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Abstract

Uplift modeling is crucial in various applications ranging from marketing and policy-

making to personalized recommendations. The main objective is to learn optimal

treatment allocations for a heterogeneous population. A primary line of existing work

modifies the loss function of the decision tree algorithm to identify cohorts with het-

erogeneous treatment effects. Another line of work estimates the individual treatment

effects separately for the treatment group and the control group using off-the-shelf

supervised learning algorithms. The former approach that directly models the hetero-

geneous treatment effect is known to outperform the latter in practice. However, the

existing tree-based methods are mostly limited to a single treatment and a single con-

trol use case, except for a handful of extensions to multiple discrete treatments. In this

paper, we propose a generalization of tree-based approaches to tackle multiple discrete

and continuous-valued treatments. We focus on a generalization of the well-known

causal tree algorithm due to its desirable statistical properties, but our generalization

technique can be applied to other tree-based approaches as well. The efficacy of our

proposed method is demonstrated using experiments and real data examples.
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1 Introduction

Uplift modeling (Gutierrez and Gérardy, 2017; Zhang et al., 2021) aims to identify indi-

viduals who benefit the most as a result of receiving a certain intervention. It has a wide

range of applications, including political or marketing campaigns, policy-making, ad target-

ing, personalized medicine, and much more. Under Rubin’s framework of causal inference

(Rubin, 1974), uplift modeling amounts to estimating the Conditional Average Treatment

Effect (a.k.a. heterogeneous causal effect or individual treatment effect) for each individual

based on their characteristics (or heterogeneity factors). Uplift modeling usually consid-

ers randomized control experiment data with a treatment group and a control group. The

treatment group is a randomly selected population segment where each individual receives

the intervention (or treatment) under consideration (e.g., medical treatment or a marketing

campaign). The control group is another disjoint random segment to which the intervention

is not applied. The aim is to predict the difference in the counterfactual responses when

an individual receives treatment versus when the same individual receives control. These

estimates are then used to decide whether the treatment should be applied. An important

modification to the problem is when several treatments (possibly infinitely many) are avail-

able to us. In this case, we need to decide whether a treatment should be applied or not and

which treatment (e.g., medicine dose) is the most beneficial in a given case.

Though there is a huge literature on uplift modeling, most of the focus has been on

binary treatments, that is, one treatment and one control; see Zhang et al. (2021) for a recent

literature review. It is of utmost importance to develop methods for uplift modeling with

multiple discrete and continuous treatments, e.g., determining continuous weight parameters

for search or recommender systems (Agarwal et al., 2018), choosing different doses of a drug

(Jin and Rubin, 2008), choosing various thresholds for sending notifications or emails (Gupta

et al., 2016; Liu et al., 2023). Recently, there are some methods that have tried to tackle

the finitely many multiple-treatment (Rzepakowski and Jaroszewicz, 2012; Zhao et al., 2017;
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Guo et al., 2020; Zhou et al., 2023) or continuous-treatment (Oprescu et al., 2019; Bica

et al., 2020a; Wan et al., 2022) scenarios. In this paper, we propose a novel generalization of

the well-known Causal Tree (Athey and Imbens, 2016) algorithm, called Generalized Causal

Tree (GCT), for uplift modeling with multiple discrete or continuous treatments. We chose

to generalize the causal tree algorithm due to its desirable statistical properties, but our

generalization technique can also be applied to other decision-tree-based approaches.

The paper is organized as follows. Section 2 introduces the problem setup and the causal

tree approach. Section 3 discusses the details of the GCT algorithm and an implementation-

friendly variant of GCT. The output of GCT is user-friendly in the sense that it is (i)

interpretable for understanding the treatment effect diversity and (ii) easily utilizable for

optimal treatment allocations. We demonstrate the efficacy of our algorithm through em-

pirical evaluations in Section 4 and uplift analysis on two real-world datasets in Section 5

before concluding with a discussion in Section 6. We end this section by highlighting some

of the related works.

Related Works: The uplift modeling problem can be decomposed into several sub-

regression problems that can be solved with any supervised learning method. These types

of approaches are called meta-algorithms or meta-learners (Künzel et al., 2019). A sub-class

of meta-learners are the so-called two-model approaches (a.k.a. T-learner) that build two

separate predictive models for the treatment and control groups. The two-model approach

naturally extends to continuous treatments (or multiple discrete treatments) by modeling the

treatment group response as a function of the covariates and the treatment value. The treat-

ment indicator plays a different role than the other features in the two-model approach, but

there exist meta-learners where the treatment indicator is considered as an additional covari-

ate (or feature), and the treatment effect predictions are computed from a single supervised

learning model (Hill, 2011; Green and Kern, 2012). These single-model based meta-learners

are also known as S-learners, and they can also be extended to continuous treatments. There

are other meta-learner approaches that use special formulations for binary treatments, in-
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cluding X-learner (Künzel et al., 2019) and PW-learner (Curth and van der Schaar, 2021).

The main advantage of this approach is that state-of-the-art machine learning models (such

as Random Forest and XGBoost) can be used directly for the “uplift” prediction. However,

good prediction performances for both the treatment and control group models do not guar-

antee good uplift predictions. One of the main reasons is that the most relevant variables for

the treatment model or the control model might not be the most relevant variables for the

uplift predictions. We refer to Section 5 of Radcliffe and Surry (2011) for a simulation-based

illustration along with a nicely presented list of intuitive arguments on the failure of the

two-model approach. For further empirical evidence on the disadvantage of the two-model

approach, see Knaus et al. (2020); Zaniewicz and Jaroszewicz (2013).

Another line of work models the treatment effect directly by modifying well-known clas-

sification machine learning algorithms. For example, Guelman et al. (2014) focused on

k-nearest neighbors while Zaniewicz and Jaroszewicz (2013) proposed a modification of the

SVM model. Other methods in the literature are based on modifications of the splitting

criterion in decision trees (Athey and Imbens, 2016; Radcliffe and Surry, 2011; Rzepakowski

and Jaroszewicz, 2012). Hansotia and Rukstales (2002) proposed a splitting criterion based

on the difference in the uplift between two leaves. Radcliffe and Surry (2011) proposed to

fit a linear model with an interaction term representing the relationship between treatment

and the split and defined a splitting criterion based on the significance of the interaction

term. Rzepakowski and Jaroszewicz (2012) described three splitting criteria based on the

divergence between the treatment and control groups in the leaves. Athey and Imbens

(2016) proposed the causal tree algorithm through a treatment effect based splitting crite-

rion. Most of these approaches are focused on binary uplift models, i.e., single treatment and

single control use case. A natural extension to multiple treatment cases is to build binary

uplift models for each treatment separately. However, this simple extension is infeasible for

continuous treatments. Moreover, building separate models for each treatment is compu-

tationally and statistically inefficient. To address these issues, some authors (Rzepakowski
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and Jaroszewicz, 2012; Zhao et al., 2017) proposed appropriate adjustments to the splitting

criteria that can tackle multiple treatments simultaneously in a modified decision tree ap-

proach. Unfortunately, these extensions cannot handle continuous treatments without an

ad hoc discretization of treatment values. Our main contribution is to show that there is

no need for an ad hoc discretization of continuous treatment values when we can learn an

optimal segmentation of the treatment values from data.

2 Uplift Modeling using Causal Tree

We define uplift modeling as a problem of optimal treatment selection to maximize fu-

ture average response in a population using randomized experiment data. We discuss how

the causal tree algorithm can be used to maximize the average response in the single treat-

ment case. Next, we point out the main disadvantages of the existing causal-tree related

approaches for the multiple discrete and continuous treatment use cases.

Problem Definition: We consider a randomized experiment with control and treatment

groups. The data consists of the treatment assignment T P t0u Y Z, the response variable

Y P R, and potential heterogeneity factorsX P X , where Z and X denote the set of treatment

values in the treatment group and the set of all values taken by X respectively. Without

loss of generality, we assume that each member in the control group received T “ 0, and

each member in the treatment group is assigned a treatment value Z P Z Ď Rzt0u generated

from a (discrete or continuous) probability distribution pZp¨q on Z. For the single treatment

case, pZp¨q is a point mass distribution on Z “ t1u (without loss of generality). In this

paper, we do not discuss the choice of X but focus on exploiting the heterogeneity of the

conditional treatment effect to maximize the average response for a given X. The set of

potential heterogeneity factors X are assumed to be pre-treatment covariates (i.e., X is

independent of T ).

Let µpt,xq “ ErY pT “ tq | X “ xs denote the average counterfactual response for

individuals with characteristics (or heterogeneity factors) X “ x under the treatment T “ t.
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We further define τpz,xq “ µpz,xq´µp0,xq to be the conditional treatment effect for X “ x

and z P Z. For single treatment case, we denote the individual treatment effect by τpxq.

Causal Tree: The single treatment causal tree algorithm of Athey and Imbens (2016)

fits a decision tree model for estimating conditional treatment effect τpxq with a splitting

criterion that maximizes the sum of squared treatment effects in the leaves (i.e., nodes

without children) while penalizing for higher estimation variances. The output of the causal

tree algorithm is a partition (i.e., a disjoint and exhaustive collection) Π1, . . . ,ΠK of X

and the estimated causal effects τ̂pΠ1q, . . . , τ̂pΠKq in those cohorts. Based on the estimated

causal effects, one can choose treatment or control for each cohort for future assignments,

where the within cohort treatment effects are assumed to be homogeneous (or statistically

indistinguishable). Tu et al. (2021) used the single treatment causal tree algorithm in a

multi-treatment uplift modeling setting by building separate trees for each treatment and

then merging the trees to obtain a finer partition Π1
1, . . . ,Π

1
K of X . The authors also described

a procedure to obtain cohort-specific treatment effect estimates τpz,Π1
iq for all z P Z using

the estimated treatment effects in the separately built trees. These estimates can be used to

maximize the future total effect by assigning

vpxq “

$

’

&

’

%

argmax
zPZ

τ̂pz,Π1
iq if max

zPZ
τ̂pz,Π1

iq ą 0,

0 otherwise

to each Π1
i for i “ 1, . . . , K.

Sample Inefficiency: This approach can suffer from sample inefficiency by ignoring

the presence of similarities between treatments. For example, suppose treatments T “ 1

and T “ 2 are identical, then there is no need to learn separate causal trees for T “ 1

and T “ 2 by splitting the data corresponding to T P t1, 2u. Of course, we may not have

prior knowledge of treatment similarities. Still, we can be more sample efficient by learning

treatment cohorts (i.e., a similarity-based partition of the treatment set Z) jointly with the

X cohorts. Moreover, the partitioning of the treatment set is a necessity when Z contains
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infinitely many values (e.g., continuous treatment), as building separate trees is not possible

anymore.

Continuous Treatment: Existing continuous treatment version of the causal tree or

causal forest (Wager and Athey, 2018) algorithm defines the treatment effect to be τpxq :“

B

Bt
µpt,xq, assuming the linearity of µpt,xq with respect to t. The linearity assumption is

crucial for having constant τpxq for all values of t, and in this case τpxq can be interpreted as

the change in the average response for changing the treatment to t to t ` 1. The linearity is

a strong assumption here, and consequently, the optimal treatment will always be either the

maximum or the minimum treatment value. Therefore, we avoid the use of such a technique

for uplift modeling. In the following section, we propose the GCT algorithm that produces

a partition Π1, . . . ,ΠK of X , a partition Γ1, . . . ,ΓK of Z, and the estimates of causal effects

τ̂pΓj,Πiq for each pΓj,Πiq pair. We emphasize that GCT groups similar treatments together

based on homogeneity of the treatment effects jointly with the identification of homogeneous

X-cohorts from data. This is different from applying a multiple treatment uplift modeling

after discretizing continuous treatment values based on quantiles or ad hoc cut points.

Assumptions and Limitations: Under Rubin’s potential outcome framework (Rubin,

1974), we require the following standard assumptions of the individual treatment effects

(ITE) literature (Bica et al., 2020b; Imai and Van Dyk, 2004; Imbens, 2000; Schulam and

Saria, 2017; van der Schaar, 2020): (i) unconfoundedness and (ii) the Stable Unit Treatment

Value assumption (SUTVA). The unconfoundedness assumption states that the treatment

variable and the potential outcomes are conditionally independent given the pre-treatment

covariates. SUTVA ensures that the potential outcome of an experiment unit is unaffected

by the treatment assignment of the other units. Additionally, we assume completely ran-

domized treatment (i.e., the independence of the treatment variable and the pre-treatment

covariates) and the existence of a control dataset (i.e., P pT “ 0q ą 0). These assumptions

are more common in the uplift modeling literature than in the ITE estimation literature. It

is straightforward to remove the completely randomized treatment assumption by applying,
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for example, inverse propensity score weighting techniques. However, the proposed method-

ologies are only applicable in settings with a control dataset and a treatment dataset with

different treatment values.

3 Generalized Causal Tree (GCT)

We consider data from a randomized experiment with a control group corresponding to

tT “ 0u and a treatment group corresponding to tT P Zu, as described in Section 2. We

define W “ 1tTPZu to be the treatment group indicator and Z1 “ pT | W “ 1q to be the

treatment value in the treatment group. We use the subscript “1” in Z1 to emphasize the

fact that Z1 is defined only for the treatment group tW “ 1u. Let Str
0 “ tpx

p0q

i , y
p0q

i qu
N0
i“1

and Str
1 “ tpx

p1q

i , y
p1q

i , z
p1q

i qu
N1
i“1 denote the data corresponding to the control group tW “ 0u

and the treatment group tW “ 1u respectively containing pre-treatment covariates x
pwq

i and

response y
pwq

i for w “ 0, 1, and treatment value z
p1q

i . Note that we can fit a single treatment

causal tree to Str based on the binary treatment indicator W (by ignoring the Z1 values).

We generalize this by adding the use of Z1 in the causal tree splitting criterion defined by

(3.1).

Although we focus on the causal tree algorithm, our strategy works for any decision tree-

based uplift modeling method. To exhibit this, we use a generic form of the objective function

of the causal tree algorithm. At every step, the single treatment causal tree algorithm based

on the treatment indicator W splits a leaf node in the current decision tree D to increase (if

possible) the value of an objective function of the form

OpD, Str
q “

ÿk

i“1
g

`

hpStr
1 pΠiqq, hpStr

0 pΠiq
˘

, (3.1)

where gp¨, ¨q measures the utility of a leaf node (i.e., the square of estimated treatment

effect minus the square of its estimated standard error), hp¨q is a set of summary statistics

(i.e., count, mean and variance) on responses conditioned on Str
w pΠiq Ď Str

w , tΠ1, . . . ,Πku

is a partition of X defined by the leaf nodes in D, and Str
w pΠiq “ tpx

pwq

i , y
pwq

i q : 1 ď i ď
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Nw, x
pwq

i P Πiu for w “ 0, 1. Now, we modify the objective function (3.1) to allow splitting

the treatment data based on both X and Z.

O˚
pD,Str

q “
ÿk

i“1
g

`

hpStr
1 pΛiqq, hpStr

0 pΠiq
˘

, (3.2)

where Str
1 pΛiq “ tpx

p1q

i , y
p1q

i , z
p1q

i q : 1 ď i ď N1, px
p1q

i , z
p1q

i q P Λiu. We call this causal tree algo-

rithm with the modified objective function (3.2) the basic Generalized Causal Tree (GCT)

algorithm. The output of basic GCT is a partition PX ,Z “ tΛiu
K
i“1 of X ˆ Z, and the cor-

responding estimates τ̂pΛiq. Following the “honest” approach Athey and Imbens (2016), we

assume the existence of an additional dataset Sest :“ tSest
0 ,Sest

1 u for estimating treatment

effects in leaf nodes. Hence, we have

τ̂pΛiq “ ÊrY | Sest
1 pΛiqs ´ ÊrY | Sest

0 pΠiqs,

i.e., the difference between the empirical average responses in Sest
1 pΛiq and Sest

0 pΠiq. In the

special case where Z1 is not chosen by GCT for partitioning (because Z1 is not a detectable

heterogeneity factor), we have Λi “ Πi ˆ Z and τ̂pΛiq “ τ̂pΠiq “ ÊrY | Sest
1 pΠiqs ´ ÊrY |

Sest
0 pΠiqs.

There are two significant obstacles to using the basic GCT algorithm in practice. The

first issue is the moderately high implementation cost, as one needs to modify the splitting

criterion in an existing implementation of the single treatment causal tree algorithm. The

second issue is that the X-cohorts tΠi Ď X : pΠi,Γiq P PX ,Z , Γi Ď Zu are not disjoint sets

and hence they do not form a partition of X . This makes it computationally expensive to

identify an optimal treatment for each member in a population, especially in large-scale web

applications with billions of members (Tu et al., 2021). To overcome these obstacles, we

propose an implementation-friendly modification of basic GCT. Then we address the second

issue by making a user-friendly transformation of the output of basic GCT.
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3.1 Implementation-friendly Objective

We propose a modification of the objective function (3.2) such that an existing imple-

mentation of the single treatment causal tree algorithm can be reused directly. We wish to

learn a causal tree based on W while using X and Z1 jointly as heterogeneity factors. This

is not possible without extending the definition of Z1 to the control group. To this end, we

assign a Z-value to each data point in the control group by randomly selecting a value from

the distribution pZ1p¨q of Z1. We define Z as

Z “ Z1 ˆ 1tW“1u ` Z0 ˆ 1tW“0u (3.3)

where Z0 is independently and identically distributed as Z1. In practice, we sample from

the empirical distribution of Z1 if the actual distribution is unknown. By choosing the

distribution of Z0 the same as the distribution of Z1, we make sure the same proportion of

samples (on average) in the treatment and control group in each leaf node. Based on the

definition of Z as in (3.3), we rewrite the training data as Str “ tpxi, yi, zi, wiquNi“1 where

N “ N0 ` N1. Now we propose the implementation-friendly objective function

O˚
pD,Str

q “
ÿk

i“1
gphpStr

1 pΛiqq, hpStr
0 pΛiqq, (3.4)

where Str
w pΛiq “ tpxi, yi, zi, wiq : 1 ď i ď N,wi “ w, pxi, ziq P Λiu for w = 0, 1. Note that the

difference between GCT based on Eq.(3.4) and GCT based on Eq.(3.2) is that the former

splits both treatment data and control data based on a constraint on Z defined in Eq. (3.3)

while the latter keeps the control data unchanged for splits based on Z1 “ pT | W “ 1q.

Note that we reduce the effective sample size corresponding to tW “ 0u through the

artificially induced randomness of Z0 in Eq. (3.3). This could be a concern in situations

where collecting data corresponding to tW “ 0u is expensive. However, this is not a concern

in many cases, including web-scale problems where there is no shortage of data corresponding
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to tW “ 0u (the baseline model). Typically, we have a control group at least as large as the

treatment group. In the case of equal-sized treatment and control groups, GCT based on

Eq. (3.4) would have identical sample size distributions for the treatment group and control

group in each PX ,Z cohort. This implies the same level of uncertainties in the average

treatment response and average control response in those groups.

Additional Notation: Consider a decision tree D based on a features X. Recall that

D defines a partition of X based on its leaf nodes. We assign a unique identifier idpℓ,Dq to

each leaf ℓ. We represent D as a full binary tree where each non-leaf node a contains (i) a

pointer to the left child node leftpaq, (ii) a pointer to the right child node rightpaq, and (iii)

a cohort definition πpaq Ď X with πpaq :“ X for the root node a. A non-leaf node a is a

unique parent of leftpaq and rightpaq. If we decide to split a node a based on a continuous

feature Xr P X and at the value s, then we have πpleftpaqq “ tpxr,x´rq P Xr ˆ X´r :

xr ď su and πprightpaqq “ tpxr,x´rq P Xr ˆ X´r : xr ą su, where Xr and X´r denote the

sets of values taken by Xr and XztXru respectively. We denote the parent of a in D by

parentpa,Dq. A sequence of nodes a0, . . . , ak is an ancestral path a0 to ak in D if for each

i P t1, . . . , ku, ai´1 “ parentpai,Dq. Let tℓiu
K
i“1 be all leaf nodes of D. For each leaf ℓi, we

define Πi :“ ΠXpℓi,Dq :“ X
ki
r“0πpar,Dqq, where a0, . . . , aki is the unique ancestral path from

the root a0 to ℓi “ aki . Then PX :“ tΠiu
K
i“1 forms a partition of X .

A post-order traversal on a binary tree returns an ordering of the node through a recursive

depth-first traversal that first visits the left sub-tree, then the right sub-tree, and finally the

root. For any X1 Ď X, we denote the coordinate-wise projection of ΠXpa,Dq onto X 1

(the set of all possible X1 values) by ΠX1pa,Dq (i.e., obtained by removing all coordinates

corresponding to XzX1). For convenience, we use the same notation to denote a singleton

set tiu and its element i.

3.2 User-friendly Output

We transform the output of basic GCT PX ,Z to a cross-product PXˆPZ “ tΠ1, . . . ,ΠKX uˆ

tΓ1, . . . ,ΓKX u of partitions of X and partitions of Z and provide corresponding treatment
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Figure 1: GCT output transformation visualization

effect estimates, i.e., tτ̂pΠi,Γjq : Πi P PX , Γj P PZu. The transformed output is much

more user-friendly because the cross-product representation of cohorts makes it easy to find

an optimal treatment set for each Πi P PX by setting Γi˚ “ argmax
ΓjPPZ

τ̂pΠi,Γjq whenever

max
ΓjPPZ

τ̂pΠi,Γjq ą 0. Then for any individual with features x P Πi an optimal treatment can

be chosen from the conditional distribution pZp¨ | Γi˚q of Z given tZ P Γi˚u.

We use tree-modification procedure (Algorithm 1) to obtain PX ˆPZ and the correspond-

ing treatment effects via Algorithm 5. Before that, we illustrate the main idea with the toy

example depicted in Figure 1. We consider a continuous-valued Z and an one-dimensional

continuous-valued X. The left sub-figure represents estimated causal effects in a basic GCT

as piecewise constant functions on PX,Z , which is a collection of disjoint and exhaustive axis-

aligned rectangles. The right sub-figure represents PX ˆ PZ as a minimal (in terms of the

total number of rectangles) finer partition of X ˆ Z that is a cross-product of a partition of

X (corresponding to the vertical lines in the sub-figure) and a partition of Z (corresponding

to the horizontal lines in the sub-figure). The (color-coded) treatment effects in these finer

partitions are borrowed from the treatment effects in PX,Z .

Note that the X-cohorts can be obtained by projecting each cohort Λ P PX,Z onto X

and by splitting the resulting non-disjoint sets into disjoint sets appropriately. The splitting

steps can be done efficiently by exploiting the underlying decision tree structure. We present
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this idea formally in Algorithm 1, which allows us to remove a set of features X1 from a

decision tree Din such that (1) the output is a decision tree Dout based on the feature set

XzX1, and (2) for each leaf node ℓ in Dout, there exists a leaf node ℓ1 in Din such that

ΠXzX1pℓ,Doutq Ď ΠXzX1pℓ1,Dinq, where ΠXzX1p¨,Dinq denotes a cohort of Din projected onto

X zX 1. Additionally, For each leaf ℓ in Dout, we facilitate the identification of the set of

super-cohort leaves in Din, defined as

tℓ1
P Din : ΠXzX1pℓ,Doutq Ď ΠXzX1pℓ1,Dinqu. (3.5)

Algorithm 1 Removing features from a decision tree

Require: a decision tree D, a set features X1

1: Let a1, . . . , an be the ordering of the nodes from a post-order traversal in D;
2: for i “ 1, . . . , n do
3: if ai is a non-leaf and πpleftpaqq (or πprightpaq) contains a constraint involving a

feature in X1, then
4: merge leftpaiq and rightpaiq as follows:
5: if both leftpaiq, rightpaiq are leaves then
6: MergeLeaves(D, ai);
7: else if one of leftpaiq, rightpaiq is a leaf then
8: MergeLeafAndNonLeaf(D, ai);
9: else
10: MergeNonLeaves(D, ai);
11: end if
12: end if
13: end for
14: Return D

These sets of super-cohort leaves will be used in Algorithm 5 for computing treatment

effects. The main idea of Algorithm 1 is to sequentially visit each node a via a post-order

traversal and remove its children pleftpa,Dq, rightpa,Dqq whenever the split is defined by a

feature in X1, and merge the sub-trees below the children with the parent node a. The merg-

ing operation involves updating the children pointers and removing all nodes corresponding

to a conflicting cohort definition. Moreover, we keep track of the super-cohort sets defined

in (3.5) by passing the identifier information of the deleted nodes and the nodes that has
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lost their leaf status due to the merging.

The removing algorithm sequentially visits each node via a post-order traversal and

removes a split from the tree whenever the split is associated with the targeted feature.

Once a split is identified as a to-be-removed branch, the removal process not only concerns

with taking out the node from the tree, but also requires attention on merging the sub-trees

below the identified node with its parent node. Let a denote the parent node, and we want

to merge the two children of node a. Depending on the positions of the two child nodes, i.e.,

leftpaq and rightpaq, the merging operations can be categorized into three cases:

(i) MergeLeaves (Algorithm 2): When both children are leaf nodes, we merge the two by

removing them from the tree, and by passing their identifier to their parents, i.e.,

idpa,Dq “ idpleftpaq,Dq Y idprightpaq,Dq. See Figure (2a) for a graphical illustration.

(ii) MergeLeafAndNonLeaf (Algorithm 3): When one child of a is leaf, denoted by c2, and

the other child is not a leaf, denoted by c1, we connect the sub-tree below c1 with the

parent of c1. In this case, the identifier of c2 gets passed to the leaf nodes below c1.

See Figure (2b).

(iii) MergeNonLeaves (Algorithm 4): When both children are not leaves, denoted by c1 and

c2, we first connect the sub-tree below c1 with the parent of c1. Then we connect the

sub-tree below c2 with each leaf below c1 (node B, C and rightpc1q in Figure (2c))

while passing the identifiers to the leaves in the merged tree. This merging can cause

some empty cohort due to conflicting constraints and we prune the tree by removing

nodes containing empty cohorts. See Fig (2c) for an example.

Note that whenever we remove a leaf node ℓ from the current tree Dcurrent in MergeLeaves

and MergeLeafAndNonLeaf or transform a leaf node ℓ to non-leaf node inDcurrent in MergeNonLeaves,

we make to pass the identifiers to all leaf nodes ℓ1 in resulting treeDnew such that ΠXzX1pℓ1,Dnewq Ď

ΠXzX1pℓ,Dcurrentq. This facilitates the retrieval of Sℓ defined in (3.5) from the output Dout

of Algorithm 1 as Sℓ “ tℓ1 P Din : idpℓ1,Dinq P idpℓ,Doutqu.
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Algorithm 2 MergeLeaves(D, a)

Require: a decision tree D, a node a such that both children of a are leaf nodes
1: Set idpa,Dq “ idpleftpaq,Dq Y idprightpaq,Dq;
2: Set leftpaq “ rightpaq “ H;
3: Return D;

Algorithm 3 MergeLeafAndNonLeaf(D, a)

Require: a decision tree D, a node a such that one child of a is a leaf and the other child
is not a leaf

1: Let c1 be the non-leaf child of a and let c2 be the leaf child;
2: Set leftpa,Dq “ leftpc1q and rightpaq “ rightpc1q;
3: for each visited node a1 in a breadth-first traversal in the sub-tree below a do
4: if a1 is a leaf node then
5: Set idpa1,Dq “ idpa1,Dq Y idpc2,Dq;
6: end if
7: end for
8: Return D;

Algorithm 4 MergeNonLeaves(D, a)

Require: a decision tree D, a node a such that both children of a are non-leaf nodes
1: Let c1 “ leftpaq and c2 “ rightpaq;
2: Set leftpaq “ leftpc1q and rightpaq “ rightpc1q;
3: for each visited node a1 in a breadth first traversal in the sub-tree below a do
4: if a1 is a leaf node then
5: Set leftpa1,Dq “ leftpc2,Dq and rightpa1,Dq “ rightpc2,Dq;
6: for each visited node a2 in a breadth first traversal in the sub-tree starting from a1

do
7: if a2 is a leaf node then
8: idpa2,Dq “ idpa1,Dq Y idpa2,Dq;
9: else
10: if ΠXpc,Dq “ H for a child of a2 then
11: Let c1 be the other child;
12: Remove c and c1 by setting leftpa2q “ leftpc1q and rightpa2q “ rightpc1q and

13: if c1 is a leaf then
14: idpa2,Dq “ idpc1,Dq;
15: end if
16: end if
17: end if
18: end for
19: end if
20: end for
21: Return D;
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(a1) Before merging (a2) After merging

(a) Example of merging leaf children
(Algorithm 2)

(b1) Before merging (b2) After merging

(b) Example of merging leaf and non-leaf
children (Algorithm 3)

(c1) Before merging (c2) After merging

(c) Example of merging non-leaf children (Algorithm 4)

Figure 2: Examples of Algorithms 2-4

3.3 The Complete Algorithm

We formally present the GCT algorithm for identifying heterogeneous cohorts and esti-

mating the treatment effects of those cohorts in Algorithm 5. The algorithm is based on the

implementation-friendly objective function defined in Section 3.1 and user-friendly output

given in Section 3.2.

The output of the algorithm is a partition tΠ1, . . . ,ΠKX u of X , a partition tΓ1, . . . ,ΓKZu

of Z, and the treatment effects τ̂pΠi,Γjq for i “ 1, . . . , KX and j “ 1, . . . , KZ . Given these

estimates, for any x P X and z P Z, we can estimate the treatment effect as τ̂pΠi,Γjq by

identifying the unique cohorts Πi and Γj such that x P Πi and z P Γj. A step-by-step

demonstration of Algorithm 5 is provided in Appendix A.
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Algorithm 5 Generalized Causal Tree

1: Learn a causal tree CX,Z with treatment W, heterogeneity factors pX, Zq and response
Y ;

2: Let Λ1, . . . ,ΛM be the leaf-cohorts of CX,Z corresponding to leaf nodes ℓ1, . . . , ℓM ;

3: Let τ̂pΛiq :“ ÊrY pW “ 1q|pX, Zq P Λis ´ ÊrY pW “ 0q|pX, Zq P Λis for i “ 1, . . . ,M ;
4: Remove all nodes involving Z from CX,Z using Algorithm 1 with D “ CX,Z and X1 “ tZu

and denote the output by CX with leaf-cohorts Π1, . . . ,ΠKX corresponding to leaf nodes
ℓX,1, . . . , ℓX,KX ;

5: Remove all nodes involving X from CX,Z using Algorithm 1 with D “ CX,Z and X1 “ X
and denote the output by CZ with leaf-cohorts tΓ1, . . . ,ΓKZu corresponding to leaf nodes
ℓZ,1, . . . , ℓZ,KZ ;

6: for each pΠi,Γjq do
7: Find the unique leaf node ℓ in CX,Z corresponding to the id idpℓX,i, CXq X idpℓZ,j, CZq;
8: Set τ̂pΠi,Γjq “ τ̂pΛℓq;
9: end for

Theoretical Properties: Our algorithm is designed in a way such that all statistical

properties of the single treatment causal tree based treatment effect estimators hold for our

GCT based treatment effect estimators. This follows from the following identifiability result

where we show that the causal tree algorithm based on the treatment indicator W and the

heterogeneity factors pX,Zq is indeed estimating τpz,xq. The proof is given in Appendix B.

Theorem 1. Let τpz,xq be the conditional average treatment effect of T “ z given X “ x.

Then τpz,xq “ ErY pW “ 1q | X “ x, Z “ zs ´ ErY pW “ 0q | X “ x, Z “ zs under the

assumptions given in Section 1.

Scalability: Since we are just adding one extra variable Z to the feature set X, the

impact on the time-complexity of the original causal-tree algorithm (or any decision tree

based method) is expected to be minimal. It is easy to show that the worst-case time-

complexity of creating the used-friendly output from a given causal tree with m nodes is

Opm2q.

4 Experiments

We conduct simulation studies to demonstrate the efficacy of GCT for handling multiple

discrete or continuous treatments. Here, we consider (i) continuous treatment: Z following a
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uniform distribution on Z “ p0, 1s, (ii) ordinal treatment: Z following a uniform distribution

on the ordered set Z “ t1, 2, 3, 4, 5, 6u, and (iii) categorical treatment: Z follows a uniform

distribution on the set Z “ ta, b, c, du. Note that the GCT algorithm treats in the ordinal

and categorical treatment cases slightly differently. In the ordinal case, GCT anticipates the

function τpx, tq to be a smooth function of t for each x and considers splitting the treatment

values t1, 2, . . . ,Mu into two groups (while building the tree) based on M ´ 1 choices (i.e.,

t1, . . . , iu and ti ` 1, . . . ,Mu for i = 1, . . . ,M ´ 1) instead of all 2M choices (e.g., the split

t1,Mu and t2, . . . ,M ´ 1u is not considered in the ordinal case).

For each setup, we generate a sample of N “ 2000 individuals with heterogeneity fea-

tures X “ pX1, X2q, where X1 and X2 are independently generated from a Uniformp0, 1q

distribution. The sample is randomly splitted into two halves: one for training (denoted

by tXtru) and one for test (denoted by tXteu). On the training data, we independently

generate the treatments T tr
i for each individual i. Conditioning on pXtr

i , T
tr
i q, the outcome

Y tr
i is generated according to Y tr

i “ fpXtr
i , T

tr
i q ` ϵtri , where ϵtri ’s are i.i.d. N p0, 1q ran-

dom variables and fp¨, ¨q is defined below. From the training data, we learn X-cohorts

pΠ1, ¨ ¨ ¨ ,ΠKq along with the within-cohort optimal treatment set Γjr for each Πr. Then,

on the test data, for each Xte
i , we determine the cohort Πr such that Xte

i P Πr and gen-

erate T te
i by randomly choosing a value from the uniform distribution on Γjr . Condi-

tioning on pXte
i , T

te
i q, the outcome Y te

i is generated according to Y te
i “ fpXte

i , T
te
i q ` ϵtei ,

where ϵtei ’s are i.i.d. N p0, 1q random variables. We define fp¨, ¨q through the function

ηpx1, x2q “ ´2 ` 4{pr1 ` expp´12px1 ´ 0.2qqsr1 ` expp´12px2 ´ 0.2qqsq. of heterogeneous

features Xi “ pX1i, X2iq. Figure 3 in the appendix provides a graphical illustration of the

values of ηpx1, x2q for px1, x2q within a unit square. Blue and red depict the regions in which

ηpx1, x2q takes positive and negative values, respectively. The heterogeneous nature of how

the function ηpx1, x2q responds to features makes it the building block for designing our

experiments. Besides ηpx1, x2q, we include ηpx1, 1 ´ x2q to infuse more heterogeneity to the

data. We define different fp¨, ¨q functions corresponding to the different types of treatments
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such as continuous, ordinal, categorical. In Appendix C, we provide discussions on the choice

and the intuition behind our simulation designs.

Figure 3: Heatmaps of ηpx1, x2q and ηpx1, 1 ´ x2q.

We compare GCT1 with existing decision tree based uplift modeling, including the orig-

inal causal tree Athey and Imbens (2016) and multi-treatment uplift models of Radcliffe

and Surry (2011); Zhao et al. (2017) based on various split criteria including the KL diver-

gence (KL), Euclidean distance (ED), Chi-Square (CHI), and contextual treatment selection

(CTS)2. Since existing methods are not defined for continuous treatments, we discretize the

continuous treatment into 4 equally sized bins for these methods and use the mid-point of

each bin to represent the treatment level for that bin. Recall that the original causal tree al-

gorithm can only work with a single treatment. Therefore, when learning the heterogeneous

cohorts using CT, we have to ignore the treatment values Z but only use the treatment

indicator W . The resultant estimated causal effects for each cohort are computed on a

treatment-vs-control basis regardless of treatment values. To assign the optimal treatment,

we randomly choose a value from a uniform distribution on Z whenever the treatment effect

is positive. We refer to this variation of causal tree by CT-B (where B stands for “binary”).

We consider another variation, called CT-M (M for “multiple”), where we estimate causal

1The code is available through Github.
2CT is implemented using “causalTree” R package, and the latter four methods are implemented using

“CausalML” Python package (Chen et al., 2020).
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effects for every discrete (or discretized) treatment level separately within each cohort af-

ter applying the causal tree based on W , and we assign optimal treatments based on these

estimates.

The algorithm performance is evaluated by two metrics: (1) the mean square error (MSE)

of estimated causal effects, and (2) the average outcome with the optimal treatment allocated

to the testing data. The former measures the accuracy of an algorithm in estimating hetero-

geneous treatment effects, while the latter measures uplifting quality based on the optimal

treatment allocation according to different algorithms. Figure 4 shows box-plots of MSE

values. Results are summarized in Table 1. Each metric is averaged over 100 replications.

The standard errors are reported in the parentheses.
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GCT
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CT−M

KL

ED

CHI

CTS

Figure 4: Box-plots of the MSE of estimated treatment effects
based on 100 iterations.

From Figure 4, we can see that GCT achieves the smallest MSE value in the continuous

setting and yields comparable MSE with ED, CHI, and CTS in the ordinal and categorical

settings. More importantly, Table 1 shows that we can achieve the highest average outcome

by determining the optimal treatment allocations based on the output of GCT. The negative

outcome obtained by CT-B in the categorical setting further implies that neglecting the

20



existence of heterogeneous effects among various treatments may lead to unfavorable results.

Table 1: Average outcome with optimal treatment allocations (a higher value implies a
better performance).

Treatment Type
Method Continuous Ordinal Categorical
GCT 5.744 (0.051) 5.321 (0.048) 4.480 (0.045)
CT-B 0.188 (0.013) 0.581 (0.017) -0.008 (0.012)
CT-M 4.880 (0.092) 3.904 (0.033) 3.618 (0.057)
KL 2.519 (0.033) 2.519 (0.033) 2.502 (0.039)
ED 0.548 (0.036) 0.417 (0.041) 0.466 (0.033)
CHI 0.698 (0.038) 0.843 (0.050) 0.626 (0.037)
CTS 0.598 (0.035) 0.818 (0.050) 0.510 (0.035)

Table 2: Expected response R̄ “ 1
N

řN
i“1Ri.

Dataset GCT CT-B CT-M KL ED CHI CTS

Bladder 0.81 0.76 0.79 0.82 0.81 0.82 0.81
AOD 0.62 0.58 0.60 0.61 0.60 0.56 0.59

5 Real Data Analysis

In a recent benchmarking study of multi-treatment uplift modeling methods (Olaya et al.,

2020), the authors compared tree-based methods with other (less-interpretable) methods to

conclude that no approach is strictly superior to the others. We used two datasets from

the same benchmarking setup to compare our method with the tree-based methods and we

refer to Olaya et al. (2020) for a comparison with the other multi-treatment uplift modeling

methods. In particular, we apply the proposed GCT as well as CT-B, CT-M, and the

four tree-based methods KL, ED, CHI, and CTS to two real datasets to evaluate their

uplifting effects. One is the Bladder dataset on the recurrence of bladder cancer with weak

heterogeneous effect, available in the R package survival (Therneau, 2021). The other is

the AOD dataset on alcohol and drug usage with a strong heterogeneous effect, available

in the R package twang (Cefalu et al., 2021). There are 2 treatment groups and 1 control

group in both datasets and the outcome for Bladder is binary while the outcome for AOD
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is continuous. Following Olaya et al. (2020), we convert the continuous outcome to a binary

outcome in AOD for a fair comparison. Unlike the simulation studies, it is impossible to re-

run the experiments based on the optimal treatment determined by our algorithm. Instead,

we follow the proposal of Zhao et al. (2017) for quantifying the performance of an algorithm.

The individual expected response is defined as Ri “
řK

k“1
yi
Pk
1tvpxiq“ku1tTi“ku, where Pk is

the empirical probability of an individual receiving treatment k, and vpxiq is the optimal

treatment assigned by the uplift model based on its heterogeneous features xi. The expected

response of an uplift model is then defined as R̄ “ 1
N

řN
i“1Ri, which is an unbiased estimator

of Eryi|T “ vpxiqs. Following Olaya et al. (2020), we first apply propensity scoring matching

to debias the non-experimental data. Then we fit models using 5-fold cross-validation, and

the results from each round are averaged to obtain the overall performance.

Table 2 summarizes the average expected responses for the 7 methods. Notice that results

of KL and ED are not exactly the same as but very close to those in Olaya et al. (2020) due to

the randomness in the training-test split. For both datasets, all methods performed similarly.

This was expected as the number of treatments is small (i.e., two). GCT is expected to be

more beneficial with a higher number of treatments (or continuous treatments), as we have

shown in simulations.

6 Discussion

We presented a novel generalization of the causal tree algorithm for uplift modeling with

multiple discrete or continuous treatments. One of the key features of our generalized causal

tree (GCT) algorithm is that it provides a data-driven way of grouping similar treatments

together in addition to partitioning the underlying population into disjoint cohorts based

on the homogeneity of the treatment effects. We provide significant improvements over

the basic version of GCT to make it implementation-friendly and make its output easily

adoptable to downstream applications, such as optimal treatment allocation. Note that the

implementation-friendly modification might lead to performance loss by creating unnecessary
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splits in the control data, which is expected to be negligible when the size of the control data

is much larger than the training data.

We empirically showed that GCT outperforms some extensions of the original causal tree

algorithm as well as existing decision tree based multiple treatment uplift modeling methods.

Note that our generalization strategy is not limited to the splitting criterion of the causal tree

algorithm and hence can be used to extend any decision tree based uplift modeling technique

to multiple discrete or continuous treatments. We acknowledge that the decision tree based

approaches may not be the best performing methods in certain contexts. However, they

might still be preferable because of their interpretability and the computational efficiency in

using their output in optimal treatment allocation. Finally, we also note that GCT can be

directly used in a continuous treatment version of some recent extensions to uplift modeling,

such as treatments with different costs (Zhao and Harinen, 2019), and constrained utility

optimization (Tu et al., 2021).
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Appendices

The appendices provide supplemental details on the algorithms and numerical results to

Sections 3-4 of the main context. Section A uses a toy example to provide a step-by-step

demonstration of the implementation of our proposed GCT algorithm. Section B presents

proofs. Section C discusses the simulation designs.

A A Toy Example

This section presents a toy example of our proposed GCT approach. Figure 5 plots a

causal tree CX,Z with respect to heterogeneity factors X “ pX1, X2q and treatment values Z.

Figure 5: An example of causal tree CX,Z

From CX,Z , we obtain the leaf-cohorts Λ1, . . . ,ΛM with M “ 13. Each leaf-cohort corre-

sponds to a leaf node in the tree. To be more specific, we summarize the details of all leaf

cohorts in Table 3.

Table 3: Leaf-cohorts Λ1, . . . ,ΛM from the causal tree CX,Z

Leaf-cohorts Leaf nodes Cohort regions Leaf-cohorts Leaf id Cohort regions
Λ1 ℓ1: id “ 1 tX1 ď 0, X2 ď 3, Z ď 5u Λ8 ℓ8: id “ 8 tX1 ą 1, 1 ă X2 ď 4, Z ď 2u

Λ2 ℓ2: id “ 2 t0 ă X1 ď 1, X2 ď 3, Z ď 5u Λ9 ℓ9: id “ 9 tX1 ą 1, 1 ă X2 ď 4, 2 ă Z ď 3u

Λ3 ℓ3: id “ 3 tX1 ď 1, X2 ą 3, Z ď 5u Λ10 ℓ10: id “ 10 tX1 ą 1, X2 ď 4, Z ą 5u

Λ4 ℓ4: id “ 4 tX1 ď 1, X2 ď 2, 5 ă Z ď 10u Λ11 ℓ11: id “ 11 t1 ă X1 ď 5, X2 ą 4, Z ď 7u

Λ5 ℓ5: id “ 5 tX1 ď 1, X2 ą 2, 5 ă Z ď 10u Λ12 ℓ12: id “ 12 t1 ă X1 ď 5, X2 ą 4, Z ą 7u

Λ6 ℓ6: id “ 6 tX1 ď 1, X2 P R, Z ą 10u Λ13 ℓ13: id “ 13 tX1 ą 5, X2 ą 4, Z P Ru

Λ7 ℓ7: id “ 7 tX1 ą 1, X2 ď 1, Z ď 3u
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Then, we would like to remove all nodes involving Z from CX,Z . In what follows, we

present a step-by-step guide to the implementation of Algorithm 1, which is introduced in

Section 3.2 of the main context. Figure 6 presents illustrative plots on the structure of the

tree after each step. The removal process proceeds in a post-order.

• Step 1: The target node is a “ tZ ą 5u, removing the split of tZ ď 10u and tZ ą 10u.

From the graph, we can see that one of a’s children (denoted by c1 = tZ ď 10u) is a

sub-tree while the other child (denoted by c2 = tZ ą 10u) is a leaf node. We connect

the children of c1 to node a by setting leftpaq “ leftpc1q and rightpaq “ rightpc1q,

and then merge the node c2 into the leaf nodes of c1, i.e. ℓ4 and ℓ5 in Figure 5.

In specific, we modify the ids of l4 and l5 into idpℓ4q “ idpℓ4q Y idpc2q “ 4 Y 6 and

idpℓ5q “ idpℓ5q Y idpc2q “ 5 Y 6. Figure (6a) plots the current tree structure after the

removal.

• Step 2: The target node is a “ tX1 ď 1u, removing the split of tZ ď 5u and tZ ą 5u.

Both of a’s children are subtrees. From a high-level point of view, this process consists

of two parts: (i) removing the splits associated with Z and merge the branches, followed

by (ii) one breadth-first traversal to remove empty branches.

– Step 2(i): We connect the children of one subtree (c1 = tZ ď 5u) to a’s parent

node by setting leftpaq “ leftpc1q and rightpaq “ rightpc1q, and then connect the

children of another subtree (c2 = tZ ą 5u) to every leaf node of c1, i.e., ℓ1, ℓ2 and

ℓ3 in Figure (6a). More precisely, for a1 P tℓ1, ℓ2, ℓ3u, we set leftpa1q “ leftpc2q and

rightpa1q “ rightpc2q, in the meantime, we update the ids of all the leaf nodes in

c2 (denoted by a2) by setting them to be idpa2q “ idpa1q Y idpa2q. See Figure (6b1)

for a graph illustration.

– Step 2(ii): We acknowledge that Step 2(i) may result in some infeasible regions

because of contradictory conditions. We need one additional step to remove these
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redundant nodes from the output. To this end, we conduct a level order traversal

to remove nodes that correspond to empty regions. For example, in Figure (6b1),

we observe that the node with id “ 3 Y 4 Y 6 (denoted by c) corresponds to the

path “X1 ď 1, X2 ą 3, X2 ď 2”, which gives us an empty region as a result of

contradictory conditions. Let a2 denote its parent node, i.e. a2 = tX2 ą 3u, and

let c1 denote the sibling of c, i.e., c1 is the node with id “ 3 Y 5 Y 6. Since c is

empty, we remove the split of c and c1 from the tree by setting leftpa2q “ leftpc1q

and rightpa2q “ rightpc1q. The fact that c1 is a leaf node further makes a2 becomes

a new leaf node, whose id is set to as idpa2q “ idpc1q “ 3 Y 5 Y 6. The traversal

will help delete infeasible branches so that the output produces non-empty and

non-overlapping splits of X. Figure (6b2) presents the final output.

• Step 3: The target node is a “ tX2 ą 1u, removing the split of tZ ď 2u and tZ ą 2u.

Since both of a’s children are leaf nodes, we directly remove the two splits from the

tree and convert a into a leaf node, whose id is set to be the union of the previous two

leaf nodes, i.e., idpaq “ idptZ ď 2uq Y idptZ ą 2uq “ 8 Y 9. See Figure (6c).

• Step 4: The target node is a “ tX2 ď 4u, removing the split of tZ ď 3u and tZ ą 3u.

This is similar to Step 1. One of a’s children is a subtree while the other is a leaf node,

see Figure (6d) for details.

• Step 5: The target node is a “ tX1 ď 5u, removing the split of tZ ď 7u and tZ ą 7u.

This is similar to Step 3 as both of a’s children are leaf nodes, see Figure (6e) for the

structure after removing this split.

At this point, we have finished removing all the nodes associated with Z from the tree.

The above output (denoted by CX) produce a minimal partition with respect to X. The

resultant leaf cohorts, Π1, . . . ,ΠK with K “ 9, are summarized in Table 4.
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(a) Tree structure after removing the split of
tZ ď 10u and tZ ą 10u.

(b1) Tree structure after removing the split of
tZ ď 5u and tZ ą 5u .

(b2) Tree structure after deleting infeasible
branches

(c) Tree structure after removing the split of
tZ ď 2u and tZ ą 2u.

(d) Tree structure after removing the split of
tZ ď 3u and tZ ą 3u.

(e) Tree structure after removing the split of
tZ ď 7u and tZ ą 7u.

Figure 6: Plots of steps to remove Z from CX,Z using Algorithm 1.
Note: The notation “id = 1 Y 2” in the plots means that the samples in this merged node
come from leaf nodes ℓ1 and ℓ2 in reference to the original tree CX,Z . Please be advised

that this does not mean all the samples from the leaf nodes ℓ1 and ℓ2 are currently in this
node with id = 1 Y 2.

Similarly, by removing all nodes involving X from CX,Z , we obtain a tree consisting of

nodes related to Z, denoted by CZ . A a minimal partition of rangepZq can be extracted

from the leaf-cohorts Γ1, . . . ,ΓL. The results are summarized in Table 5.
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Table 4: Leaf-cohorts Π1, . . . ,ΠK from the causal tree CX

Leaf-cohorts Leaf nodes Cohort regions
Π1 aX,1: id “ 1 Y 4 Y 6 tX1 ď 0, X2 ď 2u

Π2 aX,2: id “ 1 Y 5 Y 6 tX1 ď 0, 2 ă X2 ď 3u

Π3 aX,3: id “ 2 Y 4 Y 6 t0 ă X1 ď 1, X2 ď 2u

Π4 aX,4: id “ 2 Y 5 Y 6 t0 ă X1 ď 1, 2 ă X2 ď 3u

Π5 aX,5: id “ 3 Y 5 Y 6 tX1 ď 1, X2 ą 3u

Π6 aX,6: id “ 7 Y 10 tX1 ą 1, X2 ď 1u

Π7 aX,7: id “ 8 Y 9 Y 10 tX1 ą 1, 1 ă X2 ď 4u

Π8 aX,8: id “ 11 Y 12 t1 ă X1 ď 5, X2 ą 4u

Π9 aX,9: id “ 13 tX1 ą 5, X2 ą 4u

Table 5: Leaf-cohorts Γ1, . . . ,ΓL from the causal tree CZ

Leaf-cohorts Cohort regions Leaf-cohorts Cohort regions
Γ1 tZ ď 2u Γ4 t5 ă Z ď 7u

Γ2 t2 ă Z ď 3u Γ5 t7 ă Z ď 10u

Γ3 t3 ă Z ď 5u Γ6 tZ ą 10u

The next step is that, for each heterogeneous cohort Πi, i “ 1 ¨ ¨ ¨K, we would like to find

the estimated causal effects for given treatment values, and report the optimal treatment

associated with this heterogeneous cohort. For any x P rangepXq and t P rangepT q{t0u, we

can identify the unique cohort pair pΠi,Γjq such that x P Πi and t P Γj. We estimate the

treatment effect as δ̂px, tq “ δ̂pΠi,Γjq for any x P Πi and t P Γj. What’s more, for each

pair of pΠi,Γjq, we can find a unique leaf node ℓk in CX,Z , corresponding to a leaf-cohort

Λk such that Πi Ď ΛkpXq and Γj Ď ΛkpZq. The treatment effect can then be estimated as

δ̂pΠi,Γjq “ δ̂pΛkq. Considering the leaf-cohorts in Tables 3 - 5, Table 6 provides a summary

of relationships between pΠi,Γjq and Λk.

One attractive feature of our proposed approach is that the task of estimating causal

effects can be achieved simultaneously with the tree construction procedures from CX,Z to

CX. The information of estimated causal effects has been encoded in the node name of leaf

nodes in CX, in which we keep track of the source leaf nodes in CX,Z for the merged nodes

in CX. For example, for the leaf-cohort Π1, it is associated with the leaf node aX,1 with

id “ 1 Y 4 Y 6. This means in order to estimate the causal effects in Π1 with respect to
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Table 6: Estimated causal effects: δ̂pΠi,Γjq “ δ̂pΛkq

Leaf-cohorts of CZ
Leaf-cohorts of CX Γ1 Γ2 Γ3 Γ4 Γ5 Γ6

Π1 Λ1 Λ1 Λ1 Λ4 Λ4 Λ6

Π2 Λ1 Λ1 Λ1 Λ5 Λ5 Λ6

Π3 Λ2 Λ2 Λ2 Λ4 Λ4 Λ6

Π4 Λ2 Λ2 Λ2 Λ5 Λ5 Λ6

Π5 Λ3 Λ3 Λ3 Λ5 Λ5 Λ6

Π6 Λ7 Λ7 Λ10 Λ10 Λ10 Λ10

Π7 Λ8 Λ9 Λ10 Λ10 Λ10 Λ10

Π8 Λ11 Λ11 Λ11 Λ11 Λ12 Λ12

Π9 Λ13 Λ13 Λ13 Λ13 Λ13 Λ13

various treatment values, we only need to look into its three source codes, which corresponds

to Λ1 (Leaf ℓ1), Λ4 (Leaf ℓ4) and Λ6 (Leaf ℓ6). The optimal treatment for cohort Π1 is

determined by

t˚ “

$

’

’

&

’

’

%

0 if maxpδ̂pΛ1q, δ̂pΛ4q, δ̂pΛ6q ď 0,

argmax
tPrangepZq

δ̂pΠ1, tq “ tt P Λk for k satisfying δ̂pΛkq “ maxpδ̂pΛ1q, δ̂pΛ4q, δ̂pΛ6qu otherwise.

In summary, this observation enables us to estimate the treatment effects for one cohort

in CX by only looking at its source nodes in CX,Z . This feature greatly facilitates the task

of identifying the optimal treatment.

B Proof of Theorem 1

Under the assumptions given in Section 1, we have τpz,xq “ ErY | X “ x, T “ zs ´ ErY |

X “ x, T “ 0s. It follows from the definition of W , Z1 and Z that ErY | X “ x, T “ zs “ ErY |

X “ x,W “ 1, Z1 “ zs “ ErY | X “ x,W “ 1, Z “ zs. Next, it follows from the independence

of pZ,Xq and W that ErY | X “ x,W “ 1, Z “ zs “ ErY pW “ 1q | X “ x, Z “ zs. Hence,

ErY | X “ x, T “ zs “ ErY pW “ 1q | X “ x, Z “ zs.

Since T “ 0 is equivalent to W “ 0 (by definition), we have ErY | X “ x, T “ 0s “ ErY |

X “ x,W “ 0s “ ErY pW “ 0q | X “ xs. Finally, it follows from the independence of Z and
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pY pW “ 0q,Xq that ErY pW “ 0q | X “ xs “ ErY pW “ 0q | X “ x, Z “ zs. With the two, we

have ErY | X “ x, T “ 0s “ ErY pW “ 0q | X “ x, Z “ zs. This completes the proof.

C Discussions on Simulation Designs

In this section, we introduce the intuition behind our simulation designs. We let

ηpx1, x2q “ ´2 `
2

1 ` expp´12px1 ´ 0.2qq
ˆ

2

1 ` expp´12px2 ´ 0.2qq

denote a function of heterogeneous features Xi “ pX1i, X2iq. Figure (3) provides a graphical

illustration of the values of ηpx1, x2q for px1, x2q within a unit square. Blue and red depict

the regions in which ηpx1, x2q takes positive and negative values, respectively. The heteroge-

neous nature of how the function ηpx1, x2q responds to features makes it the building block

for designing our experiments. Besides ηpx1, x2q, we include ηpx1, 1´x2q to infuse more het-

erogeneity to the data.By defining the function of heterogeneous treatment effects, denoted

by fpx1, x2, tq, as a function consisting of ηpx1, x2q and ηpx1, 1´x2q, different pairs of px1, x2q

will have various optimal treatments. We choose fpx1, x2, tq to be the following functions

under the different settings:

(i) Continuous:

fpx1, x2, tq “ 5ηpx1, x2q1ttPp0,0.3su ´ 5ηpx1, x2q1ttPp0.3,0.5su ` ηpx1, 1 ´ x2q1ttPp0.5,0.7su

´ ηpx1, 1 ´ x2q1ttPp0.7,1su.

(ii) Ordinal:

fpx1, x2, tq “ 5ηpx1, x2q1tt“1,2u´5ηpx1, x2q1tt“5u`ηpx1, 1´x2q1tt“3,4u´ηpx1, 1´x2qtt“6u.
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(iii) Categorical:

fpx1, x2, tq “ 5ηpx1, x2q1tt“au ´ 5ηpx1, x2q1tt“bu ` ηpx1, 1 ´ x2q1tt“cu ´ ηpx1, 1 ´ x2q1tt“du.

Using the categorical case as an example, Table 7 summarizes the values of heterogeneous

treatment effects fpx1, x2, tq with four different pairs of heterogeneous features px1, x2q. From

the table we can see that for px1, x2q at different locations in the unit square, it responds

distinctively with respect to different treatments. As a result, the optimal treatment varies

across various pairs of heterogeneous features.

fpx1, x2, tq “

$

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

%

5ηpx1, x2q, t “ a.

´ 5ηpx1, x2q, t “ b.

ηpx1, 1 ´ x2q, t “ c.

´ ηpx1, 1 ´ x2q, t “ d.

0, t “ 0.

Table 7: Values of fpx1, x2, tq with different pairs of px1, x2q

px1, x2q
Treatment t optimal treatment

a b c d for px1, x2q

p0.8, 0.8q 9.970 -9.970 -0.001 0.001 a
p0.2, 0.8q -0.007 0.007 -1.000 1.000 d
p0.8, 0.2q -0.007 0.007 1.994 -1.994 c
p0.2, 0.2q -5.000 5.000 -0.001 0.001 b
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