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Abstract

In this paper, two faster and better spectral
algorithms are presented for the multi-way circuit
partitioning problem with the objective of minimizing
the Scaled Cost. As pointed out in [3], the problem can
be approximately transformed into the vector
partitioning problem by mapping each circuit
component to a multi-dimensional vector. The common
key idea of our two algorithms for solving the vector
partitioning problemisto first treat the set of vectors as
a cluster, and then repeatedly select a cluster, which
gives the maximum cost improvement among all the
current clusters, and partition it into two new clusters.
The bipartitioning process is continued until the
number of clusters is equal to the required number of
partitions. The experimental results indicate that the
two algorithms significantly outperform MELO+DP-
RP [ 3] in both the run time and partitioning result.

1. Introduction

Circuit partition has played an important role at
different levels of VLSl design [9,10]. An often
adopted type of approaches to circuit partitioning
employs the iterative improvement technique in which
the local perturbation of the current solution is done
repeatedly until no further improvement can be
achieved [5,8,11,12]. This type of approaches is
criticized for not being able to fully capture the global
information of the circuit.

Another type of approaches called spectral
partitioning has been recently received a lot of
attention [1,2,3,4,6,7]. The basic idea behind this type
of approaches is to first transform the circuit
partitioning problem into the graph partitioning
problem. After the graph is constructed, spectra
methods for graph partitioning are carried out in the
following two steps. The first step is to geometrically
embed the graph onto the one- or multi-dimensional
real space. The second step is to partition the graph
vertices into the required number of partitions using the
geometric embedding information, such that without
violating any given constraints, the given cost function
is optimized. The experimental results indicate that
spectral methods generate better partitioning results
than iterative improvement methods[1,2,3,4,6].

One of the most recent and important theorems for
spectral graph partitioning states that if in the first step
all the eigenvectors of the Laplacian matrix of the
graph are generated and properly scaled, then the
second step can be reduced to the vector partitioning
problem [3]. However, since any efficient spectra
method cannot afford to generate all the eigenvectors
due to the expensive run time, the method presented in
[3] generates only up to 10 eigenvectors. To solve the
vector partitioning problem, the authors in [3]
developed a heuristic called MELO to arrange the
vectorsin alinear ordering, and then applied a dynamic
programming agorithm called DP-RP [2] to split the
ordering and generate the final restricted partitioning
solution. Although MELO also generates the scaled
eigenvectors and constructs an instance of the vector
partitioning problem, to simplify our presentation,
MELO is referred to as only the part that generates a
linear ordering. Hence the method in [3] for solving the
vector partitioning problem is referred to as
MELO+DP-RP in this paper.

In this paper, we present two faster and better
spectral  algorithms for the multi-way circuit
partitioning problem with the objective of minimizing
the Scaled Cost (which is a generalization of the two-
way ratio objective [2]). The common key idea of the
two agorithms is to solve the vector partitioning
problem by first treating the set of vectors as a cluster,
and then repeatedly selecting a cluster, which gives the
maximum cost improvement among al the current
clusters, and partitioning it into two new clusters. The
bipartitioning process is continued until the number of
clusters is equa to the required number of partitions.
The experimental results indicate that the two
algorithms generate much better partitioning results in
much less run time than MELO+DP-RP.

2. Preliminaries and Problem Formulation

The netlist of a given circuit is represented by a
hypergraph H which is approximately transformed to a
weighted graph G(V,E). The set V ={v;,v,,...,V,}
is the vertex set consisting of n vertices, and the
weighted edge set E is represented by an nxn
adjacency matrix A=(a;), where g; >0 if the edge



(Vi,v;) exists, and @a; =0 otherwise. Let
deg(vi):zrj‘zlaij denote the degree of v; , and let the
nxn degree matrix D be given by D =(d;;), where
dij =deg(v;), and d; =0 if i#j. Let the nxn
Laplacian matrix Q of G bedefinedtobe D - A. Let
A1, Ao+, A, denote the n eigenvalues of Q, and
My, fy,..., i, denote their corresponding n-dimensional
eigenvectors. We assume that 0=A; <A, <---< A,
and [y, fdsy,.... i, are normalized such that for each

j, wherel< j<n, ,ujT,Ezj =1. For each d, where

l1sds<n, let Uy =(y;) denote the nxd
eigenvector matrix whose d columns are [, fiy,..., g
respectively.

Given a positive integer k, a k-way partitioning of G
isto divide the set of vertices of G into a collection of k

disoint partitions, denoted P* ={C,,C,,...C,},
where each partition C,,, 1<h<k, is a subset of V,

V= Dﬁzlch, and each vertex is in exactly one
partition. For agiven PX | the followi ng corresponding
terms are defined. The nxk assignment matrix is
X =(Xp), where x,, =1 if vOCy, and X, =0
otherwisg. For each h, where 1<h<k, the indicator
vector X, (corresponding to partition C,,) is the hth
column of X. The nxk projection matrix is
I =(ajn), wherea :ﬂjTXh.

With the above notations and definitions, the k-way
(generalized) ratio-cut problem for G is to find a P
such that the resulting cost f(PX), defined to be

YK (En/IChD, s
whereEn =5\ c, Yv,0c, &j - If welet H=A, be

as smal as possble,

some constant, then the nxd scaled eigenvector
matrix Vg4 =(v;) is defined from Uy with
vj = thj[H=A; . Let y? denote the ith row of Vj,
where 1<i<n. It is not hard to verify
kH = f(P*) =5k 50 a5 (H=A))/ICh D).

With the scaled eigenvector matrix Vg, the

corresponding  vector  partitioning  problem is
formulated as follows. Given the positive integer k, and

theset Y ={yd,v5....,y%} of n d-dimensional vectors,

the k-way vector partitioning problem is to find a
partitioning of Y into a set S*={S,,S,,...S} of k
disoint subsets such that each y° (1<is<n) is
contained in exactly one S, (1<hs<k) and
9(S") :ZE:1(||Yh I°/1S,]) is as large as possible,
where \'(h =Y yos, ¥ and |1, || denotes the length of
Y, . By considering each graph vertex v, as the vector

yl, we say that a graph

PX={C,C,...,C,} corresponds to a
partitioning S* ={S,S,,...S} if and only if v, OC,
whenever y4 S, . It has been proved that if P*

corresponds to S¥, and d=n, then we have
kH - f(P*) = g(S) [3]. This statement implies that a
k -way ratio-cut graph partitioning problem can be
transformed to a k-way vector partitioning problem
after generating all the scaled eigenvectors of the
Laplacian matrix of the graph. However, due to the
consideration of the time complexity, the authors in [3]
generated only up to d eigenvectors corresponding to
o, O, By, rESpectively, where 1<d <10. (Note
that [ canbeignored.)

In this paper, we consider the multi-way circuit
partitioning problem with the Scaled Cost as the
objective. Given a hypergraph H representing the
circuit netlist, and a positive integer k, the problem is to
find a k-way partitioning Pk ={C,,C5.,...,C¢} such
that the resulting Scaled Cost [2], defined to be
@/(n(k-D)) 3K (e /|Ch 1), is as small as possible,
where g, denotes the number of external nets crossing
the boundary of partitionC,, .

partitioning

vector

3. Two New Spectral Algorithms

The multi-way circuit partitioning problem
considered in this paper will be approximately solved
using spectral methods. To simplify the problem, we
assume that the hypergraph H has been transformed to
a graph by using the clique model and adding weight
(4/(p(p—-1))x((2P —2)/ 2P) to each possible edge in
a p-pin net. (This transformation method was aso
adopted by MELO+DP-RP) In addition, the set of d
scaled n-dimensional eigenvectors (corresponding to
A5, A3, Ag+1, respectively) is assumed to have been
generated and re-arranged as the st

Y :{)71",373,..., yr‘,‘} of n d-dimensional vectors, where



d is a user-specified constant. Now the problem
remained to be solved is transformed into the vector
partitioning problem whose objective isto find a k-way

partitioning SK ={S,S,.,... S¢} of Y such that the
resulting cost (1/(n(k—1)))zﬁ:1(||\7h ||2/|31|) is as
large as possible, where Yh:zyusny. The cost

function can be further  simplified as
Sk (Y, 1P 71S, ) since n and k both are fixed for a

given instance of the problem. Once sX is obtai ned,

the corresponding PX can be generated, and the
corresponding Scaled Cost can be calcul ated.

Form now on, we will only focus on the k-way
vector partitioning problem described above, and
present two new algorithms, called Algorithms | and I1,
for the problem. Throughout the rest of this paper, the
terms vector and vertex will be used interchangeably,
and the notations n, d, and k will be used to denote the
number of vectors, the number of dimensions of a
vector, and the required number of partitions,
respectively.

3.1Algorithm |
Algorithm | first treats all the vectors as a global
cluster, and then repeatedly selects a “best” cluster

denote the current vector in consideration, and let
S=S0{y} and S,=50{y} denote the two
resulting clusters after adding y to S; and S,
respectively. If D(S)-D(S,) = D(S,)-D(S,), theny is
putinto S, ;otherwiseitisputinto S, .

To speed up Algorithm I, a binary max heap, which
stores al the current clusters and uses AD(S) as the
key, is employed to efficiently find a best cluster Sfor
bipartitioning. For each cluster S, itsassociated AD(S)
must be computed before it is inserted into the heap. In
other words, the bipartitioning result of each cluster
needs to be pre-determined exactly once no matter
whether it has a chance to become a best one. (Note
that the pre-determined bipartitioning result of each
cluster will be saved and used for actual bipartitioning
if that happens later.) Therefore, whenever acluster Sis
found to be the currently best one and is actualy
partitioned into two clusters S, and S, Algorithm 1

will generate the bipartitioning resultsof S, and S,
and calculate AD(S;) and AD(S,) before inserting
S, and § into the heap.

The time complexity of Algorithm | is analyzed as

follows. We first analyze the time taken by the SPLIT
algorithm for bipartitioning a cluster. Clearly finding

from all the current clusters, and uses a bipartitioninginhe two seeds v, and Vj, can be done in O(dn) time.

algorithm called SPLIT to partition the cluster into two
new disjoint clusters. The repetition terminates when
the number of clusters is equal to the required numbe

of partitions. A cluster is said to lbest if among all the
current clusters, it gives themaximum cost
improvement after being bipartitioned. L& denote any
cluster, and D(S) denote the cost contributed 18
TheD(S)is be @/ISDITsusyI®-
Suppose that Sis partitioned into two clusters S, and
S, each contributing the costs D(S;) and D(S,),
respectively. Then the cost improvement due to the
bipartitioning of Sinto S; and S, is defined to be
AD(S)=D(S,) +D(Sy)-D(S) .

Next, let us describe how S is partitioned into Sy
and S, by the SPLIT algorithm. Let v, be the vector
in S which has the maximum length, and v, be the

vector in S which produces the minimum resulting
length after adding it to v,. Initially, v, is put into

defined to

Sy, and Vy is put into §,. Then, each remaining
vector in Sis considered sequentially (i.e., one by one)
to be put into either Syor §,, but not both. Let y

Suppose that there is no particular ordering when

Fons' dering putting the vectors of a cluster into the two

resulting sub-clusters. Then for each vector, deciding
which sub-cluster to put into can be done in O(d)
time. Totally, bipartitioning a cluster can be done in
O(dn) time.

The whole partitioning hierarchy of Algorithm | can
be represented by a binary tree in which there are k
terminal  nodes corresponding to the k clusters
appearing in the final partitioning solution, and there
are k-1 internal nodes corresponding to the clusters
that are actually partitioned. Each terminal or internal
node needs to be partitioned once before it is inserted
into the heap. Totally, k+(k-1) =2k -1 clusters need
to be partitioned. Since partitioning a cluster takes
O(nd) time, and there are 2k —1 clusters required to
be partitioned, the total time spent on partitioning the
2k -1 clustersis O(dkn) .

To find and remove a best cluster from the heap for
bipartitioning, and to insert a new cluster into the heap,
both can be done in O(logk) time. The numbers of

removal and insertion operations executed on the heap
are both O(k). Hence, the total time spent on heap



operationsis O(klogk) .

As aresult, the total time complexity of Algorithm |
is O(klogk + dkn) , which can be rewritten as O(dkn)
since k =0(n). This complexity is clearly better than
the complexity, i.e., O((d +k)n?) of MELO+DP-RP

partitioning results than MELO+DP-RP.
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3.2 Algorithm 1

The second algorithm, called Algorithm I, is a
variant of Algorithm I. The only difference between
them is that whenever a cluster is considered for
partitioning by the SPLIT agorithm, Algorithm 1l
applies MELO to generate a linear ordering for the
vectors in the cluster first. Then Algorithm Il
sequentially puts each vector into one of the two sub-
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(2<k <10) over MELO+DP-RP. Table 1: Results of Algorithm 1.
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algorithms are able to run faster and generate better

Table 2: Results of Algorithm I1.
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