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Abstract

CafeOBJis a wide spectrumformal specificationlan-
guage basedon multiple logical foundations: mainly ini-
tial and hiddenalgebra. A wide range of systemscan be
specifiedin CafeOBJthanksto its multiple logical founda-
tions. However, distributedreal-timesystemshappento be
excludedfromtargetsof CafeOBJ. In thispaper, wepropose
a methodof modelingandverifyingsuch systemsbasedon
CafeOBJ, togetherwith timedevolution of UNITY compu-
tationalmodels.
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1. Intr oduction

CafeOBJ[2,4] is a wide spectrumformal specification
languagebasedonmultiple logical foundations:mainly ini-
tial andhiddenalgebra. A wide rangeof systemscanbe
specifiedin CafeOBJthanksto its multiple logical founda-
tions. Not only are static aspectsof systemsspecifiedin
termsof initial algebra,but dynamicaspectsof systemsare
alsospecifiedin termsof hiddenalgebra.

Besides,CafeOBJcanbeappliedto distributedsystems.
We have donesomecasestudies[10, 11, 12]. In the case
studies,distributedsystemsaremodeledasUNITY[3] com-
putationalmodelsandthemodelsaredescribedin CafeOBJ.
Since the CafeOBJsystemcan be usedas an interactive
theoremprover, we have verified that the distributed sys-
temshave somedesirablepropertieswith the help of the
CafeOBJsystem.

However, distributedreal-timesystemshappento beex-
cludedfrom targetsof CafeOBJ.Most of the crucial sys-
temsfieldedin the realworld aredistributedreal-timesys-
temssuchasflight control systemsandpatientmonitoring
systems. Henceit is very important to include suchsys-
temsastargetsof CafeOBJ.On theotherhand,distributed
real-timesystemswouldbespecifiedfrom variouspointsof

view in CafeOBJ,whichwebelieveisalsoverymeaningful.
In thispaper, weproposeamethodof modelingandver-

ifying distributedreal-timesystemsbasedon CafeOBJ,to-
getherwith timedevolutionof UNITY computationalmod-
els called TBCMs. In the method,suchsystemsaremod-
eledasTBCMs,themodelsaredescribedin CafeOBJ,andit
is verified that the systemshave somedesirableproperties
with the help of the CafeOBJsystems.Two examplesare
usedto presentthemethod.

Therestof thepaperis organizedasfollows. In Sect.2,
UNITY computationalmodelsarereformulatedin thesame
mannerasthe definition of fair transitionsystems[9]. The
reformulatedonesarecalledBCMs. Wealsodescribehow to
specifyBCMs in CafeOBJusinganexample(asynchronous
datasendingproblem).In Sect.3, timedevolution of BCMs
called TBCMs is described. The exampleconstrainedby
timing is modeledas a TBCM, the TBCM is describedin
CafeOBJ,and it is verified that the systemhasa property
with the help of the CafeOBJsystem.Section4 describes
anotherexample(Fischer’sprotocol).Section5 finally con-
cludesthepaper.

2. Description of distrib uted systems in
CafeOBJ

2.1. Basic computational models: transition sys-
tems

UNITY computationalmodelsare reformulatedin the
samemannerasthedefinitionof fair transitionsystems[9].
Thereformulatedonesarecalledbasiccomputationalmod-
els,or BCMs. A BCM �������
	��	���� consistsof:

� � : A setof variables.Thevariables(or their possible
values)form thestatespace� of � , andastateof � is
a point,or anelementof � .

� � : The initial condition. It specifiesthe initial val-
uesof thevariables.Sincesomevariablesmaynot be
specifiedby � , � mayhavemorethanoneinitial state.



� � : A setof transitionrules.Eachtransitionrule �����
is afunction ��������� mappingeachstate����� into
a successorstate �! ��#"$�%� . Transitionrulesaregen-
erally definedtogetherwith conditionson which the
transitionrulesareeffectivelyexecuted. If the condi-
tion of a transitionrule is falsein a stateof � , namely
that the transitionrule is not effectivein the state,its
executiondoesnotchangethestateat all.

An executionstartsfrom one initial stateand goeson
forever; in eachstepof executionsometransitionrule is se-
lectednondeterministicallyandexecuted.Nondeterministic
selectionis constrainedby the following fairnessrule: ev-
ery transitionrule is selectedinfinitely often.Givena BCM,
a setof infinite sequencesof statesis obtainedfrom exe-
cution,constrainedby the fairnessrule, of the BCM. Such
aninfinite sequenceof statesis calleda computationof the
BCM. More specifically, a computationof a BCM � is an
infinite sequence�'&(	)�+*+	-,-,', of statessatisfying:

� Initiation : For each./�0� , . satisfies� in � & .
� Consecution: For each12�43#56	'7(	-,',-,98 , �;:=<>*?�@�! ��;:A"

for some����� .

� Fairness: For each�B�C� , thereexist infinite number
of indexes 1D�C3#56	-7E	-,',-,98 suchthat � :=<>* �%�! �� : " .

A stateof � is calledreachableif it appearsin a computa-
tion of � .

2.2. How to specifydistrib uted systemsin CafeOBJ

CafeOBJ[2,4] is mainly basedon two logical founda-
tions: initial andhiddenalgebra.Initial algebrais usedto
specifyabstractdatatypes,andhiddenalgebra[5] to specify
objectsin object-orientation.Therearetwo kinds of sorts
in CafeOBJ:visibleandhiddensorts.A visible sort repre-
sentsanabstractdatatype,andahiddensortthestatespace
of an object. Therearebasicallytwo kinds of operations
to hiddensorts:actionandobservationoperations.An ac-
tion operation,or anactioncanchangea stateof anobject.
An observationoperation,or anobservationcanbeusedto
observe the valueof a datacomponentin an object. Both
actionsandobservationsaredefinedwith equations.

Declarationsof visible sortsareenclosedwith [ and],
andthoseof hiddenoneswith *[ and]*. Declarationsof
observationsandactionsstartwith bop orbops, andthose
of otheroperationswith op or ops. After bop or op (or
bops or ops), an operatoris written (or more than one
operatoris written), followedby : anda sequenceof sorts,
andendedwith -> andonesort. Definitionsof equations
startwith eq, andthoseof conditionaloneswith ceq. After
eq, two termsconnectedby = arewritten,andendedwith a
full stop.After ceq, two termsconnectedby = arewritten,

followedby if anda termdenotingacondition,andended
with a full stop.

Sinceobjectscan be regardedas transitionsystems,a
BCM canbenaturallydescribedin CafeOBJ.Thestatespace
of a BCM is denotedby a hiddensort. A singlevariableor
a setof variablesis representedby anobservation. Givena
BCM in which aset 3'F :HG 1I�B3�7(	KJL	-,',-,98E8 of variableswhich
typesarenaturalnumbersis used,the variablesarerepre-
sentedby anobservationdeclaredasbop x : Sys Nz-
Nat -> Nat, whereSys is thehiddensortdenotingthe
statespaceof theBCM, andNzNat andNat arethevisible
sortsdenotingnon-zeronaturalnumbersandnaturalnum-
bersrespectively. The valueof FM: in a state � is denoted
by x( � ,1 ). The initial valuesof variablesarespecifiedwith
equations.An operationdenotingany initial stateis first de-
claredasop init : -> Sys . Thenif all F : ’s areini-
tially 5 , we have the equationeq x(init,I) = 0 .,
whereI is a CafeOBJvariablewhosesortis NzNat.

A single transition rule or a set of transition rules
is representedby an action. Given a BCM in which a
set 3'N :OG 1P�Q3�7(	KJL	-,',-,98E8 of transition rules is used, the
transition rules are representedby an action declared
as bop t : Sys NzNat -> Sys . The successor
stateafter executing NR: in a state � is denotedby t( � ,1 ).
The behavior of transition rules is specifiedwith equa-
tions that define how the state (namely the variables)
changesif each transition rule is executed in a state.
Supposethat if NR: is executed, FM: is incrementedand
FLSD UTWV�X1R" is left unchanged.Then, we have two equa-
tions eq x(t(S,I),I) = x(S,I) + 1 . and
ceq x(t(S,I),J) = x(S,J) if I =/= J . ,
whereS, I andJ areCafeOBJvariableswhosesortsare
Sys, NzNat andNzNat respectively.

2.3 Example: asynchronous data sending prob-
lem

As an example, let us consideran asynchronousdata
sendingproblem: a senderrepeatedlysendsnaturalnum-
bersoneby onefrom zeroin increasingorderto a receiver
via a cell. The senderputsa naturalnumberinto the cell,
andthereceivergetsthenaturalnumberfrom thecell if the
cell is notempty.

We first modelthis systemasa BCM. A numberof vari-
ablesand transitionrulesdependon which level of detail
thesystemgetsspecifiedat. Hereweusefour variablesand
two transitionrulesto modelthesystem.Thefour variables
areempty, content, data, andlist. Thecell is representedby
emptyandcontent. If thecell is empty, (thevalueof) empty
is true,andotherwiseemptyis falseandcontentis thenat-
ural numberin the cell. The naturalnumbersentnext by
thesenderis representedby data. If thereceivergetsa nat-
ural numberfrom the cell, it putsthe numberinto a list at



theend.Thelist is representedby list thatis mainlyneeded
to verify thatthesystemconstrainedby timing hasa safety
property(describedlater). Theinitial valuesof empty, con-
tent, data, and list aretrue,unspecified,zero,andnil. The
two transitionrulesaresendandrec thatcorrespondto that
the senderputsa naturalnumberinto the cell andthat the
receiver getsa naturalnumberfrom the cell, respectively.
sendis alwayseffective, andrec is effective if andonly if
thecell is non-empty.

We then describethe BCM modeling the system in
CafeOBJ.Themainpartof thesignatureis asfollows:

*[Sys]*
-- any initial state
op init : -> Sys
-- observations
bop empty : Sys -> Bool
bops content data : Sys -> Nat
bop list : Sys -> List
-- actions
bops send rec : Sys -> Sys

A commentstartswith -- andterminatesat theendof the
line. HiddensortSys representsthe statespace� of the
BCM, andvisible sortsBool andList representbooleans
and lists of naturalnumbers,respectively. init denotes
any initial stateof theBCM.

We have threesetsof equationsin thespecification:one
for any initial state,andtheothersfor thetwo actions.

Theequationsdefiningany initial stateareasfollows:

eq empty(init) = true .
eq data(init) = 0 .
eq list(init) = nil .

Sincethe cell is initially empty, the initial valueof con-
tent is notspecified,namelythatwe haveno equationfor
content in any initial state.

Theequationsdefininghow a stateof the BCM changes
if transitionrulesendis executedin thestateareasfollows:

eq empty(send(S)) = false .
eq content(send(S)) = data(S) .
eq data(send(S)) = inc(data(S)) .
eq list(send(S)) = list(S) .

whereS is a CafeOBJvariablewhosesort is Sys. These
equationsindicatethat if sendis executedin a state,then
emptyis setto false,contentis setto theold valueof data,
data is incremented,andlist is left unchanged.

Theequationsdefininghow a stateof the BCM changes
if transitionrule rec is executedin thestateareasfollows:

ceq empty(rec(S)) = true
if empty(S) == false .

ceq empty(rec(S)) = empty(S)
if empty(S) == true .

eq content(rec(S)) = content(S) .
eq data(rec(S)) = data(S) .
ceq list(rec(S)) = put(list(S),content(S))

if empty(S) == false .
ceq list(rec(S)) = list(S)

if empty(S) == true .

In conditionsof conditionalequations,== is usedin lieu
of = for equality. In a statewhereemptyis false, if rec
is executed,thenemptyis set to true and the old valueof
contentis put into list at theend. In a statewhereemptyis
true,evenif rec is executed,nothingchanges.In any state,
contentanddataareleft unchangedevenif rec is executed.

In thesystemspecifiednow, thereceivermaynotreceive
all the naturalnumberssentby the sender. A computation
correspondingto the casein which the receiver only re-
ceivesodd numbersis as follows: init, send(init),
send(send(init)), rec(send(send(init))),
. . .

3. Description of distrib uted real-time systems
in CafeOBJ

3.1. Timed evolution of basiccomputational models

By introducingclock variables,BCMs areevolved into
computationalmodelsthatcandealwith timing. Thecom-
putationalmodelsarecalledtimedevolution of basiccom-
putationalmodels,or TBCMs. A TBCM �Y�Z���
	��	��\[
3E]_^�`)a6b Gdc ��e < 8+� consistsof:

� � : A setof variablesasa BCM. But, theset ����fg[h
is classifiedinto theset f of discretevariablesandthe
set h of clock variables. The typesof clock variables
are non-negative real numbers( e < ) or infinity ( i ).
For each����� , therearetwo clock variablesjlkm�ne <
andopk2�H �e <rq 3;568#")[r3+is8 thatarecalledthelowerand
upperboundsof � . They arebasicallyusedto force �
to be executedbetweenjlk and opk . Besides,thereis
onespecialclock tpu+vw�xe < . It servesasthe master
clock andalways indicatesthe elapseof time after a
systemstartsits computation.

� � : The initial conditionasa BCM. Masterclock now
is initially setto 0.

� �P[�3E]_^�`)a bDGdc �4e < 8 : A setof transitionrulesasa
BCM. But, thereis a setof time advancingtransition
rules ]_^�`KaLby�z�w�{� . It advancesnow by c unless
tMu|v?} c exceedsupperboundoMk for any ����� . ]_^�`Ka6b
doesnotchangeany variableexceptnow, andany tran-
sition ruleexcept ]_^�`KaLb doesnotaffectadvancingnow.
For each�0�B� , in additionto theconditionon which
� getseffective, jlk�~��!�#� is givento � asa conjunct
of its condition.

For each����� , besidestwo clock variablesj k and o k ,
therearetwo constants�L�����k and �L���R�k whosetypesarethe
sameas j k and o k , respectively. �L�����k and �n���R�k arecalled
theminimumandmaximumdelaysof � . Basicallywhen �
newly getseffective, � mustbeexecutedbetween�n�D���k and



�n���R�k timeunitslaterfrom thattimeunless� getsineffective
meanwhile.If � is initially effective, jlk and oMk areinitially
setto �n�����k and �L���R�k , respectively, andotherwisej k and o k
areinitially setto 5 and i , respectively. Supposethat � is
executedin a state� in which it is effective and j k ~�tpu+v ,
andlet �;� bethesuccessorstate.If � is still effectivein �;� , j k
and o k aresetto tMu+v�}/�n�D���k and tpu+v2}/�n���R�k , respectively,
andotherwisejlk and opk areset to 5 and i , respectively.
For any othertransitionrule �6�r��� , if it is ineffective (or
effective) in � andit getseffective(or ineffective) in �;� , then
jlk'� and opk;� aresetto tMu+vm}/�L�����k;� (or 5 ) and tpu+vm}/�L���R�k'� (or
i ), respectively. Otherwise,jlk;� and oMk;� areleft unchanged.

A computationof a TBCM � is an infinite sequence
�-&E	)�+*#	',-,',�	)�;:�	-,-,', of statessatisfyingInitiation andConse-
cutionasa BCM, but satisfyingTimeDivergenceinsteadof
Fairness.

� TimeDivergence: As 1 increases,now increaseswith-
out bound.

A TBCM is definedto benon-Zenoif any finite sequence
of statesgeneratedby theTBCM canbeextendedto a com-
putation.A sufficientconditiononwhicha TBCM � is non-
Zeno is that for each ����� , always jlk�~Xopk , namely
�n�����k ~��n���R�k (from [1]). If for some ����� , �L�����k (or
� ���R�k ) is 5 (or i ), then jlk (or oMk ) maybeomittedfrom � .

In the verificationgiven in the remainderof the paper,
weusethefollowing lemma(from [8]):

Lemma 1. In any reachablestate � of a TBCM � , the fol-
lowinghold:

� tMu|v4~�o k for each ����� .

� If ����� is effective, then o k ~�tMu|v�}�� ���R�k .

3.2. How to specifydistrib uted real-timesystemsin
CafeOBJ

Let usconsidertheasynchronousdatasendingproblem
again.By giving lowerandupperboundsto sometransition
rules, the systemis madereliable,namelythat no natural
numbersentby thesenderis lost.

Basically the systemis modeledasbefore. In addition
to thefour variablesandtwo transitionrules,however, five
clock variablesanda setof time advancingtransitionrules
3E]_^�`)anb Gdc ��e < 8 areadded.Oneof the clock variablesis
now. The remainingfour clock variablesare j��R� �|� , o!�R� �|� ,j�� �A� , ando � �_� . Besides,wehavefour constants�L������R� �|� , �n���R��¡� �(� ,�n������ �A� , and �n���R�� �A� . We decidethevaluesof someof thecon-
stantsandtheir relationsasfollows: �L���R��R� �|� �4i , �L������ �A� �45 ,
and 5£¢4�n���R�� �_� ¢¤�n������¡� �(� ¢�i . As mentionedbefore,o �R� �|�
and j�� �_� areomitted. The timing constraintsproposethat
thereceivershouldgetthenaturalnumberfrom thecell be-
forethesenderputsanew naturalnumberinto thecell if the

cell is not empty, or thesendershouldnot put a new natu-
ral numberinto thecell beforethereceiver getsthenatural
numberfrom thecell if thecell is not empty.

We describetheTBCM modelingthesystemconstrained
by timing in CafeOBJ.Specifyinga TBCM in CafeOBJis
basicallythesameasspecifyinga BCM in CafeOBJ.

Themainpartof thesignatureis asfollows:

*[Sys]*
-- any initial state
op init : -> Sys
-- observations
bop empty : Sys -> Bool
bops content data : Sys -> Nat
bop list : Sys -> List
bops now l : Sys -> Real+
bop u : Sys -> Timeval
-- actions
bops send rec : Sys -> Sys
bop tick : Sys Real+ -> Sys
-- delays
ops d1 d2 : -> Real+

Visible sorts Real+ and Timeval represent e < and
 �e <?q 3#5L8+"6[�3+is8 , respectively. Observationsnow, l, and
u correspondto variablesnow, j��¡� �(� , and o � �A� , respectively,
andactiontick to 3E]_^�`)a6b Gdc ��e < 8 . d1 andd2 corre-
spondto �n������¡� �(� and �L���R�� �A� , respectively.

We have four setsof equationsin thespecification:one
for any initial state,andtheothersfor thethreeactions.The
equationsdefiningany initial stateareasfollows:

eq empty(init) = true .
eq data(init) = 0 .
eq list(init) = nil .
eq now(init) = 0 .
eq l(init) = d1 .
eq u(init) = oo .

oo standsfor i . Initially j �¡� �(� (or l) is set to �L������R� �|� (or
d1) becausesendis effective,while o � �A� (or u) is setto i
(or oo) becauserec is not effective.

Theequationsdefininghow astateof theTBCM changes
if sendis executedin thestateareasfollows:

ceq empty(send(S)) = false if l(S) <= now(S) .
ceq empty(send(S)) = empty(S) if now(S) < l(S) .
ceq content(send(S)) = data(S) if l(S) <= now(S) .
ceq content(send(S)) = content(S)

if now(S) < l(S) .
ceq data(send(S)) = inc(data(S))

if l(S) <= now(S) .
ceq data(send(S)) = data(S) if now(S) < l(S) .
eq list(send(S)) = list(S) .
eq now(send(S)) = now(S) .
ceq l(send(S)) = now(S) + d1

if l(S) <= now(S) .
ceq l(send(S)) = l(S) if now(S) < l(S) .
ceq u(send(S)) = now(S) + d2

if l(S) <= now(S) .
ceq u(send(S)) = u(S) if now(S) < l(S) .

If tMu+v¥¢¦j �¡� �(� , executionof senddoesnot changethe
TBCM at all. Otherwise,four discretevariableschangeas
describedbefore,and j �R� �|� and o!� �A� aresetto tMu|v�}g�L������R� �|�and �!�#��}��n���R�� �A� , respectively, for thereasonstatedabove.

Theequationsdefininghow astateof theTBCM changes
if rec is executedin thestateareasfollows:



ceq empty(rec(S)) = true if empty(S) == false .
ceq empty(rec(S)) = empty(S)

if empty(S) == true .
eq content(rec(S)) = content(S) .
eq data(rec(S)) = data(S) .
ceq list(rec(S)) = put(list(S),content(S))

if empty(S) == false .
ceq list(rec(S)) = list(S) if empty(S) == true .
eq now(rec(S)) = now(S) .
eq l(rec(S)) = l(S) .
ceq u(rec(S)) = oo if empty(S) == false .
ceq u(rec(S)) = u(S) if empty(S) == true .

If emptyis true,executionof recdoesnotchangetheTBCM

at all. Otherwise,four discretevariableschangeas de-
scribedbefore,and j��¡� �(� and o � �A� are left unchangedand
setto i , respectively, for thereasonstatedabove.

Theequationsdefininghow astateof theTBCM changes
if ]�^�`KaE§D �¨?�0e < " is executedin thestateareasfollows:

eq empty(tick(S,D)) = empty(S) .
eq content(tick(S,D)) = content(S) .
eq data(tick(S,D)) = data(S) .
eq list(tick(S,D)) = list(S) .
ceq now(tick(S,D)) = now(S) + D

if now(S) + D <= u(S) .
ceq now(tick(S,D)) = now(S)

if u(S) < now(S) + D .
eq l(tick(S,D)) = l(S) .
eq u(tick(S,D)) = u(S) .

nowgetsadvancedbut doesnotgo beyond o!� �A� .
Note that we have anotherequation“eq d2 < d1 =

true .” because�n���R�� �A� ¢©�L������R� �|� .
3.3. How to verify distrib uted real-time systems

with CafeOBJ

Propertiesto prove in this paperare safetyones. If a
propertyholdsin any reachablestateof a TBCM, theprop-
erty is calledsafetyandthe TBCM hasthe safetyproperty.
Sinceany transitionrule doesnot breaksafetyproperties,
safetypropertiesareoften interpretedassayingthat some
particularbad thing never happens. Proofs that a TBCM

hasasafetypropertycanbedoneby structuralinductionon
transitionrules.Wefirst confirmthatthepropertycandidate
holdsin any initial state,andthen,that thepropertycandi-
dateis preservedby everytransitionrule. TheCafeOBJsys-
temcanbeusedasaninteractive theoremprover, andsuch
proofscanbedonewith thehelpof theCafeOBJsystem.

We provethatthesystemthathasjustbeenspecifiedhas
thesafetypropertythatnonaturalnumbersentby thesender
is lost. More precisely, thefollowing claim is shown.

Claim 1. In any reachablestate, list equals ª 5H,U,l«(¬|]A¬?¤7-®
if emptyis true, and ª 56,=,¯«E¬+]d¬$�J+® if emptyis false, where
ª °C,U, �p® is the list of natural numbers from ° through � if
°±~�� , andnil if °±²�� .

Proof. Theclaimis truein any initial statebecauseemptyis
true,data is 0 andlist is nil. Then,theclaim is shown to be
preservedby every transitionrule. Supposethat the claim

holdsin astate� , weshow thatit still holdsin thesuccessor
state�;� afterany transitionrule is executedin � .

First we show thatsendpreservestheclaim. Thecaseis
dividedinto two sub-cases:1) emptyis true,and2) emptyis
false.Sinceexecutionof senddoesnotchangethesystemat
all if tpu+vP¢%j �¡� �(� (if so,sendclearlypreservestheclaim),
weonly considerthecasein which j �¡� �(� ~�tMu|v .

In case(1), thefollowingproofscorecanbeusedtoshow
thatsendpreservestheclaim.

open ASEND
ops s s’ : -> Sys .
op n : -> Nat .
eq data(s) = n .
eq empty(s) = true . -- assumption.
eq l(s) <= now(s) = true . -- assumption.
eq s’ = send(s) .
red data(s’) == s(n) and empty(s’) == false

and list(s’) == list(s) .
close

ASEND is the nameof the modulein which the specifica-
tion of thesystemis written. By openingthemoduleusing
CafeOBJ commandopen, thedefinitionsin thespecifica-
tion canbe used. s of s(n) is the successorfunction of
naturalnumbers.The term following CafeOBJ command
red(uction) meansthatthelattercaseof theclaimholds
in �;� . red reducesthetermby regardingequationsasleft-
to-right rewrite rules. In this case,the term is reducedto
true,which impliesthatsendpreservestheclaim.

In case(2), we useanotherclaim that if emptyis false,
then o � �_��¢©j��¡� �(� dueto �n���R�� �_� ¢��L������R� �|� , whichcanbeeasily
proven.Fromthis inequalityandLemma1 (namely tpu+v¤~
o � �_� ), tpu+v�¢�j �¡� �(� , which contradictstheassumptionthat
j �R� �|� ~4tpu+v .

Secondwe show that recpreservesthe claim. Thecase
is dividedinto two sub-cases(1) and(2) aswell. In case(1),
rec is not effective. In case(2), we useanotherclaim that
if emptyis false,then «E¬+]d¬B²�5 and `Ku|tH]d³�tO]
��«E¬+]d¬$s7 ,
which canbe easilyproven aswell. The following proof
scorecanbeusedto show thatrecpreservestheclaim.

open ASEND
ops s s’ : -> Sys .
op n : -> Nat .
eq empty(s) = false . -- assumption.
eq content(s) = n . -- another claim.
eq data(s) = s(n) . -- another claim.
eq s’ = rec(s) .
red data(s’) == s(n) and empty(s’) == true

and list(s’) == put(list(s),n) .
close

Lastly we show that ]_^�`KaLb (for any c �4e < ) preserves
theclaim. Sinceall that ]_^�`KaLb cando is to advancenowby
c , it clearlypreservestheclaim. ´µ

4. One moreexample:Fischer’s protocol

We useonemoreexampleto demonstratethe proposed
method.Theexampleusedis Fischer’sprotocol.



4.1. Fischer’s protocol

Fischer’s protocol is a real-timemutualexclusionalgo-
rithm amongmultiple processes,say ¶� ¡·¸7#" processes.
Thecodeexecutedby a process1M ¡7�~�1¹~�¶B" in a tradi-
tionalstyleis asfollows:

a: RemainderSection ª 56	Ki�®
loop

b: repeatuntil turn = 0 ª 56	Ki�®
c: turn := 1 ª 56	;«EºH®
d: if turn = 1 then break ª¯«+»x	Ki�®
cs:Critical Section ª 56	Ki�®
e: turn := 0 ª 56	Ki�®

Initially turn is setto 5 , andall processesareat locationa.
ª 5H	;«(º6® forcesprocess1 to executeturn := 1 between5 and
d1 timeunitsafterprocess1 getsto locationc,andany other
pair specifiesa similar timing constraint.Besides,we have
theassumptionthat 5$¢�«Eº0¢P«+»B¢%i .

We modelFischer’s protocolasa TBCM. In this mod-
eling, we usesix setsof transitionrules: 3�]�¼¾½ : 8 , 3E]d³�¿K]d:¡8 ,
3(¿-³�]R:R8 , 3n`KÀ6³K`Ka6:R8 , 3n³)ÁE^l]R:R8 , and 3�¼�³¾¿-³-]R:R8 , where 7�~�1�~©¶ .
]�¼¾½ : (or ³�ÁE^l]R: ) meansthatprocess1 beginsexecutingtheal-
gorithm (or leaves Critical Section). The other transition
rules ]A³�¿¾] : , ¿-³-] : , `KÀ6³K`Ka : , and ¼)³¾¿-³-] : standfor thestatements
at locationsb, c, d, ande, respectively. The discretevari-
ablesusedin thismodelingareturn and 3EÂ=u'` :OG 7Ã~�1D~�¶�8 .
Discretevariableturn correspondsto turn in thealgorithm,
and ÂUu;` : shows thelocationat which process1 is. Thecon-
dition on which ]�¼¾½ : ( ]A³�¿¾]R: , ¿�³-]R: , `KÀ6³K`Ka6: , ³�ÁE^l]¡: , or ¼�³�¿-³�]R: )
getseffective is that ÂUu;`': is locationa (b, c, d, cs,or e).

Sincetheminimumandmaximumdelaysof ]_¼¾½ : , ]A³�¿¾]R: ,
³�ÁE^l]R: , and ¼�³¾¿-³-]R: are 5 and i , respectively, their lower and
upperboundsarenot used.Besides,theminimumdelayof
¿�³-]R: is 5 , andthemaximumdelayof `KÀ6³K`)aH: is i . Thus,j��¡�dÄ9Å
and ox�_Æ;�A�_ÇRÅ arenot usedeither. As shown in thealgorithm,
the maximumdelayof ¿�³-]¡: is d1 andthe minimum delay
of `KÀ6³K`Ka6: is d2. Hence,we usetwo setsof clock variables
3'o �R�RÄ ÅA8 and 3;j �AÆ;�A�_Ç Å_8 , where 7�~�1D~©¶ .

We alsouseonemoreclock variablenow anda setof
transitionrules 3E]_^�`)a bDGdc �0e < 8 .
4.2. Specificationof Fischer’s protocol in CafeOBJ

Themainpartof thesignatureis asfollows:

*[Sys]*
-- any initial state
op init : -> Sys
-- observations
bop turn : Sys -> Nat
bop loc : Sys NzNat -> Loc
bop now : Sys -> Real+
bop l : Sys NzNat -> Real+
bop u : Sys NzNat -> Timeval
-- actions
bops try test set : Sys NzNat -> Sys

bops check exit reset : Sys NzNat -> Sys
bop tick : Sys Real+ -> Sys
-- delays
ops d1 d2 : -> Real+

Hidden sort Sys representsthe statespaceof the TBCM,
andvisiblesortLoc representslocationssuchasaandb. u
andl correspondto o �R�RÄ Å and j �_Æ;�A�_Ç Å , respectively.

We have eightsetsof equationsin thespecification:one
for any initial state,and the othersfor the seven actions.
In this paper, threesetsof equationsarepresented:onefor
any initial state,and the othersfor set andcheck. In
thespecification,S, I, andJ areCafeOBJvariableswhose
sortsareSys, NzNat, andNzNat, respectively.

Theequationsdefiningany initial stateareasfollows:

eq turn(init) = 0 .
eq loc(init,I) = a .
eq now(init) = 0 .
eq l(init,I) = 0 .
eq u(init,I) = oo .

Since ¿-³�]R: and `KÀ6³K`)aH: for any process1��%3�7(	-,',-,�	)¶�8 are
not effective in any initial state, o!�R�RÄ Å and jd�_Æ;�A�_ÇRÅ for any
1D�g3E7E	-,-,',�	�¶�8 areinitially setto 5 and i , respectively.

Theequationsdefininghow astateof theTBCM changes
if ¿�³-]¡: for any process1?�\3E7(	',-,',�	�¶�8 is executedin the
stateareasfollows:

ceq turn(set(S,I)) = I if loc(S,I) == c .
ceq turn(set(S,I)) = turn(S) if loc(S,I) =/= c .
ceq loc(set(S,I),I) = d if loc(S,I) == c .
ceq loc(set(S,I),J) = loc(S,J)

if I =/= J or loc(S,I) =/= c .
eq now(set(S,I)) = now(S) .
ceq l(set(S,I),I) = now(S) + d2

if loc(S,I) == c .
ceq l(set(S,I),J) = l(S,J)

if I =/= J or loc(S,I) =/= c .
ceq u(set(S,I),I) = oo if loc(S,I) == c .
ceq u(set(S,I),J) = u(S,J)

if I =/= J or loc(S,I) =/= c .

If ¿�³-] : is executedin astatein which it is effective, turn and
ÂUu;` : aresetto 1 andlocationd, respectively, andthe other
discretevariables,namely Â=u'` S  UTCV�¤1R" , areleft unchanged.
Besides,o!�R�RÄ Å andjd�_Æ;�A�AÇdÅ aresetto i and tMu+vÃ}m«+» , respec-
tively, because¿-³�]¡: and `KÀ6³K`Ka6: areeffectiveandineffective
in thesupposedstate,andgetineffectiveandeffectivein the
successorstate,respectively. Theotherclock variablesare
left unchanged.

Theequationsdefininghow astateof theTBCM changes
if `KÀ6³K`Ka6: for any process1���3E7(	',-,',¾	�¶�8 is executedin the
stateareasfollows:

eq turn(check(S,I)) = turn(S) .
ceq loc(check(S,I),I) = cs

if loc(S,I) == d and turn(S) == I
and l(S,I) <= now(S) .

ceq loc(check(S,I),I) = b
if loc(S,I) == d and turn(S) =/= I

and l(S,I) <= now(S) .
ceq loc(check(S,I),J) = loc(S,J)

if I =/= J or loc(S,I) =/= d
or now(S) < l(S,I) .

eq now(check(S,I)) = now(S) .



ceq l(check(S,I),I) = 0
if loc(S,I) == d and l(S,I) <= now(S) .

ceq l(check(S,I),J) = l(S,J)
if I =/= J or loc(S,I) =/= d

or now(S) < l(S,I) .
eq u(check(S,I),J) = u(S,J) .

If `)ÀH³K`)aH: is executedin a statein which it is effective and
jd�_Æ;�A�_ÇRÅ�~¸tpu+v , ÂUu;`;: is set to location cs or b depending
on whetherturn is 1 or not. In both cases,jd�_Æ;�A�_ÇRÅ is setto
5 becausèKÀ6³K`)aH: getsineffective after the execution. The
othervariablesareleft unchanged.

4.3. Verification of Fischer’sprotocolwith CafeOBJ

We show that Fischer’s protocolsatisfiesmutualexclu-
sion, namely that more than one processnever entersits
critical sectionsimultaneously. Before the main claim is
shown, two sub-claimsareshown.

Claim 2. In anyreachablestate, if ÂUu;`-:È�%É , ]_ÊL¼¾t£�%1 , and
ÂUu'`¾S
�%Ë , then o �¡�dÄ Ì�¢�jd�_Æ;�A�_Ç�Í for any 1K	ATm�g3E7(	',-,',�	�¶�8 .
Proof. The claim is vacuously true in any initial state.
Then, the claim is shown to be preserved by every transi-
tion rule. We prove this in the sameway as the previous
proof. In this paper, we presenttwo caseswhich prove that
¿�³-] : and `)ÀH³K`)a : for any 1D�C3E7E	-,',-,¾	�¶�8 preserve theclaim.

First we show that ¿-³�] : for any 1 preservestheclaim. It
is sufficient to considera statein which ÂUu;` : is locationc.
However, if thereis noprocessat locationc in �;� , theclaim
is vacuouslytrue in �'� . Thus, supposethat thereexists a
processT
 ¾V�\1R" at locationc in �'� . Sinceexecutionof ¿-³-]¡:
changesÂUu;`-: to locationd anddoesnotchangeÂUu;`-Î for any
other ° , wealsosupposethat ÂUu'`¾S
�%Ë in � . All wehave to
do is to show that o!�R�RÄ Ì
¢4jd�AÆ;�_�AÇdÅ in �;� because]_ÊL¼¾t0�¤1 in
� � . Thefollowing proofscorecanbeusedto show it:

open FISCHER
ops s s’ : -> Sys .
ops i j : -> NzNat .
eq loc(s,i) = c .
eq loc(s,j) = c .
eq s’ = set(s,i) .
-- from Lemma 1
eq u(s,j) <= now(s) + d1 = true .
-- from d1 < d2
eq now(s) + d1 < now(s) + d2 = true .
vars X Y Z : Real+ .
ceq [r1] : X < Z = true if X <= Y and Y < Z .
start u(s’,j) < l(s’,i) .
apply reduce at term .
apply +.r1 with Y = now(s) + d1 at term .
apply reduce at term .

close

In theproof score,we have two inequalitiesfrom Lemma1
( o �R�RÄ Ì�~Ïtpu+v�}P«Eº because¿-³-] S is effective in � ) andthe
assumptionthat «(º�¢Ð«|» . In order to reducethe term
u(s’,j) < l(s’,i), wehave to usethetransitiverule
of inequalitieson realnumbers.Thetransitive rule is given
by the conditionalequationlabeledby r1. However, the

conditionalequationcannotbeusedasarewrite ruleasit is
becausetheconditionhasCafeOBJvariableY thatdoesnot
appearin theleft-handside.Thus,we have to useCafeOBJ
commandapply to usetheconditionalequation.Thesec-
onduseof apply instructstheCafeOBJsystemto usethe
conditionalequationto rewrite thegivenexpression.

Next we show that `)ÀH³)`Ka : for any 1 preservestheclaim.
It is sufficient to considera statein which Â=u'`;:/�ÑÉ and
jd�_Æ;�A�_ÇRÅ�~ÏtMu|v . Thecaseis divided into two sub-cases:1)
]�ÊL¼¾t£�%1 , and2) ]_ÊL¼¾t�V�©1 .

In case(1), it is sufficient to show that process1 is at
locationcs and turn is 1 in �;� . The following proof score
canbeusedto show thatthis is true:

open FISCHER
ops s s’ : -> Sys .
op i : -> NzNat .
eq loc(s,i) = d . -- assumption.
eq turn(s) = i . -- assumption.
eq l(s,i) <= now(s) = true . -- assumption.
eq s’ = check(s,i) .
red loc(s’,i) == cs and turn(s’) == i .

close

In case(2), it sufficesthatwe only considerthe casein
whichthereexist aprocessT suchthat ÂUu;` S �4É and ]_ÊL¼¾t£�
T andaprocessÒ suchthat ÂUu'`+ÓÃ�sË in �'� becausetheclaim
is vacuouslytrue in �;� for any othercase.If so, theremust
be suchprocessesT and Ò in � aswell. All we have to do
is to show that jd�_Æ;�A�_Ç�Ì and o �¡�dÄ�Ô are left unchanged.The
following proof scorecanbeusedto show thatthis is true:

open FISCHER
ops s s’ : -> Sys .
ops i j k : -> NzNat .
eq loc(s,i) = d . -- assumption.
eq loc(s,j) = d . -- assumption.
eq loc(s,k) = c . -- assumption.
eq turn(s) = j . -- assumption.
eq l(s,i) <= now(s) = true . -- assumption.
eq s’ = check(s,i) .
red l(s’,j) == l(s,j) and u(s’,k) == u(s,k)

and loc(s’,i) == b .
close

Thethird conjunctof thetermfollowing red seesto it that
process1 movesto locationb aftertheexecution. ´µ
Claim 3. In any reachable state, if ÂUu;` : �Õ3;Ë'Ö�	¡×(8 , then
]�ÊL¼¾t£�%1 and ÂUu;`¾S$V�sË for any 1)	ATm�g3E7E	-,-,',�	�¶�8 .
Proof. Theclaim is initially true.Then,theclaim is shown
to bepreservedby every transitionrule. We prove it in the
sameway asthepreviousproofs. In this paper, we present
thetwo casesfor ¿-³�]¡: and `KÀ6³K`Ka6: for any 1I�B3�7(	-,',-,�	)¶�8 .

First we show that ¿-³-]R: for any 1 preservestheclaim. It
is sufficient to considera statein which ÂUu;` : ��Ë . Thecase
is dividedinto two sub-cases:1) thereexistsa processÒ at
locationcsor e,and2) thereexistsno sucha process.

In case(1), thereexistsno processat locationc from the
hypothesis,whichcontradictstheassumptionthat ÂUu;` : �4Ë .

In case(2), sinceexecutionof ¿-³-]¡: doesnot changeÂUu;`�S
for any processT except 1 , all we have to do is to show that



ÂUu'`': is set to locationd as ¿-³-]¡: is executed,which means
that thereis still no processat locationcs or e in �;� . The
following proof scorecanbeusedto show it:

open FISCHER
ops s s’ : -> Sys .
op i : -> NzNat .
eq loc(s,i) = c . -- assumption.
eq s’ = set(s,i) .
red loc(s’,i) == d .

close

Next we show that `KÀ6³K`Ka6: for any 1 preservestheclaim.
It is sufficient to considera statein which ÂUu;`':?�ØÉ and
jd�_Æ;�A�_ÇRÅ�~@tMu|v . Thecaseis divided into two sub-cases(1)
and(2) aswell.

In case(1), ]_ÊL¼¾t���ÒÃ �V��1R" from thehypothesis.Since
`)ÀH³)`KaL: doesnot changeturn and ÂUu;`KS for any processT ex-
cept 1 , all thatis neededis to show that ÂUu;`-: is setto location
b. Thefollowing proofscorecanbeusedto show it:

open FISCHER
ops s s’ : -> Sys .
op i : -> NzNat .
eq loc(s,i) = d . -- assumption.

-- eq turn(s) =/= i . -- assumption.
eq l(s,i) <= now(s) = true . -- assumption.
eq s’ = check(s,i) .
red loc(s’,i) == b .

close

If wehavenoequationfor turn in � , turn is implicitly treated
asnotbeingequalto 1 in � . Thecommentin theproofscore
is usedto remindusthat ]�ÊL¼¾t�V�%1 .

In case(2), if ]_ÊL¼¾tWV�Ø1 , then ÂUu'`;: is set to location b
asshown in thepreviousproof score,which meansthatthe
claim still holdsin �;� . Thus,supposethat ]�ÊL¼¾t%�Ù1 . Be-
sides,if we supposethat thereexists a processT suchthat
ÂUu'`¾S
�%Ú , then tMu|v¤¢�jd�_Æ;�A�_ÇRÅ from Lemma1 ( tMu+v¤~�o �¡�dÄ Ì )
and Claim2 ( o!�¡�dÄ Ì¤¢Zjd�_Æ;�A�_ÇRÅ ), which contradictsthe as-
sumptionthat j �_Æ;�A�_Ç Å/~�tpu+v . Hence,supposethat there
exists no processj suchthat ÂUu'` S ��Ú . Since `KÀ6³K`)a : does
notchangeturn and ÂUu'` S for any otherT , all wehaveto dois
to show that ÂUu;` : is setto locationcsas `KÀ6³K`Ka : is executed.
Thefollowing proof scorecanbeusedto show it:

open FISCHER
ops s s’ : -> Sys .
op i : -> NzNat .
eq loc(s,i) = d . -- assumption.
eq turn(s) = i . -- assumption.
eq l(s,i) <= now(s) = true . -- assumption.
eq s’ = check(s,i) .
red loc(s’,i) == cs and turn(s’) == i .

close

The secondconjunctof the term following red seesto it
that ]�ÊL¼¾t£�%1 aswell aftertheexecution. ´µ
Claim 4 (mutual exclusion). In any reachable state, if
ÂUu'`':��ÛË-Ö and Â=u'`¾S��ÛË-Ö , then 1s�QT for any 1)	ATw�
3E7(	',-,',¾	�¶�8 .
Proof. Theclaim immediatelyfollows from Claim3. ´µ

5 Concluding remarks

The definition of a TBCM is mainly affectedby specifi-
cationandverificationof distributedreal-timesystemswith
TLA [1] and with I/O automata[8], and also by clocked
transitionsystems[7]. How to describeaTBCM in CafeOBJ
is similar to generaltimedautomatadescribedin [8].

The asynchronousdatasendingproblemis a simplified
versionof the lossy-queueexamplepresentedin [1]. Fis-
cher’s protocol was designedby M. Fischer. It hasbeen
usedto demonstratethat formal methodscanreasonabout
timing-basedsystems.Proofsthat it hasmutualexclusion
arepresentedin [1, 7, 8]. They aresimilar to ourproof.

The two examplesgiven in this paperareprobablythe
first attempt to specify distributed real-time systemsin
CafeOBJandverify their (safety)propertieswith the help
of theCafeOBJsystem.

The proofs presentedin this papercompriseCafeOBJ
proofscoresandnarrativeexplanations.Thatis, formalities
and informalitiesaremingled together. Suchproof styles
may be calledsemi-formal,which hasbeenadvocatedby
Goguenandis adoptedin theUCSDTatamiproject[6, 13].
But, distributedreal-timesystemsareoutof thescopeof the
project.
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