arXiv:1805.12595v1 [cs.IT] 29 May 2018

The Arbitrarily Varying Gaussian Relay Channel
with Sender Frequency Division

Uzi Pereg and Yossef Steinberg Department of Electrical Engineering
Technion, Haifa 32000, Israel.
Email: uzipereg@Qcampus.technion.ac.il, ysteinbe@ee.technion.ac.il

Abstract

We consider the arbitrarily varying Gaussian relay channel with sender frequency division. We determine the random code
capacity, and establish lower and upper bounds on the deterministic code capacity. It is observed that when the channel input is
subject to a low power limit, the deterministic code capacity may be strictly lower than the random code capacity, and the gap
vanishes as the input becomes less constrained.

A second model addressed in this paper is the general case of primitive arbitrarily varying relay channels. We develop lower
and upper bounds on the random code capacity, and give conditions under which the deterministic code capacity coincides with
the random code capacity, and conditions under which it is lower. Then, we establish the capacity of the primitive counterpart
of the arbitrarily varying Gaussian relay channel with sender frequency division. In this case, the deterministic and random code
capacities are the same.

Index Terms

Arbitrarily varying channel, deterministic code, Gaussian relay channel, Markov block code, orthogonal sender components,
partial decode-forward, random code, sender frequency division.

I. INTRODUCTION

Recently, there has been a growing interest in the Gaussian relay channel, as e.g. in [15, 29, 20, 27, 26] and references
therein. In particular, E1 Gamal and Zahedi [15] introduced the Gaussian relay channel with sender frequency division (SFD),
as a special case of a relay channel with orthogonal sender components, described as follows. The transmitter sends a sequence
of pairs X = (X/, X/ ,. At time ¢, the relay receives the symbol Y; ;, and transmits X5 ; based on past received values

Y11,Y1,2,...,Y1,i—1, and the destination decoder receives Y;, with the following input-output relation,
Y, =X"+17Z,
Y=X+X;+8S. (1)

The transmitter and the relay are subject to input constraints, - 37" | (X/? + X/?) < Q and 237" | X7, <, respectively.
El Gamal and Zahedi [15] determined the capacity of this channel, under the assumption that Z and S are each independent
and identically distributed (i.i.d.) according to a given normal distribution, N'(0,0%) and N (0, 6?), respectively. The model is
especially relevant when the sender and the relay communicate over different frequency bands [13].

In practice, channel statistics are not necessarily known in exact, and they may even change over time. This has motivated
the study of various arbitrarily varying networks (see e.g. [3, 17, 16]). In particular, this is the case with the Gaussian arbitrarily
varying channel (AVC) without a relay, specified by the relation Y = X 4+S+Z, where S is a state sequence of unknown joint
distribution Fys, not necessarily independent nor stationary, and the noise sequence Z is i.i.d. ~ N'(0,02). The state sequence
can be thought of as if generated by an adversary, or a jammer, who randomizes the channel states arbitrarily in an attempt to
disrupt communication. It is assumed that the user and the jammer are subject to input and state constraints, % Z?:l X2<Q
and % > S2 < A with probability 1, respectively. In [18], Hughes and Narayan showed that the random code capacity, i.e.
the capacity achieved with common randomness, is given by Ct = % log(1+ %) Subsequently, Csiszdr and Narayan [10]
showed that the deterministic code capacity, also referred to as simply capacity, demonstrates a dichotomy property. That is,
either the capacity coincides with the random code capacity or else, it is zero. Specifically, the capacity is given by

Clz{q if A<, o
0 if A>Q.
It is pointed out in [10] that this result is not a straightforward consequence of the elegant Elimination Technique [1], used
by Ahlswede to establish dichotomy for the AVC without constraints. Although the direct part proof by Csiszar and Narayan
is based on a simple minimum-distance decoder [10], the analysis is a lot more involved compared to [1].
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In this work, we study a version of the Gaussian arbitrarily varying relay channel (AVRC), which is a combination of the
Gaussian relay channel with SFD and the Gaussian AVC under input and state constraints. The channel specified by (1) is now
governed by a state sequence S with an arbitrary joint distribution, which could also give probability mass 1 to some s € R",
and a Gaussian noise sequence Z which is i.i.d. ~ A(0,0?), subject to input and state constraints, + Y7 | (X/? + X["?) < Q,
% Y X 1271- <, and % ", 82 < A. The random code capacity is determined following the results in a previous work by
the authors [23], which gives lower and upper bounds on the random code capacity of the general AVRC. Our main contribution
in this paper is then to establish lower and upper bounds on the deterministic code capacity, extending the techniques by Csiszar
and Narayan [10] to the relay channel. The analysis is thus independent of the results in [23]. As in the basic scenario in [10],
it is observed that when the power limits 2 and 2; are low, the capacity is below the random code capacity, and the gap
vanishes as ) and {2; increase.

A second model addressed in this paper is the general case of primitive arbitrarily varying relay channels, where there is
a noiseless link between the relay and the receiver of limited capacity [19] (see also [28, 27, 4, 21]). We develop lower and
upper bounds on the random code capacity, and give conditions under which the capacity coincides with the random code
capacity, and conditions under which it is lower. Then, we establish the capacity of the primitive counterpart of the Gaussian
AVRC with SFD, in which case the deterministic and random code capacities coincide.

II. DEFINITIONS
A. Notation

We use the following notation conventions throughout. Lowercase letters z, s, v, z, ... stand for constants and values of
random variables, and uppercase letters X, S,Y, Z, ... stand for random variables. The distribution of a random variable X is
specified by a cumulative distribution function (cdf) Fx (z) = Pr (X < z) over the real line R. Alternatively, the distribution

may be specified by the probability density function p(z). We use 2* = (z1,22,...,7;) to denote a vector in R, and the
short notation x = (x1, x2, ..., x,), when it is understood from the context that the length of the vector is n. The ¢?-norm of x
is denoted by ||x||. A random sequence X and its distribution Fx(x) = Pr(X; < z1,...,X,, <z,) are defined accordingly.

For a pair of integers ¢ and j, 1 <4 < j, we define the discrete interval [ : j] = {i,i+1,...,j}.

B. Coding

We give the definitions of deterministic and random codes below, where the term ‘code’ refers to a deterministic code. A
(2" n) code for the Gaussian AVRC with SFD consists of the following; a message set [1 : 2"%], where 2" is assumed to
be an integer, an encoder (f',f") : [1 : 2"F] — R?", a relay encoder f; : R* — R™ where f;; : R“"! - R, i € [1: n], and
a decoding function g : R — [1 : 2"%]. The encoder and the relay satisfy the input constraints ||f'(m)||> + | (m)||> < n$
and ||f, (y1)||> < n€; for all m € [1: 2"%] and y; € R™.

At time i € [1 : n], given a message m € [1 : 2"%], the encoder transmits (2}, z//) = (f/(m), /' (m)), and the relay transmits

x1,; = f1,:(y1,1,---,Y1,i—1). The relay codeword is then given by x; = fi(y1) £ (fl,i(yi_l)) ... The decoder receives the

output sequence y and finds an estimate of the message /i = ¢(y). We denote the code by ‘¢ = ('), £7 (), f1(+), ().
Define the conditional probability of error given of the code % given a state sequence s € R”, by

2nR

1 1 2 2
P ) — —l=zlI"/20% 4 3
els ( ) onR — D(m.s)e (271'02)”/28 Z , ( )

where

D(m,s) ={z e R": g(£'(m) + 1 (f"(m) +z) +s) =m} . “4)
We say that € is a (2", n, ¢) code for the Gaussian AVRC if it further satisfies Pe("; (€) < e, for all s € R" with [|s||* < nA.
A rate R is called achievable if for every ¢ > 0 and sufficiently large n, there exists a (2"% n, ) code. The operational
capacity C is defined as the supremum of achievable rates. We use the term ‘capacity’ referring to this operational meaning,
and in some places we call it the deterministic code capacity in order to emphasize that achievability is measured with respect
to deterministic codes.

Next, we define a random code for which the encoders-decoder triplet is drawn with shared randomness.
Definition 1. A (2", n) random code consists of a collection of (2" n) codes {%;};c7, along with a probability mass
function 7 over the code collection. For a (2" n, ) random code, dieT W(j)P(";) (6;) < e, for all s € R™ with Is||” < nA.

The capacity achieved by random codes is denoted by C*, and it is referred to as the random code capacity.



III. MAIN RESULTS

Our results are given below. We determine the random code capacity and give bounds on the deterministic code capacity of
the Gaussian AVRC with SFD. For every 0 < a, p < 1, let

1 Q Q + 2pv/af) - Q 1 1—a)Q 1 1—p?)af
Fg(a,p)émin{§1og(l+ 1o +AP a 1>,§log(1+%)+§log<l+%)}. 5)

Theorem 1. The random code capacity of the Gaussian AVRC with SFD, under input constraints 2 and €2; and state constraint
A, is given by

C* = max Fg(a,p). (6)

0<a,p<1

The proof of Theorem 1 is given in Appendix A, following the considerations in [23]. Next, we give lower and upper bounds
on the deterministic code capacity. Define

Ra.iow £ max Fo(a, p)
subject to 0<a,p<1,
(1—p?)af) > A, @)
& (VU + pvVaf2)? >
A+ (1=pHaQ,
Rgup = max Fa(a, p)
subject to 0<a,p<1, (8)

Q1+ a4+ 2p/af) - Q1 > A

It can be seen that Rg ;00 < Ra,up, since

Q1+ aQ +2p/a - Q1 = (VU + pVa)? + (1 — p?)af2 > (1 — p?)as. )
Observe that if ©; > A, then the random code capacity is given by C* = R¢ 4, by Theorem 1, as the expressions on the
RHS of (6) and (8) coincide. Furthermore, if €); is large enough, and > ¢ > A, then
1 1—a)Q 1 1—p?)af
Fofop) = 2log (14 Lo2) 4 diog (14 L2002 cpih ), (10)
2 o? 2 A
which implies that the bounds coincide, and C* = Ra,iow = Ra,up = %1og (1 + %)
The deterministic code analysis is based on the following lemma by [10].

Lemma 2 (see [10, Lemma 1]). For every ¢ > 0, 8/ < n < 1, K > 2¢, and M = 2R with 2¢ < R < K, and
n > ng(e,n, K), there exist M unit vectors a(m) € R™, m € [1 : M], such that for every unit vector c € R” and 0 < 6,{ < 1,

Hﬁl €[1:M]:{(a(m),c) > 9}‘ < 2n([R+%log(1—92)]++a) 7

and if # > n and 02 + (2 > 1 + 1 — 272F then

%Hm € [1:M]: [(a(m),a(m))| >0,
[{(a(m),c)| > ¢, for some m # m}’ <27 ne

where [t]; = max{0,¢} and (-,-) denotes inner product.

Intuitively, the lemma states that under certain conditions, a codebook can be constructed with an exponentially small fraction
of “bad” messages, for which the codewords are non-orthogonal to each other and the state sequence.

Theorem 3. The capacity of the Gaussian AVRC with SFD, under input constraints {2 and {2y and state constraint A, is bounded
by

RG,low < C < RG,up . (11)

The proof of Theorem 3 is given in Appendix B. Figure 1 depicts the bounds on the capacity of the Gaussian AVRC with
SFD under input and state constraints, as a function of the input constraint {2 = €2, under state constraint A = 1 and 0% =0.5.
The top dashed line depicts the random code capacity of the Gaussian AVRC. The solid lines depict the deterministic code
lower and upper bounds R¢ o,y and Rg,yp. For low values, Q2 < % = 0.25, we have that Rg ., = 0, hence the deterministic
code capacity is zero, and it is strictly lower than the random code capacity. The dotted lower line depicts the direct transmission
lower bound, which equals F(1,0) for 2 > A, and zero otherwise (see (2)). For intermediate values of €2, direct transmission
is better than the lower bound in Theorem 3. Whereas, for high values of €2, our bounds are tight, and the capacity coincides
with the random code capacity, i.e. C(£) = CNL) = Rg 10w = R up-
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Fig. 1. Bounds on the capacity of the Gaussian AVRC with SFD. The dashed upper line depicts the random code capacity of the Gaussian AVRC as a
function of the input constraint = 1, under state constraint A = 1 and o2 = 0.5. The solid lines depict the deterministic code lower and upper bounds
RG 10w and Rg 4p. The dotted lower line depicts the direct transmission lower bound.

IV. PRIMITIVE RELAY CHANNELS

In this section, we consider the special class of primitive relay channels [19], where the relay communicates with the receiver
over a noiseless link of rate C. First, we consider a discrete channel. For a discrete random variable X with values in a finite
set X', we use the notation (p(z)), ., for the probability mass function (pmf). The set of all pmfs on A" is denoted by P(X).

A. Channel Description

A state-dependent discrete memoryless primitive relay channel (X, S, Wy v, 1X,55 Y, V1) consists of the sets X, S, ) and ),
and a collection of conditional pmfs Wy,y,|x s. The sets stand for the input alphabet, the state alphabet, the output alphabet,
and the relay input alphabet, respectively. The alphabets are assumed to be finite, unless explicitly said otherwise. The channel
is memoryless without feedback, and therefore

n
Wyn ynixn sn (Y™ y7 12", 8") = | | Wy v ix,5 Wis y1,il@i, si) - (12)
1
i=1
Communication over a primitive relay channel is depicted in Figure 2. At first, we consider a general channel, not necessarily
Gaussian nor with orthogonal sender components as in (1). A primitive relay channel is said to be degraded if

Wy v 1x,sW, v1lw, ) = Wy x s (y1lz, s)Wy v, s(y1ly, s) (13)

and reversely degraded if

WY,Yl\X,S(ya yilz,s) = WY|X,S(.7J|$7 S)WYI\Y,S(?MCU, s). (14)

We say that the primitive relay channel is strongly degraded if (13) holds such that the channel from X to Y; does not depend on
the state, i.e. Wy, |x,s = Wy, | x. For example, a primitive relay channel specified by Y1 = X+ZandY = Y1 +5 = X+5+7 is
strongly degraded, for an additive noise Z which is independent of the state. Similarly, Wy y, | x,s is reversely strongly degraded
if (14) holds with Wy, |y, s = Wy, |y. For example, a primitive relay channel with Y = X + Sand V1 =Y +Z2=X+S5+7
is reversely strongly degraded.

Instances of channels that meet the description in part 1 and part 2 of the corollary above are e.g. Y1 =Y +2 =X +5+72
and Y =Y; +5 =X+ 5+ Z, respectively, where Z is an independent additive noise.

The primitive AVRC £ = {Wy y,|x g} is a discrete memoryless primitive relay channel (X,S, Wy y,|x g, Y, V1) with a
state sequence of unknown distribution, not necessarily independent nor stationary. That is, S™ ~ ¢(s™) with an unknown joint
pmf g(s™) over S". In particular, ¢(s™) can give mass 1 to some state sequence s".

To analyze the primitive AVRC, we also consider the compound primitive relay channel £, governed by a discrete
memoryless state S ~ ¢(s), where ¢(s) is not known in exact, but rather belongs to a family of distributions Q@ C P(S).

B. Coding

We introduce some preliminary definitions, starting with the definitions of a deterministic code and a random code for the
primitive AVRC L.
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Fig. 2. Communication over the primitive AVRC £ = {Wy,y, X, s} Given a message M, the encoder transmits X" = f(M). The relay receives Y7" and
sends L = f1(Y{"), where f1 : Y7 — [1: 2"01]. The decoder receives both the channel output sequence Y and the relay output L, and finds an estimate
of the message M = g(Y™, L).

Definition 2 (A code, an achievable rate and capacity). A (2", n) code for the primitive AVRC L consists of the following;
a message set [1 : 2"%], where it is assumed throughout that 2" is an integer, an encoder f : [1 : 2"%] — X", a relaying
function f; ; : Y — [1: 2"“1], and a decoding function g : Y™ x [1: 2"C1] — [1: 2",

Given a message m € [1 : 2", the encoder transmits 2™ = f(m). The relay receives the sequence y} and sends an
index ¢ = f1(y}"). The decoder receives both the output sequence y” and the index ¢, and finds an estimate of the message
m = g(y", ) (see Figure 2). We denote the code by ¢ = ((-), f7"(-), g(-,-)). Define the conditional probability of error of
the code 4 given a state sequence s” € S™ by

277,1?.

n 1 n n n
PR6) = 5o D > Warn yppscnsn (4" 1 (m), 7). (15)
m=1(y",y1'): g(y" . f1(y7))#m

Now, define the average probability of error of % for some distribution ¢(s™) € P(S™),

P, €)=Y a(s")- PL(®). (16)

smesn

Observe that Pe(n)(q, %) is linear in g, and thus continuous. We say that € is a (2"%,n, <) code for the primitive AVRC L if
it further satisfies

P (q,€) <e, forall g(s”) € P(S"). (17)
A rate R is called achievable if for every e > 0 and sufficiently large n, there exists a (2"% n,¢) code. The operational

capacity is defined as the supremum of the achievable rates and it is denoted by C(L).

We proceed now to define the parallel quantities when using stochastic-encoders stochastic-decoder triplets with common
randomness.

Definition 3 (Random code). A (2" n) random code for the primitive AVRC L consists of a collection of (2"% n) codes
{¢, = (£;, f{', 97) }yer, along with a probability distribution y(y) over the code collection I. We denote such a code by
T = (u,T,{%, }yer). Analogously to the deterministic case, a (2", n, ) random code has the additional requirement

P (q,€") = p(y)PM(q,6,) < £, for all g(s") € P(S™). (18)
yel’

The random code capacity is denoted by CXL).

V. MAIN RESULTS — PRIMITIVE AVRC

We present our results on the compound primitive relay channel and the primitive AVRC.

A. The Compound Primitive Relay Channel
We establish the cutset upper bound and the partial decode-forward lower bound for the compound primitive relay channel.
Consider a given compound primitive relay channel £2. Let

Ros(£9) £ inf, maxmin {1,(X;¥) + 01, L(X;Y, M)}, (19)
q pl{x



and
Rpr(£2) 2 max min { inf I,(U;Y) + inf I,(X;Y|U) + O,
p(u,x) q€Q qeQ

inf 1,(U:Y3) + inf Iq(X;Y|U)}, (20)

where the subscripts ‘C'S” and ‘DF” stand for ‘cutset’ and ‘decode-forward’, respectively.
Lemma 4. The capacity of the compound primitive relay channel £2 is bounded by
C(£°) = Rpr(£9), @1
CHL®) < Res(L9). (22)
Specifically, if R < Rpr(L£2), then there exists a (2% n,e~9") block Markov code over L2 for sufficiently large n and
some a > 0.
The proof of Lemma 4 is given in Appendix C. Observe that taking U = () in (20) gives the direct transmission lower

bound,

C(L2) >Rpp(L£2) > max inf I,(X;Y). (23)
p(z) 9€Q

In particular, this is the capacity when C; = 0, i.e. when there is no relay. Taking U = X in (20) results in a full decode-forward
lower bound,

C(L2) >Rpr(L2) > max ianmin{Iq(X; Y)+Cr, IL(X;Y7)} . (24)
p(x) g€
This yields the following corollary.
Corollary 5. Let £ be a compound primitive relay channel, where Q is a compact convex set.
1) If Wy y,|x,s is reversely strongly degraded, then
C(L2) = Rpr(L2) = Res(£2) = minmax I,(X;Y) . (25)
9€Q p(x)
2) If Wy y,|x,s is strongly degraded, then
C(L2) = Rpr(L2) =Res(L9) = m(a))(min {miglq(X;Y) + O, I(X;Yl)} . (26)
p(x qe
The proof of Corollary 5 is given in Appendix D. Intuitively, in the case of a reveresly strongly degraded relay channel,
the relay is useless, while in the case of a strongly degraded relay channel, the relay could be valuable and does not creat a
bottleneck. Indeed, part 1 follows from the direct transmission and cutset bounds, (23) and (19), respectively, while part 2 is
based on the full decode-forward and cutset bounds, (24) and (19), respectively.

B. The Primitive AVRC

We give lower and upper bounds, on the random code capacity and the deterministic code capacity, for the primitive AVRC

L.
1) Random Code Lower and Upper Bounds: Define
Rbr = Rpr(L2) . Ros = Res(£9) : @7
Q=P(S) Q=P(S)
Theorem 6. The random code capacity of a primitive AVRC L is bounded by
Rbr < CH(L) < REs. (28)

The proof of Theorem 6 is given in Appendix E. Together with Corollary 5, this yields another corollary.

Corollary 7. Let £ be a primitive AVRC.
1) If Wy y,|x,s is reversely strongly degraded, then

CHL) = minmax I,(X;Y). (29)
a(s) p(x)
2) If Wy y,x,x,,s is strongly degraded, then
CHL) = max min {n%n)l L(X;Y)+ Oy, I(X; Yl)} : (30)
p(x q(s

Before we proceed to the deterministic code capacity, we note that Ahlswede’s Elimination Technique [1] applies to the
primitive AVRC as well. Hence, the size of the code collection of any reliable random code can be reduced to polynomial
size.



2) Deterministic Code Lower and Upper Bounds: In the next statements, we characterize the deterministic code capacity of
the primitive AVRC L. We consider conditions under which the deterministic code capacity coincides with the random code
capacity, and conditions under which it is lower. Denote the marginal AVC from the sender to the relay by

Wi = {Wy, x5}, (€29
and denote the corresponding capacity by C(W).
Lemma 8. If min (C7,C(W;)) > 0, then the capacity of the primitive AVRC L coincides with the random code capacity, i.e.
C(L) =CHL).
The proof of Lemma 8 is given in Appendix F, using Ahlswede’s Elimination Technique [1]. Based on the results by [12]

for the single-user AVC, we give a computable sufficient condition, under which the deterministic code capacity coincides with
the random code capacity. The condition is given in terms of channel symmetrizability, the definition of which is given below.

Definition 4. [14, 12] A state-dependent DMC Wy | x g is said to be symmetrizable if for some conditional distribution .J(s|x),

Z Wy x,s(ylz,s)J(s|T) = Z Wy |x,5(y|Z, s)J (s|z) (32)
seS seS

for all z,z € X, y € V. Equivalently, the channel W(ykc,i) = > ses Wyix,s(ylr,s)J(s|Z) is symmetric, i.e. W(y|x,§;) =
W (y|Z,z), for all z,& € X, y € ).

Intuitively, symmetrizability identifies a poor channel, where the jammer can impinge the communication scheme by
randomizing the state sequence S™ according to J™(s™|z™) =[]\, J(s;|Z;), for some codeword Z". While the transmitted
codeword is z", the codeword ™ can be thought of as an impostor sent by the jammer. Now, since the “average channel”
W' is symmetric with respect to 2™ and z", the two codewords appear to the receiver as equally likely. Indeed, by [14], if
an AVC {Wy|x g} without a relay is symmetrizable, then its capacity is zero. Furthermore, Csiszar and Narayan [12] proved
that non-symmetrizability is not only a necessary condition for a positive capacity, but it is a sufficient condition as well.
Theorem 9. Let £ be a primitive AVRC.

1) If Wy, |x,s is non-symmetrizable and C; > 0, then C(£) = CX£). In this case, R}, < C(L) < RYg.
2) If Wy y,|x,s is reversely strongly degraded, where Wy, |x g is non-symmetrizable and C; > 0, then
C(£) = minmax I,(X;Y). (33)
q(s) p(x)
3) If Wy,y,|x,s is strongly degraded, such that Wy, |x (y1|x) # Wy, |x (y1|%) for some z,% € X, y; € )1, and C; > 0, then
C(L) —In(a:;(min{n%ir)qu(X;Y)—i—Cl, I(X;Yl)} . (34)
p(x q(s
4) If Wy g is symmetrizable, where Y = (Y,Y3), then C(L) = 0.

The proof of Theorem 9 is given in Appendix G.
To illustrate our results, we give the following example of a primitive AVRC.

Example 1. Consider a state-dependent primitive relay channel Wy y,|x g, specified by

Yy =X(1-8),
Y =X+8,

where X =S =), ={0,1}, Y = {0,1,2}, and C; = 1, i.e. the link between the relay and the receiver is a noiseless bit
pipe. It can be seen that both the sender-relay and the sender-receiver marginals are symmetrizable. Indeed, Wy x g satisfies
(32) with J(s|z) = 1 for s = x, and J(s|x) = O otherwise, while Wy, |x ¢ satisfies (32) with J(s|z) = 1 for s = 1 — x,
and J(s|x) = 0 otherwise. Nevertheless, the capacity of the primitive AVRC £ = {Wyy, x5} is C(£) = 1, which can be
achieved using a code of length n = 1, with f(m) =m, fi(y1) = y1,

0 y=0
9y, 0) =g(y,y1) =<1 y=2 (35)
o oy=1

for m,y; € {0,1} and y € {0,1,2}. This example shows that even if the sender-relay and sender-receiver marginals are
symmetrizable, the capacity may still be positive. We further note that the condition in part 4 of Theorem 9 implies that
Wy |x,s and Wy, | x s are both symmetrizable, but not vice versa, as shown by this example.



C. Primitive Gaussian AVRC
Consider the primitive Gaussian relay channel with SFD,
}/1 :X” + Z )
Y=X"+8, (36)

Suppose that C; > 0, and input and state constraints are imposed as before, i.e. % S (XP+X!?) < Qand % S SE<A

with probability 1. The capacity of the primitive Gaussian AVRC with SFD, under input constraint {2 and state constraint A
is given by

0<a<l A A

This result is due to the following. Observe that one could treat this primitive AVRC as two independent channels, one from
X' to Y and the other from X" to Y, dividing the input power to af) and (1 — a2, respectively. Based on this observation,
the random code direct part follows from [18]. Next, the deterministic code direct part follows from part 1 of Theorem 9, and
the converse part follows straightforwardly from the cutset upper bound in Theorem 6.

0161 ~10) - s, [ (1) i {0 1o (14 05202} . -

APPENDIX A
PROOF OF THEOREM 1

Consider the Gaussian AVRC with SFD under input constraints {2 and 2; and state constraint A. We prove the theorem
using the partial decode-forward lower bound and the cutset upper bound in [23].

A. Achievability Proof
We begin with the following lemma, which follows from [18] and [11].
Lemma 10 (see [18, 11]). Let X be a Gaussian random variable with variance P. Then, for every S ~ ¢(3) with Var(S) < N,

N >0,

| P
1,(X: X +8) > 7 log <1+ N) , (38)

with equality for S ~ A(0, N).

Proof of Lemma 10. Consider the additive-state AVC, specified by Y = X + S, under input constraint P and state constraint
N. Then, by Csiszdr and Narayan [11], the random code capacity of the AVC WV, under input constraint P and state constraint
N, is given by
C W)= min max [,(X;Y)=  max min  [,(X;Y). (39)
q(3): ES2<N p(z):EX2<P p(Z): EX2<P q(3):ES2<N

On the other hand, by Hughes and Narayan [18],

1 P
W) ==log (1+— ). 4
cow) = gog (1+ %) (@0)
As the saddle point value I,(X,Y) = $log(1+ %) is attained with X ~ AN(0,P) and S ~ N(0,N), we have that
S ~ N(0, N) minimizes I,(X;Y) for X ~ N(0, P). O

Next, we use the lemma above to prove the direct part. Although it is assumed in [23] that the input, state and output
alphabets are finite, the results can be extended to the continuous case as well, using standard discretization techniques [5, 1]
[13, Section 3.4.1]. In particular, [23, Lemma 1] can be extended to a relay channel under input constraints €2 and ; and
state constraint A, by choosing a distribution p(z’,2”, 1) such that E(X'? + X""?) < Q and EX? < Q;. Thus, the random
code capacity of the Gaussian AVRC with SFD is lower bounded by

c* > max min{ min I, (X;Y)+  min (X Y[Xy),
p(z")p(z',z1) : q(s): ES2<A q(s): ES2<A
E(X/2+X”2)§Q,
EX7<
I(X";Y; in I,(X,Y]X } 41
( ’ 1) +q(s)%g2SA q( ) | 1) ) 41

which follows from the partial decode-forward lower bound in [23, Theorem 3] by taking U = X”. Let 0 < a, p < 1, and let
(X', X" X1) be jointly Gaussian with

X/NN(Oan)vX//NN(Oa(l_a)Q)vXle(ngl)v (42)



where the correlation coefficient of X’ and X7 is p, while X" is independent of (X', X7). Hence,

1 (1-a)Q
I(X”;Y1)=§10g <1+T> - (43)
By Lemma 10, as Var(X'|X; = x1) = (1 — p?)afQ for all z; € R, we have that
. 1 (1 - p?)af
IL(XY|X)) = =1 1+—. 44
a(s) | ES2<A ((X5YIX) =3 Og< N A “44)

It is left for us to evaluate the first term in the RHS of (41). Then, by standard whitening transformation, there exist two
independent Gaussian random variables 7} and 7% such that

X'+X1 =T+ T, (45)
Ty ~ N(0,(1 = p?)aQ), To ~ N(0,9 + p?a + 2py/aQ - Q) . (46)
Hence, Y =T; + T2 + S, and as Var(X'|X; = x1) = Var(Ty) for all 2; € R, we have that
1o(X1;Y) =Hy(Y) — Hy(X' + 5 X1)

=H,(Y)—Hy(Ty + 8) = I,(T>;Y) @7
Let S £ T, 4+ S. Then, by Lemma 10,
q(s)%gng q( b ) Q(S)Iilﬁzlgzg[\ q( 2, 2+S)
L T 1 Q 2a) + 2pv/afy - + A
=—log|1 _Var(Ty) = Zlog 1+ p2al 4+ 2p/af) - Qp + . )
2 Var(Ty) + A 2 1= p2)a+ A

Substituting (43), (44) and (48) in the RHS of (41), we have that

2 B _ 2
Q1 + p*af) + 2pv/af) Ql—i_A)—i—llog(l—i—(l p)o&)7

1
C* > max min{§log(

T 0<a,p<1 (1-p2)a2+ A 2 A
1 (1-—a)f2 1 (1—p?)af

Observe that the first sum in the RHS of (49) can be expressed as

2 . — 52
110g<ﬂl+paQ+2ps/aQ Ql+A)+110g<(1 p)aQ-l—A)

2 (I=p2a2+ A 2 A
1 Q1+ p2a +2p/ad - QO + A 1 N+ p2afd + 2p/aQ) -
=—log =—log(1+ . (50)
2 A 2 A
Hence, the direct part follows from (49). O
B. Converse Proof
By [23, Theorem 3], the random code capacity is upper bounded by
C* < i in {I,(X', X1;Y), [(X";Y; I,(XY|X
_q(s)l:/IIlElglng p(m//?p}(a;)iml): mln{ ‘Z( ) 1y )7 ( ’ 1)+ q( ) | 1)}
E(X,erX”z)SQ ,
EX7<Q
< max min {I,(X", X1;Y), I(X"; Y1)+ [,(X";Y|X1)}
p(a”)p(z,z1): S~N(0,A)
E(XlerX”Q)SQ,
EXZ<Q
B . [1 Q1 + p?ad + 2p/ay - 1 (1—-a)2 1 (1—p?)af
_nggijgglmln{§log<l+ A ,510g 1+T +§10g 1+f )
(5D
where the last equality is due to [15]. O

APPENDIX B
PROOF OF THEOREM 3

Consider the Gaussian AVRC £ with SFD under input constraints {2 and €2; and state constraint A.
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Block 1 2 e B-1 B

Encoder (i mi|1) x(mb,milmt) e x(mly_ymlyymp_g)  x(L, 1)

Relay Decoder mj — mh — - mg_, 0

Relay Encoder x1(1) x1(m}) e x1(mg_5) x1(m_y)

Output 0 m} . — iy, — ity
i woo i 0

Fig. 3. Partial decode-forward coding scheme. The block index b € [1 : B] is indicated at the top. In the following rows, we have the corresponding elements:
(1) sequences transmitted by the encoder; (2) estimated messages at the relay; (3) sequences transmitted by the relay; (4) estimated messages at the destination
decoder. The arrows in the second row indicate that the relay encodes forwards with respect to the block index, while the arrows in the fourth row indicate
that the receiver decodes backwards.

A. Lower Bound

We construct a block Markov code using backward minimum-distance decoding in two steps. The encoders use B blocks,
each consists of n channel uses, to convey (B — 1) independent messages to the receiver, where each message M, for
b€ [1: B —1],is divided into two independent messages. That is, M, = (M;, M}'), where M; and M, are uniformly
distributed, i.e.

Mj ~ Unif[1 : 2"%], M{' ~ Unif[1 : 2], with R’ + R" = R, (52)

for b € [1 : B — 1]. For convenience of notation, set M = M} = 1 and M{/ = M}, = 1. The average rate Z=1 - R is
arbitrarily close to R. The block Markov coding scheme is illustrated in Figure 3.
Codebook Construction: Fix 0 < a, p < 1 with

(1—pHa2 > A, (53)
%(\/Q_l +pVa)? > A+ (1—p?)ad. (54)

We construct B codebooks Fp, of the following form,
Fo = { (ea(mf ), (mfy il ), %" (mf)) = gy € (12 mf € 122 (55)

for b € [2: B — 1]. The codebooks F; and Fp have the same form, with fixed mj, = mz =1 and mj = m’, = 1.
The sequences x”(m}), mj, € [1: 2" are chosen as follows. Observe that the channel from the sender to the relay, Y; =
X"+ Z, does not depend on the state. Thus, by Shannon’s well-known result on the point to point Gaussian channel [24], the

message mj, can be conveyed to the relay reliably, under input constraint (1—«)S2, provided that R’ < 1 log (1 + (1;#) —01,

where §; is arbitrarily small (see also [7, Chapter 9]). That is, for every ¢ > 0 and sufficiently large n, there exists a (Q"R/, n,e)
code 6" = (x"(m}), g1(y1.)), such that ||x”(m})|* < n(1 — a)Q for all mj, € [1: 2" , .

Next, we choose the sequences x1(mj,_,) and x'(m},mj| mj_,), for mj_,, mj € [1: 2"%], m}/ € [1: 2""]. Applying
Lemma 2 by [10] repeatedly yields the following.

Lemma 11. Forevery e >0, 8y <n <1, K >2¢,2 <R <K,2 <R'<K,and n > no(e,n, K),
1) there exist 2"F" unit vectors,

a(mj_ ) €R™, mj_, €[1:2"], (56)
such that for every unit vector c € R™ and 0 < 6, <1,

‘{ﬁ’l;,,1 c [1 . 2nR/] : <a(7fﬁg,1),0> > 9}’ < 2n([R/+%log(1—92)]++s) , (57)

and if @ > and 62 + (2 > 1+ —272% then

1

oo {miy e [1:2] : [(a(@g_1),a(m) 1)) > 0, |(a(fi_,),e)| > ¢, for some fj_; #mj_,}| <27, (58)

2) Furthermore, for every mj € [1 : 27R'] there exist 2" unit vectors,

v(mh,my) e R, my € [1:2"7"], (59)
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such that for every unit vector c € R™ and 0 < 6,{ <1,

H~Z c [1 : 2nRu] : <V(m£,ﬁ’bg),c> > 9}‘ < 2n([R//+%1og(l—02)]++a) : (60)

and if # > n and 62 + (2 > 141 — 272%" then

s | € 102 (ol ), vl )| > 0, (vl ), )] > ., for some i # mi/}| < 277 (61)
Then, define
Xl(m;) 1) = Vny(Q—9) 'a(mfy—l)a
x'(my, my lmy,_q) = py/ay=t - xa(my_q) + B - v(mp, my) (62)
where
BEVn(l—p2)a(Q—0), v2 N/, (63)

Note that |[x1 (m}_,)||* = ny(Q — 6) < nQ, for all mj,_, € [1: 27F']. X (miy, my|m},_,)||” could be

greater than naf) due to the possible correlation between x;(m;,_,) and v(my, my)).

Encoding: Let (my,m/, ..., mlz_,,m},_,) be a sequence of messages to be sent. In block b € [1 : Bl, if ||x'(mj,, mj/|m}, _ 1)H2
< naf), transmit (x'(mj, my |my_,),x"” (my)). Otherwise, transmit (0,x”(m})).

Relay Encoding: In block 1, the relay transmits x;(1). At the end of block b € [1 : B — 1], the relay receives y1 3, and finds
an estimate M}, = g1(y1,). In block b+ 1, the relay transmits x; (7).

Backward Decodmg Once all blocks (yb)b , are received, decoding is performed backwards. Set 7, = 7y = 1. For
b=B-1,B— .1, find a unique 77 € [1 : 2"%'] such that

HYb+1 -1+ pVar )x (mZ)H < Hyb+1 — (14 pvay=Y)x(m})|| , for all mj € [1:2"F]. (64)
If there is more than one such 72} € [1 : 2"%'], declare an error.
Then, the decoder uses M, ...,7m’;_, as follows. For b= B —1,B —2,...,1, find a unique 7} € [1: 2"3”] such that
llys — x1 (i} _y ) — X' (g, gl |1y )|| < ||ye — 31 (h_y) — X (siafy, mif g,y )|| , for all mf) € [1:27F7]. (65)
If there is more than one such 7} € [1 : 27", declare an error.
Analysis of Probability of Error: Fix s € 8™, and let
o2 > (66)

[Is]
The error event is bounded by the union of the following events. For b € [1 : B — 1], define
E1(b) = {Mj # My}, E(b) = {My # M}, E3(b) = {M # My} (67)
Then, the conditional probability of error given the state sequence s is bounded by

B-1

Pys(%) <Y Pr(&a(b) + > Pr(&(b) N D)) + Z Pr(&(b)NEDB—1)NEDL)NES(b—1)), (68)

b=1

with £1(0) = &(0) = ), where the conditioning on S = s is omitted for convenience of notation. Recall that we have defined
€" as a (Q"Rl,n, ¢) code for the point to point gaussian channel Y7 = X" + Z. Hence, the first sum in the RHS of (68) is
bounded by B - ¢, which is arbitrarily small.

As for the erroneous decoding of M at the receiver, consider the following events,

&2(0) = {|[Yor1 = (1 + pv/ar ()| < [Your = (1 + pv/ay Dxa(a5)
E21(0) = {[(a(My), co)| >},
£22(0) = {[(a(My), v(Mp11))| > n}
82 3(0) = {[{v(Mp41),c0)| > n}
Ea(b) = Ea(b) NEF(D) N ES 1 (b) NES 5(b) NES 5(b), (69)
where My, 1 = (M, M}’ ). Then,
E3(b) N EL(D) CEx1(b) U Exa(b) U Ea3(b) U (E2(b) N EL(D))
=&, 1(b) U &2(b) U Eys(b) UEy(D). (70)

, for some my, # M},
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Hence, by the union of events bound, we have that
Pr (£(6) N EF(6)) < Pr(E2,1(6)) + Pr (£2.2(0)) + Pr (E2,5(8)) + Pr (&(0)) - (71)
By Lemma 11, given R’ > —3log(1 — n?), the first term is bounded by

Pr(£2,1(b)) =Pr ((a(Mj), co) = ) + Pr ((a(My), —co) = 1)
1
oanR!

<2. (R +3los(1=n)+¢) < 9 gn(—3n"+e) (72)
since log(1+t) <t for t € R. As n? > 8¢, the last expression tends to zero as n — oco. Similarly, Pr (€2,2(b)) and Pr (€2 3(b))
tend to zero as well. Moving to the fourth term in the RHS of (71), observe that fo_r a sufficiently small ¢ and 7, the event
&5 5(b) implies that ||x’ (Mys1|M])||* < naf, while the event £¢(b) means that M; = M]. Hence, the encoder transmits
(X' (Mpy1|My),x"(M;,,)), the relay transmits x; (M), and we have that

[¥ies = 0+ pvar )|~ [ - 0+ pv/ar D <M5>H2

= @t VAT D () + BV (M) 5 (1 4+ pv/ar )|~ 18v(Mye) + P
=21+ Va1 (5 I + 5 I (7)1 - (i) (1) )
+2(1+ pv/ay 1) ((x1(M}), Bv(Mpy1) +8) — (x1(7iy), Bv(Mp41) +5)) (73)
Then, since Hxl(mb)H ny(Q —¢) for all mj, € [1: 2”R] we have that
Ex2(b) N EF(b) N ES 5 (b) C{(1 + pv/ay 1) (xa (f), xa Mb)) (x1(my,), BV(Mp11) +8) =
n(1+ pv/ay)( (x1 (M), Bv(Myy1) +s), for some my # M}, (74)
Observe that for sufficiently small ¢ and 7, the event £5,(b) N 5572(b) N &S 5(b) implies that
(x1(M;), Bv(Myi1) +5) = =9, (75)
and
1Bv(My41) +s|* < n[(1— p*)a2 + A]. (76)

Hence, by (74) and (75),
Ex(b) = Ex(b) N EF(b) N ES 1 (b) M ES 5(b) M ES 5(b)

CH(L+ pv/ary 1) (xa (i), 1 (M7)) + (x1 (), Bv(Mys1) +8) = n(L+ py/ay1)7(R — 26) , for some it} # Mg}(.m

Dividing both sides of the inequality by n(1 + p\/ﬁ ), we obtain
(x1(my), BV(Mp11) +5)
n(1+ py/ay~T)
Next, we partition the set of values of %(xl (my),x1(M])) to K bins. Let 71 < 75 < --- < T be such partition, where
g V=170 A

14+ py/ay™1! T

Tht1 — T <v-0, fork=[1: K—1], (79)

Ex(b) C {%<x1 (M), x1 (M})) + > 7(Q — 26), for some i), # Mg} : (78)

T = FY(Q = FY(Q - 35) )

where K is a finite constant which is independent of n, as in Lemma 11. By (76) and (78), given the event gg(b), we have

that
1 -
E<X1 (my,), x1(My)) > 11 >0, (80)

where the last inequality is due to (54), for sufficiently small 6 > 0. To see this, observe that the inequality in (54) is strict,
and it implies that

V7 (VA + pvVa) > /(1 - p?)aQ + A. (81)
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Hence, for sufficiently small § > 0, 7y > 0 as

Q—26 Q-9
= Q—20) + p/a(Q — 25 —\/ 1—p2)aQ+ 4] . (82)
= (ﬁ(\/v( 4 pV/al@=29) [ (1 - ) ])
Furthermore, if 7, < I (x1(m}),x1(M}])) < Tit1, then
-, u
n(l+ py/ay™t)
Thus,
S |1 (). BY(Mi1) +5)|
( ) Pr <—| x1(my), x1 (M) > 7, b2 > v(Q — 30) — 73, for some ﬁlé#Mé)
P n(l+pyay™)
+Pr <l|<x1(ﬁ1;}),x1(Mg)>| > 1k , for some my, # Mg) . (84)
n
By (76), this can be further bounded by
Pr (&) < ZPr (100, ) = 6 @), (1) = g, for some 7y 08) (59
where
Bv(mpi1) +s
C (mpyy) 2 2L TS 86
) = v (man) + ] 0
and
(14 p/ay™1) (v(2 = 38) — 7%) s TK
o2 Tk Jforke[l: K —1]; O 2 k=0, 87
im0 \/79—6(( — a0+ ) | Ji O =975 o ®7)
By Lemma 11, the RHS of (85) tends to zero as n — oo provided that
Op >nand 62 +C2>14+n—e 2 fork=[1:K]. (88)

For sufficiently small ¢ and 7, we have that n < 6, = ﬁ, hence the first condition is met. Then, observe that the second
condition is equivalent to G(7x) > 147 — e~ 2% for k € [1 : K — 1], where

A2 4 DAL — )2 with A — _ 1+pyar! — _
G(r) = (Ar)* + D(L = 7)", with A= —oss. D \/7(9—5)((1V—p2)aQ+A)’L HQ—38).  (89)

. .. .. . . . . . 2p272 2
By differentiation, we have that the minimum value of this function is given by min,, <, <, G(7) = 424 = D 51,

] AZ1 D2 AZrDZz
where 4; — 0 as § — 0. Thus, the RHS of (85) tends to zero as n — oo, provided that

D? 1 (1—p?a2+ A
R<——lo 1+ 5>_——1o 6+ . 90)
g( T arp T 2 g(” ' (v 4+ a+2p/a7)Q+ A = 0y(1 4+ py/ay=1)?

This is satisfied for R’ = R/ (L) — ¢’, with

, 1 (v+a+2p/ay)Q+A\ 1 (1—p?)af2+ A
Ra“)“h’g( = a0+ A )“Ebg((wawpmmm)' oD

and arbitrary ¢’ > 0, if 7 and § are sufficiently small.
Moving to the error event for M,’, consider the events

E(b) = { || Yo =32 (W _y) = (5, g |8 ) || < || Yo = 0 (M _y) =/ (805, M7| 85 )|, for some g/ # M}
E3,1(0) = {|{(v(My), co))| = n}
2(b) = {[{a(M;_1), v(My)))| = n}
(b) = &3(b) N EL(b) NEF(b) NEF(b—1) NES1(b) NESH(D), 92)
where M, = (M}, M}). Then,
E3(b)NET(b—1)NES(L)NES(b— 1) CE3,1(b) U&32(b) U (E3(b) NET(D) NET(D) NEF(D) NES(b— 1))
=E51(b) U E3.2(b) U E(b). (93)

Es
&
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Hence, by the union of events bound, we have that
Pr ((6) N EF(b— 1) N E5(6) N E5(b — 1)) < Pr (€5, (b)) + Pr (€52(8)) + Pr (&(0)) - (94)
By Lemma 11, given R” > —1log(1 — n?), the first term is bounded by
Pr(&3,1(b)) =Pr ((v(My, My), co) = n) + Pr ((v(M;, My'), —co) = 1)

<2 1R Cgn(R'+310g(1=n")+e) < 9 gn(—$n+e) (95)

since log(1 +t) <t for t € R. As > > 8¢, the last expression tends to zero as n — oo. Similarly, Pr (€5 2(b)) tends to zero
as well. As for the third term in the RHS of (94), observe that for a sufficiently small ¢ and n, the event &5 o(b) implies that

[’ (M|, )| < naf, and as the event ££(b) N ES(b) N ES(b — 1) occurs, we have that M;_, = Mj_,, M = M{, and
Mj_, = M]_,. Hence, the encoder transmits (x'(M|M;_,),x"(M_,)), the relay transmits x; (M), and we have that
Vi / m or! Vi asvd 2
HYb —x1(My_y) = x' (M, iy | My ) H HYb —x1(My_y) —x'(My, Mj |Mb71)H
=[x/ (3, MY\ M) + 5 = (M, g |3y |~ s
= [|Bv(My, My') = Bv(Mj, i) +s|* — |Is|?
=25" + 2(v(My, M), >—252< (Mp, miy), v(My, My')) = 28(v(Mg, my)),s) (96)
Then, we have that
&) NEF(L) NE (D) NEF(b —1) N E55(D)

B (My, 1), v(My, M) + (v(Mg, my), ) = 8+ (v(My, My),s) , for some 7y # M} . ©7
Observe that for sufficiently small ¢ and 7, the event £5 , (b) implies that (v(M;, M;'),s) > —j - 4. Hence, by (97),
. 1 . .
& UMM, ), v(M, M) + (v (M, 7). 5) = 1= 8, for some iy # M) 98)
Next, we partition the set of values of (v(M{,my ), v(M], My')). Let 7 < 75/ < --- < 7} be such partition, where
VnA
r{’:1—5——g T =1-25, (99)
Thyr —Th <0, fork=[1: K —1]. (100)

By (98), given the event E5(b), we have that (v(M;,my), v(M{, M}')) > 7|/, where 7}/ > 0 due to (53) and (63). Now, if
(v(My, my),v(My, My')) is in the interval [r;/, 77/, ], then it follows that (v(My,m;),s) > B(1 — 26 — 7;/). Hence,

B —25—17)

Pr (53 ) Z Pr< MY, v(ML, M) > 10 (v(M], @), co) > , for some mg/¢Mg'>

VnA
+ Pr ((v(My, my),v(My, My)) > 7 , for some my # M) . (101)
By part 2 of Lemma 11, the RHS of (101) tends to zero as n — oo provided that
W e>nand 24P >14+n—e 2R fork=[1:K], (102)

where (! £ M\/%T’g) for k € [1: K — 1] and ¢} = 0. For sufficiently small € and n, we have that n < 71, hence the first

condition is met. By differentiation, we have that the minimum value of the function G (1) =12 + (1 — 2§ —7)? is given
by B°(1-20) Thus, the RHS of (101) tends to zero as n — oo, provided that

BZ+nA
L1 B2(1 — 26)? 1 A
Cllog (14 T2 o2 : 1
RE<—glg\ltn=—m ) < 3le " a e =5 +a (103)
This is satisfied for R” = R’ (L) — §”, with
wopy L (1—p?)af2+ A _ 1 A
RI(L) = 5 log <—A =3 log A= Da0 <A (104)

for an arbitrary 6” > 0, if n and ¢ are sufficiently small.
We have thus shown achievability of every rate

R<min{R’a(£)+Rg(£),%10g (1+(1;7a)9> +Rg(£)} : (105)
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where

R() + RA(L) = log (LTI ZVETIRE R | L (Lorhal b 4

2 (1—-p2)aQ+ A 2
1 Q Q + 2py/af) - Q)
:—log(l—i— 1ta +Ap a 1) (106)
(see (63)). This completes the proof of the lower bound. O

B. Upper Bound
Let R > 0 be an achievable rate. Then, there exists a sequence of (2" n ¢%) codes €, = (f,f1, g) for the Gaussian AVRC

L with SFD such that ¢ — 0 as n — oo, where the encoder consists of a pair f = (f/,f”), with £’ : [1 : 2] — R" and
£ [1: 27F] — R™. Assume without loss of generality that the codewords have zero mean, i.e.

2nR
2nR Z Zf
e 1
/ dy1- 5o > Pyu(yilm)- Zflzyl LYL2, - Y1i-1) = 0, (107)

me[1:2nF]

1 ~|ly1—£"(m)||* /20* . -
where Py |y (y1lm) = Groty 72 ¢ . If this is not the case, redefine the code such that the mean is subtracted

from each codeword. Then, define

1 1 2
aém'Qn—R Z £ (m)|”

me[1:2nF]
a1 1 2
al:n—Ql.Q"—R Z 'PYl\M(Y1|m)'||f1(Y1)”
me[1:2nF]
2 — | dyi— P (' (m), £ 108
p2 e [ v me{;@ vy (yalm) - (£ (m), £y (v1)). (108)

Since the code satisfies the input constraints 2 and €2, we have that o, a; and p are in the interval [0, 1].
First, we show that if

A>Q+aQ2+42p/a)- Q1 + 6, (109)

then the capacity is zero, where § > 0 is arbitrarily small. Consider the following jamming strategy. The jammer draws a
message M € [1 : 2"%] uniformly at random, and then, generates a sequence Y1 € R” distributed according to Py, |/ (y1|m).

~ — . 1|2 ~
Let S =f'(M) + £1(Y1). If % SH < A, the jammer chooses S to be the state sequence. Otherwise, let the state sequence

consist of all zeros. Observe that

~ 112 —~ ~ 2
EHSH :]E‘f’(M)—Ffl(Yl)H

2 2 — ~

=E (00| +E &Y |+ 28400, (Y1)

=n(aQl + a1 + 2p/af) - a1$)

<n(aQ 4+ Q1 +2pv/ a2 - Q) <n(A—9). (110)

where the second equality is due to (108), and the last inequality is due to (109). Thus, by Chebyshev’s inequality, there exists
K > 0 such that

Pr<l H§H2§A) > k. (111)
n

The state sequence S is then distributed according to

1
Py 1)8)2<n®) = 5um >

me([1:2n 7]

Pr(S:0|%H§H2>A):1. (112)

/ dy1 Py, m(y1lm),
Y1:f/ (M) +f1(F1)=s
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Assume to the contrary that a positive rate can be achieved when the channel is governed by such state sequence, hence the
size of the message set is at least 2, i.e. M = 2"% > 2. The probability of error is then bounded by

(g @)= [ ds-q(s)P? LISIP < o) - . . _pm)
P (q, %) —/_OO ds q(s)PeIS (¢)>Pr (n HSH <A L aen ds PSI{%HSH gA}(S) Pe|s (€)

(n)
ZH./ Ls2<A ds PS\{%||§||2SA}(S) P (0) (113)

where the inequality holds by (111). Next, we have that

0 1o~ [™ ,
Pe(\s €)= Z/ dy1 - Py, m(y1lm) - 1{y1: g(f'(m) + fi(y1) +s) #m} , (114)
m=1Y —x

where we define the indicator function G(y1) = 1{y1 € A} such that G(y1) = 1 if y1 € A, and G(y1) = 0 otherwise.
Substituting (112) and (114) into (113) yields

1 M

P (q,%) zﬁ-/ ds - Z/ 31 - Py, (31]70)
sinlsll®<A a1 Y E (M) (F1)=s

Moo
X % > / dy1 - Py, m(y1lm) - 1{y1: g(f'(m) +fi(y1) +s) #m} . (115)
m=1Y

Eliminating s = £'(m) + £ (yl) and adding the constraint ||f(m) + f; (y1)||> < A, we obtain the following,

" K - -~
P( )(Qa M_ Z /y1 F1): L[| (m)+1 (1) || °< dY1 dy1 - Py, v (y1|m) Py, v (¥1|m)
L{|g )+ (31) ) <A

< 1{y1 : g(f'(m) + £i(y1) + £/ () + £1(31)) # m} . (116)
Now, by interchanging the summation variables (m,y1) and (m,¥1), we have that
M M
P"(q, ) > % Z ﬁyl $1): 1| m)+f1(y1)|\ <n, WY1dy1- Py (y1|m) Py, ja(y1lm)

m=tm=1 L& )+ (30| <A

X 1{y1: g(f'(m) 4+ fi(y1) + £'(m) + f1(§1)) # m}
M M
K - - ~
FIE 2 2 o5 dlirmsncn e, a8 P ilm) Py (1)
m=tm=l LlE )+ 50| <a
X L{y1: g(f'(m) + fi(y1) + £'(m) + f1(31)) #m} . (117)

Thus,

M
(n) K
P(9,6) 255 mz;

3 Jor s lemsnisnfFen, 151 Py lm) Pras(317)
1 m#m

1|/ (m)+£ (30| *<A

x[n{y1:g< /() + £ (31) + £/ (7t >+f1<y1>>¢m}+n{y1:g(f’(m)+f1<y1>+f’<m>+f1<yl>>#m}}

(118)
As the sum in the square brackets is at least 1 for all m # m, it follows that
M
n K . n .
P (q,%) = TVE Z Z %}ﬁvyl): 3¢ (m)+1 ()| <A dy1 dy1 - Py, ar (Y7 [m) Py, (v (Y1|m)
m=1mzm L (m)+£30)]] <A
K %||f’(M)+f1(Y1)H2§A,
S o P 2 — (119)
1 Llean+ a0 <A, M £ M
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Then, recall that by (110), the expectation of + ||f'(M) + f; (Y7")||? is strictly lower than A, and for a sufficiently large n, the

conditional expectation of 1 ||f'(M) + (Y1)]|? given M # M is also strictly lower than A. Thus, by Chebyshev’s inequality,
the probability of error is bounded from below by a positive constant. Following this contradiction, we deduce that if the code
is reliable, then A < (1 4+ a + 2p/a).

It is left for us to show that for a and p as defined in (108), we have that R < Fg(a, p) (see (5)). For a (2", n, &) code,

PR(@) <, (120)

for all s € R™ with ||s||* < nA. Then, consider using the code % over the Gaussian relay channel Wg V11X, X1
Yi=X"+2Z,
Y=X+X1+9, (121)

specified by

where the sequence S is i.i.d. ~ =N (0, A — 0). First, we show that the code % is reliable for this channel, and then we

show that R < Fg(a, p). Using the code % over the channel Wg Yi1X, X1 the probability of error is bounded by

P (7.%) = P (l S|l > A) +f ds- P (@) <&+ (122
n o4 S]|<a

where we have bounded the first term by &7* using the law of large numbers and the second term using (120), where ;" — 0
as n — oo. Since W;ﬂ V11X, X2 is a channel without a state, we can now show that R < Fg(«, p) by following the lines of [8]
and [15]. By Fano’s inequality and [8, Lemma 4], we have that

1 n
R<=S"L(X. X" X1;:Y)+¢en,
—n; ¢1( i3 <3 9 21,0 )+5

1 n
R<-— (X, XY Y141 X s 123
—n;q( 39 <Xq 71,| 1,)+‘€ ( )

where § = N(0,A —§), X' =f'(M), X" ={"(M), Xy = f1(Y1), and &, — 0 as n — co. For the Gaussian relay channel
with SFD, we have the following Markov relations,

V1o X! (X!, X1, Y1), (124)

(X', Y1,0)e(X], X1,5)eY;. (125)
Hence, by (125), I3(X/, X/, X1:Y;) = I3(X/, X1, Y;). Moving to the second bound in the RHS of (123), we follow the
lines of [15]. Then, by the mutual information chain rule, we have

L(X, X!, Yi, Y14 X1,)
=I(X] Y14 X)) + T(X Y1, X X6) + (X[, X5 Y5 X0, Yag)

@I(X;’; Y14l X1,) 4+ (XS, X5 Yl X1, Ya,)

b
(Z)[H(Yl,ﬂXl,z') — H(Y1:|X])] + [Hg(Yi| X1, Y1) — Hg(Yi] X[, X1.3)]

©
<Iy, (X5 Y1) + 1(X5 Y X0 4) (126)

where (a) is due to (124), (b) is due to (125), and (c) holds since conditioning reduces entropy. Introducing a time-sharing
random variable K ~ Unif[1 : n], which is independent of X’, X", X;, Y, Y, we have that

R — En S IE(X}(, Xl.,K; YK|K)
R—En SI(X}/(;Y17K|K)+I§(X}<;YK|X1)K,K). (127)

Now, by the maximum differential entropy lemma (see e.g. [7, Theorem 8.6.5]),

! 2 _ -
(X Xy Vel ) <2 tog (H X T+ (A =0)) 1y (), aft a4 20V il )
| ? A=o 2 Ao
and
(E(Xj-X1,5))° 9
12 2 1_WEXK+(A—§)
I(X}/(;}/l-IdK)+IE(X}(;YK|X1_K,K) Sllog m +110g [ EXZ-EXT k ]
| | 2 o’ 2 A=3
_1 (1-a) 1 (1 p*)af
_210g (1—|— = ) —|—210g (1—|— - , (129)

where «, «; and p are given by (108). Since § > 0 is arbitrary, and «; < 1, the proof follows from (127)—(129). O
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APPENDIX C
PROOF OF LEMMA 4

A. Partial Decode-Forward Lower Bound

We use superposition decode-forward coding, where the decoder uses joint typicality with respect to a state type, which is
“close” to some g € Q. For simplicity, assume that C; < Rp r(L2). The proof can be easily adjusted otherwise. Let § > 0
be arbitrarily small, and define a set of state types Q,, by

Q, = {Ps : s" € A% (q) for some g€ Q}, (130)

where
1)

A
51_—2-|8|'

(13D
Namely, Q,, is the set of types that are 01-close to some state distribution ¢(s) in Q. A code € for the compound relay channel
is constructed as follows. Each message is divided into two parts, m = (my,ms), where m; € [1 : 2"F1], my € [1 : 270%2],
and Ry + Re = R with Ry > (.

Codebook Generation: Fix the distribution Py x (u, ), and let

PY vy o(®@ v y1lu) = Pxpu(zlu) - Z(J(S)WY,YI\X,S(?J, Y1z, s). (132)
seES

Generate 2" independent sequences u™(my), my € [1 : 2"F1], at random, each according to H?:l Py (u;). Then, for every
my € [1: 2", generate 2" sequences, =™ (mq,m2) ~ []'; Pxju(@i|ui(mi)), where mg € [1 : 2"f2], conditionally
independent given u™(m, ). Partition the set of indices [1 : 2"%1] into 2" bins of equal size, D(£) = [(£ —1)2"(F1=C1) 4 1 .
(27 Fi=C)] for ¢ € [1: 27C1],

Encoding: To send m = (mq,mg), transmit ™ (my,ms).

Relay Encoding: The relay receives 37, and finds a unique m; € [1 : 2"F1] such that

(u"™(m1),y}) € A‘s(PUP)q,IIU) , for some g € Q,, . (133)

If there is none or there is more than one such, set m; = 1. The relay sends the associated bin index ¢, for which m, € D(¥).
Decoding: The decoder receives ¢ and y™. First, the decoder finds a unique M € D(¢) such that

(u™(m1),y") € A‘;(PUP}@‘U), for some g € Q,, . (134)

If there is none, or more than one such my € [1 : 2”R1], declare an error. Then, the decoder finds a unique o € [1 : 2"32]
such that

(u"(my), z"(1hy, ma),y") € A‘;(PU,XP%X) , for some g € Q,, . (135)

If there is none, or more than one such g € [1 : 2"R2], declare an error. We note that using the set of types Qn instead of
the original set of state distributions Q alleviates the analysis, since Q is not necessarily finite nor countable.

Analysis of Probability of Error: Assume without loss of generality that the user sent (M7, M) = (1,1), and let ¢*(s) € Q
denote the actual state distribution chosen by the jammer. The error event is bounded by the union of the events

E1={Mi#1}, & = {1 #1}, & = {Ma # 1} (136)
Hence, the probability of error is bounded by
P (q, %) <Pr(&)+Pr(&NED) +Pr(&3NENES) , (137)

where the conditioning on (M7, M) = (1, 1) is omitted for convenience of notation.
We begin with the probability of erroneous relaying,

Pr(&) <Pr(&1)+Pr(&i2), (138)
where
Er1 ={(U"(1),Y]") ¢ A°(Py Py, ;) forall ¢ € O}
E 2 ={(U"(m1),Y7") € A‘;(PUP;ﬂ;IU), for some my #1, ¢’ € O, }. (139)
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Consider the first term on the RHS of (138). We now claim that the event &, ; implies that (U™ (1),Y}") ¢ A” 2(PUPglU).

Assume to the contrary that & ; holds, but (U™(1),Y;") € A%/> (PUPq* ). Then, for a sufficiently large n, there exists a type

Y1|U .
¢'(s) such that |¢’(s) — ¢*(s)] < d; for all s € S, and by the definition in (130), ¢’ € Q,,. We also have that
’ * 5
P k) = Py )] < 18161 = 5 (140)

forall w € U and y; € Vi (see (132) and (131)). Hence, (U™ (1),Y7") € A‘;(PUPQIU), and this contradicts the first assumption.
It follows that

Pr (&) < Pr ((U"(1),Y7") ¢ A2 (PP ) (b

which tends to zero exponentially as n — co by the law of large numbers and Chernoff’s bound.
We move to the second term in the RHS of (138). By the union of events bound and since the number of type classes in
S™ is bounded by (n + 1)!5!, we have that

Pr(&12) <(n+1)15l. sup Pr ((U"(m1),Y1") € Aé(PUPg‘U) for some my # 1)
q'€EQn

<(n+1)IS12mB s qup | Pya(u”) - 3 PLM| (142)
q'EQn um Yo (un,y{‘)EA‘S(PUP%‘U)

where the last line follows since U™(m) is independent of Y{", for every my # 1. Let y} satisfy (u™,y7) € Aé(PUP)%w)'
Then, y € A% (P{i;) with dy £ [U| - 6. By Lemmas 2.6 and 2.7 in [9],

P;Zjn (y") = o= (H(Pyp)+D(Pyp [1PE)) < 9 mHPyp) < 9gn(Hy (V)=21(9))

where €1(J) — 0 as 0 — 0. Therefore, by (142) along with [9, Lemma 2.13],

Pr(&2) < (n+ 1)1 sup 27nlle UN)=Ri=e2(0)) (143)
qEQ
with £2(d) — 0 as § — 0. We now have by (138) that Pr(&;) tends to zero exponentially as n — oo, provided that
R < infq/eg Iq/(U;Yl) — 52(5).
As for the erroneous decoding of M; at the receiver, define the events,

E20 ={(U"(1),Y") ¢ A°(PyP) forall ¢ € O,

E22 ={(U"(m1),Y™) € A(PyP{;), for some my € D(L), my # 1, ¢' € O}, (144)
where L is the index sent by the relay. Then,
Pr (& NEY) <Pr(&a1) + Pr (€2 NES) . (145)

By similar arguments to those used above, we have that Pr (€3 1) tends to zero exponentially as n — oo by the law of large
numbers and Chernoff’s bound. Moving to the second term on the RHS of (145), observe that given £f, the relay sends the
index L for which M; € D(L), i.e. the decoder receives L = 1. Thus, by similar arguments to those used for the bound on
Pr (&1,2), we have that

Pr (&2 NE) <(n+ 1)1 27— gup | Y™ Pya(un) - > P (y")
qE€EQ, un ym (u",y")eAS(PUP;l/‘U)
< (n+ 1)|3\ - sup 27"y UY) =Rt Cr=es(9)] (146)
q'€Q

with €3(d) — 0 as 6 — 0. By (145), we have that the second term in the RHS of (137) tends to zero exponentially as n — oo,
provided that Ry < infyco Iy (U;Y) + C1 —e3(9)
Moving to the error event for Mo, define

€31 ={(U"(VL), X" (N1, 1), X1 (M), Y™) ¢ A°(Pyx P ), forall ¢’ € Oy}

Eso ={(U™(My), X"(My,mz),Y™) € Aﬁ(PU,nglx), for some mo #1, ¢’ € Q,.}. (147)
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Given &5, we have that Ml = 1. Then, by similar arguments to those used above,
Pr(&NETNES) <Pr(E1NENES)+Pr(E2NE NES)

<4 (k1) sup 37 Pr (U7 (1), X" (1 mal), Y7) € A (Pux P ) | £5)
q€eQ
mao#1
<m0 | (n + 1)\3| - sup 2~y (X5Y|U)—Rz—ea(8)] (148)
q'€Q
where ag > 0 and £4(6) — 0 as § — 0. The second inequality holds by the law of large numbers and Chernoff’s bound, and
the last inequality holds as X™ (1, ms) is conditionally independent of Y given U™ (1) for every mo # 1. Thus, the third term
on the RHS of (137) tends to zero exponentially as n — oo, provided that Ry < infycg Iy (X;Y|U) —e4(d). Eliminating Ry
and Ry, we conclude that the probability of error, averaged over the class of the codebooks, exponentially decays to zero as
n — oo, provided that R < Rpr(L2). Therefore, there exists a (2%, n, ) deterministic code, for a sufficiently large n. O

B. Cutset Upper Bound

This is a straightforward consequence of the cutset bound in [19, Proposition 1]. Assume to the contrary that there exists
an achievable rate R > Rog(L£<). Then, for some ¢*(s) in the closure of Q,

R> rn(a§(min {Is(X;Y)+Ch, I+ (XY, Y1)} (149)
p(x

By the achievability assumption, we have that for every € > 0 and sufficiently large n, there exists a (2"%,n) random code
€T such that Pe(") (q,%) < e for every i.i.d. state distribution ¢ € Q, and in particular for ¢*. This holds even if ¢* is in the
closure of Q but not in Q itself, since Pe(") (¢, %) is continuous in ¢. Consider using this code over a primitive relay channel
Wy,y,|x without a state, where Wy y, | x (4, y1]%) = > ,c5¢*(8)Wy v, x,5(¥, y1]z, 5). It follows that the rate R as in (149)
can be achieved over the relay channel Wy y, x x,, in contradiction to [19]. We deduce that the assumption is false, and
R > Res (L) cannot be achieved. O

APPENDIX D
PROOF OF COROLLARY 5
This is a straightforward consequence of Lemma 4, which states that the capacity of the compound primitive relay channel
is bounded by Rpr(£2) < C(L2) < Reg(L2). Thus, if Wy y,|x,s is reversely strongly degraded, I,(X;Y, Y1) = I,(X;Y),
and the bounds coincide by the minimax theorem [25], ¢f. (19) and (23). Similarly, if Wy y,|x s is strongly degraded, then
I,(X;Y,Y1) = I(X; Y1), and by (19) and (24),

Res(£9) = (rn)lngm(&:;cmln{] J(XY)+ 0, I(X )Y, (150)
s)eQ p(x
Rpr(£2) =max min min {I,(X;Y)+Cy, I(X;Y1)} . (151)

p(z) q(s)€Q

Observe that min {I,(X;Y) + C1, I(X;Y1)} is concave in p(z) and quasi-convex in ¢(s) (see e.g. [6, Section 3.4]), hence
the bounds (150) and (151) coincide by the minimax theorem [25]. O

APPENDIX E
PROOF OF THEOREM 6

Consider a primitive AVRC L.

A. Partial Decode Forward Lower Bound

The proof is based on Ahlswede’s RT [2], stated below. Let i : S™ — [0, 1] be a given function. If ) _ .. . 5. q(s")h(s™) < v,
for all q(s™) =TI, q(s:), ¢ € P(S), with a, € (0,1), then,

1
~ > h(ns™) < B, forall s €S™, (152)
well,

where II,, is the set of all n-tuple permutations 7 : S — S”, and 3, = (n + 1)1l - a

Let R < RY . According to Lemma 4, there exists a (2", n, e=29") code for the compound primitive relay channel LPS),
for some 6 > 0 and sufficiently large n. Given such a code € = (f, f1, g) for LP(5), we have that > gnesn A(s™)h(s™) < em20m,
for all ¢ € P(S), where

1
Ms") =g D > Wy ypixon,sn (87", 97 |f (m), s"). (153)

me[1:27R] (y,y7):g(y™, f1(y}))#m
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Hence, applying Ahlswede’s RT, we have that for a sufficiently large n,

1
— D h(ms™) < (n+ 1)1l < e for all s € ST (154)
" well,

On the other hand, for every 7 € II,,,

1
h(ﬂ'sn) :2'r7,—R Z Z WYn‘Xn75n (yn,y?|f(m),ﬂ—8n)

me[1:2nR] (y",y7):g(y™, f1(y7))#m

@ 1 n n
= TR Z Wyn ‘X717Sn (7Ty |f(m)’ s )
me[L:2n 7] (y™,y7):9(my™, f1(myy)) #m

:277,—R Z WY7L‘X7L7S7l(y |7T 1f(m),s ) y (155)
me[1:2n ] (y™,y7):9(my™, f1(myy)) #m

y
where in (a) we change the order of summation over (y™,y}), and (b) holds because the channel is memoryless. Then,
consider the (2% n) random code €, specified by fr(m) = 771 f(m), fi-(y}) = fi(7y}), and g, (y", ¢) = g(my™, ),
for m € II,,, with a uniform distribution pu(r) = % By (155), the probability of error of this random code is bounded by
P (q, €M) < e~ for every q(s") € P(S™). O

B. Cutset Upper Bound

The proof immediately follows from Lemma 4, since the random code capacity of the primitive AVRC is bounded by the
random code capacity of the compound primitive relay channel, i.e. CXL) < CXLF(S). O

APPENDIX F
PROOF OF LEMMA 8

We follow the lines of [1], with the required adjustments. We use the random code constructed in the proof of Theorem 6.
Let R < CXL), and consider the case where C; > 0 and the marginal sender-relay AVC has positive capacity, i.e.

CWM) >0, (156)

(see (31)). By Ahlswede’s Elimination Technique [1], for every £ > 0 and sufficiently large n, there exists a (2", n, ¢) random
code €7 = (u(y) = £, = [1: k], {%} }yer), where €., = (f7,f14,9,), for v €T, and k = |I'| < n?. Following (156), we
have that foz every €1 > 0 and sufficiently large v, the code index v € [1 : k] can be sent through the relay channel Wy, | x ¢
using a (2“7, v, 1) deterministic code 4} = (F,g), where R > 0. Since k is at most polynomial, the encoder can reliably
convey ~ to the relay with a negligible blocklength, i.e. v = o(n).

Now, consider a code formed by the concatenation of 4 as a prefix to a corresponding code in the code collection {5 }er.
That is, the encoder first sends the index + to the relay, and then it sends the message m € |1 : 271 to the receiver. Specifically,
the encoder first transmits 7 = f”(7y) in order to convey the index + to the relay. At the end of this transmission, the relay
uses the first v symbols it received to estimate the code index as ¥ = g(g4). Since C; > 0 and k is at most polynomial in 7,
the relay can reliably convey its estimation 7 to the receiver with a negligible blocklength v/ = o(n).

Then, the message m is transmitted by the codeword 2™ = £, (m). The decoder uses the estimated index 7 received from the
relay, and the message is estimated by m = g5(y™). By the union of events bound, the probability of error is then bounded by
€. = € + &1, for every joint distribution in P(S”J”’l*”). That is, the concatenated code is a (2(”+”,+”)R" ,V+1v' +mn,e.) code
over the primitive AVRC £, where the blocklength is n + o(n), and the rate R,, = ﬁ - R approaches R as n — oco. [

APPENDIX G
PROOF OF THEOREM 9

Consider part 1. If Wy, | x, g is non-symmetrizable, then C(WW;) > 0 by [12, Theorem 1]. Hence, by Lemma 8, C(£) = C£L),
and by Theorem 6, R}, . < C(L) < RZg. Part 2 and part 3 follow from part 1 and Corollary 7. Part 4 follows by the arguments
in [22, Appendix G]. O
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