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Abstract—Saddle-point problems appear in various settings
including machine learning, zero-sum stochastic games, and
regression problems. We consider decomposable saddle-point
problems and study an extension of the alternating direction
method of multipliers to such saddle-point problems. Instead of
solving the original saddle-point problem directly, this algorithm
solves smaller saddle-point problems by exploiting the decompos-
able structure. We show the convergence of this algorithm for
convex-concave saddle-point problems under a mild assumption.
We also provide a sufficient condition for which the assumption
holds. We demonstrate the convergence properties of the saddle-
point alternating direction method of multipliers with numerical
examples on a power allocation problem in communication
channels and a network routing problem with adversarial costs.

Index Terms—Saddle-point problems, decomposable optimiza-
tion, alternating direction method of multipliers

I. INTRODUCTION

Saddle-point problems consider optimization of an objec-
tive function simultaneously by a minimizer and maximizer.
These problems appear, for example, in zero-sum stochastic
games [1]], adversarial training of machine learning models [2],
[3]], regression problems [4], and maximum-margin estimation
of structured output models [S]].

We focus on decomposable saddle-point problems of the
following form that have a decomposable objective function
with complicating global constraints:

N
ngin max Z fi(zai,xp.:)

1: (1a)
R
subject to x, € X, (1b)
Ty € Xb (IC)
Zai € Xy, foralliel,...,N (1d)
Tpi € Xb,i, forallte1,...,N (le)
where x4 = [Ta,1,-..,%Za,n] and zp = [2p1,...,7p N] are

each concatenations of IV vectors, and X, C R"«, A}, C R"?,

Xy © R™7 and A& ; € R"™ 7 are compact, convex sets
N N

such that > ;" n.; = ne and » ,_,np; = ng. In par-

ticular, we are interested in the convex-concave case, i.e.,
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fi + Xy x Ay — R is convex, lower semicontinuous in
Z4,; and concave, upper semicontinuous in x; ;. This problem
structure arises, for example, in power allocation problems
for communication channels with adversarial noise [6] and
optimal network routing problems with adversarial costs.

The paper [7] proposed the alternating direction method
of multipliers (ADMM) to solve an optimization problem
with decomposable nonconvex-concave objective functions.
In this paper, we analyze the convergence properties of this
method, saddle-point ADMM (SP-ADMM), for the decom-
posable convex-concave objective functions. The iterative SP-
ADMM preserves the separable structure of (1)) and consists of
three steps. In the first step, SP-ADMM solves a saddle-point
problem separately for every block. It performs projections
onto the global constraints (Ib)—(Id) in the next step, and
performs the dual variable updates in the last step.

SP-ADMM has several advantages. Each individual saddle-
point problem has a lower number of dimensions compared to
the original problem and hence can be solved more efficiently.
For some objective functions, for example bilinear functions
of two one-dimensional variables, these individual saddle-
point problems can be solved analytically. Since the individual
saddle-point problems have no coupling, they can be solved in
parallel. SP-ADMM performs the projection onto the global
constraints without considering the individual constraints. For
some global constraints such as unit ball or probability sim-
plex, this projection step can be performed more efficiently
compared to the case that takes the individual constraints into
account.

The contributions of this paper are threefold. The paper [7]
demonstrated the performance of SP-ADMM for a specific
robust optimization problem without any theoretical guaran-
tees. We analyze the performance of SP-ADMM. We first
show that for the convex-concave case SP-ADMM converges
to the saddle point of the problem under a mild assumption.
Secondly, we provide a sufficient condition for convergence
by considering standard conditions of the minimax theo-
rem [8] and Slater’s constraint qualification [9]. Finally, we
demonstrate and evaluate the performance of SP-ADMM for
a power allocation problem for communication channels with
adversarial noise [6] and an optimal network routing problem
with adversarial costs.
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II. RELATED WORK

Saddle-point problems: Convergent variants of gradient
descent-ascent methods such as the extra gradient method [10],
optimistic gradient descent-ascent method [11l], and subgra-
dient descent-ascent method [12] have been proposed for
convex-concave saddle-point problems. The paper [13] ex-
tended the Frank-Wolfe (conditional gradient) method to solve
strongly convex-strongly concave saddle-point problems.

We remark that first-order methods can also exploit the
decomposable structure during gradient computation. How-
ever, the coexistence of local and global constraints for the
projection step may result in harder optimization problems
compared to SP-ADMM that decouples the projection step
and local constraints.

SP-ADMM solves saddle-point problems as a subroutine
and one can employ these methods to solve the individual
saddle-problems. The quadratic penalties introduced in the SP-
ADMM results in strongly convex-strongly concave objective
functions that often increase the rate of convergence.

Decomposable optimization: Decomposable optimization
studies optimization problems that can be decomposed into
smaller sub-problems once the complicating constraints (or
variables) are removed. Seminal Dantzig—Wolfe [14] and Ben-
ders [15] decomposition methods solve block decomposable
linear programs. ADMM [16]], [17] solves general decompos-
able convex optimization problems. ADMM has convergence
guarantees for convex problems [18], [19] and also for some
nonconvex problems [20], [21]. In practice, ADMM often
generates acceptable solutions in a few iterations, however
it behaves like a first-order method and suffers from slow
convergence in the long run [18].

Decentralized saddle-point problems: Decentralized saddle-
point problems [22]-[26] consider the optimization of a
separable objective function subject to the communication
constraints (usually defined with a graph). Unlike the decom-
posable setting that we consider, these works consider that
each component of the objective function is a function of a
global variable. The paper [24] also consider local variables as
a part of the objective functions, however these local variables
do not have complicating constraints that we have in ().

III. NOTATION AND PRELIMINARIES FOR DECOMPOSABLE
OPTIMIZATION

A. Notation

We use subscripts a and b with colors blue and red to
denote the variables/constants of the minimizer and maximizer,
respectively. The subscript 7 denotes the i" block (element) of
the object with the subscript. With an abuse of notation we
also use the subscript 4, for X, ; and A} ; that the sets for
T4, and xp ;, and are not blocks of X, and A}, respectively.
The superscript k£ denotes the value of the variable with
the superscript at the k" iteration of the algorithms. The
superscript 2 is used as an exponent. Iy (z) is the indicator
function of set X such that Iy(z) = 0 if z € X and oo
otherwise.

B. Preliminaries for Decomposable Optimization

While the objective function is block-decomposable for (I,
the constraints z, € &, and z;, € A}, are not separable.
The potential existence of these constraints result in different
problem structures:

a) Fully separable case: In the absence of both x, € X,
and z;, € A}, we can solve the saddle-point problem separately
for every block i. The saddle points of these individual
problems are jointly a saddle point for the global problem.

b) Maximizer separable case: In this case, the inner
maximization problem is a function of z,, i.e., fz(a:(“) =
max,, .ex,, fi(Zai,2pi). If f; can be derived, we get a
minimization problem with a block-separable objective. How-
ever, the global minimization problem still contains constraint
xp, € Ajp. This optimization problem can be solved with
decomposable optimization methods such as ADMM.

c) Inseparable case: If both z, € X, and x;, € &), are
present, we cannot use fl(zm) = maxy, ;ex, . fi(Ta,i,Tbi)
due to the globally bounding constraint 1z, € Xy. We may
attempt to derive f(z,) = max,, cx,nnN  x,,) fi(Zai 20.0)-
However, this process (potentially) removes the separability
of the objective function. Hence, decomposable optimization
methods are not directly applicable to this case. We are
interested in separable solutions for this case by preserving
the minimax formulation.

IV. ALTERNATING DIRECTION METHOD OF MULTIPLIERS
FOR DECOMPOSABLE OPTIMIZATION

The alternating direction method of multipliers
(ADMM) [16], [17] is an optimization method to solve
optimization problems with separable objectives and
complicating constraints. Consider the problem

N
min Zgz(xal) (2a)

“ =1
subject to z, € X, (2b)
Za,i € Xgy, foralliel,..., N. (2¢)

To solve this problem using ADMM, we use an auxiliary
variable z, and rewrite @) as

N
min Zgi(xw) (3a)

“ =1
subject to  z, € X, (3b)
Zai = Tq,4, foraliel,...,N 3¢)
Za,i € Xy, foralliel,..., N. (3d)

For @), we define the Lagrangian K(z4, 24, Aa) as

N
Z (gi(za,i) + IXa,i (xa,i)) + )\aT(xa - Za) + IXa (Za)

i=1
and the augmented Lagrangian I@(xa, ZasAa) as

K:(l)aa Za, /\a) + p_; Hma - Za”i



Algorithm 1: Alternating Direction Method of Multi-
pliers (ADMM) for decomposable optimization

1 Inltlahze 29,29 A% such that 20 € X, 1 x ...
20 e Xx,.

2 for k=0,1,... do

k! = argmin,, K(Ia,z ,AEY.

ZFH1 = argmin,, K(z k+1,za, M.

)\k+1 = A g (ahtl — oEH)

X Xa,N7

(7 I

where p, > 0 is the penalty parameter.

ADMM for decomposable optimization, Algorithm [I con-
sists of three steps: primal variable z,, auxiliary primal
variable z,, and dual variable \, updates. We note that Line
Bl of Algorithm [T is separable and is the same with assigning
9i(w0)+ (V) (@ai—2E)+ 5

. k
arg min ||$a7i —z H
2 a2

Ta,i €Xa,i

to x’;fl forevery i € 1,...N. Line@lis the convex projection

step and is equal to letting

2
Zh = argzngfl AT (@Y — 2,) + p_; |kt — Zal|;

which is equal to

k41 _ : k41 k 2
Z, = arg min |lzh ™ + X/ pa — zaH2 .
Let z* be an optimal solution of (2)). The iterates of ADMM
converge to an optimal solution [18], i.e., z§ — x, if there
exists (z¥, 25, \*) for all z,, z,, and A, such that

a’~a’

Kz}, 20, A

a’“a’

) < K(xh, 20, A0 < K(xay 2ay A ). 4)
V. SADDLE-POINT ALTERNATING DIRECTION METHOD OF
MULTIPLIERS

In this section, we describe the alternating direction method
of multipliers (ADMM) for saddle-point problems that was
first introduced in [7]. The method shares the same steps with
standard ADMM and enjoys the same convergence guarantees.

To apply ADMM to saddle-point problem (1) we first
rewrite the problem using the auxiliary variables 2, ; and 2y, ;:

N

mnme ) Aleanm) o
subject to  z, € X, (5b)
zp € X (5¢)

Zayi = Za,4, foralliel,... N, (54d)

2pi = Ty, foralliel,...,N, (5e)
Tai € Xy, foralliel, ... N, (59

Ty € Xpy, foralliel,...,N. 5g)

Algorithm 2: Saddle-Point Alternating Direction
Method of Multipliers (SP-ADMM) for decomposable
optimization

1 Initialize 29, 20, 29, 29, A9, )\0 such that
20 € Xa,l X oo X Xy N, ) € X1 X
20 € X,, and z,? € X,

2 for k=0,1,... do

. X XbJ\r,

3 |kt :z"ﬁ+l = argmin max L(x,, zp, 25, 28, \EAF)
Tq Ty
4 |2hHl = argmm L(xk+? LT 2, 2 NENE)
s |2 = arg max L(htt af T b o AR
6 )\k-‘rl — )\k +pa( k1 25-&-1)
LA = Xl -2
For (3)), we define the Lagrangian
E(Iav Thy Zay Zby )\av )\b) =
N
Y (filwas o) + Lxy (@a) = L, (20.0))
i=1
+ A(J,T(ma - Za) + IXa (Zu,) - AbT(ZL’b - Zb) - IXI)(ZZ))
and the augmented Lagrangian
‘CA(IG; ThyZay Zby )\a; >\b) = ‘C(Iav Thy Zay Zby )\av )‘b)
t
+ B llwa = zally = 5 llaw = 2413

where p, > 0 is the penalty parameter for the minimizer, and
py > 0 is the penalty parameter for the maximizer.

Saddle-point ADMM for decomposable optimization, Al-
gorithm 2 also consists of three steps: primal variable x,, 7}
updates, auxiliary primal variable z,,z; updates, and dual
variable )., \, updates. Line [3] of Algorithm 2] is separable:
This step assigns

arg min max  fi(Ta,i, Tp,i)
Ta,i€Xa,i Tp,i€Xp,i

P
+ ()\21) (Ta,i — Za,i) + ?a Hlm - 251"2
N -
()\b L) (‘Eb;i - le)‘z) - 5} Lo,i — le)‘,iHQ

to xk“ and Tb+1 for every ¢ € 1,... N. These sub-problems

have a significantly lower number of dimensions compared
to the original saddle-point problem (I) and can be solved
in parallel. The sub-problems can be solved using existing
saddle-point optimization methods and for some objective
functions such as bilinear functions of two one-dimensional
variables, they have analytical solutions. Lines [43] are the
convex projection steps and are equal to letting

. 2

Zh = arg min Harffrl + A%/ pa — zaH2

and )
/,])‘+l = arg 713%1{11 HT )\fj/pg, — 2

which can be solved using convex optimization methods.



We show the convergence of SP-ADMM, under a similar
assumption of standard ADMM. We assume that there exists
a saddle-point where strong duality holds for the minimizer’s
problem when the maximizer is fixed, and vice versa.

Assumption 1. There exists (z},x}, 2%, 25, \s, A;) such that

L(xg, 2y, 25,25, Aa, Ap)
< L(xh,xp, zh, 20, Ay AL) (6)
< L(Tay XLy Zay 25y Ay Ap)

and
L(xh, Ty 20, Zby Ay AL)
< L(xg, T3, 25, 25 Aas Ay) (7
< 5(172%7«';2;72:,)\:7)\1,)

SJor all xy,xp, 24, 2b, Aa, and \p.

Note that x; = z;; and x; = z; for the saddle-point since
supy, Ao ' (25 — 2%) = oo and infy, A\, T (2] — z;) = —o0
otherwise. Also note that 2} € X, N (X1 X ... x Xy n) and
xp € XN (AXp1 X ... x Ay ) due to the indicator functions.

Despite its complicated nature, the assumption is satisfied
for the convex-concave saddle-point point problems where

Slater’s condition [9]] is satisfied.

Proposition 1 (Sufficient condition for a saddle-point). There
exists a saddle point (x}, x}, 2%, 25, Ne, A} for L that satisfies
Assumption [1l if
1) Every f; is a convex function of x,; and concave
Sunction of xy; in Xq; X Xy ;.
2) Every f; is continuous.
3) X, Xy, and every X,; Xy; are compact, convex
polytopes.

We give the proof of Proposition [Il in Appendix [Al

Note that the conditions given in Proposition [ imply that
the saddle-point problem satisfies Slater’s condition for the
minimizer and maximizer. In the proposition, we use polytope
constraints for simplicity; the proposition can be improved to
general convex sets &, ;, Ay ;, &, and A}, as long as there is
a saddle point for (1) that satisfies Slater’s condition.

Under Assumption [} the iterates of SP-ADMM converges
to a saddle point of (). If every f; is Lipschitz continuous,
the proposition also implies the convergence of value.

Proposition 2. Under Assumption[l] the iterates of SP-ADMM
converge to a saddle point for (), i.e., z¥ — = and z,ﬁ“ — xp
where (%, 7)) is a saddle-point of (I).

We give the proof of Proposition 2l in Appendix [Bl

Proposition [2| shows convergence in the limit. As in the
standard ADMM [18]], one can use the magnitude of pri-
mal and dual residuals as the stopping criterion in practice:
Terminate when Ha:’; — zéf”2 + HT{‘) —zF |2 < ePrimal apd
pu |t = |, + o ==, < e where af 2
and 7} — 2 are the primal residuals, and p,(z* — 2¥~1) and

a
pu(2f — 25~ ") are the dual residuals after iteration k.

>

E 3.2 fA —_— pa=pp =0.001 —_— pa=pp =001
g 3

S 3 — pa=p=01 pa=p =1

E 2 ,%f

ﬁ 8 T T T T T T T

T 1
0 10 20 30 40 50 60 70 8 90 100
k (Iteration)

Total Residual Norm
— =
(e (e}
V] [=] [~

T T
0 10 20 30 40 50 60 70 80 90 100
k (Iteration)

Fig. 1. (Top) Total capacity of the communication channels with

(zF,2F). (Bottom) Total residual norm is ||z% — z’;“2 + ||zk - 4{}“2 +
k—1 : k—1

Pa z{j—za H2+pb zl’)‘—zb ’2.

VI. NUMERICAL EXAMPLES

In this section, we give numerical examples for SP-
ADMM and compare it with saddle-point Frank-Wolfe
(SP-FW) method [13]. The implementations are given at
https://github.com/mustafakarabag/SP- ADMM.,

A. Power Allocation Game for Communication Channels

In this example from [6], we consider a power allocation
problem in Gaussian communication channels. The total com-
the signal power allocated to the i channel, o; is the receiver
noise for the i channel, and Zq,; 1s the noise of the 1™ channel.

We consider a game between a maximizer that allocates
signal powers and a minimizer that adversarially chooses
the noise levels for N = 10 channels. The global con-
straints are Zf\;l 2y = 20 for the the maximizer and
Zfil Zay; = 10 for the minimizer. Players have individual
constraints x,; > 0 and z;; > 0. The receiver noise level
is 0 =12,6,5,8,3,9,5,6,7,3]. The equilibrium value of the
problem instance is 2.860 [6].

For the implementation of SP-ADMM, we use SP-FW to
solve the sub-saddle-point problems that are in the form of

munication capacity is vazl log (1+

) where xy; is

N
minmaleog (1 + L) + /\f; (T — 251)
— o; i ' '

Ta,i Tb,i ] + Zq
k \2
Zb,z) .

- Zs,i)z - )\{f,z(mbd -
We initialize x, and x; with a vector of zeros. The variables
Zo and 2z, are initialized with the projections of z, and
onto their global constraints, respectively.

In Figure [1l we show the output of SP-ADMM for different
penalty parameters. Similar to the standard ADMM, SP-
ADMM generates acceptable solutions within a few iterations:
The total capacity converges to the equilibrium value 2.860.
The total residual norm decay as the number of iterations
increase. However, similar to the standard ADMM, the rate
of convergence is slow. We suspect that the fluctuations of the
total residual norm is due to the dynamic competition between

+ pa(xa,i Zl]ii) — pb(l)bj, —


https://github.com/mustafakarabag/SP-ADMM

the players and the fact that sub-problems are solved with a
finite accuracy. When we compare the effects of the penalty
parameters p, and p,, we observe that mild penalties such as
0.1 lead to both faster objective and residual convergences.

B. Network Routing Game with Adversarial Agents

In this example, we consider a network routing problem
represented with a Markov decision process (MDP). The
MDP is deterministic, i.e., it is a directed graph with N
edges. Players choose a policy for this MDP that induces a
Markov chain. The players’ policies control the density of
atomic agents that are transitioning in the Markov chain. The
variables, z, and x;, of the players represent the stationary
distributions induced by the players over the edges of the
Markov chain. We generate the underlying directed graph of
the MDP using a random Erdos-Renyi graph such that every
node has 5 edges in expectation.

The network has a price function for every edge ¢ that is
equal to xz,,; + 23, i.e., the total demand for edge i. The
cost of an edge ¢, for the minimizer is x, ;(%4,; + 2p,;) that
is the density of minimizer times the price of the edge. The
minimizer’s goal is to minimize the total cost vazl Za,i(Tait
Zp.4). The maximizer is an adversary trying to maximize the
same cost. The minimizer and maximizer control a unit density
each. The individual constraints are 0 < z,; < 1 and 0 <
xp,; < 1 for every edge 4. The global contraints are enforced by
the dynamics of the MDP: The players’ stationary distributions
have to be valid. In addition, the maximizer’s density at state
1 has to be at least 0.1, i.e., ZieE Zq,; > 0.1 where E is the
incoming edges of state 1.

We compare the performance of SP-ADMM with SP-FW
for different sizes of MDPs. For the initialization of both SP-
ADMM with SP-FW, we use the valid stationary distribution
that is closest to the uniform distribution in Lo distance. We
solve the sub-saddle-point problems of SP-ADMM using an
analytical solution exploiting the bilinear structure of sub-
problems. This step has O(NN) time complexity. The gradients
for SP-FW are also computed using analytical solutions, which
has O(N) time complexity. The projection step of SP-ADMM
and the maximization step of SP-FW are both computed
using ECOS solver [27] with CVXPY [28] interface. For SP-
ADMM, we use p, = pp = 1, and for SP-FW, we use the
step size 2/(2 + k) at iteration k as suggested in [13].

For both algorithms, we compute a bound on the optimality
gap in the following way. Let z*** be the optimal response of
the minimizer against the maximizer’s z{;’ action, and z; * be
the optimal response of the maximizer against the minimizer’s
2¥ action. We compute the best action of a player by solving
a convex optimization problem where the other player’s action
is fixed. By the definition of a saddle-point, we have

N N N

Jk : * *.k
Zfl(z:;z ) ZI]:7) S Z fi(z;,iv Zb,i) S Z fi(ztl:,iv Zbﬂ', )
i=1 i=1 i=1

_ N o
The best lower bound is I* = maxi<j< >,y fi(2,7, 27 ,)

: : N
and best upper bound is u* = miny<j<x i1, fi(2) ;5 2,7)

TABLE I
COMPARISON OF SP-ADMM AND SP-FW FOR DIFFERENT MDP S1ZES
Network size SP-ADMM SP-FW
# edges | Opt. gap . Opt. gap .

# nodes N uk — Time (s) uk — Time (s)
10 49 1.36e-92 5.48 1.36e-92 5.17
20 93 2.49e-7 9.39 5.13e-3 9.09
50 282 1.87e-6 28.06 2.35e-3 25.67
100 494 1.35e-6 51.18 1.62e-3 48.17

@ Both algorithms fail to improve on the initialization point

due to numerical precision issues.

| SP-ADMM

SP-FW
= Itr. Value = ]tr. Value
v 10~1 4 Lower Bound Lower Bound
g 1 = = Upper Bound = = Upper Bound
2]
g t-- S Ne. LI N -
8 1T P——— e s e om S 8
10-2 -
T T T T T T

T T T
0 10 20 30 40 50 60 70 80 90
k (Tteration)

100

Fig. 2. The objective values for SP-ADMM and SP-FW. For each algorithm,
’Itr. Value’ refers to the value with the variables from the current iterate, i.e.,
(2, z}’;*) "Lower Bound’ refers to the value with the maximizer’s variable

from the current iterate and the minimizer’s best response to it, i.e., (z(lf"*, z}’;)
"Upper Bound’ refers to the value with the minimizer’s variable from the
current iterate and the maximizer’s best response to it, i.e., (2%, z{:*)

at iteration k. The optimality gap of an iterative algorithm at
iteration k is bounded by u* — [¥.

We compare SP-ADMM and SP-FW in Table [I| and Figure
2l In Figure 2l we observe that SP-ADMM performs better
than SP-FW for objective convergence. In addition, the upper
and lower bounds are closer for SP-ADMM, which shows a
better convergence to the saddle-point solution. In Table [, we
observe that the solution time for SP-ADMM is slightly worse
since we solve a quadratic program for SP-ADMM whereas
we solve a linear program of the same size for SP-FW. On the
other hand, the optimality gap u* — [* is orders of magnitude
better for SP-ADMM with similar solution times.

VII. CONCLUSION

We demonstrated saddle-point alternating direction method
of multipliers (SP-ADMM) to solve decomposable saddle-
point problems. We show that SP-ADMM has convergence
guarantees under a saddle-point assumption. This assumption
is satisfied for convex-concave problems that satisfy Slater’s
conditions. While we show that SP-ADMM converges asymp-
totically, we suspect that it also enjoys the non-asymptotic
guarantees of standard ADMM [19]], for example, in the
strongly convex-strongly concave setting.
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APPENDIX A

PROOF OF PROPOSITION[]

We show the existence of a saddle point for the augmented
Lagrangian by considering the minimax theorem [&] and
Slater’s constraint qualification for convex duality [9]. Since
Zfil fi(za,i,xps) is a continous, convex-concave function
and the feasible spaces are compact, convex for both minimizer
and maximizer, there exists a saddle point (27, z;) for (1) by
the minimax theorem [§]]. Consequently, (z}, z}, 2%, z;) is a
saddle point of (3) where z} = z¥ and =} = z;.

Since the feasible spaces are compact, convex polytopes,

o there exist G, ; and h, ; such that Gy ;24 + he; < 0 is

equal to z,; € X, 4,
o there exist G ; and hy ; such that Gy ;2 + hp s < 0 is
equal to zp, ; € A} 4,

o there exist G, and h, such that G,z, + h, < 0 is equal

to z, € X,, and

o there exist G, and h;, such that Gz, + h, < 0 is equal

to zp € Ap.

Define the Lagrangian for (3)

E(xa; Tb, Za, Zby Aas b, Has by [,Ua,i]ijilv [,Ub,i]g\;ﬁ

N
- Z fi(xa,iv Ib.i)
1=1

N
+)\a—r(ma - Za) + NI(Gaza + ha) + ZMli(Ga,ixa,i + ha,i)
=1
N
o (zp — 2) — pg (Gyzp + hy) — Z #L(Gb,il’b.i + hp i)
=1

where fiq, fos fla,1s -oes Ba, Ny Hb,15 o5 o, N = 0.

For fixed z; and z;, SN fi(2a,i, 7} ;) is a continuous,
jointly convex function of z, and A\, and the constraints of
(@) satisfies Slater’s condition. Note that = and z; is optimal
for fixed xj, and z;. By the saddle point theorem [29], there

exists (5, 25, Ay, tis [ 15 -5 [ ) Such that
E("EZ, *L>b<7 227 ZZu Aun )\bu Has Kby [ua,i]ij\ilu [/’Lb,i]iil) (Sa)
< ,C(ZC:, .’I,’Z, Z;, ZZ? )\:;a >‘bv /LZa Ko, [/Lz,i]g\ila [/Lb,i]ij\il) (8b)
< ‘C(xzv Ty, Za 24 Aqy Abs /LZ’ Hbs [/Lz,i]i]\il’ [/Lb,i]ij\il) (8¢)

for any Ay, i, [16,1]Y1 . Let Ay, o, [p26,:]Y.; = 0. Note that
E(m27 ‘LZu 227 ZZa )\:;7 Ab)
< E(ZC:, J:Itv Z;a ZIT? )‘27 )‘IM Has Oa [/La,i]g\ilv [O]zj\;l)
since Ga,ixz,i + hai < 0, Guizp + hey < 0, and
Way Ba,1y -+ fa,N = 0. We also have
E(Ia, Ty Zay 25 Ags by Mg 0 [.uz,i]i]\ilv [O]zj\;l)
S L(Ia, ‘7:?;7 Zay Z?;a )\27 )‘b)



since I, (2ai) > poi(Gai%ai + hai)s Ix,(24) >
pd (Gaa + ha), zp; € XAy, and 2 € A
We established

* * * * * * * *
‘C(xaa Ty Zas Zh s Aav )‘b) < ‘C(xaa Tys Zay Zp s )\av )‘b)'
We now show
‘C(Iaa Lys Zgs Zh s )\a; >\b) < ‘C(Iav LTpyZas Zp s Aa; Ab)-

Note that the optimization problem

min N
)\a7ua7[ua,i]§\[:1

is separable: the optimal values of A\, and fi4, fa,1, -- s Ha, N
can be computed independently. Consequently, since A\,* is a
maximizer for

* * * * N N

‘C(xaa ThyZgsZps )\av )\bv Ha s Kb, [,Ufa,i]izlv [ul),i]i:l)’
it is also a maximizer for L(z},z},2}, 2, Ao, \p), and
we have L(x}, ), 25, 20, Ao, \o) < L(ah,xp, 20, 25, A5, \).
Combining these results, we get
Lz, xl, 20, 20 Aay Nb)

* * * * *
S E((Ea, LhyZarZhs Aau Ab)

* * *

S E((Ea, Ty Zasy 2y s )\au Ab)

(C))

for arbitrary )\;. By symmetry, we can repeat the same
arguments and get

L(SC:, Th, Z;v Zb, Aav )\1*))

* * * * *
< ‘C(Iavmbv Za> Zb’/\av )‘b)
S E(iC:;,:L’Z, 227 Zlfu Aaa )\b)

(10)

for arbitrary ), . Finally, by letting \, = A; in Q) and A\, = X}
in (IQ), we get the desired result.

APPENDIX B
PROOF OF PROPOSITION

The proof follows the same steps of the proof for conver-
gence for the standard ADMM algorithm [18]]. The work
proves convergence of standard ADMM by considering only
the properties of minimizer updates. To prove the convergence
of SP-ADMM, we consider the properties of both minimizer
and maximizer updates.

We define the value function of the algorithm
i 2= ally 1V = Ailly | flza —=ally [l — =2l
Pa Pb 1/pa 1/pb

We will show that the value decreases at every step, i.e.,

VERL <UF — o, [ S = oo ||rE
[ g J s S

E(x:,a lZu Z;a ZZ? )\au Aba Mas Kb, [Ma,i]qj;\ilu [Ml),i]i:l

where 7% = ¥ — 2¥ is the primal residual for the minimizer
and 7} = 2 — zF is the primal residual for the maximizer.

By telescoping sum over k, we get

oo

VO =S pallrklly + oo bl
=1
+ Pa Hzé -

7 o el =2

+ Pb

Since VO is finite, and pe and p, are strictly gositive,
we must have limg_, oo HTZHi 0, limp_ oo Hr,’sz = 0,
1

- . ! 12
) limy oo Hzfj -z =0, and limz_, o Hz,’j — z{f 1H2 =0.
Consequently, 2% — 20, 28 — 22 2F — 27, and 2} —
xy for some stationary point (zf,xzy,zo,xy, A, A;). Since
(x5, xy, 0, x5, Ao, Ap) is a stationary point of SP-ADMM,
(xS, 22, \2) is a stationary point of ADMM (Algorithm [I)
when (z, = 27,2, = z7,\, = Aj) is fixed, and therefore
(x2,22) is a solution to (B) when x;, = 7, 2, = 7 is fixed.
Similarly, (z7,zy) is a solution to (3) when z, = =, z, = x,
is fixed. Consequently, (2, z;, x5, ;) is a saddle point of (3)
and (zg,z;) is a saddle point of ().
We now show (I1)). For ease of notation, we also define the
following quantities:
« Equilibrium value p* = S| fi(a% ,, 27 ;). Note that
p* = L(xk, xp, 2k, 25, Ab, L) since xf = 2%, a) = 2]
k _ N ko k ok SN ok
e P = Zi:}lvfi(‘ra,wmb,i)’ ()" = >im1 fz(xa,iamz*),z)’
k_ ok
(p)* = 21:1 fi(xz,iwrb?i)-

To prove (1), we will show
Pt =) T < ()Tt (12)

o) —pr < () T (13)

PP — (02)F <pa (2t — BT (kD 4 h )
— (AT Tt (14)
and
(p;-;)kﬂ _phtl S/)b(zfﬂ _ Zz]f)T(TfH + Z[k)“+l — )

_ ()\;H»l)T, k+l-
0

b 5)

We, for now, assume that these inequalities hold and give the
proofs in Appendix and B=C

A. Proof of (II)

Adding (12), (13, (@4, and (I3), and multiplying by 2, we
get
0 <20\ = AT Tri 4200 — ) Tt
+2pa (25t = 28) g 2 = 20)
+ 2pb(zf+l - z,’f)—r(rfj+l + zl]f+l —2).

(16)

We use the definitions to rewrite (16).



Using Ait! = N+ pori ™, bt = (ST =A%)/ pas
Aol /\k ARFL_XE 4 A — AE we get
2005 — AP TRk —o(x — )\ﬁ)TrI;H 2pq T];HH
2
:3(/\; _ AI;)T()\ZH — ) - /\k+1 _ )\k ~ Pa k+1
Pa pa 2
2 2
=— e =L —— AT = AL e rfi“ (17
Pa 2 Pa 2
By the symmetry of the definitions, we also get
200 = A Tt (18)

1 ) 2 1 . 12 112
= A =X |l0 = = A = x| = || (19)
= A1 = I 0 - o
Using 2Kt — 2x = k1 2k ok o and 2P+ — 2k =
2Rl ok we get
2
200 (2 = ) TR 4 254 =) — [k
2
=l 4z =zl
2
—pall= = =il = = = =l,) (20)
By the symmetry of the definitions, we also get
. 12
200(zy T =) T T - ) - ||T§+IH2
=—mWM wof =t
, 2
(B b =2 )5)- 1)

By substituting (I7), (@9, @0), and 1) in (d6), we get

Vv < yk Pa HTkJrl _|_Zk+1 kuz (22)
— o H7k+l k+1 . H2

<VE— pa [[r 5 = oo [l

— ol = A = o = 4

=20 (M) Tt = 20) = 20000 T (5T = 2 (23)

As shown in the proofs of (I4) and (I3), z*™! mini-
mizes —(AF+1) T2, in A,, and 2" maximizes (\J ') T 2,
in X,. Consequently, we have —2pa(AEHL) T2k 41 g
—2pa (N T2E and 2p,(A\ T T2 < —2/)1)()\"“) zF.
Combining these with @23), we get (L)

B. Proofs of (12) and (13)
Due to the saddle point assumption, we have

/\Z) < £($§+1 k+1

* K * * * * * *
‘C(‘Tav‘LmZavzb?/\a? Tb? a Zb7/\a7)‘b)'
= L(z},xp, 2%, 25, Ao, A\p) and o) = 2z, we have

PR ) () (@t -

Since p*

k
o).

Using 751 = gk+1 — 2*+1 and rearranging the terms, we get
k T k
Pt = () < ()T (24)

The proof of (I3) has the same steps with the proof of (12).

C. Proofs of (14) and (13)

We note that L(:ca, x, 2%, 28 AEUAE) is a convex function
of z, and a concave functlon of 2, and (251, 2 "!) is a

solution to

‘C(Iav rbazaa7ba/\k )‘k)

min max
Ta€Xa,1X... XX N TpEX 1 X ... XX N
Define
k k+1 k\\T
(Ea,il'b § fz xa za*Lbz ()\a _pa(za Z )) L

(Ak — oz = z) Ty

Using \fT1 € X, 1 x. .. x X, x and \EHL = Mot (2h 1 —

k+1
281, we get

OL(za, xp, 25, 25 N AE) _0g(xq,x)
0x, R Oz, R
Similarly, we get
OL(q, wy, 28, 2, NENE) _0g(xq,x)
Oxy, — O I

Since L(xq,xp, 25, 2, NEAF) and g(4,2,) share the same
gradlent field for z, and x;, and (2F+1 rf}”“) is a saddle point
of L(xa,xp,2F, 2, NEAE), (:v’”l xf;“) is also a saddle

point of g(x,,z). Using the saddle point property we have,

Zfz

k
_ ()\b+l

k+1

kot k+1) - pa(za

al 'L 5 + ()‘ZJrl _Zs))TI];Jrl

— (7l];+l _ 75))Tré+l

N
<Y fi@h i)+
=1

= B = (e = ) Tl

k+1

AH! = pa(za™ = 20)) T

a

By definitions of (p?)**1 and p**1, we get

k+1+()\/;+1 k+1 k))'l'x/;-l-l

- pa(’za Za
< )M+ (!

p

~ palzg = 25)) T

(25)

By the saddle point property, we also get

PO = (e = )Tl
> ) =T =z é“ ) @ (26)
Define ho(2,) = —(AEH1)Tz,. and hy(z) = (AT T2,
We have
OL (o Y, KL 2y, 28 N AE) _ Oha(2a)
0zq R Oz, .
and similarly
Bﬁ(gcak"’l,xbk"’l KL 2, AENE) _ Ohy(=)
0z . Oy .




Since L(x 1, 2, 20, 2F, \EAE) and g (z,) has the

same gradient field in X, z5*! is also a minimizer of h(z,)
in X,. Similarly, z{f“ is also a maximizer of h,(z,) in X).

Due to these we have
(a0 T 27)
and
T = ) e (28)
By combining 23) and @27), and noting that =¥ = z and
rhtl = ghtl okl we get
PP = (0) T <pa( =) T 2 = 2
= ()Tt (29)

Similarly, by combining (26) and (28), and noting that z; = z;°

k+1 k1 k1
and ;" =2, — 2,7, we get

()T =" <pp(z T = 2) T T+ T = =)
— (A Tt (30)
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