of the atom of ¢ at origin under PV.

variable J; € Z taking values in an arbitrary Borel measurable space (Z,9). Let B, :=

The following proposition establishes that Community Detection is harder than Information Flow
from Infinity.

Lemma 2. If there exists a Community Detection algorithm (polynomial or exponential time) that
achieved an overlap of v > 0, then lim,_, 4 SUP. co((G(),3()) PO[r,. = Zo] > HTW

Proof. We will assume that we cannot solve Information Flow from Infinity problem and then
conclude that Community Detection is not solvable. More precisely, we will assume that

lim, 00 SUD. cq((G(),5()) PO[r,. = Zg] < % and then argue that no Community Detection algorithm
can achieve a positive overlap. A Community Detection algorithm achieves an overlap v > 0 if

n

when run on the data (G, ¢,,), it produces an output {Ti(n)}i]il satisfying

|2 1" zi)

N, >, (26)
with probability 1 — 0,(1). Now, an easier question corresponds to asking if any two uniformly
randomly chosen nodes (with replacement) of G, belong to the same or opposite community. This
question is easier than Community Detection since one way to answer this pairwise question is to
first produce a partition of all nodes of G,, and then answer the question for the two randomly
chosen nodes. Note that an overlap of v can be achieved if and only if a fraction (1 + v)/2 of
the nodes have been correctly classified. Hence the chance that any two uniformly chosen nodes
are classified correctly is at-least (1 + «)/2. Since we can achieve an overlap of « with probability
1 — o0,(1), the chance that two uniformly randomly chosen nodes of G,, to be correctly classified
is at-least (1 4+ 7)/2 — 0,(1). Hence, if we show that the best estimator for answering whether
any two randomly chosen nodes from G,, belong to the same or opposite community has a success
probability of at-most % + 0,(1), then no algorithm exists for solving Community Detection. In
the rest of the proof, we will show that if the Information Flow from Infinity cannot be solved,
then for every € > 0, the best estimator to estimate whether any two randomly chosen nodes of G,
belong to the same or opposite communities will succeed with probability at-most % + €+ o,(1).
This will conclude the proof that no algorithm exists for solving Community Detection in view of
the preceding discussion and hence the proof of Lemma

Let € > 0 be arbitrary. Under the assumption that Information Flow from Infinity cannot be
solved, there exists a r > 0 such that SUD. co((G),6(1)) PO[7. = Zo] < % + 5. In words, choose a

r such that the Information Flow from Infinity cannot succeed with probability larger than % + 5.
Now, let n be large enough such that for two uniformly randomly chosen nodes of G,, denoted by
i and j to be |[|[X; — Xj|| > r with probability at-least 1 — §. Now, assume that we are on the
event that ||X; — X;|| > r. Conditionally on this event, the probability that any pairwise estimator

correctly tells whether the two nodes 7 and j are in the same or opposite community will succeed
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with probability at-most % + 5. This follows since conditionally on X; and X, we can make the
pairwise problem easier by revealing all community labels of nodes at a distance of larger than r
from X; and asking whether we can now guess the community label at X;. This will enable us to
answer the pairwise question of whether X; and Xj lie in the same community or not since we will
know the true label of X; when the labels of nodes at distances r or more from X; are revealed.
This now is a problem of finding a mark 7; of the atom ¢ of ¢ which denotes the best community
label estimate of X; given ¢, G and all community labels of nodes at a distance of r or more from
X;. Since X; was an uniformly randomly chosen point from ¢ N B,,, the chance that 7; = Z; is equal
to the Palm probability that the best community label estimate of the node at origin is correct
given ¢, G and the true community labels of all nodes at a distance r or more from the origin. This
follows from a direct application of Proposition Thus the probability 7; = Z; is bounded from
above by 1 + £ +0,(1). On the complementary event that ||X; — X;|| < r, we use the trivial bound
that the pairwise estimation is always successful. Hence by the law of total probability, the success
probability of the pairwise estimator cannot be larger than % + e+ o0,(1). In other words, for every
€ > 0, there exists a n. < oo, such that for all n > n., the probability that we correctly identify the
community membership of two uniformly randomly chosen nodes of G,, is at-most % + €.

O
The following is the main technical result on the Information Flow from Infinity problem.
6.4 Main Result on Information Flow from Infinity
Theorem 7. For every A, fin(+), fout(+) and d, the following limit exists and satisfies
. 1
lim sup PO, = Zg] < 3 (L4 0(Hy £, ()= fous()d)) - (27)

"0 o (G ()

Recall that 0(H) fin()— fout(~),d) is the percolation probability of the classical random connection
model where any two nodes of ¢ located at x,y € R? are connected by an edge with probability
fin(lz—=yl|) = fout(||x —yl||). The supremeum is over all valid estimators of the community label at
origin and hence if O(H) r, () f...().a) = 0, then there is no estimator that will solve the Informa-
tion Flow from Infinity problem. In view of Lemma [2} we also get that if 0(H} ¢, () f,u.(),d) = 0,
then there is no algorithm (polynomial or exponential time) to solve Community Detection. Thus,
if we prove Theorem [7] then we will conclude the proof of Theorem

Before presenting the proof of Theorem [7], we illustrate a few example setting where the bound in
Equation [27] is tight and loose respectively. In view of Lemma 2| and Proposition [2], the following
corollary where Equation is tight holds.

Corollary 4. For all A > 0, Ry > Ry, if fin(r) = Ly<r, and fout(r) = 1,<r,
1
lim sup POlr, = Zo] = = (1 + 6(H,, o))
rreo TTGO—(G(T)ud)(T)) [ ] 2 ( ( 7fzn() [ t( )7 )

In other words, we see that the inequality in Theorem [7|is achieved in certain examples. However,
Theorem [7] is not an accurate characterization of the Information Flow from Infinity problem as
evidenced in the following example.
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Proposition 14. For all d > 2, if fin(r) = min (1, # + ﬁ) and fout(r) = min (1, #), the
inequality in Equation is strict for all values of A > 0.

The example in Proposition[I4]corresponds to the case when the degree of each node is almost-surely
infinite. Thus, O(H) .. ()= fou:(),a) = 1 in this case. However, using results from [46], one can argue
that perfect recovery is impossible in this example, i.e. lim, o sup, o (G 3 PO[r, = Zy] < 1.
The key tool, is to see that if perfect recovery were to be possible, then it would be the case that
either of the following two pairs of point-process will be mutually singular.

1. The point process formed by the location of those nodes of G that have an edge to the origin
and have a community label Zy and the point process formed by the location of those nodes
of G having an edge to the origin and having a community label of —Zj are mutually singular.

2. Or, the point process corresponding to the locations of those nodes of G that have a commu-
nity label Zy and do not have an edge to the origin and the point process corresponding to
the locations of those nodes of G that have a community label —Z; and do not have an edge
to the origin are mutually singular.

We will argue that in our example, neither is possible by alluding to a theorem from [46], and hence
perfect recovery is not possible. We present the complete proof in the Appendix

6.5 The Information Graph and Proof of Theorem

In this section, we generalize the example of the previous section and give a proof of Theorem
To do so, we define a general information graph and conclude that if this constructed information
graph does not percolate, then one cannot solve the Information Flow from Infinity problem.

Notation and Definition - We denote by I the information graph whose vertex set is ¢. The
random graph [ is constructed just based on the positions of the points and the random elements
{{Uij}j>i}tien. Recall that the graph G was built by connecting any two points ¢ < j € N if
Uij < 1z,=z, fin(l1Xi — X;l|) + 1z,22; four(|[Xi — Xj[|). Using the same random elements, we
connect any ¢ < j € N by an edge in graph I if U;; € [fou (|| Xs — Xjl|), fin (|| Xi — Xj||)]. We denote
by i ~7 j the event that points ¢ and j are connected by an edge in I. Hence the graphs I and G
are coupled and built on the same probability space using the same set of random elements. For
each i € N, we denote by V;(i) C N the random subset of the nodes contained in the connected

component of node ¢ in graph I. Note that the information graph I @) Hy fi0 ()= fout(),d> 1-€- the
I graph we constructed is equal in distribution to the graph of the Poisson Random Connection
model with vertex set forming a PPP of intensity A and connecting any two vertices at distance r
away with probability fi,(r)— fout(r) independently of everything else. This equality in distribution
follows from the fact that {{Ug; };>k }ren is an i.i.d. uniform [0, 1] sequence. The following structural
lemma justifies the term information graph.

Lemma 3. From the way we have coupled the construction of G and I, we have
o Ifi~yjandi~qj, then Z; = Z;.

o Ifi~yjandi~=gj, then Z; # Z;.
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Proof. This follows from the following construction of G and I as follows.
o ir~gjifand only if Uij < fin(I|1Xi — Xj|)1z,=2, + four(|1Xi — X;|)12,22,-
o i~y jif and only if Us; € [four(||Xi — X;ll), fin (|| Xi — X;[])]-
o Vr >0, fin(r) > four(r).

The lemma follows since the {U;;}o<i<; are the same with which we build both the random graphs
G and I. 0

We can iterate the above lemma from edges to connected components of I which forms a crucial
structural lemma.

Lemma 4. For all j € N, conditional on G, ¢, I, there are exactly two possible sequences (Zk)k:eV[(j)
which are complements of each other that are consistent in the sense of Lemmal[3 with the observed

data G, ¢ and 1.

The proof of this follows from Lemma |3| and an induction argument. The proof can be found in
Appendix [Dl We now present the main probabilistic observation in the sequel in Lemma [5| which
essentially states that the community labels on disconnected components are independent. To do
so, recall the definition that for any i € N, V;(i) denotes the set of nodes in the same connected
component as node ¢ in graph I.

Lemma 5. For all A > 0, on the event {|V7(0)| < oo},

1
PO [Zo _ +1’G, HUkbiskrenogoys @ Ziticve ()| = 5 @5

Proof. From Lemma [} we know that conditionally on ¢, G, I, there are exactly two possible se-
quences {Z}rev, (o) that are consistent with the observed data in the sense of Lemma [3| Denote

these two sequences by s and sC. It suffices to show that conditionally on ¢, {{Uki }i>k }renvioy, G

and {Zk}keVIC(O)v the two sequences s and sC are equally likely. We will denote by g the realization
of the random graph G. To conclude the lemma, we use Bayes’ conditional rule as follows.

P (Zk)kevio) = 810, {{Uki}isk brenugoys (Zi)reve o), G = 9]
PG = g6, {{Unihizk} kenogoy (Zi)eve(0)s (Zi)kevi (o) = 8]
PG = glé, {{Uki}iskrenuqoys (Z0)reve o)

P (Zk)kevi0) = 810s {{Uki}isk b renuioys (Zi)reve (o),

» ) N0

) Pg[G TS (570 P ey (Zk)kevlﬂ(o)] <2> , a.s. on the event {|V;(0)] < oo} (28)

®) 1 1\ V(0]

- YAPRIG = 9, (Zk)kevi0) = 16, {Unki sk eenuqo: (Zk)gevs (o) <2> a5 on {[Vi(0)] < oo}
(29)

© % a.s. on the event {|V;(0)| < oco}. (30)
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The first equality follows from rewriting the events using Baye’s conditional rule. In the rest of
the proof, we justify steps (a) to (¢). We prove the equalities and also justify that one can apply
conditional Baye’s rule without worrying about the 0 by 0 situation almost-surely.

Note that conditionally on ¢, {{Ukl}l>k}keNu{0} {Zk}ken, the graph G is fixed and deterministic.

Thus, the numerator in step (a) is 1 almost-surely. This follows from Lemmal 4] which states that g

is consistent with the data (¢, {{Uki }1>k renu{oy; (Zk)kevﬂ( )) if (Zk)pev,(0) = s or sC. Furthermore,
I

the process (Zx)ken is an i.i.d. sequence independent of everything else. Hence, given any random
finite subset A € N independent of (Z)xen, the labels (Z;)rea are uniform over {—1,1}4l. Now,
since [V7(0)| < oo, and V;(0) is a function of (¢, {{Uki }i> } kenufoy) Which is independent of (Zy)ren,
it follows that, on the event {|V;(0)| < oo},

[V (0)]|
PY(Zk)kevi(0) = S|o, {{Uki}isk Hrenuo} (Zk)kevﬁ( )= <2> a.s. (31)

Moreover, the above expression is non-zero almost surely since |V7(0)| < co. This justifies step (a).
To conclude the proof, it suffices to show that on the event {|V;(0)| < oo},

1 [Vi(0)]
ZPO = 9: (Ze)revi(o) = 1o, {Uki}i>kwenuqoys (Zk)pevs (o) = 2 <2> a.s . (32)

This will conclude the proof by noticing that the above expression is non-zero almost-surely.

Observe that the summation in Equation is over the various community labels (Z)iev;(0)-

Thus, the summation is over the 2/V7(O! different choices for (Zj) kevy(0)- However, given ¢ and
{{Uki}i>k fkenuqoy, one can construct the I graph. Then, Lemma |4 I states that the total num—

ber of possible choices for the labels (Zy)rev;(0) is now only two, which we denoted by s and <L
in this proof. However, again from Lemma [4 conditionally on those two sequences, the graph
constructed from the data (¢, {{Uki}i>k}renuvfo}: (Zk)keve(0), (Zi)kevi(0) = ) and from the data

(0, {Uki}i>k trenogoys (Zk)keve(o): (Zk)revi0) = s') is g, the observed graph. Hence, the proof of
the claim follows from Equation (31)).
O

The following is an immediate corollary of the definition of conditional expectation.
Corollary 5. For all events A € o(G, ¢, {{Uki }i>k }kenufo}» (Zk’)kev}l(o))’ we have E°[1p1417,—11] =
E%[1p1alz,— 1] = 3E°[1514), where E is the event that V;(0) is finite.

6.6 Proof of Theorem

We are now ready to conclude the proof of Theorem [7} Notice that since 7. € {—1,+1}, we can
represent it as 7, = 14 — 1 4¢, for some A € a((G"), (). Hence, we have

sup PRl = 7] = sup EO[1alze—q1 + 1 01z——1]. (33)
TEa((G),6()) A€a((GM,6())
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For every m € N, denote by E,, the event that C;(0) C B,,, i.e. the event that the connected
component of the point at the origin in [ is contained in the set B,,. The sets E,, are non-
decreasing. Moreover, from the definition of percolation, PO[UenEm] = limy, so0 PO[En] = 1 —
O(H f,,()— four(),d)- Let 7 € R be arbitrary, and condition on the event E,.. We have,

sup E%[1alz0—41+ 1,lz——1]=
Ao (G, ¢))

sup E°1p, (1alzy—41 + 1 e1z0=—1)] + E21 0 (Lalzgmy1 + 101 20=—1)]
A€o (((GM.6™M)) '

< sup E°[1p, (1alzo—i1+1e1z0——1)] + PO[EL]
Aea(((GM,¢(M)))

(a)

< sup E°(1E, (1alz—41 + 1 01z0——1)] + P [EY]
Aeo((GM ) {{Uni}i>k renuio})

(b)

< sup E°[15, (Lalzy—s1 + 1 elz-—1)] + P[EE]
Aco (G {Unihi>kbhenu(oy (Zr)yey 8 )

1 1

© sup §EO[1A1ET] + §EO[1AC 1g,] + PO[EL)
AGU(Gad’v{{Ukl}l>k}keNU{0}v(Zk)k€VIC(0))
1

= SPOE,] + POE]).

Step (a) follows from enlarging the sigma algebra over which we are searching for a solution. Step
(b) follows from the fact that on the event E,, V7(0) C B(0,r). Thus, revealing more labels will only
preserve the inequality. Step (c) follows from Corollary Now, since the sets E, are non-decreasing
, we get the theorem by taking a limit as r goes to infinity on both sides, i.e.

1
lim sup  E°[1alzy—y1 +1,0lz——1] < lim —P°[E,] + P°[EY]
% Aeo((G) ¢)) A o2 '
1
= SPU[E] + PO[EY)

1

= 5(1 + Q(H)"fin(')_fout(’)vd))' (34)

The limit on the LHS exists from Proposition [I] and the limit on the RHS exists since F, are
non-decreasing events.

7 Identifiability of the Partition and Proof of Theorem

The key technical tool is the ergodicity of the PPP which is summarized in the following lemma.
We need to set some notation that are needed to state the lemma. Denote by Mz (R?) the set of
all ‘marked’ point processes on R? where each point is assigned a ‘mark’ from the measure space
=, with its associated sigma-algebra. The set Mz(R?) is a Polish space, has a natural topology and
hence an associated sigma-algebra (see [I3]). Denote by 6 : R x Mz=(R?) — Mz(RY) the ‘shift’
operator which is a measurable function where 6(z, ) retains the same marks but translates all
points of ¢ by a vector z.
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Lemma 6. Let C,, C R? be a sequence of Ly, p € [1,00] balls centered at the origin with radius
going to infinity as n — oo. Let f: Mz(R?%) — R, be a measurable function such that Eg) [f] < o0.
Then, the following limit exists :

L e Lvconf 000X, G)
n—00 EiEN 1Xiecn

=E[f] P a.s. . (35)

This is a standard fact about ergodic point processes (for ex. [13]). We now prove Theorem

Proof. First if g(-) # M Lebesgue almost everywhere, then G and H) 4 4 are mutually
singular and this can be seen through the following elementary argument. Fix some L < oo such
that fxeRd:HngL 9(||z|])dz # fZGRd:H{L‘HSL((fin(x) + fout(||x]]))/2)dz are both finite. Such a L exists
since g(-) # %f‘m() Now, we apply the ergodic theorem, where every node i € N of ¢ is
equipped with a mark =; € N, which denotes the number of graph neighbors of node ¢ at a distance
of at-most L from X;, i.e. Z; = |{j € N\ {i}i ~¢ j,||X; — Xj|| < L}|. Thus, the Ergodic theorem
implies that the measure induced by G will be concentrated on the set

22 jen Lixi<n)|xi— X5 1<z Lingg

d .
g € Mg(R%) : lim
{ noo D igen Lixil<n 1 - X5 1< L

:/ (fin(z) + fout(HxH))/de},
z€RY|z||<L

while the measure induced by H) 44 will be concentrated on the set

R T e
g c Mg(Rd) . hm Z'LJEN HX1H§77/7||X1 X]HSL ~g] — / g(||x‘|)dﬂ: )
n—oo 37 ien Hixi|<n,lIXi— X; 1 <L sER%:||z]|<L

Thus, the only case to consider is the one where g(-) = (fin(*) + fout(-)/2 Lebesgue almost-

everywhere. From linearity of expectation, the average degree of any node ¢ € N in both graphs

G and H(A Fin Ot fout ) g is the same and equal to (A\/2) [, cpa(fin(|[7]]) 4+ fout(||x|]))dz and thus
s ireuln

empirical average of the degree does not help. However, we see that the triangle profiles differ in
the two models which we leverage to prove the Theorem.

For ease of notation, we denote by H := H} (1, ()4 fous(-))/2,d- Define

A=E"| > h(z,y)1((0,z) € E,(0,y) € E, (z,y) € E)
rF£Y#0

Denote by Ag and Ag the value of the above expression if the underlying graphs were G and H
respectively. From the moment measure expansion of PPPs [I1], we get that

_ e Tl in (D) + S ol
do= [ ] etadis =l ( . )+

fout(”x _ yH) <fm(Hx|)fout(HyH) 1— fOUt(HxH)fm(|yH)>))\2dxdy,
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and

Ay = /IERd /yeRd hz,y) <fm(|w||) ﬂ;fout(\lwll)> <fm(|y||) ";fout(HyH))
<fm(HiL‘ —yl)) + four(|lz — yll)

5 ) Ndzdy.

Now observe that

Bt= [ g i) folel) Gin D ~ Fuly1)

(fin(llz = yl) = four(llz — yI[)) Ndzdy.

From the fact that fi,(r) > fout(r) and fin(r) is not equal to feu:(r) Lebesgue almost everywhere,
there exists a positive bounded function h(z,y) such that 0 < Ay < Ag < 0o. Choose one such test

function A(-, -), for ex. h(z,y) = Ljj2)<rL|jy|<RL fin (121> Four (121 L fin (151> Fout (51D L Fin (z—91)> Fout (lz—3]])
and consider the following estimator:

Algorithm 4 Detect-Partitions
Given the data, i.e. locations of nodes and the graph, pick a L large enough and compute

Sien 1(1X| < L)R(X)
Yien H(IXil <L)

where h(X;) = 3 penjeno M(Xi — Xj, Xi = Xp)1(i ~a Jyi ~a by j ~a k).

AL =

From ergodicity, we know that limy_, AL = Aq, P almost-surely if the data is the block model
graph or lim;_,.c A = Ay P almost surely if the graph is drawn according to the null model.
We can apply the ergodic theorem since a spatial random graph is a marked point process (as
described in Section . Thus, the measures induced by (¢,G) and (¢, H)me(‘)zfout(.%d) are

mutually singular. Moreover, the above algorithm when tested on the finite data (G, ¢,,) runs in
time proportional to An with the multiplicative constants depending on the connection functions
fin(+) and foue(+) with success probability 1 — 0, (1) with the 0,(1) term depending on the function
h(-,-) chosen.

O

We investigated the singularity of measures in order to understand the question of distinguishability
of the planted partition model. This is a hypothesis testing problem of whether the data (graph
and spatial locations) is drawn from the distribution of G' or from the distribution of Hy 4.y 4 with
a probability of success exceeding a half given a uniform prior over the models. This problem is
in some sense easier than Community Detection, since this asks for asserting whether a partition
exists or not, which intuitively should be simpler than finding the partition. Indeed, we show this
in our model by proving that the distinguishability problem is trivially solvable while community
detection undergoes a phase transition and is solvable only under certain regimes. In the general
sparse SBM however, the equivalence between distinguishability and community detection is only
conjectured and not yet proven ([14],[5]).
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8 The Exact-Recovery Problem

In this section, we provide a lower bound for the exact-recovery problem as stated in Definition
Recall that for the exact-recovery case, we equipped the set B,, with the torridal metric rather
than the usual Euclidean metric. This is done mainly to simplify the presentation of the results.
Nevertheless, one could establish identical results to the case when the set B,, equipped with the
Fuclidean metric albeit with significantly more heavier notation to handle the ‘edge effects’. We
note that for any = := (x1, -+ ,24),y := (y1, - ,Y4) € By, the torroidal distance is given by
2 = yll7, = [[(min(ley — yal, /9 = |2y = ga]), - min(|ea — yal, 09 — |zg — yal)), where ||| is
the Euclidean norm on R%. The key result we establish about this model is a lower bound or a
necessary condition to perform Exact-Recovery. We then observe that the GBG algorithm presented
earlier achieves Exact-Recovery, if the intensity A is sufficiently high, thereby establishing a phase-
transition. We establish the lower bound by exploiting recent advances in the understanding of
error exponents for the probability of error in distinguishing between two Poisson random vectors
developed in [4]. Furthermore, we also conjecture this necessary condition to also be sufficient.
The exact proof of this conjecture is left open in this paper. Another important note is that since
we view the set B, as a torus in this section, the notion of Palm probability needs more care in
stating. In the most general sense, we must employ the moment measure expansions of a Poisson
Point Process on compact topological groups to discuss the Palm measure on the torus. We provide
a justification of the moment measure equations we use in this section in the Appendix [F}

8.1 Lower Bound for Exact-Recovery

In this section, we prove Theorem To do so, we first give a general result in Proposition
using the Genie aided argument introduced in [2], and then subsequently prove an explicit formula
for the lower bound stated in Theorem (4| using the large deviation results of [4] for hypothesis
testing between Poisson random vectors. To state the result, we define a notion of Flip-Bad for
nodes. Roughly speaking, we say a node i € {1,---,N,} is Flip-Bad in G,, if on flipping the
community label of node i from Z; to —Z;, the likelihood of the observed data (G, ¢,) increases.
More formally, given data (¢, G, (Zi)f\inl), the likelihood is defined as

=2 A\p)Vn Np, .
£om G (Z03) = 0 (1) I 220w -x)

1<i<j<Nn:Z;j=Zj,i~j

I1 £1X: - X511) I1 (1= £2(1%: = X510))

1<i<j<Np:Z;#Zji~j 1<i<j<Npn,Z;=Zj,i~j

I1 (1— £01X = X510)),

1<i<j <N, Zi#Z; i

with the empty product being equal to 1. Thus, it is easy to see that for every n, 0 < L((¢y,, G, (Zz)fvznl))
< 1 almost-surely, since for every n, IV, is finite almost surely. We say a node j is Flip-Bad in G,
if

L(($n, Gy (ZD)N)) < L((hn, Gy (Z9)N2)),

where Zi(j) = Z; if i # j and Z](-j) = —Zj. Thus, we use the term Flip-Bad, where a node is ‘bad’
if on flipping its community label, the observed data becomes more likely. We use this definition
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to reason about the maximum-likelihood estimator. More formally, for each node i € [1, N,], the
Maximum-Likelihood (ML) estimate of the community label is denoted as Z; and satisfies

( )e{l, ,Nn} argze{_ﬂll’%}:(l}m [( )e{l, ,Nn} 2| ]

= £ TL7G7’L7 36
arg __ max | L{(9n, Gn,2) (36)

In words, it is the optimal estimate for the community labels given the observed data ¢, and G,
where optimality refers to the fact that it minimizes the probability that the vector is (Zi)ie[l, N, 18
different from the ground truth (Z;);c(1,n,) among all possible estimators. More formally, the ML

estimator (Z;)ie[l, N, in Equation satisfies

P{(Zi)icqi - Nay # (Zi)icpn o Ny = inf P(Z)icq1, - vy # (Ziicqi, - Nay)s
(Zi)ieqa, - ,Npy=A(Pn,Gn)

where the infimum is over all measurable functions A of the data ¢, and G,. This asserts that
the ML estimator for the community labels is the optimal estimator that minimizes probability of
error. The following proposition gives a structural condition on the model parameters of G,, to
identify a sufficient condition when the ML estimator will fail.

Proposition 15. If the model parameters of G, satisfies

0,
fyan E y[]-O is Flip-Bad in GnU{O,y}ly is Flip-Bad in GnEU{O,y}]mn,d(dy)

lim sup <1, 37
n—o00 nEO[]'O is flip-bad in GnU{O}}Q ( )
nh_{%o nEO[]-O is flip-bad in GnU{O}] =00 (38)

where my, 4 1s the Haar measure on the torus By, then Ezact-Recovery is not solvable.

The condition in Equation states that the event of two ‘far-away’ nodes being Flip-Bad are
asymptotically uncorrelated. Such statements are true for instance if the functions fi(g)(-) and

fo(,Zg (+) have support that is o(n). For example, if the connection functions satisfy fi(: ) (r) = anly<g,

and f(SZQ (r) = by1,<g,, for some 0 < b, < a,, < 1and R, = o(n'/9), then they satisfy the condition.
See for example also Lemma [8, On the other hand, Equation is satisfied even if the model is
reduced to the classical SBM without geometry, i.e., any two nodes in G,, are connected only based
on their community labels and not the location labels if the average degree is proportional to the
logarithm of the population size.

Proof. If there exists a node in G,, that is Flip-Bad, then the Maximum Likelihood estimator for
the community labels will not match the ground truth. We will show that if Equations and
hold, then P[3i € {1,---,N,} : ¢ is Flip-Bad in G,] = 1—0,(1), which will conclude the proof
of the result.

To do this, define by Y,, := Zie (1, Ny} 1; is Flip-Bad in G,,- From the classical method of moments,

it suffices to establish that lim sup,,_,., % < 1 and E[Y,,] — 0o as n — oo. Indeed, if this were
the case, then by Chebychev’s inequality, we would have
E[Y2]
PlY, =0] < ns—1
=S gyt
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which will converge to 0. It remains to compute the first and second moment of Y,,.

From Campbell’s theorem (see Appendix |F| for Palm probability on the torus), we have

E[Yn] = )‘/ Ey[ly is Flip-Bad in GnU{y}]mn,d(dy)
yeBy,

= AnE"[1g is Flip-bad in GnU{0})> (39)

where the second inequality follows from the symmetry in the torus. Thus from the hypothesis of
the theorem in Equation , E[Y,] converges to co. To compute the second moment, we use the
factorial moment expansion of the Poisson Process as follows.

E[Y;?] = E[( Z Li is Flip-Bad in Gy)°]
ie[lan]
=E[Y,] + E[Z 1; is Flip-Bad in Gy 1j is Flip-Bad in G)
i#£j

(@)
= E[Yn] + AQ / 5 / 5 ELy[lx is Flip-Bad in Gnu{x,y}ly is Flip-Bad in Gneu{x,y}]mn,d<dx)mn,d(dy)
xEDn JYEDLn

(b)
= E[Y,] + )\2”/ 5 Eo’y[lo is Flip-Bad in GnU{O,y}ly is Flip-Bad in Gneu{O,y}]mn,d(dy)a (40)
yeEbn

where equality (a) follows from the 2nd order Moment Measure expansion of a Poisson process and
(b) follows from the symmetry in the torus. Thus, from Equations and , we have,

E[Y? 1 A [ e, V(10 s Flip-Bad in G,U{0.y} Ly is Flip-Bad in G eU{0,43)n,a(dy)
E[Y,)?  E[Y,] (ANE°[1g i Flip-bad in GnU{0}])? '
Thanks to the assumption on the connection functions in Equation and the first moment in
Equation , we have that lim sup,,_, ., I]g[[};f}] <1 O

(41)

In the rest of the section, we consider the model given in Definition [5] where the connection functions
F() and () take the form fin(r) = al,<jogmy/a and £l (r) = bL,cjogu/a for some 0 < b <
a < 1, to illustrate how one can use the previous proposition to obtain a closed form expression for
the phase-transition threshold. We first prove Theorem [ to provide an exact necessary condition
in terms of the model parameters A, a and b for achieving exact-recovery. The proof of Theorem [4]
follows from the next two lemmas. Recall that, we denote by v, for all d € N as the volume of the
unit Euclidean ball in d dimensions.

Lemma 7. For allA>0,de€Nand 0<b<a <1, if G, ~G(An,a,b,d), then
E°[10 is Fiip-Bad in Gnufo}] = €4 log(n)(1-vab—v/(1-a)(1-b)=0(1)

Lemma 8. ForallA > 0,d € Nand0 < b < a < 1 such that Avglog(n)(1—vab—+/(1 — a)(1 — b) <
1, the graph Gy, ~ G(An,a,b,d) satisfies Equation .

Proof. of Theorem [}
From Lemma [8] we know that the connection functions satisfy the model assumption in Equation

. From Lemma we know that if Avg(1—vab—/(1 — a)(1 — b)) < 1, then E°[1, ; flip-bad in GnU{0}] =
n~1H0=o(1) for some § > 0. Thus, nE[1q flip-bad in GpU{0}) = n9=°() which converges to co as n
goes to 0o. The proof is now complete thanks to Proposition O
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We now provide the proofs of the associated lemmas.

Proof. of Lemma[7]

This lemma is a corollary of Lemma 11 proven in [4], where the error exponent for hypothesis testing
between Poisson random vectors was established. To assess whether the node at 0 is Flip-Bad, we
need to decide given the locations and true community labels of the neighbors and non-neighbors of
node at 0, whether it belongs to community +1 or —1. However, since the connection functions have
support of log(n)l/ 4 and events in disjoint regions of space are independent, it suffices to consider
the neighbors and non-neighbors within the ball of radius log(n)l/ @ around 0. (Note from the model
that there are no neighbors of the node at 0 at a distance larger than log(n)*/%). The number of
neighbors of nodes in the same commuity as 0 is a Poisson random variable of mean \/2v,a log(n)
and the number of neighbors in the opposite community is another independent Poisson random
variable of mean \/2vgblog(n). The independence follows from elementary independent thinning
property of the PPP. Similarly, the number of non-neighbors in the same and opposite community
as 0 and within a distance of log(n)'/¢ of 0 are independent Poisson random variables of mean
A/ 2v4(1 — a)log(n) and A/2v4(1 — b)log(n) respectively. This argument again follows from the
independent thinning property of an independently marked Poisson Process.

Thus the probability of a node at 0 being flip-bad is equal to the error made by an optimal hypothesis
tester between two random vectors (A/2)vy log(n)(a, b, 1—a, 1—b) and (A/2)vglog(n)(b,a,1-b,1—a),
given an uniform prior over the two models. Furthermore, the components of the observed random
vector are independent. Thus, we are in a setting to apply the CH-divergence theorem of [4] to
characterize the error probability of the optimal hypothesis testing error. More precisely, applying
Lemma 11 from [4] the error probability in identifying between the two Poisson random vectors
with uniform prior (A/2)vglog(n)u and (A/2)vglog(n)v where the vectors p := (a,b,1 —a,1 —b)
and v := (b,a,1 —b,1 —a) is equal to E%[1; ;4 flip-bad in G,U{0}] 18 given by

Eo[lo is flip-bad in G,LU{O}] — p~(A/2vaDy (#,V)-I—a(l)’ (42)
where the CH-Divergence Dy (u,v) ([4]) is given by
Dy (p,v) := e (tp(x) + (1 = t)r(z) — p(a)'v(z) ™). (43)
rex

Here X :=[1,2,3,4], and u(x) (v(x)) for x € X refers to the xth component of the vector p (v).

Evaluating Equation yields that D4 (u,v) = 2(1 — vVab— /(1 — a)(1 — b)) with the maximum
being achieved at t = 1/2 due to symmetry in the vectors W and V. Substltutmg Equation (43)) into

yields the result. -

Proof. of Lemma[8

This lemma follows from some straightforward calculations exploiting the spatial independence
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across the Poisson process. To verify Equation (37)), consider the following chain of equations.
07 J—
/ E™[1g i Flip-Bad in GnU{O,y}]-y is Flip-Bad in Gneu{O,y}]mn,d(dy) =
yeBy,

07
/ E*Y[10 is Flip-Bad in GnU{0,y} Ly is Flip-Bad in GneU{0,y})Mn,d(dY)
yeB(0,2log(n)!/9)

07
+ / E"Y[10 is Flip-Bad in GnU{0,y} Ly is Flip-Bad in GneU{0,y})Mn,d(dY)
y€B,NB(0,21og(n)1/)C

<

/ E%Y[10 is Flip-Bad in GnU{0,}]Mm,a(dy)
yeB(0,21log(n)t/4)

+ / E>Y[1g is Flip-Bad in GuU{0,} Ly is Flip-Bad in Gy eU{0,y})Mn.a(dy) (44)
y€BnNB(0,21log(n)t/4)L

The key observation to make is that for z,y such that ||z — y|| > 2log(n)"/%, we have

Ex’y[lx is Flip-Bad in GnU{:p,y}ly is Flip-Bad in GnEU{z,y}} = Ew[lx is Flip-Bad in GnU{x}]Ey[ly is Flip-Bad in GnU{y}]
(45)

This follows since in an independently marked Poisson Process, events on disjoint sets are indepen-
dent. Further more, from the symmetry in the torus, for all x € B,,, we also have

E*[1 is Flip-Bad in GnU{z}] = E°[10 s Flip-Bad in GnU{0})- (46)

Thus, we get from Equations , and that

/ . E%¥[1 is Flip-Bad in GnU{0,9} Ly is Flip-Bad in GneU{0,}]Mn.d(dy) <
YyEBn
(n — 2%410g(n))E°[10 is Flip-Bad in Grufo})” + 2702 10g(n)E’[Lg is Flip-Bad in Gaugoy)- (47)

Thus, since Ayglog(n)(1 — Vab— /(1 —a)(1 —b) > 1, we have from Lemmathat,
nE1g i Flip-Bad in G,u{0}] = n7 for some v > 0. Hence Equation implies Equation if

Avglog(n)(1 — vab— /(1 —a)(1—b) > 1.

O]

8.2 Upper Bound for Exact-Recovery - Proof of Theorem

In the present paper, we are only able to establish the presence of the phase transition by proving
Theorem We believe a ‘two-round’ information theoretic argument can be employed to prove
this result. A possible strategy is to first show that for any 0 < b < a < 1, a ‘large’ (i.e. all
but o(n)) nodes will be correctly classified by the ML estimator with high probability. Further,
if the parameters satisfied Avg(1 — vab — /(1 — a)(1 — b)) > 1, then all nodes will be correctly
classified with high probability. One can possibly make this efficient by means of ‘sample splitting’
arguments of [4]. One can sub-sample the edges so that the graph is almost sparse so that a large
fraction of the nodes can be correctly labelled by the ML estimator. Then, we can ‘clean-up’, i.e.
estimate a corrected community label estimate using the edges not used in the first round. This
conjecture is also reminiscent of the ‘local to global’ phenomena that occurs in many random graph
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models ([2],[36],[8],[31]), where an obvious local necessary condition also turns out to be sufficient.
However, as a corollary to the GBG algorithm introduced above, we Theorem [5| which establsihes
that Exact-Recovery can be solved if the intensity A is sufficiently high.

Proof. of Theorem [j

Notice that with R = log(n)'/?/2d, there are at-most [4%dn/log(n)] grid-cells in B,. If we show
that the chance that a grid cell is T-BAD is n='=% for some § > 0, then by an union bound
argument, we can assert that with probability at-least 1 — n =%, all grid-cells will be T-GOOD.
Furthermore, if all grid cells are T-GOOD, then by Proposition [6] all nodes in G,, will be correctly
partitioned by the algorithm.

Set R = log(n)'/?/2d and € € (0,1) arbitrary as parameters of the GBG algorithm. From Proposition
we know that for any z, z° € Z% such that ||z2—2z||sc = 1, the probability that the pairwise classifier
makes an error is at-most e~¢(d:a:b)Alog(n) where ¢(d,a,b) > 0 is a positive constant. From Lemma
it is clear, that the probability that a cell is T-BAD is at-most n~¢(4®0)X log(n)?C + n_cl(e))‘",
where ¢ and ¢ are two strictly positive constants. Thus, by choosing A sufficiently high, we can
ensure that the probability of a grid-cell being T-BAD is at-most n~'~9 for some & > 0. O

Here we also want to remark that using ideas from Section the GBG algorithm can be imple-
mented without knowledge of the parameters. In particular, one can use standard spectral or SDP
algorithms to decide whether a cell is T-GOOD or not, as explained in Section This can be
done so since the sub-graph of G, restricted to nodes within the 1 thickening of any grid cell z
is dsitributed as the SBM with random log(n) number of nodes and having a constant connection
probability of either a or b among nodes of the same or opposite communities. Thus, one can
employ standard spectral or SDP algorithms ‘off the shelf’ to implement the algorithm without
knowledge of a,b or A.

9 Related Work

Community Detection on sparse graphs has mostly been studied on the SBM random graph model.
The study of SBM has a long history in the different literatures of statistical physics (see [14] and
references therein), mathematics (for ex. [7],[37]) and computer science (for ex. [30], [12],[36]). The
reader should refer to the survey [1] for further background and references on the SBM. The survey
[33] gives a complete treatment of the SBM from a statistical physics view point. There has been
renewed interest in the sparse regime of the SBM following the paper [14], which made a number of
striking conjectures on phase-transitions. Subsequently, some of them have been established with
the most notable and relevant achievements to ours being that of [37],[35], [29] and [9]. These papers
prove that both Community Detection and the distinguishability problem for the two community
sparse SBM undergo a phase-transition at the same point which they characterize explicitly. These
results for the SBM motivates the investigation of the phase-transitions for Community Detection
and distinguishability in our model. However, the tools needed for our model are very different
from those used to study the SBM. The key ideas for all of our results come from different problems,
mostly those studied in the theory of percolation [§] and stochastic geometry [40]. Our algorithm is
motivated by certain ideas that appeared in the Interacting Particle Systems literature (for ex. [40]
[24],[41],[16]). The papers there developed re-normalization and percolation based ideas to study
different particle systems arising in statistical mechanics, and our analysis bears certain similarity
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to that line of work. Our lower bound comes from identifying an easier problem than Community
Detection called Information Flow from Infinity, which is a new problem. The key idea to show this
reduction comes from an ergodic argument applied on the spatial random graphs. To study the
impossibility of Information Flow from Infinity, we employ certain ‘random-cluster method’ and
coupling arguments. Such methods are quite popular and have proven to be extremely fruitful in
other contexts for example to study mixing time of Ising Models ([28],[27],]26]). Similar coupling
ideas have also appeared in other estimation contexts, notably the reconstruction on trees problem
[34], where a lower bound was established using this method.

In the non-sparse regime, the work of [2] and [4] is most related to our methods for the non-sparse
regime. Both papers studies the problem of Exact-Recovery in much greater detail in the general-
ized SBM, proving both lower bounds and efficient algorithms for exact recovery. In this paper, we
use the lower bound framework developed in [4], specifically, the large deviations characterization
of hypothesis testing between Poisson random vectors, to provide a lower bound for our spatial
random graph model.

From a modeling perspective, the works of [48] and [I8] which considers the Latent Space Models
as a part of its model is the closest to our model. The paper of [48] gives a spectral algorithm that
is proven to work in the logarithmic degree regime. In particular, their methods do not work for
the sparse regime which is one of the central topics discussed in the present paper. The algorithm
provided in [I8] bears certain similarity to ours where nearby nodes’ community membership are
tested based on the common neighbors. However, it is only guaranteed to work in the logarithmic
degree regime. Furthermore, no lower bounds are presented in [I§], while the lower bound in [4§]
is based on the idea that the graph is locally tree-like, which is not the case in our model. Another
related problem of group synchronization was introduced in [3], which among other things, also
considered the question of how well can one identify the communities of two ‘far-away’ nodes. This
paper establishes certain phase-transitions for weak recovery that look similar to our lower bound,
using different ideas from percolation and random walks on grids. Nonetheless, our algorithm is
completely different from theirs and in-fact a straight forward adaptation of our algorithm to their
setting can give an alternative proof of Theorem 3 in [3]. We also remark that certain results on
the weak-recovery in our model appeared in a conference paper by the second and third authors
[43]. However, the conference version does not carry certain proofs and does not discuss the Exact-
Recovery problem in the logarithmic degree regime, which is the new technical contribution of the
present paper compared to [43].

10 Conclusions and Open Problems

In this paper, we introduced the problem of community detection in a spatial random graph where
there are two equal sized communities. We studied this problem in both the sparse and non-sparse
regime. Our main technical contributions in the sparse graph case are in identifying the problem of
Information Flow from Infinity and connecting that with the Community Detection problem and
giving a simple lower bound criterion. For developing the algorithm, we noticed that a spatial graph
is sparse due to the fact that all interactions are dense, but localized which is starkly different from
the reason why an Erd6s-Rényi graph is sparse. We leveraged this difference to propose an algorithm
for community detection by borrowing further ideas from dependent site percolation processes. In
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the Exact-Recovery setting, we give a lower bound that we conjecture to be tight. However, this
is just a first step and there are a plenty of open questions just concerning the model we introduced.

1) Is Weak-Recovery and Information Flow from Infinity equivalent ? - In this paper, we proved
that weak-recovery was harder than Information Flow from Infinity. However, our algorithm and
its analysis showed that it can solve Community Detection whenever it can solve Information Flow
from Infinity. Thus a natural question is whether these two problems undergo a phase-transition at
the same point 7 Moreover is there a relation between the optimal overlap achievable in Community
Detection and the optimal success probability of estimating the community label of the origin in
the Information Flow from Infinity problem ?

2) Is the optimal overlap in weak-recovery monotone non-decreasing in A ? - We saw in the proof
of Proposition [12] that the optimal success probability of correctly labeling the origin in the Infor-
mation Flow from Infinity problem is monotone in A. However, for Community Detection, we only
established that solvability is monotone and not the optimal overlap achievable.

3) Can one resolve Conjecture (1| to identify the critical phase-transition point for Ezxact-Recovery
- This conjecture is reminiscent of the local to global phenomenon consistently observed in various
random graph models ([I], [39],[36] ). In these settings, an obvious local condition, i.e., there being
no flip-bad node, also turns out to be sufficient for exact-recovery. Establishing such a result in our
model will help us obtain a better understanding of our random graph model and also may aid in
improved algorithms for practical situations.

3) More than 2 Communities - In this paper, we focused exclusively on the case of two communities
in the network, and an immediate question is that of 3 or more communities. In the symmetric
case where the connection function is fi(: )() within communities and fgjz (+) across communities,
a simple adaptation of our algorithm can give a sufficient condition in both the sparse and log-
arithmic degree regime, although will be sub-optimal. Our lower bound technique in the sparse
regime can also be applied in the setting of many communities (see Theorem 2 in [3] for example )
thereby establishing the ezistence of a non-trivial phase transition for any number of communities
in the symmetric setting. But the open question is to identify examples similar to Proposition [2]
where the phase transition for weak-recovery can be tight. A quest for such examples can possibly
lead to better understanding of even the 2 community case considered in this paper. Moreover,
unified algorithmic techniques capable of handling non-symmetric case also is of interest since our
algorithm does not generalize in a straight forward way to the non-symmetric setting. As far as
the logarithmic degree regime, our lower bound framework can easily extend using the same large-
deviations result for Poisson hypothesis testing developed in [4]. However, an algorithm achieving
this threshold in the logarithmic regime with multiple communities is not yet known.

4) Characterization of the Phase-Transition for Weak-Recovery - An obvious but harder question
is whether one can characterize if not compute the exact phase-transition for either Community
Detection or Information Flow from Infinity. We show that our lower bound is capturing the phase-
transition only in very specific cases and may not be tight in general due to corner cases similar
to Proposition We also have no reason to believe that our algorithm is optimal in any sense.
Thus, a structural characterization of the phase-transition is still far from being understood.
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5) Computational Phase-Transition - Another aspect concerns the possible gaps between informa-
tion versus computation thresholds. Is there a regime where Community Detection is solvable, but
no polynomial (in n) time and space algorithms that operate on (G, ¢,) are known to exist ?

6) Estimating the Model Parameters - How does one efficiently estimate the connection functions
fin(+) and fous(+) from the data of just the graph G and the spatial locations ¢.
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A Proof of Proposition

Proof. Assume, for a given value of A, there exists a community detection algorithm that achieves
an overlap of v > 0. Now, given any A o> A, we will argue that we can achieve positive overlap.
The proof of this follows from the basic thinning properties of the PPP. Given an instance of the
problem with intensity X', we will remove every node along with its incident edges independently
with probability 1 — % We assign a community label estimate of +1 to all the removed nodes.
For the nodes that remain (which is then an instance of the problem of community detection with
intensity \), we achieve an overlap of « with probability at-least 1 — 0,(1), from the hypothesis
that we can achieve positive overlap at intensity A. Thus, from the independence of the thinning
procedure and the community labels and strong law of large numbers, the overlap achieved by this
process on an instance of intensity X will be at-least ’)\\—7 with probability at-least 1 — 0,(1). Thus,
the problem of community detection solvability is monotone in A in the sparse case. O

B Proof of Proposition

The goal of this section is to establish Proposition [14] in which the equality in Theorem [7] cannot
be achieved for any A > 0. The functions fi,(-) and fou(-) of Proposition [14] satisfy [ _ (fin(r) —

fout(r))rdr = oo. Thus, the bound from Theorem [7| predicts that lim,_, SUD, co(G(r), (M) IP’S)[T,,« =
Zy] < 1. However, we shall show that for every A > 0, in our particular example, the probability of
correctly estimating Zj is strictly smaller than 1. In-fact, we will show something slightly stronger.
We will show that given the labels of every mode other than the node at origin, the probability
of correctly estimating Zj is strictly less than 1. The key tool to conclude about this example
is the following classical result from [46] which states that the measures induced by two Poisson
Point Processes on R? are either absolutely continuous with respect to each other or are mutually
singular. More precisely, the result from [46] after being adapted to our setting, states the following.
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Lemma 9. Let p11 and po be two measures on R? such that py ~ ps and p1(R?) = pa(R%) = oco.
Let P, and P,, be the probability measures on the space of locally finite counting measures on R?
induced by two Poisson Point Processes having intensity measures 1 and uo respectively. Then
the following dichotomy holds.

2
* If Joepa (1 B \/%) dpo < 00, then Py, ~ P,

2
 If frepa (1 - \/ZTT;) dug = oo, then Py, 1 P,
The following lemma will conclude that the lower bound is strictly sub-optimal in this example.

Lemma 10. For every A > 0 and d > 2, if fin(r) = min (1, % + ﬁ) and fout(r) = min (1, %),
SUDr o (o Zi}iy) BT = Z0) < 1.

Proof. From the independent thinning property of the Poisson Point Process, the origin partitions
the process ¢ \ {0} into 4 independent Poisson Processes,

1. The point process ¢ . which are the locations of those nodes of G that have an edge to the
origin and have for community label Zy. From properties of G, the intensity measure of ¢ .
which we denote by pin(-), has a density with respect to Lebesgue measure given by fin(||-||)-

2. The point process ¢_ . which are the locations of those nodes of G' that have an edge to the
origin and have for community label —Zj. The intensity measure of this point process which
we denote as (o (+) admits foui(|| - ||) as its density with respect to Lebesgue measure.

3. The point process ¢ , which are the locations of those nodes of G' that do not have an edge
to the origin and have for community label Zy. The intensity measure of this point process
which we denote as fi;, () admits 1— f;,(||-]]) as its density with respect to Lebesgue measure.

4. The point process ¢_ ,, which are the locations of those nodes of G that do not have an edge
to the origin and have for community label —Zj. The intensity measure of this point process
which we denote as fiou:(-) admits 1 — foue(|| - ||) as its density with respect to Lebesgue
measure.

Since, the process of graph neighbors of the origin and graph non-neighbors of the origin are inde-
pendent, it suffices to conclude that both the optimal estimators for Zjy based on the data of just
the neighbors and based on the data of just non-neighbors have a strictly positive chance of being
wrong. In other words, it suffices to conclude that the measures induced on the set of locally finite
counting measures on R¢ by the process ¢+ and ¢_ . are not mutually singular and the measures
induced by ¢ , and ¢_, are not mutually singular either. To do so, we will directly use Lemma
[9] for our example.

Notice that the chosen example satisfies the following.
2
2€R? Sin([][])
2
1—f
z€R? 1_fout(”xH)

o1



Furthermore, notice that %(-) = };i’_“t((.')) and ;/5;; ()= 11_7;2;(('.)). Hence, from Equations and
Lemma([9} we see that for every A > 0, we have P,,, ~ P,,,, and Py, ~ Py,,,. Thus, Zy cannot be
estimated perfectly without errors from the data and thus sup.c,(G,¢,{2,}:-1) PO[r = Zy] < 1.

O]

C Proof of Proposition [6]

Proof. We prove the proposition by induction. We will show that, given an unique and consistent
partition of all nodes in cells A(z) upto I distance of n from z and a certain number of cells at
distance n+ 1, we can uniquely extend the consistent partition to one more cell in A(z) at distance
n + 1 from z. In other words, we construct the unique partition in a ‘breadth first manner’ from
2z, by representing the distance on Z? using the I, distance. As a corollary, this proof technique
establishes that the arbitrary sequence in Line 5 of Algorithm [3] will contain all the nodes of the
component and will return the unique consistent partition.

For the base-case, since cell z is A-Good, from Line 6 of Algorithm [2] we can uniquely partition all
points in cell z and its 1 step neighbors. The existence of a consistent partition can be argued as
follows. Pick an arbitrary X; € ¢N@Q, which we know by definition to be non-empty and label it +1.
Now, for all points X; € U o= [[oo (¢NQ,), label X; with the value returned by Algorithm 1| run
on the input (7, j, G). Thus, we have produced a partition of all the points in the one-step neighbor
of z in A(z) We will first argue that the partition we produced above is consistent, i.e. satisfies the
conditions of the present proposition. Indeed, assume to the contrary, that this partition violates
the statement of the current proposition. Assume there exists two points Xy and X; such that they
are in opposite sets of the partition with the partitioning procedure stated above whereas Algorithm
run on (k,l, G), returns a +1. This implies that the product of the outputs of Algorithm [l{run on
input (i, k, G) with (k,l,G) and (7,1, G) is —1, thereby violating the fact that cell z is A-Good. We
can similarly, argue the absence of two points X and X; such that they are in the same partition,
but Algorithm [l| returns a —1. Now, to argue uniqueness, assume that on the contrary, there exists
another consistent partition. This implies that there must exist two points X; and X; which are in
the same set in one partition and in different sets in the other partition. Thus, clearly one of the
partitions must violate the two requirements of this proposition, since Algorithm (1| run on (i, j, G)
will produce just one output, thereby invalidating the consistency of at-least one the two partitions.

Now, we show the induction step. Assume there is an unique consistent partition of all nodes in
¢ M Q 4z that are in cells of I, distance of at-most n from z and some cells at a distance of n + 1
from z. Let z° € A(z) be such that ||z — 2'[lcc = n + 1 and assume that 2’ has not yet been
partitioned. Pick any z” € A(z) such that ||z — 2" ||loc < n+1, ||z — 2"||ec = 1, such that cell
2" has already been partitioned. Note from the fact that A(z) is a connected subset of Z¢, one
can always find such a 2", Pick X; € ¢ N Q,» arbitrarily. This can be done since we know that
¢ N Q,» is non-empty by definition of it being in A(z). To extend the partition, for every point
X € ¢ N Q,, run Algorithm (I} on the input (i,k,G). Place X in the same partition as X; if
the algorithm returned +1; else place X} in the opposite partition of X;. We will now conclude
by showing that this extension still respects consistency and is unique. To argue uniqueness and
consistency, it suffices to show that for all X} € ¢ N Q. arbitrary no matter what X; € Q,» we

///||

pick, the class to which X}, belongs is the same. Let z” be arbitrary and such that ||z" — z

o =1
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cell and 2" is already partitioned. Let i € ¢ N Q ,m be arbitrary. Now, the points X, Xy, X; are
all within a 1 thickening of cell z° which we know is A-Good. Thus, from Line 6 of Algorithm [2| the
product of Pairwise-Classify on inputs (i, k), (k,4), (i,7 ) is 1. By the induction hypothesis, there
is a unique relation between ¢ and i (they are either in the same or different classes of the unique
partition). Therefore, no matter the reference point, the class of a point X € ¢ N Q. is unique

and consistent.
O

D Proof of Lemma 4

Proof. Denote by T7(j) be the breadth first spanning tree of I constructed with j as the root. Thus
in the tree T7(j), and for all k£ € V(j), there is exactly one path from j to k in the tree T7(j).

The existence of two labelings is not so difficult since we know there exists one underlying true
labeling which generated the data G, I. But since, the model is symmetric, the complement of the
true labels will also be consistent in the sense of Lemma (3| Thus, there are at least two labeling
consistent with the observed data G,I. These two labels of V;(j) can be constructed explicitly
which we do in the next paragraph. We then show, that there are no other that can be consistent
in the sense of Lemma (3|, which will conclude the proof.

To construct the two possible labelings, first assume that Z; = +1. Now conditionally on this
and G, each neighbor of j in 77(j) will have exactly one possible community label estimate that
is consistent in the sense of Lemma Now, by induction, we can construct the labels of V;(j).
Assume, that conditionally on Z; = +1 and G, we have a unique set of labels for all vertices in
T1(j) at graph distance of less than or equal to k. Let u € T7(j) be an arbitrary vertex such that
it is at graph distance k + 1 from j in 77(j). Since T7(j) is a tree, there is a unique vertex v in
Vi(j) such that v ~p, ;) u and v is at a distance of k from j. Thus, conditionally on Z; = +1,
Zy is a fixed community label due to the induction hypothesis. Since Z, is fixed, then there is a
unique label for Z,, that will be consistent in the sense of Lemma [3] Since u was arbitrary, we can
uniquely assign a community label to all vertices at graph distance of k+ 1 from j in T7(j). Hence,
by induction, conditionally on Z; = +1, there is a unique community estimate for all vertices in
Vi(j). Similarly, if we assumed Z; = —1, we will find another unique labeling for the vertices in
Vi(j) which will be the complement of the unique labeling obtained by assuming Z; = +1. This,
gives us that there exist at-least two labelings of V;(j) that are complements of each other and
consistent with the observed data G and I in the sense of Lemma [3l

To see that there can be no other possibilities, we argue by contradiction. Assume there are two
labelings and a vertex k such that in one of the labelings Z; = +1,7Z; = +1 and in the other
Zj = +1,7Z;, = —1. It is clear that at-most one of the above labelings will be consistent in the
tree T7(j) in the sense of Lemma [3| This establishes that the two sequences we constructed in the
previous paragraph which are complements of each other are the only two possible sequences that
are consistent in the sense of Lemma [3l

O
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E Definition of PPP

A homogeneous PPP of intensity A on R? is a random process ¢ := {X1, Xy, } with each X; € R4
such that the following two holds

e For every bounded Borel set B, the cardinality of the set ¢(B) := [{i €« N: X; € B}| is a
Poisson random variable with mean A|B| where | B| is the volume (Lebesgue measure) of the
set B.

e For any k£ € N and any disjoint bounded Borel measurable sets By, --- , B, the random
variables ¢(By), - - - ¢(By) are mutually independent.

F Palm Measure on the Torus

In this section, we recap the basic properties of the Poisson Point Process on the torus. As the
torus is a locally compact unimodular topological group, the definition of Palm measures and the
moment measure equations of PPP on a torus follows directly from the theory described in [23]. We

reproduce the key results needed for our paper here. Fix a n € N and consider the d dimensional

d
torus on the set B,, := [—M ﬂ} equipped with the Haar measure denoted as m, 4(-) which

2 0 2

is invariant under translations on the torus. Let (€, F,P) be a probability space on which we
have a stationary independently marked PPP on the torus B, of intensity A > 0 with marks in
an arbitrary Polish space IC. Denote by the atoms of this point process by ¢, := {Xy, -+, XN, }
enumerated in an arbitrary manner and the corresponding marks as {Ki,---, Ky, }. From the
definition of the PPP, N,, is a Poisson random variable of mean An independent of everything else
and conditional on Ny, (Xz)fi " are i.i.d. random variables that are uniformly distributed in the set
B,,. Conditionally on NV, and (Xi)f\inl, the sequence (Kl)f\fl are i.i.d. In this framework, for any
k € Nand z1, -,z € By, the Palm measure P¥1-" >k corresponds to adding fictitious atoms at
locations {x1,- - ,x;} and equipping them with independent marks having the same law as K;. In
other words, thanks to Slivnyak’s theorem ([23]), the atoms of the PPP under the Palm measure
PrLk ig ¢y, U {21, - - -} where ¢, is the law of the point process under P, with the marks of
these additional points having the same distribution as that of K; and independent of everything
else. For this framework, for any function f(-) : B, — Ry such that fxeBn f(@)my,q(dx) < oo we
have the following version of Campbell’s theorem ([23]) -

E[Eq; f@)] = A / _, E@maan). (49)

More generally, we have the following k-th order moment measure expansions of the Poisson process.
Let f(-) : B¥ — R, be such that Joron o /(@150 @) Hle My, d(dx;) < co. Then, we have

E[ Z f(xlf”ﬂxk)]:)‘k/

z1, K EPn 1,k E€Bn

k
EZ1: 5Tk [f(xh oo 7;516)} H mn,d(dmi)- (50)
i=1

We use Equations and in Section |8 to compute the first and second moments of the
number of Flip-Bad nodes in G,,.
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