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Parameter Estimation in Gaussian Mixture Models
with Malicious Noise,
without Balanced Mixing Coefficients
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Abstract

We consider the problem of estimating the means of two Gaussians in a 2-Gaussian mixture, which is not
balanced and is corrupted by noise of an arbitrary distribution. We present a robust algorithm to estimate the
parameters, together with upper bounds on the numbers of samples required for the estimate to be correct,
where the bounds are parametrised by the dimension, ratio of the mixing coefficients, a measure of the
separation of the two Gaussians, related to Mahalanobis distance, and a condition number of the covariance
matrix. In theory, this is the first sample-complexity result for imbalanced mixtures corrupted by adversarial
noise. In practice, our algorithm outperforms the vanilla Expectation-Maximisation (EM) algorithm in terms
of estimation error.

1 Introduction

Gaussian mixture models are central to both theory and practice of Statistics [1} [2]. As a result of more than
a century of study [3]], there are algorithms [4] in the noise-free setting with balanced mixing coefficients,
which are essentially optimal [S]] with respect to their sample complexity and time complexity. Even for the
expectation-maximisation algorithm, which is often used in practice [[1]], there is now some understanding of the
performance [6, [7, 18, 9] and its limitations. Within robust statistics [10] and agnostic learning [11} [12], there
has been recent progress in estimating parameters of a single Gaussian from a mixture of the Gaussian and
noise. Within mixed regression, there has been some progress in estimating parameters of a mixture [[13} [14]
with balanced coefficients, but very little [[15,16] is known otherwise.

We propose to study the problem that relaxes both the noise-free assumption and the assumption on the
balance of the mixing coefficients:

Definition 1 (Robust Parameter Estimation in Noisy 2-GMM). Given m points in R" that are each, with prob-
ability wi > 0 from an unknown Gaussian N(l,,X), with probability wy > 0 from an unknown Gaussian distri-
bution N(Up,X), and with probability w3 = 1 —w; —wy > 0 completely arbitrary, estimate |1, 1y and X.

Throughout the paper, we assume:
Assumption 1. w; > wy, > ws.
Moreover,

* we consider arbitrary, adversarial noise. Our sample complexity is parametrised by the proportion w3 of
noise among the samples.

* We do not make further assumptions on the balance between the Gaussians. Instead, our results are
parametrised by the ratios of mixing coefficients w, /wy and w3 /wy.

The importance of not making further assumptions is hard to overstate. For simplicity, let us illustrate
this on a noisy mixture of N((1,2),5) and N((3,5),) in R?, with I, being the 2 x 2 identity matrix. First,
we consider the situation, where the mixture is balanced, m = 41,w; = 20/41,w, = 20/41, and there is a
single sample of noise at (6,1) € R?. Figure |l|compares the estimate obtained using a standard expectation-
maximisation (EM) algorithm with the true mixture and our algorithm. Notice that the one sample of noise
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Figure 1: Left: 20 and 20 samples from two Gaussians and one sample of noise at (6, 1). Right: A contour plot
of the 2-GMM (in black solid lines), an EM estimate from the 41 samples (in red dashed lines), and an estimate
by Algorithm [I|using the same 41 samples (in green dashed lines).

causes the EM algorihm to mis-estimate the second component completely. Figure [2]illustrates the impact of
varying mixing coefficients. In the three rows of sub-figures, we have used w; = 25/41,30/41, and 35/41,
respectively, and the same single element of noise throughout, w3 = 1/41. For w; > 35/41, the performance
of the EM algorithm deteriorates quickly. We stress that the samples have been obtained with the random seed
set to 1 and are not pathological. The EM algorithm is implemented by firgmdist in MathWorks Matlab 2016a,
with default parameters. One could conclude that algorithms designed for the noise-free, balanced case should
be avoided in applications, where the assumptions may be easily violated.

For robust parameter estimation in noisy 2-GMM, we present an iterative algorithm. The algorithm could
be seen as the extension of algorithms for the estimation of the mean and covariance of a single Gaussian in
the presence of malicious noise (noisy single gaussian model), as studied by [11]], to the noisy 2-GMM and
beyond. In our proposed algorithm, each iteration considers one Gaussian, in the decreasing order of their
mixing coefficients. In each iteration, parameters of one Gaussian are estimated under the assumption that the
remaining samples are either from the Gaussian or the arbitrarily-distributed noise. At the end of each iteration,
the samples corresponding to the Gaussian are filtered out. This way, Robust Parameter Estimation in Noisy 2-
GMM can be reduced to 2 calls of an algorithm for parameter estimation in Noisy 1-GMM and some additional
processing in time O(mn? 4+ mlogm).

Outside of the meta-algorithm, our contributions are as follows:

* We prove an upper bound on the number of samples required to reach a given precision, considering a
spectral method of [11]], with the bound parametrised by the dimension n, ratios of the mixing coefficients
wy/wi and w3 /w, a condition number of the covariance matrix, and a measure of the separation of the
two Gaussians, related to Mahalanobis distance.

* In both theory and computational illustrations, we show that the algorithm is surprisingly robust to the
error in the input w; € [0,1].

* In computational tests with Cauchy-distributed noise wz > 0, we demonstrate that the performance of
the algorithm employing a spectral method of [11] is superior to the vanilla expectation-maximisation
algorithm in terms of estimation error.



2 The Algorithm

We present an algorithm that estimates the parameters of Gaussians in the decreasing order of their mixing
coefficients. For each Gaussian component in turn, an algorithm for estimating the mean and covariance of one
Gaussian from samples corrupted by noise, e.g. [11], is run. Once parameters of one Gaussian are estimated,
all samples are ordered by Mahalanobis distance [[17] to the Gaussian with the estimated mean and covariance.
The closest samples, which are most likely to be samples from this Gaussian with the estimated mean and
covariance, are removed from future consideration and the algorithm proceeds with the estimation of the next
Gaussian.

Algorithm 1 Iterative Parameter Estimation in Noisy 2-GMM

Require: X = {xj,x2,...,Xn}, wi.
Ensure: fi;,[i,.
1: Let i, =AGNOSTICMEAN(X).
Let £ = AGNOSTICCOV (X, 1 —wy).
2: Fori=1tom,

3: Sort

4: Let X' = {x; 1 i >= Y([mw]) }-
5: flo = AGNOSTICMEAN(X).

See Algorithm [I] for the pseudo-code. For completeness, we list the pseudo-code of algorithms AGNOS-
TICMEAN and AGNOSTICCOV of [11] in the appendix.

3 The Sample Complexity

Our main result is the analysis of sample complexity of Algorithm|[I]

Theorem 3.1 (Sample Complexity of Iterative Parameter Estimation in Noisy 2-GMM). For Problem|l| there
exists a poly(n, é)- time algorithm that takes as input m independent samples x1,x3,...,x, and wy, then com-
putes the means of two components of noisy 2-GMM model, s.t.

IfX = 6?1, then

N w
it — a2 = 0<w—§+e>a\/lo*gn,

X w
[t — 2= O(vf +¢€)o/logn.
Otherwise, for arbitrary X,

~ w3 1/2
ko = o] = 0 | % + &) 211 VViogn,
~ w2 1/2
s =l =0, /22 +€)|Z];”*/iogn,

provided that,
1 1 1 1, w2 1, w
. . n—-(lognt+log ¢ )logn  —-log(s+3%) log(z+:2)
i) for the spherical case, m = Q(—*——7— 2 (373)”23 )
WZ -
1 1 W) 1 W)
n(nJr%)(lognHOgl)logn wrlog(e+y/52)  log(s+4/3%)
- 1 — 2 € 2 3 3
For the non-spherical case, m = Q( = t et )

wp

ii) conditions in Lemmaare satisfied with n = O(& + x—;) in the spherical case ¥ = 621, and n= 0(82 n
%) otherwise where 1) is a parameter in Lemma



This result builds upon the analysis of the separation of the two Gaussians. Condition on recovery of the
first mean comes from [11]]. Our contribution lies in recovering the second component with mixing coefficient
wy in a noisy 2-GMM, i.e., the degenerate component of the 2-GMM. In order to derive a robust estimator of
Uo, we derive separation conditions on the two Gaussians in (ii) of Theorem [3.1] with 1 being the auxiliary
parameter of accuracy of the estimator fIl;. Under such conditions, one can filter and subsample according to
Mahalanobis-distance criteria, and take subsampled points as an input of the agnostic learning of .

3.1 Main Ideas of the Proof

The complete proof is provided in the appendix. In this section, we show that there exists a polynomial-time
algorithm that can estimate mean and covariance matrix of a Gaussian distribution from samples corrupted by
malicious noise, i.e., an approximation algorithm for:

Definition 2 (Robust Parameter Estimation in Noisy 1-GMM). Given points in R" that are each, with proba-
bility 1 — n from an unknown distribution with mean [ and covariance ¥, and with probability 11 completely
arbitrary, estimate |l and X.

Their most significant results are:

Lemma 3.2 (Mean recovery in [L1]]). For Problem @ there exists a poly(n, 1/€)-time algorithm that takes as
1
input m = O(W) independent samples x1,x2,...,%y ~ Ny(U,X) and computes i such that the

error ||l — f1||2 is bounded as follows,
o(n+e¢)o+/logn, ifL=c"l.
O(vn +¢)||IZ]3/*\/logn,  otherwise.

Lemma 3.3 (Covariance recovery in [[11[]). For Problem there exists a poly(n, 1/¢€)-time algorithm that takes
. n?(logn+log 1)logn
as input m = Q(———_*——

error

independent samples x1,x7,...,X, ~ Np(WW,X) and computes ¥ such that the
4 D n(H D

IZ—2|F = 0(n'?+C1(n +€)**)|Z||»\/logn

With the recovery of a Gaussian distribution from malicious noise, we can proceed with the case of imbal-
anced 2-GMM. The crucial innovation is the condition on the separation between means of the 2-GMM based
on the ratio of component weights and a careful analysis of the sample complexity.

Notation. Denote the set of the sampled points S = {x j};”zl. S = G1 UG, UN, where Gy denotes the samples

from the k™ component, and N the set of samples belonging to the malicious noise. Denote by
1(X) = (X =)L (X —u),

Mahalanobis distance. /(X); is the i smallest random variable among all samples {/(X}) "y Let (X ) @)
denote the i smallest term among m samples from the k™ component {/(X;) : X; € G, }. Denote by

A= (2 — )" T (o — ),

the ‘distance’ of two Gaussian distribution in a 2-GMM. The larger A is, the better-separated the two Gaussian
components are. In the spherical case £ = 621,

5= o= pll3
02

I

which can be seen as a signal-to-noise parameter. Let tr(Z) be the trace of the covariance matrix, and tr(X?) the
trace of its squared matrix.

Proof Sketch of Theorem 3.1} The identification of i, is trivial by Lemma|[3.2] The challenge lies in efficiently
learning the distribution of the second component, which is solved by Step 4 and 5 in Algorithm|[I] Formally,
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Step 4 (filter) can be translated as follows. Given m i.i.d. samples Xj,Xa,...,X,, we order the /(X;) by their
magnitude,
l(X)(l) < Z(X)(2) <...< l(X)(mm) <...< Z(X)(m),

and take as input {X; : [(X;) > (X))} in Step 5.
Succeeding in identifying samples from the second components leads to Theorem In other words, if
for any 11 > 0, given sufficiently large sample size and two sufficiently well-separated Gaussian distributions in

an imbalanced case,
PI‘(W € GI‘Z(W) > Z(X)(mwl)) <n,

that is, among samples left over after Step 4 (Filter), those from the 1st component account for a sufficiently
small proportion, then the input of Step 5 can be regarded as a Gaussian N(u,,X) with malicious noise of
weight at most
’ w3
n=n+_—.
w2

Hence, applying the AGNOSTICMEAN algorithm in Step 5 can give a good estimator [I, of the second mean

1
given that m(w, +ws) = Q(W). With the success of step 4 and sufficiently large sample size we

have, the estimation error ||{l, — iz || is bounded by

o+ ye)o\/logn, ifT=0
w2

O(y/n+ ULl —|—8)||Z||;/2\/logn, otherwise.
w3

Letn = O(% + €) in the spherical case (X = 62I), or = O(€* + t:—;) in the non-spherical case, we have the
recovery result in Theorem[3.1]
Formally, Step 4 (filter) guarantees the following result.

cwy log ?—2

Lemma 3.4 (Non-Spherical Gaussian Mixture). Forany 0 <n <1, givenm > Wf i.i.d. samples for some

c >0, we have
Pr(w € Gi[l(w) > 1(X) (uw,)) <15

if the following conditions are satisfied

e A>2, /nlog%—i—Z\/n— 1 —|—210g%.

. Let5:n%+v‘%, then

1 1 1 1 1
A > cry/walogn([|Z]3[|Z7 1|2 4+ 1) (r(Z) + tr(Zz)logS + 12|/ log 5) —|—czunlog5 +log 5

Ifn=o(log %), it can be simplified as,
1 1
Az (1+ery/walogn)([ZIZ 1272+ 1D]E[2log 5

s The smallest singular value of T is bounded away from 0, i.e., Omin = ||[Z71]|52 > O(w2)||Z||2 logn.

2|23 /log
Omin > 0(,ﬁW2||2H2\/1og*n(Wz)3 +1))

In the spherical case, the filtering guarantee can be simplified.

cwzlog% .
s i.i.d. samples for some ¢ > 0,

Lemma 3.5 (Spherical Gaussian Mixture). Forany 0 <n < 1, withm >

w3n
Pr(w € Gi[1(w) > {(X)()) < 7,

if the following conditions are satisfied



e A>2, /nlog%—i—%/n— 1 —|—210g%.

. Let5——n%+—x?, then
P 1 /1 1 ) 1(1 1 )
cilog < +coy/nlog—<+c og —(log<+n
! 1) 2 ) 3 n 0 ’

for some cy,cp,c3 > 0.

Ifn=o(log§), then it is equivalent to,

A > log é,
for some c.
Remark 1. The separation of A depends on three parameters of the 2-GMM models.
1. The ratio of two components %
2. The accuracy of estimation 0 = T[% + x—?
3. The dimension of the problem .

For %, it is obvious that the more skewed (imbalanced) the 2-GMM model is, the more difficult it is to learn
the means of the two components efficiently. Secondly, notice that 6 = %(77 + %), thus the order of 6 is
between the order of the two ratios. % is the generic upper bound on the accuracy of estimation, while n
is an auxiliary parameter for the accuracy of estimation one would like to achieve in estimating the smaller
component. Therefore, the more accurate the estimation is for the second mean, i.e., the smaller 1 is, the
more strict separation conditions on A are. On the other hand, the accuracy term 6 is bounded below by vf—?
indicating that the underlying bound posed by the malicious noise. Thirdly, separation conditions between the
two components depend on the dimension of the problem in an imbalanced case. In particular, it requires that
in each one-dimensional direction, the mean of skewed distributed component L is roughly O(n_l/ 4) away
from p, in that direction. This is a stronger separation condition compared to the balanced case ([[18]).

Remark 2. In the non-spherical case, the third condition in Lemma can be translated into % being

bounded away from 0. This contributes to a good approximation of £~ ! using £ which is close to X in Frobenius
norm.

The following is a proof sketch of the crucial filtering result in the spherical case. The proof for the non-
spherical case follows analogously.

Proof Sketch of Lemma Denote by m; = wym. By Bayes rule,

PI‘(WEG]‘Z( ) l( )( ))
_ Pe(l(w) Z LX) gy |w € G1) Pr(w € G1)
 Yi=61.Gon PrU(w) = 1(X) ()| w € J) Pr(w € J)
Pr(l( ) ( )( )‘WGG] PI'(WEG])
~ X7=6,,6, Pr(l(w) = L(X) gy lw € J) Pr(w € J)
Pr(l(w) > 1(X) (u)|lw € G1)
Pr(l(w) 2> LX) gy |W € G1) 432 Pr(l(w) > 1(X ) ()| W € Ga)

Therefore, it suffices to show that,
Pr(l(w) > 1(X)(m)|w € G1)

1
<022 Br(I() > (X o € Go). W

To show (), we show an upper bound of LHS and lower bound of RHS and find conditions so that the upper
bound of LHS is smaller than the lower bound of RHS. The proof can be decomposed into 2 steps.



(i) An upper bound of Pr(l(w) > I(X),)|w € G1)

X)m)lw € G1)
X D) ) W € G1)

XU 0 L0) < UK (1)) W € G)
XOUG2) s 1w) > LX) s (1) —my) W € G1)

my(1=B)—m3 ms
Z Pr(l(XGl)(j):l(w)ZZ(XGZ)(M”WEG])—FB‘FHT.

ny+ny=m;—m3 Jj=n 1

~—~ o~ o~

IN
™

Notice that Pr(I(X%") ;) > 1(X“2),,)) is bounded by

<Pr (X)) (y (1-B)—ms) = 1) +P(L(X ) 8y < 1)
S Z
<Pr< ‘(B)gl— _m3>_|_pr<‘g’”2(mzmlﬁ>7
nq mj m3 n;

for some ¢, p, p such that p < Pr(l(XiGl) <t)and p > Pr(l(Xl-Gz) <t) and S,(p) denotes the sum of n i.i.d.
Bernoulli trials with parameter p. The reason of introducing ¢ is that l(Xl.Gz) is approximately (under fi;,%;)
non-central chi-squared distributedE] With a well-chosen ¢ and the condition that the two Gaussians are well-
separated, we can approximate the comparison between a central and a non-central chi-squared distribution by
finding a cutoff ¢ that well separates the two ellipsoids, instead of working out a joint distribution of the two.

For the first term and p < Pr(l(Xl-G') <'t), we apply a sharp bound on the right tail of central chi-squared
distribution [19], -

Pr(y2 —n > 2/xn+2x) < exp(—x).

Subsequently, we set p accordingly.

For the second term and p > Pr(/ (Xl.Gz) <'t), we apply similarly an upper bound on the left tail of non-central
chi-squared distribution y2(2) given by [20],

Pr(x2(A) < (n+A) =2/ (n+21)x) < exp(—x).

which determines our p accordingly.
In the proof, we show that under the well-separated condition on A4, one could find satisfying threshold ¢,
such that,

Pr <Sm1 (B) <1-B- Z?) = 0<6Xp(_m1ﬁ))7

n

Pr (Sm(” > ’"1‘3) — O(exp(—mi ).

m mp

Hence,
Pr(l(X) iy (1-B)—ms) = LX)y p)) = Oexp(—mi B)).

Therefore, under the choice of § = %777

w2 w3

Pr(l(w) > 1(X)(u)lw € G1) = O(—n +

wi w1

).

(i) A lower bound on Pr(I(w) > I(X)(,)|w € G2).
To quantify the right tail of a non-central chi-squared distribution, we apply an alternative characterization
of the x2(A) as follows.

! A non-central chi-squared distribution is denoted as y2(24) with A being the non-centrality parameter and n the degree of freedom.
Let (Y1,Ys,...,Y,) be n independent normally distributed random variables with mean a; and unit variance. Then Z;?:I sz follows a

%2(A) distribution and A = ¥ a?.



Lemma 3.6 ([21])).
D
Xa(A) = xa1(0)+ 27 (A).

In other words, a non-central chi-squared distribution with degree of freedom n and non-centrality pa-
rameter A is, in distribution, equivalent to the sum of a random variable drawn from non-central chi-squared
distribution with degree of freedom 1 and non-centrality parameter A and another random variable drawn from
central chi-squared distribution with degree of freedom n — 1. Moreover, the two random variables are inde-
pendent.

Then a lower bound on Pr(/(w) > I(X)(,,)|w € G2) can be obtained with a proper choice of 7, = O(m;)
such that,

>Pr(l(w) > 1,1(w) > 1(X??) () |w € G2) Pr(L(X )y i) < 1)
_ my — 1y

(I (X ) ) > 1) X)) < 1)

Similarly we would like to find a ball of ‘radius’  that covers at least 1 — % fraction of sampled points from the
first component, while overlapping at most a fraction % of the samples from the second components. Using a
tail bound for x> given by [[19], one could prove that
Pr(l(XG‘)(ml,mz) <t)>1—cexp(—my).
On the other hand, under the well-separated condition, and one could show that with the choice of 7i;,
Pr(l(XGZ)(mzfrhz:mz) > t) Z 1/2

Therefore, for the choice of 71 to be specified in the appendix, Pr(I(w) > [(X);,)|w € G2) is bounded below
by some constant when m; is sufficiently large.

One could show that under the separation condition, the upper bound of LHS in (1)) is smaller than the

lower bound of its RHS, thus completing the proof of Lemma [3.5] The difference between the proofs for the
spherical and the non-spherical case is resolved by [22] with the following inequalities. If y ~ N(u,X), then

Pr(ly — 112 = () + 2 /r(Z)x + 2] ) < exp(—).
Moreover, if y ~ N(l,X),
2||Z{lx

Pr(|ly — 2> (X)) 4+ 24/tr(Z2)x + 2||Z|x + — 21+ 22y < exp(—x).
(Il = |7 = tr(Z) + 24/ tr(E2)x + 2[|Z]|x + || 2 — o || *( \/m)_ p(—x)

Then, applying the same idea of find a ball of ‘radius’ ¢ for some proper choice of ¢ that separates the two
components, we can achieve the desired inequalities.

4 Sensitivity

Compared with the widely adopted [1] vanilla expectation-maximisation (EM) algorithm, our algorithm for
recovering the mean of 2-GMMs does not requires an initialisation. Moreover, the algorithm significantly
outperforms the EM algorithm given the same number of sampled points, as demonstrated in the simulations of
the next section. Nevertheless, it is worth noticing that our algorithm does require the mixing coefficient w; on
the input. In the spherical case, we show that the algorithm is robust to a perturbation in the input wy. That is,
if instead of wy, the input takes an imprecise estimator w/, the output of the estimated means f1;, [l are slightly
perturbed.

Proposition 4.1. Consider the spherical case and assume that conditions of Theorem are satisfied. Then,
there exist oy, k = 1,2,... such that V1 > w} > 0 we have || flu(W}) — fix(w1)||2 bounded by:

w

+1 3w’ +¢€)o/logn.
-

See Figures[8|and [9]in the next section for a computational illustration.

W) —wi|+ws3

[ (W) — e (w) |2 < o (



Estimation error n=10 n=12 n=14 n=16 n=18 n=20

N Alg. 0.54(0.13) 0.51(0.10) 0.53(0.13) 0.56(0.14) 0.55(0.10) 0.55(0.13)

1 = ] EM 1.66(2.56) 2.04(3.32) 1.69(1.61) 1.69(1.21) 2.08(2.41) 1.72(0.52)

N Alg.ll] 1.18(0.19) 1.17(0.13) 1.16(0.19) 1.22(0.17) 1.25(0.16) 1.26(0.16)
12 = pa| EM 78.71(203.58) 21.07(15.34) 50.21(62.11) 78.04(276.22) 39.97(60.06) 60.27(97.50)

N N Alg. 1.72(0.27) 1.68(0.16) 1.70(0.25) 1.78(0.26) 1.80(0.19) 1.81(0.22)
iy = puall + 1122 — pe| EM 80.37(203.45) 23.11(14.97) 51.90(62.16) 79.73(276.13) 42.05(59.86) 61.99(97.45)

Table 1: Estimation errors on p; and i using Algorithm [I]and Vanilla EM

Estimation error n=10 n=20 n=40 n=60 n=2380
N Alg. 0.54(0.13) 0.55(0.13) 0.77(0.26) 0.74(0.32) 0.77(0.33)
1 = ] EM 1.66(2.56) 1.72(0.52) 2.99(2.46) 11.04(43.41) 7.95(11.42)
N Alg. Il] 1.18(0.19) 1.26(0.16) 1.59(0.20) 3.54(0.81) 1.88(0.19)
182 = pa| EM 78.71(203.58) 60.27(97.50) 156.80(491.43) 221.60(040.94) 98.24(161.98)
o . Alg. 1.72(0.27) 1.81(0.22) 2.37(0.35) 2.47(0.31) 2.64(0.44)
i = pull + 1122 — pe| EM 80.37(203.45) 61.99(97.45) 159.78(491.24) 232.64(1043.11) 106.20(161.84)

Table 2: Estimation errors on p; and u using Algorithm I]and Vanilla EM on Higher Dimensions

5 Computational Illustrations

We performed 50 simulations on 10,000 samples from a noisy 2-GMM each, with mixing coefficients w; =
0.8,wy = 0.16,w3 = 0.04 throughout. The noise is Cauchy distributed and dimensions n = 10,12,14,16,18,
20,40,60,80. Table [T compares the estimation error on p; and (i, achieved by Algorithm [I]to the estimation
error achieved by the vanilla EM algorithm, implemented as fitgmdist in Mathworks Matlab 2016a. Following
the conventional rules, we measure the estimation error as

min || Az = 2+ 1 Az2) — 2.

The true sampling error in the graph denotes the labeled mean |[mean(X©') — u, ||, ||mean(X©?) — uy||. We start
with the 2-GMM with malicious noise in n = 10,12, 14,16, 18, 20 dimensional cases.

Figures show that the estimation errors by vanilla EM are much larger than that by Algorithm
especially in the second component. Based on Table[I] the variance of the predictions by Algorithm [I]is also
smaller than that of EM.

From Figures one could notice that as dimension goes up, vanilla EM algorithm witnesses much larger
error and variance, compared with the more robust Algorithm [T} which does not requires any initialization.

In Figures[5|and[3] while the average ||fl — i | obtained by Algorithm[I]is below 5, the averaged estimation
error for the second component is above 20 for vanilla EM. From Table[I] we can further notice that the outputs
of the vanilla EM algorithm also suffer from large variation both compared with Algorithm [I|as well as across
different dimensions, which is due to its sensitivity to the initialization points.

Next, we conduct a more detailed experiment on the sensitivity to the input of wy in Algorithm (1| Figures
[8land [9] show the estimation error on f;, 1ty when varying

_ 1—w’1.
1—w;

Clearly, we overestimate the mixing coefficient of the larger component, whenever o« < 1. For a > 1, the
proportion of the smaller component and malicious noise, i.e. wy, is overestimated. Figures [§|and [9] outline the
results, suggesting the performance of Algorithm 1| when the input w/ is distorted.

6 Discussion

We have presented a meta-algorithm for Robust Parameter Estimation in Noisy 2-GMM, which works best
when the differences in mixing coefficients are large, i.e., wi; > wj > w3, and the coefficients are known



n=10 n=12 n=14 n=16 n=18 n=20

o =0.50 | 3.05(0.40) 3.09(0.33) 3.22(0.44) 3.18(0.37) 3.28(0.40) 3.39(0.44)
a=0.67 | 2.65(0.40) 2.72(0.28) 2.82(0.41) 2.89(0.48) 2.90(0.34) 2.97(0.44)
o=0.83|224(0.36) 2.25(0.27) 2.31(0.32) 2.39(0.37) 2.41(0.29) 2.53(0.33)
a=1.00 | 1.72(0.27) 1.68(0.16) 1.70(0.25) 1.78(0.26) 1.80(0.18) 1.81(0.22)
o=1.17 | 1.83(0.29) 1.78(0.20) 1.84(0.26) 1.95(0.29) 1.98(0.18) 2.05(0.24)
a=1.33 1 2.05(0.32) 2.05(0.23) 2.16(0.30) 2.30(0.30) 2.31(0.24) 2.38(0.26)
o=1.50 | 2.43(0.36) 2.53(0.29) 2.69(0.30) 2.82(0.35) 2.87(0.30) 3.00(0.32)

!
1-w)

1—wy

Table 3: Estimation error of ||} — w1 ||+ ||l — p2|| as o = varies for higher dimensions

exactly. There, it outperforms the widely-used expectation-maximisation (EM) algorithm considerably, as
documented in Section [5] The algorithm does not require any initialisation and it is rather stable with respect
to the error in the estimate of the mixing coefficients, as detailed in Section E} Our main result is an analysis of
the sample complexity of the algorithm, utilising spectral methods of [[11].

To continue in this direction, one could parametrise our analysis by the performance of the algorithm
for Problem [2| and analyse whether EM algorithms for Problem [2| would improve the performance. Using
information-theoretic arguments [5]], one could also study the tightness of the bound on the sample complexity.
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Figure 2: Left: 25 (top), 30 (middle), and 35 (bottom) samples from one Gaussian and 15,10, and 5 samples
from the other Gaussian, with one sample of noise at (6,1). Right: A contour plot of the 2-GMM (in black
solid lines), an EM estimate from the 41 samples (in red dashed lines), and an estimate of Algorithm [T] using
the same 41 samples (in green dashed lines).
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A Algorithms

Algorithm 2 OUTLIERDAMPING(S)
Require: S = {x;,xs,...,X,} C R"
Ensure: SCR" @0 = (wy,...,wp).
. Ifn=1:
Return (S,—1)
2: Let a be the coordinate-wise media of X. Let s> = CTr(X). Estimate tr(X) by estimating 1d variance along
n orthogonal directions and adding upE]

_all2
3: Setw; = exp(—”x’sif“z) for every x; € X.
4: Return (S, w)

Algorithm 3 OUTLIERTRUNCATION(S, 17, €)
Require: S = {x;,X2,...,X,,} CR", n €[0,1].
Ensure: SCR", w=1.
1. Ifn=1:
Let |a, b] be the smallest interval containing (1 — 1 — €)(1 — n) fraction of the points,
S <+ SNla,b]. Return (S,1)
2: Foreachd =1,...,m,

(i) Let [a4,b,] be the smallest interval containing (1 —1n — €)(1 — 1) fraction of the points {x,; : x € S},
(ii) let a; +MEAN({x; :x € S} N[ay,by]). a < (ai,...,a,).

3: Set B(r,a) < ball of minium radius r centered at a that contains (1 — 1 —¢&)(1 —n) fraction of S.
4: §+ SNB(r,a). Return (§,1).

Algorithm 4 AGNOSTICMEAN(-)
Require: S = {xi,x2,...,X,} CR".
Ensure: fi.
1: Let (S,w) = OUTLIERDAMPING(S) // Gaussian Case
Let (§,®) = OUTLIERREMOVAL(S,1 — w) / Non-Gaussian Case
2: Ifn=1:

(a) if ® = —1, Return median(S)./ Gaussian Case

(b) else Return mean(S). / Non-Gaussian Case

3 Hsw < %ZiESWXiXi'

Z§,w — %Zl Wx; (Xi - nug‘,w)(xi - »uS,w)T'

Let V be the span of the top n/2 principal components of X§ > and W be its complment.
Set 1 < Py (S) where Py is the projection operation on to V.

Set fly <~ AGNOSTICMEAN(S) and niuy <+ MEAN(P,,S)

Let fi € R” be such that Pyl = fly, and Py [l = flyy.

Return fi.

A A

2 Suppose D = N(u,62). Denote by Dy the 1-GMM with malicious noise of fraction 17. There are several ways to estimate 6. One
is, let x,,,4 = MEDIAN{x;}. Let ®(x) be the c.d.f. of N(0,1). Note that ¢; = ®(1) ~ 0.851. Let Cs be the ¢; x 100%th quantile of S.
Let the estimator & = C — fI where 1 is the estimated mean. One can prove that |62 — 62| = O(n6?).
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Algorithm 5 AGNOSTICCOV(S, wy 4+ w3)
Require: S = {x;,xp,...,X,} C R"
Ensure: /fL
x =" \}f’”/z fori e {1,...,m/2}. (Notice that E[x'(x')7] = £.)
2 Let S@ « (X)) i=1,2,...,m/2}
3: Run the mean estimation algorithm on S, where elements of S are viewed as vectors in R™. Let the
output be 3.
4: Return 2.

B Proof of Lemma 3.4

LetI(x) = (x—1)'2 ' (x— ), and
P() = (r— )/ (e ),
be the true value of the Mahalanobis distance. Then,
1(x) =(x =+ — ) 7 (o= o+ o — )
—(x—p)E (x— ) +2(u1 — ) E o= ) + (= ) E ()
=(x— )T ) + = )2 (B - D)2 (- )
F2( — ) E = ) + (= )2 (- ).

And
(=) £ E = D)2 ()|
<= ZlFIET 2l Yl — pe 13
<20 = Ep =7 3l — pull3.
the last inequality is due to the fact that ||X||> < || X||r, and ||(A +E)~ ||, < % as long as A is non-

singular and ||A~'E||» < 1, such that
= =llE+E-2)7")

1272
T =N E =)
1=~ "l
T1— =Yl E - Elle
2|27,

aslong as |2 — 2|/ < 3|Z71||5". By Theorem 1.1, 1.3 from [[LT],

1 — 2 = 0" + ) |25 *1og'?
A 1/4 1/2
=8l =0+, (n +e)*)C)? |22 log 2
with C4 = 3,Cy4 > = 7!! /4. Therefore,
11(x) = ()] <2)Z 7 |3l — s [BIZ = £l + 412 ol — tull2 s — @l + 1=l = 13-

Therefore, we can approximate /(x) using /*(x) which follows (non-)central chi-squared distribution.
Next, notice that

PI‘(W € G ‘Z(W) > l(X)(ml))
B Pr(l(w) > 1(X)u))Iw € G1) Pr(w € Gy)
Y7 Pr(l(w) = 1(X) guy)|W € Gi) Pr(w € Gi) +Pr(l(w) = I(X) (n,)|w € N) Pr(w € N) 2)
< Pr(l(w) Zl(X)(ml)|W€G])PI'(W€G])
“Pr(l(w) > I(X) ()W € G1) Pr(w € G1) +Pr(l(w) > (X)) |w € G2) Pr(w € G2)

17



To show that the above is bounded, we need to find (i) an upper bound on Pr(I(w) > [(X) ) |w € G1),(ii) a
lower bound for Pr(/(w) > [(X) () |w € G2) in @)..
(i) First need to prove an upper bound on Pr(I(w) > I(X)(,)Iw € G1).

Pf(l(W) LX) (my)|w € G1)

Pr(l(w) > 1(XDYD) (g IW € G1)

Pr(l(w) = 1(XY) () L) = LX) oy (1= ) —ms) W € G1)
Pr(l(w) = L(X DY) (g Lw) S LX) oy (1= ) —ma) W € G1)
_|_

m
= Y PeXO) oy (1-p)mme) = LW) = LX) (), L(w) > LX) [w € Gy)

1 ny+ny=m;—ms3

(AVARRAVARRAY/

+
<p

m my(1—B)—mj3
B+ Y Y Pr(X9) ) =1(w) 21X D)y |w € Gi)
ML yny=mi—my J=ni
ms my(1—B)—ms 1 G G
<p+24+ ¥ Y PO )y (1-p)-ms) = LX) i)W € Gi)
My = —m;3 J=m m
<+ (m—mp)* Pr(LX %) oy (1)) = LX) )
< m 2m, mi m3) mi )

The last inequality above can be upper bounded as follows,

Pr(1(X) gy (1-8)-ms = LX) (i)
SPr(l(X) g (1-B)-mz) = LX) g 1LX ) ) = 1) PE(L(X D) 5 > 1)
+Pr(1(X) 5y < 1)
<Pr(I(X) oy (1-B)—ms) = 1) Pr(L(X D) () > 1) —|—Pr(l(XGz)(mlﬁ) <t1) 3)

§Pr(2iﬂ(l(XiGl)§t) <1-B- ") pprE ) <0 > b,

my m mp my

SPr(sml(p) <1 p_y S (p) _ mB
mp mi my my

Here Pr(I(X"") <1) > p and Pr(/(X, X)) <t) < pand S,(p) is a sum of n i.i.d. Bernoulli trials with p being the
probability of success. The last inequality is due to the following lemma. The proof for the lemma is standard
calculus and thus omitted.

Lemma B.1. Denote S,,(p) the sum of m Bernoulli random variables with parameter p. Then Pr(S,,(p) <t)
is non-decreasing in p.

Forp,letp=1 —exp(—t,f(*")n) —exp(—x'), where

t' =t = 2|2 = Z[|p[[Z7 3 (er(Z) + 2/ r(Z2)x + 2| Z]1x')

= oy () + 2z 2] @
~ 2l - Bl 3
we have
Pr(l(X") <) >Pr(I"(X°") < 1)
> 1= Pr(z = ¢[X0 = pullo < (E) +2,/w(z2)¥ +2|Z[¥) —exp(~)

t'—+/(2t' —n)n

>1—exp(— 5

) — exp(—).
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To get the second inequality above, we apply Proposition 1 in [22] that for Y ~ N(u,X),

Pr(IY — gl = tr(2) +2/tr(22)y +2][£)]y) < exp(—).

The last inequality above is due to [19] on the concentration inequality of central chi-squared distribution.
Lemma B.2 ([19]). Let X ~ x2, then for any x > 0,
Pr(X —n > 2v/xn+2x) < exp(—x),
Pr(X —n < —2+/xn) < exp(—x).

By simple calculation, we can deduce that Pr(y? > 1) < exp(—(i‘m_z_ﬁ)z). Therefore, by the Chernoff-

like bound in Lemma[B.3] we have

t'—+/(2t'—n)n

S (p) m3 B+ —exp(=—5"") —exp(—x)]’
Pr( - Sl—ﬁ—mfl)ﬁexp(—ml Ry ),
when /
B_'_Z% ZzeXP(_t_(it_n)n)—i-Zexp(—x’). 5)

Lemma B.3 (Relative Entropy Chernoff Bound). Assume that X € [0, 1], and E[X]| = u. Fix €, Define

MaxVar|a,b] = max Var,,
pe[a,b]

where Var), is the variance of a random variable which is 1 with probability p and O with probability 1 — p.
Then we have the following inequalities.

82

2MaxVar[p, 1L + €]

Pr(X, > p+¢) <exp(—n

),

82

2MaxVar[p — €, 1]

Pr(X, <p—¢) <exp(—n

).

m3
my

The proof for the Relative Entropy Chernoff Bound is standard and is omitted here. Let x' = log J; , to
show (B) it suffices to show that

t'—+/(2t' —n)n
2

ms3

> log(B/4+ =),

4my

which is equivalent to
(vn+2y/log(& + 12))* +n

4my
t > . 6
> > (6)

For the second term of (@), firstly, we show that [*(w) for any w € G, follows a non-central chi-squared
distribution.
Suppose X = Q7 DQ with Q being real orthogonal matrix. Suppose that ¥ ~ N (i, X),

V=)' 2N (Y —) = (Y —) Q" D'O(Y — )
= [D7'2Q(Y — )" D7 Q(Y — ).

Notice that D~'/2Q(Y — ) follows some Gaussian distribution with E[D~'/2Q(Y — ;)] = D~'2Q(uy — wy),

Var[D™'2Q(Y — )] = D~'?Q(Q"DQ) (D™ Q)" =1.
Hence, D~ '2Q(Y — up) ~ N(D~'2Q" (u — wy),1). Therefore,

F(w) = (w—p) 7 (x = 1) ~ 12 (A),
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where 2 = [D71207 (2 — )13 = (2 — ) "7 (2 — ).
Similarly we have, for some ¢” to be specified later,

Pr(I(X?) <1) <Pr(x(A) <1") +exp(—x")

n+A—t" 2 "
<exp(—(—F—=)7) texp(—x
< exp(~(5T 20 +exp(—x)
=D,
where
" - —1712 2\ /! /" 2 2H2Hx”
7 =t 2| 2= 2[p[Z7 5 (r(E) + 24/ or(Z2)x" + 2|27 + [[p2 — i [ (== + 1)
tr(X?)x"
. -1 2\, /1 5, 2[Z[x"
4= 2= 2y for(E) +24 /o (Z2)x" +2[Z |l + 2 — i [P (—= + 1)
tr(X2)x"
+2[| = 1.
The result is due to the following lemma.
Lemma B.4 ([20]). Let X ~ x2(1), then for all x > 0,
Pr(X > (n+A)+2y/(n+2A)x+2x) < exp(—x),
Pr(X < (n+A1)—24/(n+21)x) < exp(—x).
m _ (nA—t" 2
By Lemmapr( Siz(7) 5 B < ey, B exp(ﬁf;% Tﬁﬁ) 1))exp< “P) when
)772 )ﬂz
m n+A—t", y
— > 2exp(—(——==)") +2exp(—x"). 7
B> dexp(~(5 Tt )+ 2exp(—) @
where x” = —log 7. Then it suffices to show f3 e = 4exp(—( ;‘;r%)z), which is equivalent to,
t'/§n+k—2\/(n+27t)log ®)
mip’
Then we have
Pr(L(X) (1) -my 2 [(XP) ) ~ O(exp(—mi B)).
Therefore, let § = 721, we have
ms | (my—mB)>
B2y T PE(L(X ) 1) = (X))
m2
"2+ 4 ™ exp(—man +logmy).
ml mi mi
as long as ) > logmz , we have
m m m m
=20+ — +c—Zexp(—myn +logmy) = o(=>).
my my my nmy
The only thing left is to find #/,7” that satisfy (T9) and (Z1I). By (19)
222~ Ll () +2( () 10g(5 + ) 2 tog(E + T2)
= 4  4m 4 4m
41 — 2 oy | —tr(E) — 2, [tr(22) log(B + ") — 2] 10g(P + 2
= oy | —ir(2) \/< oy + ) -2Toey + 1)

+2[| =Bz

. (Vn+ \/—2log(§ + 4{”731))24-11
2
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For (21)), we have

n—|—7L—2\/(n—|—2),)lognTz
1

5 —1y2 oy 4 4 s 2|l log%
214220 = 2 |[p 1275 (r(2a) +24 [r(E5) log — + 2[|Za | log — + [| 2 — pu | (——F=—=——
1 1 r(23)
X . 4 4 2[| %l IOg%
4l =22 2 | r(Z2) +24 [r(E3) log — 42| Za[[log — + [l — 1 [|H(——F=—=——+1)
1 1 r(23)
+2( = 3113,
combined with the lower bound on ¢ in (9), we have
1
n+A—-2 (n+2l)logﬁ
Tlmz
>2||Z —E||F|IZ” 2t 24/tr(Z2) (4 /1 log(——+—
=~ Sl x [26(2) + 24/ un(@) g flog 3+ [~ TogF 22 4 2
2|[%)|/log 3
4 n my n
+2/12 (log = — log(— 22 + 5 )y 4 ||y — —
[1Z[I( e &G Ty ) T2 w1 ( ")
(10)
X . o 4 4 ) 2|[5]|y/log
Al = ull2fZ7 g | r(2) 424 [r(Z2) log — +2][E[|log — 4 |[p2 — 1 [H(——==—
n n tr(X?)

)—lezlllog(** + H)

N — m m
+ 4 = full2fZ 1||2\/tr(>3)+2\/ tr(Ez)log(n ?+4le

(\/ﬁ+ 210g(§ + 4%))2 +n
> )

4 — 3+

Notice that
nm  ms

4
log— = O(—1
OgT[ ( 0g(4m1 4my

and
A= (2 — )T (2 — ) > [IZ[15 I p2 — 3.
Hence, to show it suffices to show that

2|[Z)1? /log 5

1 .
+A1-2 +20) log — —2[|1Z = || £IIZ 1122
n (n ) gn | IFIIZ7 [2A( w2

2 4

— 8|l — o )|1= 7! A
[ = [[2]IZ7 ]2 | A( ")

m3

o B 1)
>2UZ —S||p |2V B x [2tr(T 4\/t? log(1 72 1 ™8 1y L agzflog(X 22 4 M3y (
>2[|Z—E||r|Z7H3 x [2tr(Z) + 44/ tr( )\/og(4m1 + ) 4T o E 4 ) ]

811 — fullal|= ot ) 2tr(E) + 44 [tr(Z2) Tog((L T2 1 M3 y—1 4 415 [Tog(X T2 1 3y
+ 8|1 — fu Iz HZ\/ r(Z)+ \/f( )og(7— +4m1) +4/Z ] log(5 +4m)

2log (172 4 2
= A (Ve 2loeChts +35) )
Hi— Hil2 2 > .
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Subsequently, (I1)) can be reduced to the following lower bound on A.

VA >a++Va?+2b=0(d?+2b),
2|1Z)? /log

() +1,

ms3 | _
=2l = Sl x [26() + 4y (@) fog (L2 4 72 1) 44 ogF 2 + ) 1) (12

a =8 u — 217"l

811t — |l I= " |2y [ 26r(Z) + 44 [tr(22) log (T2 4 B y—1 4 45| log (T2 4 1B -1
+ 8[| — fu [ ||2\/ r(X)+ \/r( )og(7— +4m1) +4]Z]|Tog( — +4m1)

4 n 22712 nl EJ ﬂ*l 1 ﬂ@ —71.
= I 3+ | 2n10pCH 2 4 ) g (1224 2

To reduce this complicated inequality, it can be shown that,

a < O((walogn)?).

Combined with
IZ— 2| = O(yw2)||El[\/logn,  [lu1 — fullr = O(/w2)||IZ]|'/2\/logn,
we have
Lier] ) 1 1 1 1
b= cry/walogn(IZ]1F £+ 1) (i(E) + | /tr(£2) log < +[[%) g >¢,nm Hlog g,

where T[% + % = J, and ¢; > 0 being some constant. Hence, by (12),

1 1 1 1
Az er/watogn(E I+ 1) (t(E) + /(22 log 5 + 2] log )¢,nm Hlog g

If n=o(log 1), then we have

1
2= (1+ey/walogn([[Z]|2 1" ||+ )12} log _. (13)

With this lower bound on A, we can choose #',#” to complete the upper bound of (3)).
(ii) Next, we show a lower bound for Pr(I(w) > I(X),)|w € G2) in (2).

Pr(l(w) > I(X)(m,)Iw € G2)

= zk: Pr(l(w)ZI(XGI)(i),l(W)ZZ(XGZ)(j),l(w)ZI(XN)(k)|w€G2)
i+j+k=m

> Y Pr(l(w) > 1(X9) ), L(w) > L(X D) () |w € Ga)
i+ j=m

>Pr(l(w) > LX) i) L (W) = LX) ) [ W € G, LX) 1,
X Pr(l(XGl )(m|—rh2) < t)
>Pr(l(w) > 1,1(w) > (X)) W € G2) X Pr(1(X") (uy —ip) < 1)

<t)

=T Pr(I(X ) ) > 1) % Pr(L(XO) () < 1):
my

for some ¢, 71, to be specified later.
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Claim 1. Pr(/(X5") () > 1) < Oexp[—ria (1 — 75-)?)).
Proof.

Pr({(X) (i) = 1) =Pr(Y LU(XT") > 1) > 1i1a)

By Lernma Pr(x2>1) < exp(—(vmfﬁf‘/ﬁ)z). Let p = exp(—(iw) = exp(—w), we have

Pr(I(XC) ) > 1) < expl—m ﬂ]
(mi—rz) = ) = EXP ' 2MaxVar[p, 2]
(52 —p)
:exp[—mlW]
e (1=12)]
_ 2RV
= O(exp|—na(1 — .
( p[ 2( ﬁ;lz/ml ]
under
my t—+/(2t —n)n
— = _ ). 14
"2 > p=exp(- ) (14)
Claim 2. Pr(/(X%2);,) > 1) > 1/2.
Proof.

Pr(l(XGZ)(’hz)) <t) :Pr(i ]l(l(Xl_Gz) <t)>my)

Need to find 715, § such that

22> g > Pr(i(x®) <1)),
my
which then leads to Pr(S"Z?) > %) < % According to [20], Vt <n+A,
Pr(R) <1) Sexp(—(2 2Ly g
= = v T
Therefore, combined with in Claim 1, we have
) n+A—t , t—+/(2t—n)n m
— > max{exp(—(——=)"),exp(— +1lo ,
"2 > max{exp(- (L) exp(~ gL )

which is equivalent to,

(2(/log 52 +log gt ++/n)* +n
5 :

ntA—2y/—log 2 \/nt2A >1>
ny
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Hence, if

= (2,/log 22 +log 2L + \/n)? +n
n+A—-2 —log@\/n—i-ytz " "
ny

2 )

ie.,

A>2( log@+logﬂ—l— log@)z—i-Z( log@+logﬂ+ log@)\/ﬁ. (15)
mp 2my my my 2my myp

A >3log 2 43, [nlog 21, (16)
2m2 2m2
which suffices to prove Claim 2.

The following presents an alternative way to prove Claim 2. In particular, it relies on the following charac-
terization of a non-central chi-squared distribution.

Let iy, = %mz we have,

Lemma B.5. D
X (M) = 21 (0)+ 47 (A).

The CDF of non-central chi-square with one degree of freedom is quite explicit.
Pr(x}(A) <1) = ®(Vi—VA) = D(—Vi—VA).

Hence,

= Pr( <
my my
S o
my my

where p =Pr(x2(A) > 1) > p- Need to find a lower bound p and 7y, such that p > mzm;z’"z and thus

Pr(I(X %) ) < 1) <

i

N =

which then completes the proof of Claim 2.

Denote by ®(t) = 1 —®(¢). By Lemma 3.6 and the explicit CDF of non-central chi-square with one degree
of freedom,

+2a-1(0) > 1)
+2n1(0) 2 1) 1(0) 2 n—1-2¢/(n—1)x) Pr(xy1(0) 2 n—1-21/(n—1)x)
>t—(n—1)+2y/(n—1)x)Pr(x> 1(0) >n—1-2+/(n—1)x)

n—1)42y/(n—1)x—VA)(1 —exp(—x))

Y
)
-
~~ ~—~
xR
Ll S TRl (S B 9]
—
>
~—~ S~— N~

Combined with (I4) in Claim 1, it suffices to find ¢, 7, satisfying

5]

2o

m = E (17)
753 t—+/(2t—n)n mi

— >exp(—————+log—).

my 2 my
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Lett—(n—1)4+2y/(n—1)x=A+1,x=1,and

S p)(1—e >
e B
which yields Pr(x7(4) + x2_;(0) > 1) > p=®(1)(1 —e'). Moreover, we need to show that
t—+/(2t—n)n mi 1y -1
—————— —log— > —log— =log(l — .
5 ogy = ~log, = =log(l-p)

(Vi+2, flog L)%+ . .
by pluggingint — (n—1)+2/(n—1)=A+1,1 > # —n+2+/n— 1, which finally yields,

A>2, [nlog L +2v/n—1+2log L.
my nmy

Notice that this is actually quite close to (I6). Hence, all of the above combined guarantees that 7, exists, and
thus completes the alternative proof of Claim 2.
Therefore,

my — i

Pr(l(w) > (X)) |lw € G2) > Pr(l(X D)yt 1-sngms) > 1) X PE(L(X ) (g i) < 1)

o
1

> (] — —

_20(1 exp(—cmy)),

for some ¢ > 0.

Moreover, given enough sampled points, the fraction of sampled points belonging to each component is
1

. . . . 21 2 . .
approximately the true weight w;, that is, given m > W‘z’i; , we have exp(—%) < '1n, which yields the
concentration inequality of Bernoulli trials,

m
Pr(|;2 —wa| > wan) < exp(—mwan?) < 7.

1
2log 7
w3

Similarly, with m > , we can bound the probability of Bernoulli trials,

Pr(|@ —ws3| > w3) < 2exp(—2mws).
m

Hence, by union bounds,
Pr(w € Gi[l(w) > 1(X)(n,))
B Pr(l(w) > I(X)(u,)|w € G1) Pr(w € G1)
X Pr(l(w) = 1(X) uy) W € Gi) Pr(w € Gi) +Pr(1(w) > 1(X) () |w € N) Pr(w € N)
< PI‘(Z(W) > Z(X)(ml)|w € Gl)Pr(W € Gl)
_Pr(l(w) > l(X)(ml)’W S G])PI‘(W € G])-FPI‘([(W) > l(X)(ml)|W S GQ)PI‘(W S Gz)
m(wan)? mw3
—+2 ——)+2 -
e o 2P F2ep(= )
<327.

21”] Woaw|

To conclude, under the condition of Lemma[?aZf] and Lemma 3.2, 3.3, in order to complete the proof of Theorem
3.1l m must satisfy,

n(wi2 +n)(logn+1logl)logn
2 )

> 2
" (e )

2log 1wy
2452

m=Q(

m >
w3

Hence,

n(n—l—wiz)(logn—klogé)logn w%log(é—} %)+10g(%+ %))

=Q
m ( e2 84_*_(:“%)2 w3
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C Proof of Lemma 3.3

Let I*(x) = = “ I3 be the true value of Mahalanobis distance, and /(x) = > ” Ity the computed estimator for
I(x) in the algorlthm Then

o x| G =) ) s =l

2 ) )
Gi Oj Oj

612 < 2612 By Theorem 1.1, 1.3 from [[11]],

[t = full2 = O(n +€)o1V/logn.

|of — 67| = 0(n +¢)o.

Similarly by Bayes Rule,

Pr(w € Gill(w) > 1(X) ()
_ PI‘(Z(W) Zl(X)(ml)’WGG])PI‘(WGG])

Y7 Pr(l(w) = 1(X) guy)|W € Gi) Pr(w € Gi) +Pr(l(w) = I(X)(n,)|w € N) Pr(w € N)
- Pr(l(w) > I(X)(u,)Iw € G1)Pr(w € Gy)

TPr(l(w) > 1(X) (m,)lw € G1) Pr(w € Gy) +Pr(l(w) > 1(X) (u,)Iw € G2) Pr(w € G2)

Need to prove an upper bound on Pr(I(w) > (X) ,,,)|w € G1) and alower bound on Pr(I(w) > (X ) () |w € G2).
Similar to the non-spherical case,

(my —m B)?

T Pr(L (XY iy (1-)-ms) = LX) (i)

Pr(I(w) > [(X) )W € G1) < B+ % +
1

and we have

Pr(l(XGl)(ml(lfB)*mz) = Z(XGQ)(’"II}))
SPI‘(Z(XG] )ml(l—ﬁ)—m3:m| > I(XGz)mlﬁimz|Z(XG2)mlﬁ:m2 =z t) Pr(l(XGz)mlﬁsz = t)
+Pr(l(XGz)m1ﬁ:mz S t)

e <y g )y SelD) B

my my my my

Here Pr(/(X”") <) > p and Pr(1(X*) <1) < p.
Notice /(X 2) is approximately ||y — i;]|3 with y ~ N (i, 62I). By Theorem 1 in Hsu, Kakade & Zhang(2011),
fory ~ N(.“Zv 621)9

t
HUW—uu@Zna?+mﬁmﬂ+ao%+uh—uma1+z¢;»Semw4x

while for the first term we can still apply Pr(x2 > t) < exp(—%). Therefore, Pr(/(X") < 1) can be
reduced to
P
(1) < 1 —pe 1013 00— ) Bl
O; i 67
— 2 —1 _
L P 3 [ P 21 0
i i 67
— Pr( lx— 2 <_ [ — ule 1\/2)
o1 (9] O]

N —pulla ul\lz 61\/ _ =l llll\z 61\[
zl—exp(—( o \/ ta Vi ))-
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(_Hm;m \Iz_._?:\ﬂ)z_\/n(z[_ [ ;fh [ +?:ﬁ]2—")

Therefore, let p = 1 —exp(— 5 ), by the Relative Entropy Chernoff
Bound,
(“Hl;ﬂl“2+%\/t')2_\/n(2[_ Hﬂl;ﬂlHZ +?\/ﬂ2—n) )
Pr(Sml(B) <1-8 m3) <exp(—m [ﬁ—l—%—exp(— 1 2 l ) )
<l-p—-——)< —m ;
m m 20=p =5 (B+5)
and suppose that
(— e —fullo Q\/lt)z _ \/n(2[— i —fullo Q\ﬁ]z —n)
B+ 2 > 2exp(—— PO z_a ). (18)
n 2
To prove (I8)), it suffices to show the following,
2
B 5 V424 /log(B 4 m)-1y2 4 py
(_ H,U«] :u1||2 _'_ﬁ\/l:)z Z ( 4 4my ) . (19)
o o] 2
For Pr(1(X?) <), similarly, we can get
AoV
pr(10x% < 1) = pr( S AIB B =) ) el
) <) =Pl - <)
(Hx wls Nl = Al — g [ fu 13 <1
- &7 &t &7
=Pr([lx— il < 61vVi + || — fu )
51+ /F _n 2
i
< p.
thus we can choose p such that f3 % > p. By the Chernoff-like bound,
_ my +A—x 212
Pr(sz(p) > mlﬁ) < eXp(—mz[ zé eXp( (Zn\/n+23) ] )
my T omp T Bos(1=BLr) ’
when N
mi n+A—x,
— 2>2exp(—(—/——=)". 20
B> dexp(~(3 =) @0
where x = (%’fl_m”z)z. Then it suffices to show that
GVl —fulla my
< A=2 24)1 . 21
(OB < a2 fn+ 20 og 5 a

If it holds, we have
Pr(l(XGl )ml(lfﬁ)fmyml > Z(XGZ)ml,B:mz) ~ O(CXp(_mlﬁ))
Therefore, let § = 721, then

my |, (my—mfp)?
B + my 2m1 PI‘( (XGI)’"I(I —B)—ma:my = l(XGZ)mIB:mz)
_m
"+‘ﬁf4fw(mm+bym%
m1 mq
and as long as ] > IOng , we have
mp

m
fn—i-f—kc—exp( myM +logmy) :0(—2).
my my my
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This complete the proof for the upper bound of Pr(I(w) > [(X),,)|w € G1).
To show that such choices of p, p exist, combining (T9) (1)), we have

> (Vb +2v/c)?,

(xf+2\/10g(§ + )1 4n 22)
2

)

n—i—l—2\/(11—1—21)10g2:112
1

=3
= 52
1

9

which yields,

2 1 / 1 [ 1 1 1 / 1
Az4logﬁ+210g3+2 nlog3+2 logn\/4logn+810g6+4 nlog3+n+2A—|—A,
1 1 , 1
A=4c+\[c(2n+4 nlog5+4log3):cowz (n—I—logg)logn,

B ms
o==+-—.
4 +4m1

One could prove that for 1 > w3, 8 = O(1). After some simplification, we get

A >clog < +¢ nlog +cf log log +n),
1g6 2 3

B om
0= 4+4m1

(23)

where ¢} =6,c5 =2,¢5 =8+4c). If n= o(log%), then

1
A> (C'1+c/2+c'3)log5. (24)

Similarly we can find a lower bound for Pr(I(w) > (X)) |w € G2) > 1/2.

Hence, when m > g2 , we have ex _mlwn) < 1, which bounds the probability of Bernoulli trials,
waT] p 2W2 n

szT]2

Pr(| 22 —wa| > wam) < 2exp(—
m

),

210
Similarly, with m > o8 ” , we can bound the probability of Bernoulli trials,

mws

Pr(1™2 | > ws) < 2exp(~"22).
Hence, by union bounds, Pr(w € Gi[l(w) > 1(X)(n,)) < 327. Also,
B le(logn—l—log%)logn
m = 2 )7
€
210g W3

> 71/‘/2
W2(£+ VVS)

W%

210g nz
m> —

w3
Hence, 1 |
nwiz(logn%—log%)logn Wizlog(g_;_%) 10g(5+%))
€2 e+ ()2 . .
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D Proof of Proposition 4.1]

Assume that w) > w;. We are interested in the following sensitivity of the filter step to misestimated w; on the
input.

‘Pr(w € Gi|ll(w) > l(X)(mW )) —Pr(w € Gi|l(w) > 1(X) () )‘

Pr(l(w) > I(X) (uy;)|w € G1) Pr(w € Gy)
:‘ Y7, Pr(l(w)> l(X)(mwfl)\w € G)Pr(w € Gy) +Pr(l(w) > 1(X) mw’l)|W € N)Pr(w €N)
Pr(l(w) > I(X) () |w € G1) Pr(w € G)

B Y7 lPr( (W) > 1(X) gmy) |W € Gi) Pr(w € Gi) +Pr(l(w) > 1(X) () lw € N) Pr(w € N) |
<|FPr(L(w) = LX) oy W € G1),Pr(l(w) > 1(X) (yuwy)|W € G2))
—f(Pr(( ) = LX) | W € G1),Pr(1(w) = 1(X) may) W € G2))|
+ ‘g (Pr(l(w) = LX) ()W € G1), Pr(L(w) > LX) ()W € G2), Pr(L(w) > L(X) () |W € N))
— (Pr(Iw) 2 1(X) gty W € G1), PE(I(w) 2 1(X) gty [ € G2), PE(I(w) 2 1(X) gty [ € V)|

0
<max | 2L e I1PEE0) > 100) g b € Gr) — Pr100) > 1K) g o € G|

+max\3f(x,y)\|Pr(l(w) > 1(X) () W € G2) = Pr(L(w) > 1(X) () [w € G2)|
+max|a (e, 2, 2)[[Pr(I(w) > 1(X) () | w € G1) = Pr(l(w) > LX) (yuwy) | W € G1)]
+maX\a (%, %, )| Pr(1(w) > LX) w)) | W € G2) = Pr(l(w) > LX) (yuwy) | W € G2)]

+2maXI7Z(x,y,Z)|

2w
< IPII() > 1(X) € Gr) = Pr(L(w) > 1(X) gy I € G)|
2
L IPR(L(8) > (X)) I € Ga) = Pr(L(0) > 1(X) gy 0 € Go)
4
+ ”jv‘”” [PE((9) > LX) g € G1) = PrI(w) > (X)) w € G1)
2
16
4 =22 BE(1(0) > LX) g € G) = PH(L(8) > (X)) 0 € G|
8W1W3T]
%) ’
where
o wix
f('xay) _W1X+W2y.
Wiw3xz
g(x,y,2) =

(Wix+way)(wix +woy +wsz)

The third inequality is due to the intermediate value theorem.
Now the problem reduces to comparing

(@) Pr(l(w) > 1(X) () |w € G1) and Pr({(w) > L(X) () |W € G1) -

() Pr(l(w) > U(X) ()W € G2) and Pr(l(w) > 1(X) (uuy)|Ww € G2) .
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For (a),

( (X) (mw] ( >l(X)(mw1)‘WEG1)
<P ( (X) mw’l) ( )>Z(X)(mw1)al(w) SZ(XGI)(ml(l—’L’))‘WGG1)+T
Pr(1(w) > LX) (g, g L) < LUXD) oy (1= W € G1)

—PI‘(Z(W) Z(XGIUGZ)(mw’l)vl(W) < I(XGI)(ml(l—‘c))|W € Gl)
Y Pr((w) > HX) ), L) > LX) (), L(w) S LX)y (1) W € G)

ny+ny=mwi—ms

- Z Pr(l(w) >l(XG1)(n/]),l(W)SI(XGI)(ml(l,T)),l(W) >l(XG2)(n12)‘W€G1)+2’C

! R /
ny+n,=mw,

IN

my(1-71) 1 my (
G G G G
< ; . _Z m—lPr(l(X N> IXP) ) — ), Z —Pr (X)) > LX) ) +27
nyt+ny=mwi—ms3 j=n nl—l—nz—mwl q= ”1
mwi—ms m1(1—T) 1 G G mwq m11 ‘L') G G
< Yy Y m—lPr(l(X DGy > UX) (mwy —my—ny)) — Z Z *Pr (X)) > UX™?) () —np)) +27.
ny=mwi—m3—my  j=n; ny=mw\—my j=n}

Let n| = [} + m(w| —w1) 4+ m3, then it is equivalent to

(mwi—m3)  mi(1-1)

I
Y Y, —Pr{(X)(j) > 1XP) s s —y))

np=mwi|—m3z—my j=n m

mwi—m(w)—wi)—mj3 my (1-1) 1 o o
- Y Y o Pr(LX) () > LX) oy s 1)) + 27
h=mwi—my—m3  j=li+m(w|—wy)+m3 1
m(wi—wi) my(1-71) 1 o G my mw)—i 1 o o
= Z Z —Pr(l(X 1)(]-) > 1(X 2)(1’)) + Z Z —Pr(l(X l)(j) >I(X 2)(,-))+2’4

i=mwi—m3—m (1-7) j=mwi—mz— imi ni

i=mw|—my (1-1) j=mwi—m3—i
my (1 — 1) —mwy +m3 +m(wh —wi)]?
[ ( ) 2m1 ( 1 ] Pr(l(XGl)(ml(l—r)) >l(XG2)mw1—m3—ml(1—r))

[m(w) —w1) +m3][my +m; (1 — 1) —mw}]
mi

<

+

Pr(1(X) iy (1-2)) > LX) (et —y (1-2))) +27

< es [m(w) —w1) +m3 —m 7)?

G G
Gy Pr(l(X%") my (1=2)) > LX) (my2—m3))

N [m(w) —w1) +m3)[my —m T —m(w| —

w
m, ) Pr(L(X )y (1-1)) > LXP) (o o) oy ) + 27

_ [m(w) —wi)+m3 —m17]2C5 exp(—mi ) + [m(w) —w1) +m3][my —m T —m(w| —wy)]

2my my

csexp(—m 1) + 21,

. wh—w wh—w
under Lemma Let T=min{}> + ==, — L=}, we have

wr T wi

Pr(1(X) (mw) > L(W) > 1(X) ()W € G1)
=Pr(l(w) > 1(X) (mu)|w € G1) = Pr(I(w) > I(X) () [W € G1)

wy W, —w wy W, —w
<csmyTexp(— mlfc)(w2 1 l—r)+05m1 exp(—mlr)(i—i—lil—r)z—l—%

w1 wi w1

wat+ws ws W, —w wa W, —w
<csmy exp(—m;T) 2 3(—3_1- 1 ‘)+2(j+ 1 1)
wi wi wi wi w1
/
w3 Wi —w
<cg(— + ),
w1 w1

for some c¢ > 0.
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Similarly, the following argues for the case when w € G».

Pr(1(X) gmwy > L(W) > 1(X) () W € G2)
Pr(/(X )mw’ > 1(w),|w € G2) = Pr(l(X) ) |W € G2)

Pr(L(X1Y92) (s > 1), L(w) = LX) upa) -y (1-1)) W € G2)
—Pr(l(XG‘UGZ)(mwl,m3) > 1(w),l(w) > Z(XGZ)(mlrerwlfmﬁm)\W € Gy)

mw, —m(1—1) mTt+mwi—m—m
L 1 )+ 1 1 1 3

ny ny
< Z Pr(l(w) < Z(XGI)(m|—n’l)’l(W) < l(XGZ)(mz—n’z)>l(W) > I(XGZ)(mw/l—zm(l—’r))‘W € GZ)
ny+ny=m—m3—mw) ,n} >m 1
- Z Pr(l(w) < I(XG] )(ml—nl)al(w) < Z(XGZ)(mz—nz)al(W) > Z(XGZ)(m1T+mW|—m]—m3)‘W € GZ)

ny+ny=m—mwi,n1>m T

mw, —m(1—7) mwi—m(1—17)—m
L 1 ( )+ 1—mi(1—1)—m;3

nip ny
m—mz—mw} mwi+n}—m; m—mw| MW|—mi—m3—+n;) 1
= Y L PTG <IX)me) = XY PTGy <HX )y )
ny=mt j=0 2 n=m7t j=0 2
mw) —m;(1—1) +mwl —m(1—1)—mj
my ny
m(1—7)  mw)—i mi(1=1)  mwi—m3—i |
= Y X *Pr (XD > X)) = 1 Y Pr(XT) e > X P) )
i=mw)—my Jj=0 i=mi—m+mw;  j=0 2
mw) —m;(1—1) 4w —m(1—1)—m3
mp np
mi(1=7) m=i mw—mi—i mwi—mymwi—ms—i |
= ) ( - Y )WTPI‘(Z(XGI)(:') >IX?)) - )Y Y —Pr(l(X) i > 1(X9) ;)
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= Z Z —crexp(—m 7) + —1 i ) ! 1 ) &
my my mp

i=mT Jj=mwi—m3z—my+i
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mw) —m;(1—1) L —my(l—1)—m3

/

/ /
W, — Wi +Ww3 Wy w; —wq w3 wq
=0 2 I Py ey exp(—my T) + 4207
wa w1 w1 w2 w2

/
Wi, —wq W, — Wi+ w3
=3 +cimy exp(—mlf)li,
wi w1
wi—wi( 7%)7W3
where T = . Hence, we can find c¢7, cg > 0 such that,

2wy

/
wi—wi+ws3

| Pr(l(w) > I(X) (mw)[w € G1) = Pr(l(w) > 1(X) ()W € G)| < mT,

/_
’Pr > l( ) mw’l)’W € GZ) —PI'(Z(W) > Z(X)(mw1)|w S Gz)’ < cg%ﬁ—w?"
1
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Therefore,

[Pr(w € Gi[l(w) = 1(X) muy)) = Pr(w € Gi[l(w) = 1(X) ()|

2
< I PHI08) > HX) gy b € Gir) = Pr(I(w) > 1(X) g 0 € G|

2w
L PE1(0) > 1) g 0 € G2) = Pr1(0) > [(X) o € Go)|
dwiw
3 [Pr(L(w) > 1(X) ) [ € Gt) = Pr(I(w) > LX) sy 0 € G1)|
2
16ww
+ W1723n|Pr(l(w) > 1(X) (e [W € Ga) = Pr(l(w) > 1(X) (o) [ € Go)|
8
" wiwsn
w»
2w dwiw
St Tz PH9) > LX) g [ € Gr) = Pr((w) > LX) gy w € G
2
2w 16ww Swiw
+ (2 22T D7) > 1K) gt |W € G2) = PE(E(W) > LX) gy W € G)| + ]
wy wy w»
<o Wi WS
w)

for some cg > 0.
Hence, when reporting w/}, the malicious noise of weight accounts for at most,
/
wi —wi+w3
/ 1
n=n+c )
w2

and after the agnostic recovery of the second mean, ||{,(w}) — 12 || is bounded by

wi—wi+w w
O(n + ottt s - +¢€)o/logn),
I —w,
given the same condition of sampling complexity regarding 1. Here =, is the upper bound for the weight

of malicious noise in the new input in the second run. In the spherical case, ||fla(w1) — || is bounded by

O(n + > +¢€)oy/logn). Hence, || fi2(w}) — flz(w1)]| is bounded by

,_
M W1+W3+ W3,+8)6 logn).

(0]
( ) 1 —w;

Similarly, one could prove the same for the case w| < wy. Therefore,

/_
w1 = wal w3 W3,+8)G logn).

N AN _
201) = R = O
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