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Abstract

Discussionof a simpleexampledemonstratesvariousex-
pressivelimitationsof therefinementcalculus,andsuggests
a liberalization of refinement,called retrenchment, which
will support an analogous formal developmentcalculus.
Usefulconcretesystembehaviourcan be specifiedoutside
thedomainof pure refinement,anda caseis madefor flu-
idity betweenI/O andstatecomponentsacrossthedevelop-
mentstep.

A syntaxand a formal definition are presentedfor re-
trenchment,which hassomenecessarypropertiesfor a for-
mal developmentcalculus: transitivitygivesstepwisecom-
positionof retrenchments,andmonotonicityw.r.t. thespeci-
ficationlanguageconstructorsgivespiecewiseconstruction
of retrenchments.

1 Intr oduction and r ésuḿe of B

Fromearlyconcernsaboutproving correctnessof programs
suchasHoare’s [19] andDijkstra’s [15], a maturerefine-
mentcalculusof specificationsto programshasdeveloped.
This developmenthasbeenin two strands,the predicate
transformer/lattice-theoretic,e.g. [4, 23, 6, 16] andthere-
lational, e.g. [20, 21]. The first relationalproposalfor a
soundandcompleteproof methodfor datarefinementwas
[18]; amodernversionof thissimulationmethodappearsin
[28] in theZ notation[27].

In this context the term “refinement” has a very pre-
cise meaning; accordingto Back and Butler [5] it is a
“...correctness-preservingtransformation...between(possi-
bly abstract,non-executable)programswhich is transi-
tive,thussupportingstepwiserefinement,andis monotonic
w.r.t. programconstructors,thussupportingpiecewise re-
finement.” Relationally, refinementis characterisedas a
developmentsteprequiringtheconcretepreconditionto be
weakerthantheabstract,andtheconcretetransitionrelation
to bestronger, or lessnondeterministic,thantheabstract.

Refinementof specificationson abstract, infinite do-
mainsto finite computer-orienteddomainsposesparticu-
lar problems[13, 11]. Partial logic approacheshave also
beenproposed[10, 24]. Hayesand Sanders[17] recog-
nise the separationof concernsafforded to the specifier
by an abstractionrelation betweenabstractand concrete
I/O. BoitenandDerrick [12] proposerulesfor “I/O refine-
ment”, a simple generalisationof Woodcockand Davies’
method[28], incorporatingabstractionrelationsfor I/O. In
the OO arena,Mikhajlova and Sekerinski’s “interfacere-
finement” [22] generalizes“class refinement”in a similar
way to which I/O refinementgeneralizesthe classicalver-
sionin [12].

In this vein we argue that refinementis restrictive in
termsover andabove thoseof finitenessandI/O represen-
tation. The requirementthat every concretebehaviour be
a possibleabstractone(“operationalindistinguishability”,
or “simulability”) is too strongfor a finite, discretecom-
puter. Nonsimulableconcretebehaviour maybedesirable,
andits nonsimulabilitymayavoid theneedto force imple-
mentationconstraintsinto theabstractmodel.Wealsoargue
for a degreeof fluidity betweenstateandI/O components
acrossthedevelopmentstep.Thisleadsto retrenchment(in-
troducedin [7]) andits formalisationin a formal calculus.
We usea light versionof the B notationof Jean-Reymond
Abrial [1], which is adescendantof boththeoreticalstrands
discussedabove. The B-Method is a full-lifecycle formal
developmentmethodfor sequentialand reactive systems,
supportedby two industrial-strengthtoolkits, Atelier B [2]
andB-Toolkit [26], andsupportedby numeroussuccessful
industrialapplications,e.g.[14].

B is basedon a total correctnesstheory of program-
ming. Its centralconstructis thewp predicatetransformer:���
	 S� R� describesthe weakestprecondition,or mostgen-
eral before-statefrom which programS is guaranteedto
terminatesatisfyingpostconditionR. In B, �� distributes
over conjunctionandis monotonicw.r.t. implication. ���
doesnot satisfyDijkstra’s [15] “Law of theExcludedMir-
acle” (whichwould requirethat ���
	 S� false ��� false): this
allows a notion of feasibility of programs. Programs(in



generalnondeterministic)arewritten in B usingconstruc-
tors inspired by Dijksta’s GuardedCommandLanguage,
called the GeneralisedSubstitutionLanguage(GSL). The
basicoperationis the simplesubstitution(which is assign-
ment,in proceduralprogrammingterms).For replacement
of freevariablex in formulaRby expressionE (nofreevari-
able in E clasheswith any boundvariablein R) we write���
	 x ��� E � R� . Theremainingsimpleconstructorsof B are
axiomatisedasfollows (for unboundedchoicez is nonfree
in R; thiswill bewrittenz � R):����� skip

�
R��� R skip����� P � S� R��� P � ����� S� R� precondition����� P � � S

�
R��� P � �!��� S� R� guard����� S" # T � R�$� ����� S� R��� �!��� T � R� boundedchoice����� @z % S

�
R���'& z % ����� S� R� unboundedchoice����� S( T � R��� �!��� S� �!��� T � R�)� sequence

WPAxioms

The precondition constructor represents an explicit
strengtheningof the terminationset,guarda strengthening
of the feasibility set,boundedchoicea demonicnondeter-
ministic choice betweentwo operations,and unbounded
choice a universally quantified demonic choice over all
operationsindexedon some(external)variable.

Any operationSworkingwith astatevariable(list) x can
beexpressedin thefollowing normalisedform, whereP is
a predicatein variable(s)x, Q is a predicatein variablesx
andx* (x* distinctfrom x):

S � P � @x+,% � Q � � x - � x+.� Norm

Fromtheaxioms,this meansthatfor any predicateR	 x������ S� R��� P �/& x+0% � Q � �!��� x - � x+ � R�1�
In fact,thisdecompositioninto predicatesP andQ is unique
(modulo logical equivalenceof predicates),and theseare
called trm 	 S� (terminationpredicate: before-statesfrom
which S is guaranteedto terminate)and prdx

	 S� (before-
after transitionpredicate)respectively. The latter form of
this theoremgivesa nice interpretationof S asa predicate
transformer:from initial statex, S establishesR precisely
whenS terminatesat x andeveryx* reachablefrom x under
SsatisfiesR. Thesepredicatescanbeexplicitly defined:

trm � S�!2� ����� S� true �
prdx

� S�!2�43 �!��� S� x+65� x�
A relationalmodel is definedin the obviousway (wheres
is thesetof which thestatevariablex is a member)for the
preconditionset,andthebefore-afterrelationfor S :

pre � S�$2� 7 x � x 8 s � trm � S�)9
rel � S�$2� 7 x � x+$� � x � x+:�!8 s ; s � prdx

� S�<9
Theabstractsyntaxof theGSL is expressedin andcomple-
mentedby theconcretesyntaxof theAbstractMachineNo-
tation(AMN), which includesconstructsfor modularstruc-
turing. The unit of modularityis the machine, which con-
tainsinter alia a statevariable (list), an invariant predicate
expressingtypeandotherrequiredstateconstraints,an ini-
tialisation, anda setof operations, which areexpressedin
termsof state,input and output variables. The following

syntaxshows an abstractmachineanda refinement. The
latter is a derivative contruct: its invariantclauseprovides
bothlocal variabletypeandconstraintinformation,aswell
astheretrieverelationto theabstractvariable.

MACHINE M � a� REFINEMENT N
REFINES M

VARIABLES u VARIABLES v
INVARIANT I � u� INVARIANT J � u � v�
INITIALISA TION X � u� INITIALISA TION Y � v�
OPERATIONS OPERATIONS

S� u � i � o��2�>=?=�= T � v � i � o�!2�@=?=A=
END END RefSyn

A sufficient conditionfor refinement(equivalentto classi-
cal forwardsimulation)is expressedrelationallyasfollows.
Two abstractmachinesM andN aredefinedon statespaces
u andv respectively, with a total relation (the retrieve re-
lation) r � v B u, anda bijection betweenthe operations
of M andN (say, every operationS of machineM corre-
spondsto exactly oneoperationT of N). If for every such
pair 	 S� T � thefollowing hypotheseshold,thenM is refined
by N (writtenM C N)1:

r - v D u �
dom� r ��� v �
r E$FG" pre � S�:#,H pre " T #I�
r E$FJ( rel � T �6H rel � S�K( v E�F�
M L N RefR

This correspondsto theoperationrefinementproof obliga-
tion (POB) in the following full formulationof the refine-
ment rules in wp-form. The obligationsare initialisation
consistency, operationconsistency(givenabstractinvariant
andabstractoperationtermination,thentheoperationestab-
lishestheinvariant),initialisation refinement, andoperation
refinement(for any concretestepof T, thereis someabstract
stepof S thatestablishestheretrieverelation):�!��� X � I � Init

I � trm � S��� ����� S� I � OpCons�!��� Y � 3 �!��� X � 3 J �1� InitRef
I � J � trm � S��� �!��� T � 3 �!��� S� 3 J �)� OpRef

2 From refinementto retrenchment

Let thedivine infinite naturalsbeD-NAT andthemundane
finite onesbe M-NAT. Considerthe following simple ab-
stractmachine,modelling subtractionon the divine natu-
rals,andaproposedrefinement:

MACHINE DivineSub REFINEMENT MundaneSub
REFINES DivineSub

VARIABLES a
�
b VARIABLES aa

�
bb

INVARIANT INVARIANT
a 8 D-NAT aa 8 M-NAT � bb 8 M-NAT� b 8 D-NAT � � aa M OF � a � aa�� � aa � OF � a N OF �

1A full B definitionof refinementis omittedhere;see[1]



� � bb M OF � b � bb�� � bb � OF � b N OF
OPERATIONS OPERATIONS

DSub 2� resp OQP MSub 2�
a N b � a - � a P b aa M OF � aa N bb=A=A= � � aa - � aa P bb��� resp - � T

END " # aa N OF R aa M bb� � resp - � F=A=?=
END

The concreteinvariant expressesboth the concretetype,
andtheretrieve relationasthe obvious total embeddingof
M-NAT in MundaneSubinto D-NAT in DivineSub. The
overflow value OF is identified with all large a and b in
DivineSub. The abstractpreconditionis the region a S b.
Theconcreteoperationis clearlyof IF..THEN..ELSEform.
Theconcretepreconditionis easilycalculatedby GSL ma-
nipulations(using someobvious shorthand). Since both
simple substitutionoperationsin MSub terminateuniver-
sally, wehave

trm � Gd ��� STU" #V3 Gd ��� SWU�� � Gd � trm � ST��)�$� � 3 Gd � trm � SWU�1�� true

This developmentstep cannot universally satisfy OpRef

since of coursesubtractionof an unrepresentablylarge
numberfrom oneno smallercannotbe represented:this is
a limitation of the finitenessof the concretemodel. How-
ever, thereis aconcretesubdomainD whererefinementcan
be achieved. Within D the two concretevariablesaa and
bbuniquelyrepresenta andb respectively, andtheconcrete
subtractioncanbe performed.The proof of this “local re-
finement”is routine.Our first departurefrom refinementis
thusin allowing it to be expressed“locally”, in context of
otherconcretebehaviour.

Note that the imageof D throughthe retrieve relation
is strongerthanthe abstractprecondition. Its complement
coverstwo situations:(i) Subtractionof largenumbers:ab-
stract preconditiontrue, but not concretelyrepresentable
in a way which will supportconcretesubtraction,and(ii)
Abstractsubtractionundefined:abstractpreconditonfalse.
Boththesesituations,whererefinementcannotbeachieved,
have specified(if trivial) concretebehaviour: theoutputof
an error message.The seconddeparturefrom refinement
is demonstratedby theconcreteoperation:changeof oper-
ation signatureacrossa refinementstepis not allowed. It
seemsuseful to definea mechanismto preserve concrete
informationwhenfailing to simulatetheabstractstep.

Theseproposedfeatures,which depart from standard
definitionsof refinement,representa “white-box” design
approachto the constructionof a developmentstep. This
contrastswith refinement’s “black-box” approach,where
theconcreteoperationis guaranteed,providedthe abstract
operationterminates,to provide anoperationstepindistin-
guishablefrom someabstractstep. In refinement,the ab-

stractmodel is the bestrepresentationof the “real world”,
andits propertiesmustbepreservedat all costs.Abrial [3]
believesthat it is necessaryto know in the abstractmodel
that the“...operationmight endup with a funny result(and
in thatcase,with noactionperformed,or, alternatively, with
any modificationwhatsoever)...”. Thisview ismanifestedin
[1] by the useof “ X Y skip” in abstractoperations,whereby
abstractnon-actionmayberefinedby someconcretefailure
behaviour. Theretrenchmentview, developedin [7], is that
theabstractmodelshouldbeasstraightforwardaspossible.
Any limitationsrepresentingit in softwareon a finite com-
putershouldproperlybeexpressedin theconcretemodelof
thesoftware.

This little examplesuggestshow retrenchment,asa lib-
eralizationof refinement,mightwidenexpressivenessin the
developmentstep.Hereis aconcretesyntax:

MACHINE M � a� MACHINE N � b�
RETRENCHES M

VARIABLES u VARIABLES v
INVARIANT I � u� INVARIANT J � v�

RETRIEVES G � u � v�
INITIALISA TION X � u� INITIALISA TION Y � v�
OPERATIONS OPERATIONS

o OZP OpName� i �62� p OZP OpName� j �62�
S� u � i � o� T � v � j � p�=?=A= [LVAR A]

END WITHIN P � i � j � u � v � A �
CONCEDES C � u � v � o � p � A �=A=A=

END RetSyn

Squarebrackets indicate optional text. Unlike a refine-
ment,a retrenchmentis a machineindependentof the ab-
stractmodel. In generaleithera MACHINE or a REFINE-
MENT mayberetrenched,suggestinganarchitecturalmix-
ture of the two in a seriesof developmentsteps.The RE-
TRENCHESclause(similarly to REFINES)makesvisible
thecontentsof theretrenchedmachine.We furtherassume
thatthenamespacesof theretrenchedandretrenchingma-
chinesaredisjoint, but admitan injectionof (retrenchedto
retrenching)operationnames. An injection allows provi-
sion of further, independentoperationsin the retrenching
machine. In fact we overloadthe term “retrenchment”:it
refersbothto a relationshipbetweenmachines(indexedby
theinjectionof names),aswell asto arelationshipbetween
anabstract-concreteoperationpair.

In the retrenchingmachineN we have statevariablev
underinvariantJ 	 v� , andthe RETRIEVESclauseG 	 u � v� .
Theexistenceof N asanindependentmachinerequiresthat
its (local) invariantbe statedindependentlyof the retrieve
relation,unlike in B, wherethetwo take theform of a joint
predicate.

In liberalizing refinementwe proposethat the relation-
ship betweenconcreteandabstractstateis fundamentally
differentbefore andafter the operation.We modelthis by



distinguishingbetweena strengthenedbefore-relationbe-
tweenabstractandconcretestates,anda weakenedafter-
relation.Thusthesyntaxof theconcreteoperationOpName
in N is preciselyasin B, with theadditionof the ramifica-
tion, a syntacticenclosureof theoperation.Before,there-
lationshipis constrained(preconditionis strengthened)by
theWITHIN constraintP 	 u � v � i � j � A� whichmaychangethe
balanceof componentsbetweeninput andstate,andmay
further definean optional “memory” variableLVAR A for
referencein the after-state.The after-relationis weakened
(postconditionis weakened)by theCONCEDESclause(the
concession) C 	 u � v � o � p � A� , which specifieswhat theoper-
ation guaranteesto achieve (in termsof after-state,output
andlogical variableA) if it cannotmaintaintheretrieve re-
lationG.

Theretrenchmentconceptis definedby its proof obliga-
tions. TheinitialisationPOB Init will beasfor refinement,
guaranteeinga joint startingstatesatisfyingG 	 u � v� . Re-
trenchmentof operationsis definedby the following proof
obligation(analogousto OpRef ): concreteoperationT re-
trenchesabstractoperationS with respectto constraintP
andconcessionC. For shorthandwe write S [ G \ P \ C \ A T, or
simplyS [ T.

I � u�$� G � u � v��� J � v��� trm � T � v � j � p�1��� P � i � j � u � v � A �� trm � S� u � i � o�1��� ����� T � v � j � p� � 3 ����� S� u � i � o� �3 � G � u � v��R C � u � v � o � p � A�)�1�)�
RetWP

This definition is justified by comparisonwith the refine-
mentproof obligation.In refinement,whentheabstractop-
erationterminates,so doesthe concreteone. In retrench-
mentthis relationshipis inverted.Theretrenchingmachine
canin generalsimulatetheabstractmachineonly for some
before-states.Thuswe strengthenthe preconditionin re-
trenchment,conjoining the WITHIN constraintP into the
proofobligationhypotheses.Thisrestrictsthecombinations
of before-stateandinputs (over andabove thosespecified
by the RETRIEVESclause)wherethe concreteoperation
(viewed as a retrenchment)is meaningfulandwill termi-
nate.

In refinement,“operationalindistinguishability” of the
refined operationis the central issue. Retrenchmentis
weaker: the dynamicbehaviour of the operationis guar-
anteedto achieve 	 G ] C � , that is, eithertheRETRIEVES
clauseor the CONCEDESclause. The concessionis de-
finedin termsof abstractandconcreteafter-stateandoutput,
aswell asthelogical“memory” variableA. Wealsoobserve
from therefinementPOBOpRef thatwehavepreservedthe
familiar shapeof theconsequent,i.e. ^ ConcOp_ AbsOp `	 G ] C � . That is, for everyconcretetransitionthereexists
someabstracttransitionthateitherachievestheretrieve re-
lation or at leastmeetstheconcession.Therearea number
of benefitsto this shape.

A statementis madeabouteveryconcretestep;this en-
hancesthequalityof theconcretedescription,ultimatelythe

onemorefaithful to thefinal system.
Every concretestepis consideredasto whetherit is (i)

excludedfrom considerationbecauseeitherG, P or trm 	 T �
arenot satisfied,(ii) includedbut canonly achievethecon-
cessionC, or (iii) includedandwill achieveeitherG or C, or
(iv) includedandachievesG. The latter is refinement-like
behaviour. In general,unlike in the example,thesecases
will not beseparablea priori .

Wecompletethissectionby expressingtheconcretesub-
tractionoperationMSubasa retrenchment:

MACHINE MundaneSubT
RETRENCHES DivineSub
VARIABLES aa
INVARIANT aa 8 M-NAT
RETRIEVES � aa M OF � a � aa�$� � aa � OF � a N OF �
....
OPERATIONS

resp OZP MSub� bb�62� bb 8 M-NAT �� aa M OF � aa N bb ��� aa - � aa P bb ��� resp - � T" # aa N OF R aa M bb ��� resp - � F �
LVAR AA
WITHIN AA � aa � � bb M OF � b � bb�
CONCEDES � resp � T � a � aa�� � resp � F � aa � AA�

...
END

Theexample,albeittrivial, usefullydemonstratessomefea-
turesof retrenchment.bb movesfrom stateto input, and
thusis absentfrom the RETRIEVESrelationandthe con-
cretelocal INVARIANT. The concretepreconditiongives
the typeof bb. It is relatedto its abstractstatecounterpart
b throughthe WITHIN clause. The WITHIN clausealso
useslocal “memory” variableAA to recordbefore-stateaa,
in orderestablishthat the latter’s valueremainsunchanged
wherethesubtractioncannotbeperformed.HeretheCON-
CEDESclauseis quiteexpressive,describingtheafter-state
situation(resp � T) underwhich the RETRIEVESclause
will bemaintained,aswell asthe“concession”option(here,
keepingthevalueof aaunchanged).Next considerthesim-
plified retrenchmentPOBfor theexample:

a 8 D-NAT � b 8 D-NAT � aa 8 M-NAT I � J� � aa M OF � a � aa�� � aa � OF � a N OF � G� AA � aa � � b M OF � b � bb� P� bb 8 M-NAT trm � T �� a N b trm � S�� �!��� aa M OF � aa N bb��� aa - � aa P bb ��� resp - � T" # aa N OF R aa M bb � � resp - � F
� �!��� ConcOp

�
3 ����� a N b � a - � a P b

� 3 �!��� AbsOp
�

3 � a � aa R �)� resp � T � a � aa�� � resp � F � aa � AA�1�1�)�1� 3 � G R C �1�)�
Applying WPAxioms , the consequentabove expandsto a
conjunctionof threesubgoals:

a N b� � bb 8 M-NAT � aa M OF � aa N bb� �!��� aa - � aa P bb ��� resp - � T
�

3 ����� a N b � a - � a P b
�

3 � a � aa R �)� resp � T � a � aa�� � resp � F � aa � AA�1�)�1�1�)�



� � bb 58 M-NAT R aa N OF R aa M bb� �!��� resp - � F
�

3 �!��� a N b � a - � a P b
�

3 � a � aa R �)� resp � T � a � aa�� � resp � F � aa � AA�1�1�)�1�)�
Clearly there is insufficient given hypothesisto infer ab-
stractterminationa S b. This caneasily be resolved by
conjoiningthis clauseasan assumptioninto the WITHIN
constraint.Howeverit is illustrativethatwedonotdothisin
theexample. Suchanassumptionprecludesdescriptionof
concretebehaviour outsidetheabstractprecondition,where
suchdescriptionis partof themotivationfor retrenchment.

In thesecondsubgoal,abstractterminationfollowsfrom
theextra informationin theguardaboutaa andbb. This is
theonly situationwhereretrenchmentcanreduceto refine-
ment. In theexample,this subgoalin factcanbestrength-
enedto a refinement(moduloI/O/statevariablemigration).
Wecall thisspecialcaseinvertedmodulatedrefinementand
examinethisnotionfurtherin [9]. It is invertedin thesense
of inverting the relationshipof the preconditionsin the re-
finementPOBOpRef , andmodulatedin permittingamigra-
tion betweenI/O andstateacrossthedevelopmentstep.

The third subgoalcoversboth unrepresentableabstract
state,as well as the region where the abstractoperation
is undefined. This representsthe “exception” behaviour
that contributesto a weak concreteprecondition,breach-
ing RetWP . This is not a problem;clearly the significant
theoreticaldevelopmentfor retrenchmentis within thedef-
inition, i.e. within the abstractpreconditionwhich scopes
thedomainof possiblelocal refiningbehaviour.

This split nicely demonstratesa white-boxdesignstyle:
we candisjunctively split (not alwaysa priori ) a weak,or
vacuouslytrue concreteprecondition,into regions where
we canguarantee(modulated)refinement,guaranteeeither
refinementor someuseful concession,or guaranteeonly
the concessionclause. We build the concretemodel as
onion layers of increasingcomplexity on top of the ab-
stractmodel. In generalthe casesplit will be application-
dependent,lesscrisp than in the example,andhave finer,
more elaboratestructure. Complex POB’s will emerge
whicharenonethelessfirst-orderandshouldbetractableby
mechanisedtheorem-provers.

The retrenchmentnotion wasinspiredby the failure of
refinementto expressusefuldevelopmentstepsfor systems
with continuousvariablesandproperties:finite datatypes
mustapproximatetherealnumbers,giving riseto theprob-
lemsof precisiondecayexaminedin NumericalAnalysis.
Suchadevelopmentcouldbeexpressedin termsof notions
eitherof “degrading”invariants,or weakeningconcessions
in retrenchment.

Finally notethatretrenchmentliberalizesrefinement:ev-
eryrefinementyieldsaretrenchment,usingabstractprecon-
dition asWITHIN constraintanda false concession.

3 A relational theory of retrenchment

Wegiveanoverview of arelationalmodelfor retrenchment;
a full developmentis in preparation[25].

In section1, B relational semanticswas expressedin
termsof statevariables,with I/O affordedno specialsta-
tus.Themorefluid world of retrenchmentrequiresthatI/O
variablesbecome“first-classcitizens”. This is achievedby
addingappropriatedimensionalityto the semanticmodel;
that is, an operationS with stateu, input i, outputo is de-
scribedin termsof aheterogeneous��� definition:�!��� S� �!- � u ; o acbI�
a � u ; i acb �
Thenormalform theoremNorm is expressiblein GSL, ex-
tendingthe definitionsof trm andprd in an obvious way.
Its wp-semanticsaregiven,for operationS	 u � i � o� andpred-
icateR	 u � o� , by�!��� S� u � i � o� � R� u � o�1�!2� trm � S� � u � i ��d& u+ � o+ % � prdu

� S� � u � i � u+ � o+ �$�e" u � o - � u+ � o+ # R� u � o�)�
By simpleexpansion,the definingproof obligationfor re-
trenchmentRetWP canbeshown equivalentto thefollowing
moreexplicit conjunctionof terminationandtransitioncon-
ditions(freein u � v � i � j � A) :� I � u�!� G � u � v��� J � v��� trm � T � v � j � p�)�$� P � i � j � u � v � A�� trm � S� u � i � o�1�)�� � I � u�!� G � u � v��� J � v��� trm � T � v � j � p�)�$� P � i � j � u � v � A��c& v+ � p+ % � prdv

� T ��gf u+ � o+ % � prdu
� S�� � G � u+ � v+ ��R C � u+ � v+ � o+ � p+ � A �1�)�1�1�

Ret

Relationallyspeaking,theabstractoperationrelatesbefore-
stateandinput to after-stateandoutput.Theconcreteoper-
ation(now includingthe“memoryvariable”A) relatestwo
triples: (before-state,input, variable)to (after-state,output,
variable).Thatis,

rel � S�!- u ; i D u ; o
rel � T �6��� id � A �!- v ; j ; A D v ; p ; A

The following four definitionsgive therelationalmodel
for retrenchment,which will beseento beequivalentto the
predicatedefinition Ret . In placeof the retrieve relation,
definetwo retrenchmentrelations, respectively definingthe
strengthenedbefore-state,and weakenedafter-statesitua-
tions. Call theser j and rp respectively, namingsubscripts
afterconcreteinputandoutput.

h

hi iS

T

r j rp

u ; i u ; o

v ; j ; A v ; p ; A

Figure 1. Retrenchment: a relational model



r j �j7 � v � j � A� � � u � i �k� I � u��� G � u � v��� J � v�!� P � i � j � u � v � A�<9
rp �j7 � v � p � A� � � u � o�
� J � v��� � G � u � v��R C � u � v � o � p � A �1�<9

Ret1R,Ret2R

The terminationcondition for retrenchment,analogousto
that in RefR , representspreconditionstrengthening. A
strongerdefinitionsatisfyingB semanticsreduceseasilyto

r j " pre � T �l; A#0H pre � S� Ret3R

The transition condition also mimics refinementanalo-
gously to RefR : given abstractandconcretebefore-states,
for every terminatingconcretestepthereis at leastoneab-
stractstepthat establishesrp, i.e. either the RETRIEVES
clauseG or the concessionC. Again a strongerdefinition
reducesto:

r E�Fj ( � pre � T �$m rel � T �k��� id � A �1�6H rel � S�n( r E�Fp Ret4R

The following theoremstatestheequivalenceof thepredi-
cateandrelationalmodels:

TheoremEquiv
Ret � OpCons o Ret3R � Ret4R
Ret3R � Ret4R o Ret

Note the asymmetryof the result: the relational model
(Ret3R ,Ret4R ) is strongerthan the predicatemodel Ret ,
whereastheconcreteoperationconsistency conditionis re-
quiredto infer therelationalfrom thepredicatemodel.This
is becausethe relationalmodelrequiresconcreteinvariant
J to be invariant in the retrenchment,while the predicate
modeldoesnot.

Next we show that retrenchmentscompose.That is, the
retrenchmentorderingon operationsis transitive, asis re-
quired for retrenchmentto be a stepwise-composablede-
velopmentapproach.Although the proof is essentiallyre-
lational, it is necessaryto demonstratethat the composed
before-andafter-retrieverelationscorrespondto asyntacti-
cally well-formedretrenchment;this is straightforwardand
is not elaboratedhere. We statea slightly weakenedresult
asaproofobligationin thewp-style,whichcanberegarded
asadefinitionof composedretrenchment.

Firstly a lemmais required,which combinesthe termi-
nationandtransitionconditionsRet3R andRet4R in auseful
andintuitiveway:

Ret3R � Ret4Ro r E$Fj ( � pre� T �$m rel � T �
��� id � A �1�6H � pre� S�$m rel � S�1�K( r E$Fp

Comp

Compositionof retrenchmenthasbeenshown directly [7]
by combiningthe componentGS-formretrenchmentobli-
gationsinto therequiredshape.We will show composition
relationally, by demonstratingthatthetwo conditionsRet3R

andRet4R composeasexpected.Figure2 shows theopera-
tionsandretrenchmentrelationsinvolved.

Assume as before (RetSyn ) that machine N RE-
TRENCHES M, and further that machine O RE-
TRENCHES N. We define machine O syntactically
as a “lexicographic increment” on N, systematicallyre-
placing occurrencesof N,b,M,v,J,G,Y,p,j,T,A,P,C in N by

O,c,N,w,K,H,Z,q,k,U,B,Q,D, respectively. ThusO hasIN-
VARIANT K, RETRIEVESH, operationU, logical vari-
ableB, WITHIN Q andconcessionD. OperationS in ma-
chineM is retrenchedby operationT in machineN, which
is in turn retrenchedby operationU in machineO.

Relationally, S is retrenchedby T, mediatedby before-
andafter-retrieverelations	 r j � rp � . Thismeansthatr j andrp

encapsulatethe syntacticdefinition of the retrenchmentas
follows:

r j � 7 � v � j � A � � � u � i �6� I � u�$� abstractinvariant
G � u � v��� RETRIEVESclause

J � v�$� concreteinvariant
P � i � j � u � v � A�<9 WITHIN clause

rp � 7 � v � p � A � � � u � o�k� J � v�$� concreteinvariant� G � u � v��R RETRIEVESclause
C � u � v � o � p � A �1�<9 CONCEDESclause

Thatis, thedefiningpredicatesfor r j andrp areconjunctions
of clausesfree in variablelists that suitably identify these
clauseswith thoseof the syntacticdefinition. Similarly, T
is retrenchedby U, mediatedby 	 sk � sq � , which aredefined
againby “lexicographicincrement”.

We will prove thatS in M is retrenchedby U in O, me-
diatedby thecomposedrelationstk � sk p r j andtq � sq p rp,
with thesameinterpretationasfor thecomponentrelations
above. It is simpleto checkthat the definingpredicatesof
tk andtq have the shaperequiredto specifya syntactically
well-formedcandidateretrenchment.

Theorem RetCompR : AssumeS in M is retrenchedby
T in N, mediatedby 	 r j � rp � , andfurther that T in N is re-
trenchedby U in O, mediatedby 	 sk � sq � . Assumesyntactic
definitionsfor theserelationsasgivenabove(omit thelog-
ical variablesA � B for simplicity). ThenS is retrenchedby
U, mediatedby 	 tk � sk p r j � tq � sq p rp � . Thatis,

tk " pre� U �.#,H pre� S�
t E$Fk ( � pre� U ��m rel � U �)�!H rel � S�n( t E$Fq

Proof
Considerthecompositionof transitionconditions:
Given

r E$Fj ( � pre� T ��m rel � T �)�lH rel � S�n( r E�Fp H1

sE�Fk ( � pre� U �$m rel � U �1�6H rel � T �n( sE�Fq H2

h

h

h

i i

i iS

T

U

r j rp

sk sq

u ; i u ; o

v ; j ; A v ; p ; A

w ; k ; B w ; q ; B

Figure 2. Composition of retrenchments



r j " pre� T �:#,H pre� S� H3
sk " pre� U �.#,H pre� T � H4

Infer by Comp
sE�Fk ( � pre� U ��m rel � U �)�!H � pre� T �$m rel � T �1�K( sE�Fq D1

Wemustnow show that
t E$Fk ( � pre� U ��m rel � U �1�6H rel � S�n( t E$Fq G1

Thatis, by associativity of ;
r E$Fj ( sE$Fk ( � pre� U ��m rel � U �1�6H rel � S�n( r E�Fp ( sE�Fq G2

Now observe that,by monotonicityof ; over H
r E�Fj ( sE�Fk ( � pre� U ��m rel � U �)�H r E�Fj ( � pre� T �$m rel � T �)�n( sE�Fq by D1H rel � S�K( r E$Fp ( sE�Fq by H1

Thisdischargesthecomposedtransitioncondition.The
terminationconditioncomposesstraightforwardly – given:

r j " pre� T �:#,H pre� S� H1
sk " pre� U �.#,H pre� T � H2

Wemustshow that
tk " pre� U �.#,H pre� S� G1

LHS � � sk ( r j �K" pre� U �.#� r j " sk " pre� U �:#�#H r j " pre� T �:# by H2,monot’yof r " =?=?= # over HH pre"S# by H1
Thisdischargestheterminationcondition.

QED
Notethattheproofof existenceof acomposedretrench-

mentis purelyrelational,givenrelationaldefinitionsof the
componentretrenchments.A purelyrelationaltheoryof re-
finementexists[28]; thiswork representspartof arelational
theoryfor retrenchment.

A POBfor thecomposedretrenchmentcannow bewrit-
ten down by expanding 	 tk � tq � . It is weakenedslightly to
removerepeatedoccurrencesof intermediateinvariantJ 	 v�
in theconcession,giving

TheoremRetCompWP
I � u�G��f v % � G � u � v�G� J � v�G� H � v � w�1�G� K � w�G� trm � U � w � k � q�)��qf v

�
j
�
A % � G � u � v�G� J � v�G� H � v � w�G� P � i � j � u � v � A �� Q � j � k � v � w � B�)���

trm � S� u � i � o�)�� �!��� U � w � k � q� � 3 �!��� S� u � i � o� �3 � f v % � G � u � v��� J � v�!� H � v � w�)�$R� f v
�
p % � G � u � v�$� D � v � w � p � q � B �1�Rrf v
�
p
�
A % � C � u � v � o � p � A ��� H � v � w�)�Rrf v

�
p
�
A % � C � u � v � o � p � A ��� D � v � w � p � q � B �1�)�1�1�)�

Theresultis intuitively satisfying.TheRETRIEVESclause
combinescomponentRETRIEVESclausesandintermedi-
ateinvariant.TheWITHIN clausecombinesall component
before-stateRETRIEVESand WITHIN constraints. The
concessionis a cross-productof componentRETRIEVES
clausesandconcessions.

An associativity theoremcanbeprovedroutinely:

Theorem RetAssoc : Weak vertical composition of
retrenchmentsis associative, modulo cancellationof all
intermediate-stateinvariantterms.

4 Monotonicity properties

It is straightforwardto show that thesimpleGSL construc-
tors aremonotonicw.r.t. the retrenchmentordering,as is

requiredin orderthatretrenchmentbeapiecewisedevelop-
mentstep(see[25]). Monotonicityresultsarestatedfor the
four primitiveGSLconstructors.

TheoremRetMono : Retrenchmentis monotonicw.r.t. the
precondition,guard,boundedandunboundedchoicecon-
structorsof B.
Case s : AssumeS	 u � i � o�r[ G \ P \ C \ A T 	 v � j � p� . Assume
Q is a predicateeitheron a commoninput variableor some
sharedexternalvariableunaffectedby eitheroperation.Pro-
videdu � v � o � p arenonfreein Q, then� Q � S��t G u P u C u A � Q � T �
Case �kv : AssumeS	 u � i � o�q[ G \ P \ C \ A T 	 v � j � p� . Assume
Q asfor case s above. Then� Q ��� S�$t G u P u C u A � Q ��� T �
Case X Y : AssumeSw 	 u � i � o�x[ G \ P yG\ C yJ\ A T w 	 v � j � p� and
Sz 	 u � i � o�{[ G \ P |U\ C |}\ A T z 	 v � j � p� . Then

STU" # SW�t G u P F)~ P ��u C F)� C ��u A T TU" # T W
Case @ : Now assumethat S	 u � i � o � x��[ G \ P \ C \ A
T 	 v � j � p � x� for somefreshfreeexternalvariablex (distinct
from u � i � v � j � p � A). Then

@x % S t G u P u C u A @x % T

5 Sequence

Returningbriefly to refinement,in [1] amonotonicityresult
is statedfor refinementw.r.t. operationsequence(called
“ p ”). The simulationproperty(givena collectionof oper-
ation refinements,it follows that an arbitraryabstractop-
erationsequenceis refinedby the correspondingconcrete
operationsequence)follows implicitly from theassociativ-
ity of “ p ”. Thusa full retrenchmentcalculusrequiresthat,
givena collectionof operationretrenchments,an arbitrary
abstractoperationsequenceshould,undersuitableassump-
tions (composedWITHIN constraint)be retrenchedby the
correspondingconcreteoperationsequence.Theargument
is analogousto that for refinement,if rathermoreintricate;
after extendingthe standarddefinition of “ p ”, we give a
monotonicityresult for a sequenceof retrenchments. We
statethe resulthere,which is not associative in this form.
Its proofandadiscussionof associativity appearin [25].

Thesequenceof retrenchmentsresulthasthreeconjuncts
in its WITHIN clause.The first requiresthat the first-step
WITHIN constraintP w bewitnessablefor somelogicalvari-
able.Thesecond,satisfyingintuition, requiresthefirst-step
retrenchmentto beableto establishboth theRETRIEVES
clauseandthesecond-stepWITHIN clausePz : thesecond
stepmustbeguaranteedto startbeforesequencedretrench-
mentcanbeestablished.Thethird conjunctis a weakened
terminationhypothesis,which meansthat the sequenced
terminationresult(that is, inferenceof abstractsequenced
termination) is nontrivial. The sequencedconcessionis



identical to the second-stepconcession.The result is, us-
ing syntaxasperRetWP :

TheoremRetSeq
ST6t G u P F u C F u A T T� SW�t G u P ��u C ��u A T W� I � u�!� G � u � v�$� J � v�!��f A F % P T � i F � j F � u � v � A F �� �!��� T T � 3 �!��� ST � 3 � G � u � v��� PW � i � � j � � u � v � A �1�1�)�� � trm � STG( SWU� � u � i F � i � ��Rd& u �q%qf j � � v � � A� % � I � u�����

G � u � � v�G�G� J � v �}�G� PW � i � � j � � u� � v � � A � �G� trm � T WU� � v� � j � �1�)�� trm � T TG( T WU� � v � j F � j � �o
trm � STG( SWU� � u � i F � i � �� �!��� T TG( T W � 3 �!��� STG( SW � 3 � G � u � v��R CW � u � v � o� � p� � A �1�)�1�

Specialcasesof retrenchmenthave beenconsidered,yield-
ing strengthenedresultsfor simulationin [9, 8].

6 Conclusion

In this paperwe have presentedan extendedargumentfor
a liberalizednotionof refinement,i.e. retrenchment.Tran-
sitivity of this developmentrelationmeansthat it is com-
posablestepwise,and the monotonicityresultsmeanthat
retrenchmentscanbeconstructedpiecewise.

It is interestingto observe thatBoitenandDerrick’s I/O
refinement[12] appearsto beexpressibleasa special-case
retrenchment.Their abstractionrelationsfor input andout-
putareexpressibleasaninput-onlyWITHIN constraintand
anoutput-onlyconcession.Ourconcessionis disjunctive in
the postcondition;we have examinedthe possibility of es-
tablishingconjunctive postconditioninformationin [9], in
a variationcalledsharp retrenchment.This variation is a
crispervehiclefor describinganI/O refinement.
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