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Abstract—We consider relay-assisted communication in a
training-based transmission scheme. Each transmission block
consists of a training phase and a data transmission phase. The
relay node employs the amplify-and-forward protocol during
all transmissions. We focus on the relay signaling design and
investigate the benefit of allowing for different relaying power
during the training phase and the data transmission phase.
Specifically, the relaying energy allocation between the two phases
is optimized for maximizing the average received signal-to-noise
ratio at the destination node. We study this optimization problem
for both single-antenna relay and multi-antenna relay and derive
a simple closed-form relaying energy allocation strategy that
achieves near-optimal performance. This closed-form strategy
depends only on the length of the data transmission phase but not
on other system parameters such as the relaying energy budget,
the number of antennas at the relay, and the distances between
the source, relay and destination nodes.

I. INTRODUCTION

Relay-assisted communication has attracted considerable
attention in the past few years. The use of relay increases both
the service area and the quality of service (QoS) [1, 2], and
was proposed to be incorporated into the WiMAX standard,
IEEE 802.16m, as a cost-effective way to fulfill the require-
ments of the future generation of mobile communications [3].
Among various relaying strategies, the amplify-and-forward
(AF) protocol has been extensively studied due to the low-
complexity design at the relay [4].

One of the main assumptions in most existing studies on
relay-assisted communication is the availability of perfect
channel state information. This assumption does not hold in
reality due to the time-varying nature of the fading channel.
In order to obtain the channel state information (at least)
at the receiver side, training-based transmission schemes are
commonly used, which periodically insert pilot symbols into
data transmission blocks [5]. For communications assisted by
an AF relay, the dual-hop (source-relay-destination) channel
needs to be estimated by the destination node. To this end, the
linear minimum mean square error (LMMSE) estimator was
studied in both autoregressive channel models [6, 7] and block-
fading channel models [8, 9] to estimate the non-Gaussian
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dual-hop channel gain.1

In training-based transmission, one important design param-
eter is the energy allocation between the training phase and
the data transmission phase. This design problem exists at both
the source and the relay. For AF relay-assisted communication
with single-antenna terminals, the authors in [11] focused
on the energy allocation problem at the source, while the
authors in [12] jointly optimized the transmission/relaying
energy allocation between the two phases at both the source
and the relay. The results in [11, 12] were obtained under a
total energy budget between the source and the relay. In this
work, we consider a separate energy constraint at each node,
which is more practical, and focus on the energy allocation at
the relay. Note that this problem was previously investigated
for systems with a single-antenna relay in [13], where the
authors presented analytical solutions in two special scenarios,
i.e., the relay is located either very close to the source or very
close to the destination. In this work, we look at the signaling
design for both single-antenna relay and multi-antenna relay.

Our main contribution is a closed-form design of the AF
relaying energy allocation that achieves near-optimal perfor-
mance, in terms of the average receive signal-to-noise ratio
(SNR) at the destination. The main advantage of the proposed
design, compared to the existing ones in the literature, is that
it only depends on the block transmission structure but not
on other system parameters such as the transmission energy
budgets at the source and relay, and the distances between the
three terminals. In other words, this design is robust to any
changes in the energy budgets and positions of all terminals,
hence is useful for systems aiming at simple design solutions.

II. SYSTEM MODEL

We consider the communication between a source (S) and
a destination (D) assisted by a relay (R) adopting the AF
protocol. Both S and D have a single antenna for transmission
and reception, while the number of antennas at R, denoted
as 𝑁𝑅, can be more than one. An example of such system
is shown in Fig. 1. The communications between the three

1An alternative channel estimation scheme was considered in the literature,
e.g., [9, 10], which separately estimates the individual (source-relay and relay-
destination) channel gains. This scheme requires extra transmission resource
to reliably forward the estimate of source-relay channel to the destination.
In this work, we do not consider this scheme and assume that the dual-hop
channel gain is estimated at the destination.



Fig. 1. The AF relay communication system considered in this work.

terminals are affected by path loss attenuation as well as
Rayleigh fading. As shown in Fig. 1, we denote the channel
gain between S and R as

√
𝛽𝑆𝑅𝒉𝑆𝑅 and the channel gain

between R and D as
√
𝛽𝑅𝐷𝒉𝑅𝐷. In particular, 𝛽𝑆𝑅 and 𝛽𝑅𝐷

are scalar constants determined by the path loss, while 𝒉𝑆𝑅

and 𝒉𝑅𝐷 are independent fading variables having zero-mean
circular-symmetric complex Gaussian (ZMCSCG) entries with
unit variance. When R has multiple antennas, 𝒉𝑆𝑅 is a 𝑁𝑅×1
vector and 𝒉𝑅𝐷 is a 1×𝑁𝑅 vector.

A block-wise transmission scheme is considered, in which
the channel gains remain constant during one transmission
block and change to some independent values in the next
block. In order to facilitate channel estimation at D, S first
transmits 𝐿𝑡 training symbols followed by 𝐿𝑑 data symbols in
each transmission block. Hence, D uses the channel estimates
obtained from the training symbols to perform data detection.
The transmit powers at S for training and data symbols are
denoted as 𝒫𝑆𝑡 and 𝒫𝑆𝑑, respectively. Similarly, we denote the
relaying powers at R for training and data symbols as 𝒫𝑅𝑡 and
𝒫𝑅𝑑, respectively. If R does not distinguish between training
and data transmission, a constant relaying power should be
used, i.e.,𝒫𝑅𝑡 = 𝒫𝑅𝑑. In this work, we aim to investigate the
benefit from carefully designing the values of 𝒫𝑅𝑡 and 𝒫𝑅𝑑

under a constraint on the total relaying energy per transmission
block.2 In order to design 𝒫𝑅𝑡 and 𝒫𝑅𝑑, R needs to know the
block transmission structure, i.e., whether the current symbol is
from training or data transmission. This information is usually
easy to obtain at R with minimal cost.

In this work, we consider the following two scenarios:

1) Single-Antenna Relay: In this case, R does not need
to know the channel gains and simply amplifies and
forwards the received signal from S to D.

2) Multi-Antenna Relay: In this case, we consider that
R has estimates of both 𝒉𝑆𝑅 and 𝒉𝑅𝐷. Based on
these channel estimates, R applies receive and transmit
beamforming to the received signal from S in order to
maximize the signal strength arrived at D.

Since the relaying signaling is different in the above two
scenarios, we will study them separately.

2As discussed in later sections, the design of relaying powers which
maximizes the average received SNR at D is not affected by the presence
of the direct link between S and D.

III. SINGLE ANTENNA RELAY

In this section, we consider that the relay has a single
antenna. The received signal at R is given by

𝑦𝑅 =
√

𝒫𝑆𝛽𝑆𝑅ℎ𝑆𝑅𝑥+ 𝑛𝑅, (1)

where 𝑥 is the transmitted symbol with unit variance which
can be either a training or data symbol, 𝒫𝑆 = 𝒫𝑆𝑡 for training
and 𝒫𝑆 = 𝒫𝑆𝑑 for data transmission, 𝑛𝑅 is the receiver noise
at R which is a ZMCSCG random variable with variance 𝜎2

𝑅.
After AF relaying, the received signal at D is given by

𝑦𝐷 =
√

𝛽𝑅𝐷ℎ𝑅𝐷𝛼𝑦𝑅 + 𝑛𝐷, (2)

where 𝑛𝐷 is the receiver noise at D which is a ZMCSCG
random variable with variance 𝜎2

𝐷 and 𝛼 is the amplification
gain at R given by3

𝛼 =

√
𝒫𝑅

𝒫𝑆𝛽𝑆𝑅 + 𝜎2
𝑅

, (3)

where 𝒫𝑅 = 𝒫𝑅𝑡 for training and 𝒫𝑅 = 𝒫𝑅𝑑 for data
transmission. It is worthwhile to note that R only needs to
know the average received signal strength 𝒫𝑆𝛽𝑆𝑅, but not
the individual values of 𝒫𝑆 and 𝛽𝑆𝑅, in order to design the
amplification gain.

During the training phase, the LMMSE estimator [14] is
used at D to estimate the dual-hop channel from S to D,
i.e.,ℎ = ℎ𝑅𝐷ℎ𝑆𝑅. Specifically, the received signal is

𝑦𝐷,𝑖 =

√
𝒫𝑅𝑡𝛽𝑅𝐷𝒫𝑆𝑡𝛽𝑆𝑅

𝒫𝑆𝑡𝛽𝑆𝑅 + 𝜎2
𝑅

ℎ𝑥𝑖 +

√
𝒫𝑅𝑡𝛽𝑅𝐷

𝒫𝑆𝑡𝛽𝑆𝑅 + 𝜎2
𝑅

ℎ𝑅𝐷𝑛𝑅,𝑖

+𝑛𝐷,𝑖, 𝑖 = 1, 2, ..., 𝐿𝑡. (4)

The LMMSE estimate of ℎ is obtained by combining the 𝐿𝑡

training observations. We denote the estimate of ℎ and the
estimation error as ℎ̂ and ℎ̃, respectively, i.e.,ℎ = ℎ̂+ ℎ̃. The
variances of ℎ̂ and ℎ̃ are given by, respectively,

𝜎2
ℎ̂

=

𝐿𝑡𝒫𝑅𝑡𝒫𝑆𝑡𝛽𝑅𝐷𝛽𝑆𝑅

𝒫𝑆𝑡𝛽𝑆𝑅+𝜎2
𝑅

𝐿𝑡𝒫𝑅𝑡𝒫𝑆𝑡𝛽𝑅𝐷𝛽𝑆𝑅

𝒫𝑆𝑡𝛽𝑆𝑅+𝜎2
𝑅

+
𝒫𝑅𝑡𝛽𝑅𝐷𝜎2

𝑅

𝒫𝑆𝑡𝛽𝑆𝑅+𝜎2
𝑅
+ 𝜎2

𝐷

, (5)

and

𝜎2
ℎ̃
= 1− 𝜎2

ℎ̂
. (6)

During the data transmission phase, the received signal at
D can be rewritten as

𝑦𝐷 =

√
𝒫𝑅𝑑𝛽𝑅𝐷𝒫𝑆𝑑𝛽𝑆𝑅

𝒫𝑆𝑑𝛽𝑆𝑅 + 𝜎2
𝑅

ℎ̂𝑥+

√
𝒫𝑅𝑑𝛽𝑅𝐷𝒫𝑆𝑑𝛽𝑆𝑅

𝒫𝑆𝑑𝛽𝑆𝑅 + 𝜎2
𝑅

ℎ̃𝑥

+

√
𝒫𝑅𝑑𝛽𝑅𝐷

𝒫𝑆𝑑𝛽𝑆𝑅 + 𝜎2
𝑅

ℎ𝑅𝐷𝑛𝑅 + 𝑛𝐷. (7)

As mentioned, the aim of this work is to design the relaying
powers 𝒫𝑅𝑡 and 𝒫𝑅𝑑 to achieve good system performance.

3In this work, we assume that the relay’s amplification gain is not adaptive
to the instantaneous channel gain. Hence, the relaying powers, i.e.,𝒫𝑅𝑡 and
𝒫𝑅𝑑, are the long-term average power during training and data transmission.



𝜌ave ≈ 𝒫𝑅𝑑𝒫𝑆𝑑𝒫𝑅𝑡𝒫𝑆𝑡𝛽𝑅𝐷𝛽𝑆𝑅𝐿𝑡

𝒫𝑅𝑑𝒫𝑆𝑑(𝒫𝑅𝑡𝛽𝑅𝐷𝜎2
𝑅 + 𝜎2

𝐷𝒫𝑆𝑡𝛽𝑆𝑅) + 𝒫𝑅𝑡𝒫𝑆𝑡𝐿𝑡(𝒫𝑅𝑑𝛽𝑅𝐷𝜎2
𝑅 + 𝜎2

𝐷𝒫𝑆𝑑𝛽𝑆𝑅)
. (10)

We focus on the long-term performance, which is usually
measured in terms of the ergodic capacity or symbol error rate
(SER). The non-Gaussian nature of the dual-hop channel from
S to D makes it very difficult to find a mathematically trackable
expression for the exact ergodic capacity or SER which takes
channel estimation error into account [15]. In order to derive
analytical solution to the relaying power optimization problem,
we consider the average received SNR at D as the objective
function. Note that if there exists a direct link from S to D,
maximum ratio combining could be used [4] and the overall
SNR at D is the sum of the SNRs of the direct link and
the dual-hop link. Clearly, the choices of the relaying powers
affect the SNR of the dual-hop link but not the SNR of the
direct link. Hence, we focus on the dual-hop link only and
define its average receive SNR based on (7) as

𝜌ave =
𝔼

{∣∣∣√𝒫𝑅𝑑𝛽𝑅𝐷𝒫𝑆𝑑𝛽𝑆𝑅

𝒫𝑆𝑑𝛽𝑆𝑅+𝜎2
𝑅

ℎ̂𝑥
∣∣∣2}

𝔼

{∣∣∣√𝒫𝑅𝑑𝛽𝑅𝐷𝒫𝑆𝑑𝛽𝑆𝑅

𝒫𝑆𝑑𝛽𝑆𝑅+𝜎2
𝑅

ℎ̃𝑥+
√

𝒫𝑅𝑑𝛽𝑅𝐷

𝒫𝑆𝑑𝛽𝑆𝑅+𝜎2
𝑅
ℎ𝑅𝐷𝑛𝑅+𝑛𝐷

∣∣∣2}

=

𝒫𝑅𝑑𝛽𝑅𝐷𝒫𝑆𝑑𝛽𝑆𝑅

𝒫𝑆𝑑𝛽𝑆𝑅+𝜎2
𝑅

𝜎2
ℎ̂

𝒫𝑅𝑑𝛽𝑅𝐷𝒫𝑆𝑑𝛽𝑆𝑅

𝒫𝑆𝑑𝛽𝑆𝑅+𝜎2
𝑅

𝜎2
ℎ̃
+ 𝒫𝑅𝑑𝛽𝑅𝐷

𝒫𝑆𝑑𝛽𝑆𝑅+𝜎2
𝑅
𝜎2
𝑅 + 𝜎2

𝐷

, (8)

where 𝔼{⋅} denotes the mathematical expectation, 𝜎2
ℎ̂

and 𝜎2
ℎ̃

are given in (5) and (6). respectively. 𝜌ave in (8) gives a long-
term performance metric for the dual-hop link which admits
a closed-form expression. Hence, we use it as the objective
function to optimize 𝒫𝑅𝑡 and 𝒫𝑅𝑑.

A. Optimizing Relaying Energy Allocation

We consider a constraint on the total relaying energy per
transmission block. This can also be interpreted as a constraint
on the average relaying power, denoted by 𝒫𝑅. Hence, the
total relaying energy per transmission block is given by
𝒫𝑅(𝐿𝑡+𝐿𝑑). We denote the ratio of the total energy allocated
to training as 𝜙. Hence, we have

𝒫𝑅𝑡 =
𝜙𝒫𝑅(𝐿𝑡 + 𝐿𝑑)

𝐿𝑡
, 𝒫𝑅𝑑 =

(1− 𝜙)𝒫𝑅(𝐿𝑡 + 𝐿𝑑)

𝐿𝑑
. (9)

The design problem can be written as max𝜙 𝜌ave. To obtain the
optimal relaying energy allocation, one can numerically search
for the value of 𝜙 ∈ (0, 1) that maximizes 𝜌ave in (8). The
solution to the optimal 𝜙 depends on all system parameters,
including the transmit powers at the source 𝒫𝑆𝑡 and 𝒫𝑆𝑑, the
channel path loss factors 𝛽𝑆𝑅 and 𝛽𝑅𝐷, and the receiver noise
at the destination 𝜎2

𝐷. Although these parameters are reason-
ably constant over time, it certainly incurs cost in obtaining
them at R. For systems aiming at simple design solutions,
it is desirable to have a closed-form solution of the relaying
energy allocation that works well in most practical scenarios
and depends on the least number of system parameters.

To obtain a closed-form design solution, we focus on the
high SNR regime by assuming 𝒫𝑆𝑡𝛽𝑆𝑅 ≫ 𝜎2

𝑅, 𝒫𝑆𝑑𝛽𝑆𝑅 ≫
𝜎2
𝑅, 𝒫𝑅𝑡𝛽𝑅𝐷 ≫ 𝜎2

𝐷 and 𝒫𝑅𝑑𝛽𝑅𝐷 ≫ 𝜎2
𝐷. The average receive

SNR 𝜌ave in (8) can be approximated as (10) on the top of this
page. The optimal 𝜙 that maximizes 𝜌ave in (10) can be found
by first substituting (9) into (10), then set the first derivative
of 𝜌ave w.r.t.𝜙 be zero and solve for the root. The solution is
given as

𝜙𝑜 =
1

1 +
√
𝐿𝑑

. (11)

We see that the above simple solution only depends on the
data length 𝐿𝑑 and does not depend on any other system
parameters. As long as the block transmission structure is
fixed, the relaying energy allocation given in (11) is the same
regardless of the energy budgets at S and R as well as the
distances between the three terminals. We will see in Section V
that this simple solution gives near-optimal performance not
only at high SNR but over a wide range of practical SNR
values.

IV. MULTI-ANTENNA RELAY

Next, we consider that the relay has multiple antennas,
i.e.,𝑁𝑅 > 1. In order to maximize the received signal strength
at D, both receive and transmit beamforming are used at
R based on its estimates of 𝒉𝑆𝑅 and 𝒉𝑅𝐷. Note that an
additional training phase is required at the beginning of each
transmission block to obtain these individual channel estimates
at R. In practice, the individual channels can be either directly
estimated by R, or first estimated by S and D, and then sent
to R using feedback/feedforward links. Since the aim of this
work is to design the relaying powers, we do not study the
details of the additional training phase and consider that the
individual channel estimates have already been obtained at R
with certain error variances.

Let us denote the individual channel estimates as 𝒉̂𝑆𝑅

and 𝒉̂𝑅𝐷 and their estimation errors as 𝒉̃𝑆𝑅 and 𝒉̃𝑅𝐷.
Furthermore, the variances of the estimation errors (i.e., the
variance of each element in 𝒉̃𝑆𝑅 and 𝒉̃𝑅𝐷) are denoted as
𝜎2
𝑒1 and 𝜎2

𝑒2, respectively. The relay precoding matrix, which
consists of the maximum ratio combining vector and transmit
beamforming vectors, is given by

𝑾 =
𝒉̂
†
𝑅𝐷

∥𝒉̂𝑅𝐷∥
𝒉̂
†
𝑆𝑅

∥𝒉̂𝑆𝑅∥
, (12)

where ∥𝒗∥ =
√

tr{𝒗†𝒗}. Therefore, the received signal at D
is given by

𝑦𝐷 = 𝛼
√
𝛽𝑅𝐷𝒉𝑅𝐷𝑾𝒚𝑅 + 𝑛𝐷, (13)

where 𝒚𝑅 is the received signal at R given in (1) and 𝛼 is the
relay amplification gain given in (3).



The dual-hop channel from S to D is given by ℎ =
𝒉𝑅𝐷𝑾𝒉𝑆𝑅. Unlike the single-antenna case, the dual-hop
channel in the multi-antenna case is not zero-mean due to
the relay precoding. We denote its variance as 𝜎2

ℎ, which can
be expressed as

𝜎2
ℎ = 𝔼{∣ℎ∣2} − (𝔼{ℎ})2
= 𝔼{∥𝒉̂𝑅𝐷∥2}𝔼{∥𝒉̂𝑆𝑅∥2}+ 𝔼{∥𝒉̂𝑅𝐷∥2}𝜎2

𝑒1

+𝔼{∥𝒉̂𝑆𝑅∥2}𝜎2
𝑒2+𝜎2

𝑒1𝜎
2
𝑒2−(𝔼{𝒉̂𝑅𝐷})2(𝔼{𝒉̂𝑆𝑅})2.

(14)

During the training phase, the LMMSE is used at D to
estimate the dual-hop channel gain ℎ. Specifically, we have

𝑦𝐷,𝑖 = 𝛼𝑡

√
𝒫𝑆𝑡𝛽𝑅𝐷𝛽𝑆𝑅ℎ𝑥𝑖 + 𝑢𝑡,𝑖, 𝑖 = 1, 2, ..., 𝐿𝑡, (15)

where

𝛼𝑡 =

√
𝒫𝑅𝑡

𝒫𝑆𝑡𝛽𝑆𝑅 + 𝜎2
𝑅

, (16)

and

𝑢𝑡,𝑖 = 𝛼𝑡

√
𝛽𝑅𝐷𝒉𝑅𝐷𝑾𝒏𝑅,𝑖 + 𝑛𝐷,𝑖. (17)

We denote the variance of 𝑢𝑡,𝑖, ∀𝑖 as 𝜎2
𝑢𝑡, which can be

computed as

𝜎2
𝑢𝑡 = 𝔼{∣𝑢𝑡,𝑖∣2} = 𝛼2

𝑡𝛽𝑅𝐷𝜎2
𝑅(𝔼{∥𝒉̂𝑅𝐷∥2}+ 𝜎2

𝑒2) + 𝜎2
𝐷. (18)

The LMMSE estimate of ℎ is obtained by combining the
𝐿𝑡 training observations. Similar to the single-antenna case,
we denote the estimate of ℎ and the estimation error as ℎ̂ and
ℎ̃, respectively, i.e.,ℎ = ℎ̂+ ℎ̃. The variances of ℎ̂ and ℎ̃ are
given by, respectively,

𝜎2
ℎ̂

= 𝜎2
ℎ

𝜎2
ℎ𝛼

2
𝑡𝒫𝑆𝑡𝛽𝑅𝐷𝛽𝑆𝑅𝐿𝑡

𝜎2
ℎ𝛼

2
𝑡𝒫𝑆𝑡𝛽𝑅𝐷𝛽𝑆𝑅𝐿𝑡 + 𝜎2

𝑢𝑡

, (19)

and

𝜎2
ℎ̃
= 𝜎2

ℎ

𝜎2
𝑢𝑡

𝜎2
ℎ𝛼

2
𝑡𝒫𝑆𝑡𝛽𝑅𝐷𝛽𝑆𝑅𝐿𝑡 + 𝜎2

𝑢𝑡

. (20)

During the data transmission phase, the received signal at
D is given by

𝑦𝐷 = 𝛼𝑑

√
𝒫𝑆𝑑𝛽𝑅𝐷𝛽𝑆𝑅ℎ𝑥+ 𝑢𝑑

= 𝛼𝑑

√
𝒫𝑆𝑑𝛽𝑅𝐷𝛽𝑆𝑅ℎ̂𝑥+𝛼𝑑

√
𝒫𝑆𝑑𝛽𝑅𝐷𝛽𝑆𝑅ℎ̃𝑥+𝑢𝑑,(21)

where

𝛼𝑑 =

√
𝒫𝑅𝑑

𝒫𝑆𝑑𝛽𝑆𝑅 + 𝜎2
𝑅

, (22)

and

𝑢𝑑 = 𝛼𝑑

√
𝛽𝑅𝐷𝒉𝑅𝐷𝑾𝒏𝑅 + 𝑛𝐷. (23)

We denote the variance of 𝑢𝑑 as 𝜎2
𝑢𝑑, which can be computed

as

𝜎2
𝑢𝑑 = 𝔼{∣𝑢𝑑∣2} = 𝛼2

𝑑𝛽𝑅𝐷𝜎2
𝑅(𝔼{∥𝒉̂𝑅𝐷∥2}+ 𝜎2

𝑒2) + 𝜎2
𝐷. (24)

Similar to the single-antenna case, we can define the average
receive SNR of the dual-hop link based on (21) as

𝜌ave =
𝔼

{∣∣∣𝛼𝑑

√𝒫𝑆𝑑𝛽𝑅𝐷𝛽𝑆𝑅ℎ̂𝑥
∣∣∣2}

𝔼

{∣∣∣𝛼𝑑

√𝒫𝑆𝑑𝛽𝑅𝐷𝛽𝑆𝑅ℎ̃𝑥+ 𝑢𝑑

∣∣∣2}
=

𝛼2
𝑑𝒫𝑆𝑑𝛽𝑅𝐷𝛽𝑆𝑅𝔼{∣ℎ̂∣2}

𝛼2
𝑑𝒫𝑆𝑑𝛽𝑅𝐷𝛽𝑆𝑅𝔼{∣ℎ̃∣2}+ 𝜎2

𝑢𝑑

=
𝛼2
𝑑𝒫𝑆𝑑𝛽𝑅𝐷𝛽𝑆𝑅

[
𝜎2
ℎ̂
+ (𝔼{ℎ})2

]
𝛼2
𝑑𝒫𝑆𝑑𝛽𝑅𝐷𝛽𝑆𝑅𝜎2

ℎ̃
+ 𝜎2

𝑢𝑑

, (25)

where 𝔼{ℎ} = 𝔼{∥𝒉̂𝑅𝐷∥}𝔼{∥𝒉̂𝑆𝑅∥} is the mean value of
the dual-hop channel.

A closed-form expression of the average receive SNR can
be obtained using the following identities:

𝔼{∥𝒉̂𝑅𝐷∥2} = 𝑁𝑅(1− 𝜎2
𝑒2),

𝔼{∥𝒉̂𝑆𝑅∥2} = 𝑁𝑅(1− 𝜎2
𝑒1),

(𝔼{∥𝒉̂𝑅𝐷∥})2 =
[Γ(𝑁𝑅 + 1/2)

Γ(𝑁𝑅)

]2
(1− 𝜎2

𝑒2),

(𝔼{∥𝒉̂𝑆𝑅∥})2 =
[Γ(𝑁𝑅 + 1/2)

Γ(𝑁𝑅)

]2
(1− 𝜎2

𝑒1).

The derivations of the above equations are similar to those
in [16, Eqs. (3-5)], hence are omitted for brevity.

A. Optimizing Relaying Energy Allocation

We formulate the same relaying energy allocation problem
as in the single-antenna case described in (9). Specifically, we
solve the optimization problem given by max𝜙 𝜌ave, subject to
an average relaying power budget 𝒫𝑅. To obtain the optimal
relaying energy allocation, one can numerically search for the
value of 𝜙 ∈ (0, 1) that maximizes 𝜌ave in (25). However, the
optimal solution depends on all system parameters as well as
the individual channel estimates. In the following, we look for
a simple closed-form solution of the relaying energy allocation
that depends on the least number of system parameters.

Applying the high SNR assumptions, i.e.,𝒫𝑆𝑡𝛽𝑆𝑅 ≫ 𝜎2
𝑅,

𝒫𝑆𝑑𝛽𝑆𝑅 ≫ 𝜎2
𝑅, 𝒫𝑅𝑡𝛽𝑅𝐷 ≫ 𝜎2

𝐷 and 𝒫𝑅𝑑𝛽𝑅𝐷 ≫ 𝜎2
𝐷, the

average receive SNR in (25) is approximated as

𝜌ave ≈
𝒫𝑅𝑑𝛽𝑅𝐷

[
𝜎4
ℎ𝒫𝑅𝑡𝛽𝑅𝐷𝐿𝑡+(𝔼{ℎ})2(𝜎2

ℎ𝒫𝑅𝑡𝛽𝑅𝐷𝐿𝑡+𝜎2
𝑢𝑡)

]
𝒫𝑅𝑑𝛽𝑅𝐷𝜎2

ℎ𝜎
2
𝑢𝑡 + 𝜎2

𝑢𝑑(𝜎
2
ℎ𝒫𝑅𝑡𝛽𝑅𝐷𝐿𝑡 + 𝜎2

𝑢𝑡)

≈
𝒫𝑅𝑑𝛽𝑅𝐷

[
𝜎4
ℎ𝒫𝑅𝑡𝛽𝑅𝐷𝐿𝑡 + 𝜎2

ℎ𝒫𝑅𝑡𝛽𝑅𝐷𝐿𝑡(𝔼{ℎ})2
]

𝒫𝑅𝑑𝛽𝑅𝐷𝜎2
ℎ𝜎

2
𝑢𝑡 + 𝜎2

ℎ𝒫𝑅𝑡𝛽𝑅𝐷𝐿𝑡𝜎2
𝑢𝑑

≈
𝒫𝑅𝑑𝒫𝑅𝑡𝛽𝑅𝐷𝐿𝑡

[
𝜎2
ℎ + (𝔼{ℎ})2

]
/𝜎2

𝐷

𝒫𝑅𝑑

(
𝒫𝑅𝑡𝛽𝑅𝐷

𝒫𝑆𝑡𝛽𝑆𝑅
𝜅+ 1

)
+ 𝒫𝑅𝑡𝐿𝑡

(
𝒫𝑅𝑑𝛽𝑅𝐷

𝒫𝑆𝑑𝛽𝑆𝑅
𝜅+ 1

) , (26)

where 𝜅 =
𝜎2
𝑅

𝜎2
𝐷
(𝔼{∥ℎ̂𝑅𝐷∥2}+ 𝜎2

𝑒2) + 1.
In this high SNR regime, the optimal value of 𝜙 that

maximizes 𝜌ave in (26) can be found by first substituting (9)
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Fig. 2. The average receive SNR 𝜌ave versus average relaying power 𝒫𝑅

in systems with a single-antenna relay. The markers show the maximum 𝜌ave
achieved with the optimal 𝜙 found numerically. The solid lines show the 𝜌ave
achieved using the proposed closed-form 𝜙𝑜 in (11). The dashed lines show
the 𝜌ave achieved with fixed power relaying, i.e.,𝒫𝑅𝑡 = 𝒫𝑅𝑑. The transmit
power at S is set to 𝒫𝑆𝑡 = 𝒫𝑆𝑑 = 10 dB. The block structure is given by
𝐿𝑡 = 1 and 𝐿𝑑 = 10.

into (26), then set the first derivative of 𝜌ave w.r.t.𝜙 be zero
and solve for the root. The solution is given as

𝜙𝑜 =
1

1 +
√
𝐿𝑑

. (27)

This solution only depends on the data length 𝐿𝑑 and does
not depend on any other system parameters or the individual
channel estimates. Hence, the designer can set the relaying
energy allocation without knowing the quality of the channel
estimates, and the energy budgets and locations of all termi-
nals. Furthermore, this solution is independent of the number
of antennas at R.

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we present numerical results to illustrate
the performance gain from optimizing the relaying energy
allocation. We normalize the receiver noise variances as 𝜎2

𝑅 =
𝜎2
𝐷 = 1. Figs. 2 shows the average receive SNR 𝜌ave in systems

with a single-antenna relay, while Figs. 3 and 4 show 𝜌ave for
the case of a 4-antenna relay with different data lengths in the
block-wise transmissions. In particular, we are interested in
the performance of the proposed closed-form relaying energy
allocation given in (11) or (27), which is derived from the
high SNR regime. It is clear from the figures that this simple
closed-form design achieves nearly the optimal performance
over a wide range of relaying power budget for both a single-
antenna relay and a multi-antenna relay.

Furthermore, the simple yet near-optimal design gives cer-
tain performance improvements over fixed power relaying
(i.e.,𝒫𝑅𝑡 = 𝒫𝑅𝑑). As shown in Figs. 2, for achieving the
same level of average receive SNR (which can be regarded as
a target QoS), one saves around 1 dB of the relaying power
by optimizing the relaying energy allocation instead of fixed
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Fig. 3. The average receive SNR 𝜌ave versus average relaying power 𝒫𝑅 in
systems with a 4-antenna relay. The markers show the maximum 𝜌ave achieved
with the optimal 𝜙 found numerically. The solid lines show the 𝜌ave achieved
using the proposed closed-form 𝜙𝑜 in (27). The dashed lines show the 𝜌ave
achieved with fixed power relaying, i.e.,𝒫𝑅𝑡 = 𝒫𝑅𝑑. The transmit power
at S is set to 𝒫𝑆𝑡 = 𝒫𝑆𝑑 = 10 dB. The estimation error of the individual
channels has variance of 𝜎2

𝑒1 = 𝜎2
𝑒2 = 0.1. The block structure is given by

𝐿𝑡 = 1 and 𝐿𝑑 = 10.

0 5 10 15 20
6

8

10

12

14

16

18

20

Average relaying power [dB]

A
ve

ra
ge

 r
ec

ei
ve

 S
N

R
 [

dB
]

 

 

optimal
closed−form, φ

o

fixed power

β
SR

 = 1, β
RD

 = 1

β
SR

 = 5, β
RD

 = 1

β
SR

 = 1, β
RD

 = 5

Fig. 4. The average receive SNR 𝜌ave versus average relaying power 𝒫𝑅 in
systems with a 4-antenna relay. The markers show the maximum 𝜌ave achieved
with the optimal 𝜙 found numerically. The solid lines show the 𝜌ave achieved
using the proposed closed-form 𝜙𝑜 in (27). The dashed lines show the 𝜌ave
achieved with fixed power relaying, i.e.,𝒫𝑅𝑡 = 𝒫𝑅𝑑. The transmit power
at S is set to 𝒫𝑆𝑡 = 𝒫𝑆𝑑 = 10 dB. The estimation error of the individual
channels has variance of 𝜎2

𝑒1 = 𝜎2
𝑒2 = 0.1. The block structure is given by

𝐿𝑡 = 1 and 𝐿𝑑 = 50.

power relaying. More interestingly, the amount of improve-
ment depends on the transmission block structure, i.e., the
lengths of pilot and data symbols. For a fixed pilot length,
the improvement from optimizing relaying energy allocation
becomes more significant as the data length increases. This can
be seen by comparing Fig. 3 for systems with 𝐿𝑡 = 1, 𝐿𝑑 = 10
and Fig. 4 for systems with 𝐿𝑡 = 1, 𝐿𝑑 = 50. For achieving
the same level of average receive SNR, one saves around



0.7 dB of the relaying power by optimizing the relaying energy
allocation instead of fixed power relaying when 𝐿𝑑 = 10. This
power saving boosts up to around 1.6 dB when 𝐿𝑑 = 50. This
result suggests that optimizing the relaying energy allocation
may be important for slow fading channel that has a relatively
long coherence time to allow a large number of data symbols
in one transmission block.

VI. CONCLUSION

In this paper, we studied the relaying energy allocation
between training and data transmission for a AF relay. The
closed-form energy allocation derived from the high SNR
analysis was shown to achieve near-optimal performance over
a wide range of relaying power budget. More importantly, the
derived energy allocation solution only depends on the block
transmission structure but not on any other system parameters,
which makes it attractive for practical implementation.
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