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Abstract

Underactuated legged robots depict highly nonlinear and complex dynamical behaviors
that create significant challenges in accurately modeling system dynamics using both
first principles and system identification approaches. Hence, it makes a more substantial
challenge to design stabilizing controllers. If physical parameters on mathematical
models have miscalibrations due to uncertainty in identifying and modeling processes,
designed controllers could perform poorly or even result in unstable responses.
Moreover, these parameters can certainly change-over-time due to operation and
environmental conditions. In that respect, analogous to a living organism modifying its
behavior in response to novel conditions, adapting/updating system parameters, such as
spring constant, to compensate for modeling errors could provide the advantage of
constructing a stable gait level controller without needing “exact” dynamical parameter
values. This paper presents an online, model-based adaptive control approach for an
underactuated planar hexapod robot’s pronking behavior adopted from antelope species.
We show through systematic simulation studies that the adaptive control policy is
robust to high levels of parameter uncertainties compared to a non-adaptive
model-based dead-beat controller.

Introduction

Underactuated legged platforms have various motion capabilities than the wheeled
robots that preceded them with added mobility such as running, pronking [1],
flipping [2], and self-righting [3]. They use their natural dynamics to reach high
performance in terms of speed, efficiency, and robustness. In return for this mobility,
complex hardware structure and controller design arise as challenges. Marc Raibert
decreased this complexity using dynamic modes of locomotion [4] in his runners first.
Since 1970, Raibert’s work has inspired researchers to establish a large new field of
study on legged robots [5H3].

If second-order dynamics are appropriately designed and tuned, the model can
achieve a wide range of behaviors despite the underactuated nature of many of the
legged robotic platforms. However, as the systems become more agile and faster,
substantial challenges and problems arise when controlling robot dynamics.
Template-based control is an approach to isolate and ”independently” control the
degrees of freedom relevant to the task [9-12]. In literature, researchers developed
template-based control methods for a variety of robots and motions. Saranli and
Koditschek applied template-based control for a running hexapod [11]. Oehlke et al.
used template-based hopping control in their research on a bio-inspired segmented
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robotic leg [10]. Peekema introduced the template-based control of the bipedal robot
ATRIAS in his work [9]. Furthermore, in recent studies, Kurtz et al. proposed a
template-based whole-body controller and simulated it on the 30-DOF Valkyrie
humanoid model [12] .

RHex is a structurally simple and yet highly mobile hexapod robot with a single
rotary actuator on each hip [13|. There are contralateral legs that can be used in
synchrony for some behaviors. This paper concentrates on the pronking behavior of the
RHex platform [13].

Pronking behavior represents leaping in the air with an arched back and stiff legs,
and it is a gait adopted by legged animals such as springbok or other antelope to show
their strength to their predators. It is an example of honest signaling in zoology [14].
While pronking, animals use their legs in synchrony, and a flight phase follows the
stance phase, as depicted in Fig. [I} Pronking gives robots the advantage of considerable
jumping heights requiring little ground contact during locomotion. This advantage
appealed to scientists to apply controllers to analyze and perform pronking [15].
Moreover, this is still a living research topic for robots having different types and
numbers of legs [1,16H18]. In this paper, we propose a new method to improve the
pronking motion of the hexapedal RHex platform.

Fig 1. Pronking behavior of planar hexapedal robot

Although legged robots are advantageous in agility, complex non-linear dynamics of
legged locomotion create substantial challenges to the control policy design. Indeed, the
complexity of the problem is much deeper than just dealing with complex non-linear
computations to generate control actions. The challenge in designing legged locomotion
behavior starts with the designing control target itself and developing associated
performance metrics, which are relatively trivial in non-legged robotic platforms, such
as wheeled systems and aerial platforms. This fact pushed the researchers to inspire
from nature and adopt bio-inspired design and control strategies. Arguably, the most
famous example of bio-inspiration in legged locomotion is the adoption of the SLIP
model in the design of legged platforms and control policies. Numerous studies reported
that the SLIP model (and its variants) could accurately capture the center of dynamics
and the rhythmic interchange between kinetic and potential energy in running animals.
This discovery led the roboticists to develop a number of robotic systems based on the
core mechanical principles of the SLIP model. In connection with these developments,
several researchers utilized the SLIP model as a high-level control interface for designing
control policies for more complex legged platforms [19-21].

Spring-loaded inverted pendulum (SLIP) model [22], which consists of a point mass
attached to a free rotating massless leg equipped with a linear spring-damper pair, is a
fundamental and straightforward model for understanding fundamental principles in
legged locomotion. It is widely used to describe many kinds of robots’ leg behavior and
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brings the advantage of using existing control methods through analytical return
maps [23,24]. This paper’s proposed scheme is based on analytical approximations to
SLIP dynamics [24], which will be briefly discussed later. Following the introduction of
the extended SLIP model with torque actuation at the hip (SLIP-T), the model named
Slimpod is developed as a simpler model of hexapedal pronking robot and utilized with
an embedded dead-beat controller to realize the pronking motion [1].

The aforementioned embedded controller is sensitive to the changes inside the
approximate analytical map. Parameters inside the approximate map are fixed but
might have deviations from their measured/estimated values on some variables, such as
the position of the center of mass, stiffness of the spring, and damping, etc. These
discrepancies may result from many reasons, such as measurement errors, corrosion,
dirt, and fatigue. In this context, model parameters could adapt to internal or external
changes to sustain a stable and robust pronking motion, which is the fundamental
starting point of this paper.

Adaptation to external influence is a broad and essential subject for robotics studies.
Especially in physical systems, many sources lead the identification of inner system
parameters’ be inaccurate. Even if the measurement accuracy is nearly perfect during
the initial calibration phase, it can still be necessary to update the parameters
automatically as time goes and/or the control task changes.

In literature, there are many examples where the adaptive control framework is
utilized as an adaptive locomotion control [2526] and for interlimb coordination [27].
Besides, some precedents combining with other approaches borrowed from other
engineering applications exist, such as adaptive control of a legged robot using artificial
neural network [28], or a combination of evolutionary and adaptive control strategies for
a quadruped robot [29].

Adaptive control strategies centers around different approaches on legged
robots [25,27H30]. In our system, unlike the previous work in literature [30], the
intention is not an accurate system identification or an estimation of the environmental
effects [31]. The main goal is to enhance the controller performance for varied
circumstances by adding an extra layer to the structure. This strategy evocates the
term adaptability for biological organisms [32]. We want our robots to inherit the
organism’s ability to modify their behavior in response to novel conditions. This ability
may lead to a possible change in neural control circuits, while meaning a change in inner
controller parameters in our robotic systems. Also, prior adaptive controller
studies [30,|31] had focused on simple template models. Different from the previous
work in literature, we have a more complex anchor multi-legged model.

An unknown plant’s adaptive control can be carried out by directly adjusting control
parameters in a feedback loop based on the error between plan and model outputs,
known as direct control. An alternative method is to estimate the plant parameters and
to adjust the control parameters based on such estimates described as indirect
control [33]. Proposed adaptation indirectly affects the dead-beat controller output by
amending the chosen parameter in the approximate map used in the embedded
dead-beat controller.

Motivated by the previous work in literature 1], this paper presents an adaptive
control method for a pronking hexapedal robot with a spring-loaded inverted pendulum
template-based controller. We expect the controller with our proposed adaptation
scheme to work better than classical dead-beat controllers thanks to reducing the
modeling error. In some sense, adaptive controllers correct approximation errors and,
consequentially, provide better tracking on desired height and desired velocity.

The organization of the paper will be as follows. Model dynamics and control section
presents the basis model SLIP and its variations. Adaptive control of Slimpod section
introduces the structure of the indirect adaptive control utilized on the objective system.
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Performance analysis part addresses simulation results, comparisons, and stability
analysis. Finally, section 5 closes the work with a conclusion.

Model Dynamics and Control

As previously stated in introduction section the proposed method is implemented on a
validated planar hexapod model; namely, Slimpod [1]. This section presents an overview
of underlying models for the application.

Dynamics of SLIP Template

This section refers to the prior SLIP model in order to build a template for the
controller. Throughout locomotion, the SLIP model has successive phases named stance
and flight. The discrete transitions between those phases are called events, and four
important events are touchdown, bottom, lift-off, and apex, as shown in Fig.
Touchdown and lift-off represent the events on the transition from flight to stance,
stance to flight, respectively, and apex represents the event at the point where vertical
speed equals zero. Apex state includes the height and horizontal velocity (°X = [z, 9]).
Fig. 3| depicts the SLIP model with mass m, leg length r, and leg angle 6.

Flight Phase | Stance Phase! Flight Phase

Touchdown Bottom  Lift-off Apex

Fig 2. Locomotion of SLIP template

N\ N
Fig 3. SLIP template

Flight and stance dynamics of SLIP model [1,[34] obtained from Euler-Lagrange
formulation can be written as
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Flight:

§=0 (1)
E=—yg (2)
Stance:
mit = mr? + k(ly — r) — mgcost — b (3)
0= %(mr%) + mgrsind 4)

where y and z are the horizontal and vertical positions of the point mass in flight,
and r and 0 are the leg length and leg angle in the stance phase. k and b indicates the
leg spring stiffness and leg damping in the formulation, respectively. As can be deduced
from the system equations, during flight, the system has a simple projectile trajectory,
while in the stance phase, the dynamics become more complex and, more importantly,
non-integrable. This non-integrability issue is critical and will appear further in later
sections.

The core aim is to design an adaptive controller for the pronking behavior of the
RHex platform. So, we need some intermediate models to tie in with the hexapedal
RHex model. The transitional model named SLIP-T [1] builds the necessary connection
between SLIP and the Slimpod. SLIP-T differs from SLIP with a single motor at the
hip, allowing us to control the input torque instead of radial leg actuation. Additionally,
it is a more capable model to project actuator limits. The stance dynamics of SLIP-T
have been controlled through the active embedding of ideal SLIP. The embedding
controller’s primary goal is to find appropriate hip controls to force the dynamics of
SLIP-T to the dynamics of simple SLIP. Details of the embedding can be found on
Ankarali’s paper [1], which is beyond the scope of the present work.

Dynamics of Slimpod Model

The hexapedal model consists of a body and six legs in contralateral pairs; each has a
rotary actuator on its hips. Ankarali utilized a saggital planar model 1] using the leg
pairs synchronically for pronking behavior. The planar Slimpod model ( [35}36]),
illustrated in Fig. [4] allows us to design a feedback controller.

Fig 4. Slimpod, a planar dynamic model underlying hexapedal RHex robot.
Unlike the generic drawing in this figure, legs are used synchronously during objective
pronking motion.

The Slimpod model consists of a rigid body with inertia I and mass m and three legs
representing contralateral pairs of RHex, each with a controllable torque. The legs are
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considered massless during the stance phase, and each leg has a spring with stiffness k;
and viscous damping coefficient b;. Also, a virtual leg is defined (illustrated in Fig7
extending from the body center of mass to a stationary point on the ground. A flight
controller on a lower level drives all legs to their required positions. This drive is based
on SLIP control decisions by solving kinematic equations for all legs. This inner
controller realizes the desired control inputs by the placement of the virtual leg. After
the placement of this virtual toe, the stance controller mimics ideal SLIP dynamics by
choosing proper hip torque inputs for each leg of the Slimpod model.

Gait-Level Template-Based Control

In this paper, we choose the template-based approximate dead-beat control strategy
introduced by Ankarali [1] as our baseline (non-adaptive) control strategy. Slimpod has
a gait level, embedded spring-mass hopper template dead-beat controller to reach the
desired apex state. The gait level behavior is summarized through the Poincaré section
of its trajectories at each apex point since running is a nonlinear rhythmic motion. The
touchdown angle, leg lengths at touchdown, and lift-off are adjusted to achieve the
desired apex state. The hyperplane, called the Poincaré section, can be considered
passing through apex points where vertical velocity is zero (2 = 0). The
time-independent relation between two successive intersections can be defined as a
Poincaré map interpreted as

f(aXn) = aXn+1 (5)

Poincaré map, and analytical approximations proposed by Ankarali et al. [24] allow
us to define a discrete return map f, and approximate return map indicated as f ,
respectively. Note that the discrete return map f has all the information about the
physical system parameters accurately while f knows these parameters provided in the
modeling step, initially.

f(aXm Umf)n) = aXn—',—l (6)

The dead-beat controller relies on this approximate return map. In simple terms, the
map takes the current state and the next touchdown angle and outputs the next state.
Dead-beat controller seeks for touchdown angle and leg lengths at touchdown and liftoff
(u = [0, 7¢4,710]) With given current apex state (*X,, = [¥a, 24]) in order to achieve
desired apex height and horizontal velocity (*X* = [y,"z%]) in one step, through
optimization on the map. Indeed, this analytical map includes the system parameters
that we should regulate, according to this paper’s argument. A simple diagram for
dead-beat stride control is given in Fig. [5

In the literature, previously designed gait-level controllers do not consider the
miscalibration or time-varying physical parameter case. On the contrary, they assume a
perfect match for the physical quantities in the existing system and the approximate
map, making their analytical calculations for control input accordingly. However, the
physical parameters of the approximate analytical map inside the baseline controller
may be uncertain and time-varying due to various reasons, such as variation in the
environment or given task, effects of corrosion, and dust. These distortions and
deformations cause extra difficulty in the control of the autonomous system. Also, the
measurement error itself arises as an issue, especially for stiffness and damping values.
Since the controller performance is closely related to the accuracy of the approximate
predictive map, there can be many sources for discrepancies that cause the previous
controllers to fail. Therefore, we should adjust the controller according to the error in
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Approximate Analytical
Map (Model)

Xn+1 - f(Xnvunvﬁn)

Xn+1
Xn u . . Xn+1
- Deadbeat Controller > Physical Slimpod Plant
X Un = 10,74, 710] Xni1 = f(Xn, )

Fig 5. Gait-level open-loop dead-beat control scheme. The baseline controller
that is vulnerable to the parameter discrepancies inside Approximate Analytical Map
block

objective states in order to bring the system to a more realistic side. So, we introduced
an adaptive control scheme as an approach to deal with the miscalibration problem.

The adopted approximate dead-beat controller utilizes an approximate analytical
map based on known system parameters to optimize the control input. If those
parameters are miscalibrated, the dead-beat controller eventually will make inaccurate
predictions and decisions. Moreover, even if there is a perfect match between all the
parameters on the map and the actual system parameters, there will always be some
discrepancies between the predictions of the map and actual system outputs due to the
approximate nature of the analytical map.

Dynamics of pronking behavior of planar hexapod robot during phases of toe contact
(i.e., stance) [24] are non-integrable under the effect of gravity [37]. SLIP dynamics, and
also slimpod dynamics, during the stance phase, are related to the restricted three-body
problem [34]. Restricted three-body problems do not admit to a closed-form
solution [37]. Therefore, unlike many other adaptive controller applications, [38],
constructing a Lyapunov function and deriving adaptive laws for dynamics for pronking
motion with a hexapod robot is not reasonably possible.

Adaptive Control of Slimpod

This chapter addresses the proposed indirect adaptive dead-beat controller embedded on
the planar hexapedal system model Slimpod. Initially, we proposed the control scheme.
The work is followed by the error definition and the parameter update strategy.

We chose to implement indirect adaptive control because we have a dead-beat
controller affected by the objective system parameter and calculates the plant input.
Fig. [6] depicts the proposed controller scheme.

As explained under dynamics of slimpod model subsection, Poincaré map, and
analytical approximations proposed by Ankarali [24] allow us to define a discrete return
map f, and approximate return map indicated as f , respectively. Noting that the
approximate return map is constructed based on the inaccurate parameter estimates for
the spring’s stiffness, the prediction error is also given as

e:="X, - aXn+1 (7)
= f(aXnaun) - f(aXn>un7ﬁn)
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Fig 6. Adaptive control strategy

The adaptive controller should ensure this error approaches zero. That means the
parameter update strategy should satisfy the condition that the model output and the
actual output would be equal without disturbing the system’s stability.

limn—*OO(aXn-i-l - aXn-i—l) =0 (8)

To decide how to update our parameters, we need to investigate the impact of
miscalibration on our system. In this context, we experimented with three different
parameters. Fig. [7]shows the resulting errors with respect to percentage deviations from
“true” values. Red marked points represent the experiments when the system can reach a
fixed point. The target scenario is to drive both the state error values e, and their
derivatives, ey, to zero.

As a result of these experiments, chosen parameter and corresponding errors need to
have a linear relation to proving the system’s stability through linearized system
matrices [39,40]. However, deviations in damping (Fig. [7) have more of a quadratic
behavior, and horizontal velocity state error ey is negative for all deviation amounts
regardless of its sign. Therefore, damping is not a proper candidate to adapt in order to
reduce absolute error.

Pursuing a consistent notation with the previous study of Ankarali [1], we adopted a
dimensionless formulation for the SLIP model and its variations. These dimensionless
expressions eliminate inessential parameters and advance powerful ways of conducting
our simulations as well as adapting our controllers to the real physical systems. The
SLIP model’s dimensionless flight and stance dynamics obtained from the
Euler-Lagrange formulation are applied to the dynamics. Representation in
dimensionless coordinates converts the physical stiffness kg to the dimensionless version
rs with 7, = kg(lo/(mg)) statement [1], 1y being the leg length in rest. Therefore,
physical individual leg stiffness ks and physical body mass m affects the leg stiffness rg
in dimensionless coordinates. Due to dimensionless coordinates inside the controller,
stiffness and mass have similar but symmetric effects on state errors, as observed in Fig.
[7l Suppose we only study the points regarding the ability to reach a fixed point. In that
case, we can infer that deviations in stiffness and mass values inside the approximate
analytical map have a linear relation with the state’s error value, while deviated
damping’s effect is nonlinear yet stable.

Taking into consideration that stiffness and mass have both linear effects, we have
two candidates. Measurement of the mass value does not require disassembling all the
legs and some specific equipment. Mass calibration is more accessible than the stiffness
constant calibration, even if the robot has a payload. Hence, we chose stiffness over mass
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Fig 7. State errors with respect to percentage deformation

to update. This analysis is our starting point to define our parameter update strategy.

As mentioned before in model dynamics and control section, because the restricted
three-body problem does not admit to a closed-form solution, constructing a Lyapunov
function and deriving adaptive laws for dynamics of pronking motion with a hexapod
robot is not reasonably possible.

MIT rule is the key to remedy this obstacle of nonexistent closed-form solutions [41].
The state error is defined as in Eqn. @ The objective parameter k must be updated
so that the loss function V (k) in Eqn. (9 is minimized.

L,
V(k) = Se (9)
2
The MIT Rule makes V (k) small by changing k in the direction of the negative gradient
of V(k).

ov(k) eae
ok 0k
1
. oV (k) Oe (10)
M= T T

extract the sensitivity derivative % from the Fig.

In the literature, the corrective parameter adjustment strategy adopted from the
MRAC method [30{42] is very similar to how estimation methods such as Kalman filters
use innovation on sensory measurement to perform state updates. Based on all these
relations and inspiring from previous work on control related to the spring-mass
hopper [1], which is the basis of our embedded template base controller, we propose a
parameter update strategy as

v is a positive constant representing the adaptive g@ain in further steps. Also, we can

Prt1 =Pn — Kex X, xe (11)

where K, is a gain coefficient used to tune convergence of parameter values and regulate
the oscillations, note that convergence behavior is strongly related to the adaptive gain
Ke. We will base our implementations on this strategy. Stating the adaptive law leaves
us with the question about the system’s stability with the adaptive controller. We will
discuss the stability issue in stability analysis subsection later.
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Performance Analysis

This section presents simulation results for reference apex state tracking introduced in
adaptive control of slimpod section using different percentage error conditions on two
physical parameters, stiffness and damping, and the approximate map itself. We
provided comparisons on adaptive and non-adaptive controller structures to show that
the proposed adaptive controller is more capable of producing stable and controllable
pronking motion in the case of parametric miscalibration.

We run all simulations on MATLAB utilizing a hybrid dynamical simulation toolkit
based on SimSect [35] previously verified on RHex [36], including necessary additions
about slimpod model [1]. As the solver, we chose a variable-step, variable-order solver
based on the numerical differentiation formulas of orders 1 to 5.

Basically, we conducted two types of experiments according to two control schemes
in Fig. [f] and [6] and we compare the simulation results in terms of achieving the desired
apex state and steady-state error for the given desired state. We ran simulations with
various apex goals *X™* and percentage of miscalibration errors.

The ranges for the dynamic parameters for the Slimpod model, which apply to a
wide range of parameter combinations due to our dimensionless formulation inside the
code, detailed in [43], were chosen to closely match the physical SensoRHex robot to
ensure future applicability of our results to an experimental implementation and given
as in Table [I] We plot states z and g from the dimensionless group in the following
simulation results.

Table 1. Parameters of the Slimpod Model

Quantity Symbol | Value | Unit
Body mass m 9 kg
Leg stiffness k 2000 | N/m
Leg damping b 12 Nm/s
Rest leg length 1 0.175 m
Desired height z* 0.195 m
Desired velocity y* 1.6 m/s

Primarily, we performed the simulations, as shown in Fig. [§] when the system
parameters fully match with the controller parameters. From this experiment, we can
conclude that even if there is no miscalibration, the adaptive controller reduces the error
between model output and actual plant output by updating the k value. This oscillation
on the k value leads to fading oscillations on horizontal velocity tracking performance.
However, system response seems to become more aggressive, caused by the high
parameter update gain.

To signify the effect of the proposed adaptation scheme, we conducted another
experiment for the case of a miscalibrated stiffness value and depicted response in Fig.
[0 As expected, using the non-adaptive controller with miscalibrated parameters results
in large steady-state errors. In addition, after some time, unstable behavior causes the
robot to turn upside down. On the other hand, the proposed adaptation scheme clearly
reduces the error and promises improved performance.

We repeated the simulation in Fig. for the miscalibrated damping value and noted
that stiffness adaptation leads the robot to recover the tracking properly. Just updating
stiffness helps to compensate for the error caused by the miscalibrated damping.

In the following simulation, we show the performance for a multiple miscalibration
problem in Fig. According to these simulation results, when both stiffness and
damping parameters are miscalibrated, updating stiffness helps decrease estimation
error, and consequentially tracking performance is improved.
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Fig 9. System response if stiffness on the map is 20% less than the system
value

The final two simulations are devoted to assessing the controller’s performance in the
case that we directly disturb the output of the approximate map with a constant
amount corresponding to 5% of the desired state values. Resulting responses will be as
in Fig. and According to these figures, if the approximate map’s output deviates
from its value by 5% higher or lower, states are drastically affected, making the system
unstable. The addition of the adaptation compensates for the error and ensures the
system’s stability to some extend.

In each case, the adaptive controller updates the stiffness value utilized on the
approximate analytical map inside the dead-beat controller and improves tracking
performance. Briefly, we may conclude that the proposed adaptive control scheme to
adjust stiffness value could confront the miscalibration problem in the planar hexapedal
system.

In Fig. [[4 we run the parameter adaptation for stiffness together with the
dead-beat controller when stiffness, mass, and damping are miscalibrated. In other
words, we repeated the experiments in Fig. [7] with adaptive stiffness. Comparing Fig.
and the systems with parameter adaptation are able to regulate in a wider range of
percentage error, driving state errors closer to zero levels.
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Stability Analysis

A need arises for developing a way to show the system’s stability with an adaptive
controller since we cannot develop an adaptive law using standard design procedures in
adaptive control [33]. Because running is nonlinear, complex periodic motion, the
Poincaré Map method is used in the analysis. This method intersects a hyperplane with
the periodic trajectory of a system with n-dimensional state space. This hyper-plane is
called the Poincaré section. If the intersection is called Xy, Poincaré Map is defined as
f(Xk) = Xk41. Therefore, the relationship between two consecutive intersections can
be defined as independent of time. Suppose the map is f(X*) = X*, i. e., trajectories
intersect with Poincaré section on the same point, that point is called a fixed point. It is
possible to comment on the system’s stability by looking at the local stability at its
fixed points [39.}44].

Embedded dead-beat controller assures the fixed points in a wide subspace. Fixed
point subspace given in Table [2| is constructed by considering the gait level controllable
region [1] in order to investigate stability. Fixed points are depicted in Fig.
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Table 2. Chosen regions for fixed points

State Physical Values
z* [0.1850,0.2750] m
y* [1.3096,1.9644] m/s

09

0.8 ]

T 06

o (rad)

o (ral)

0.4

(=]

0.22
1.6

* 14 . .
z* (m) y* (m/s)

Fig 15. Variation of the fixed point subspace by height z, horizontal velocity ¥
and the body angle «

We analyzed the system’s stability resulting from the proposed parameter
adjustment strategy based on its linearized system matrix. Study in supports that
hybrid systems’ behavior can be reduced to lower-dimensional subsystems near periodic
orbits. Therefore, we decide the stability of fixed points by investigating eigenvalues of
the numerically calculated linearized system matrix (on Eqn. ) . As known from
all discrete systems, if all eigenvalues’ magnitudes (i.e., ||[A\maz||) are smaller than 1, the
system is stable.

s a.f *
J= 55 () (12)

This linearized system matrix J relates the infinitesimal changes in apex state
predictions dX to infinitesimal changes in states. We calculated the linearized system
matrices for tracking different height and horizontal velocity pairs. Eigenvalues at those
points can be observed in Fig. [I6] As depicted, all linearized system matrices have their
[| Amaz|| inside the unit circle, i.e., their magnitudes are smaller than one, which is the
stability criterion for a discrete-time system.

We also investigated linearized numerical stability for different leg stiffness and
adaptive gain pairs. Fig[17] exhibits that our system with adaptive controller remains
stable in a wide range of stiffness and gain values.
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Fig 16. ||\.4z|| of linearized system matrices calculated by using the fixed
points given in Fig/15|
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Fig 17. ||A\naz|| of linearized system matrices calculated with different
stiffness and gain pairs

Conclusion

In this paper, we proposed an online parameter adaptation scheme for an underactuated
legged robot to improve the previously proposed control algorithms’ tracking
performance and robustness to parametric uncertainties. First, we analyzed the apex
state error and parameter relation and defined the parameter update rule accordingly.
We then demonstrated the contribution of our additional level to the existing
approximate dead-beat controller scheme. In succession, these steps admit to deploying
a high-level layer to the existing controller for the Slimpod model.

The formerly developed dead-beat controller’s goal is to bring the apex states to
desired values. Resultant control input entirely relies on the actual values of the
parameters. Inevitably, miscalibrations in the measurements of physical instruments or
parameter changes due to environmental effects will create a significant estimation error,
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so the dead-beat controller’s decisions become inaccurate. We added a layer for
adaptation to improve the tracking performance as much as possible. Simulation results
for constructing a parameter adaptation structure show that adding the parameter
update realizes this objective successfully. It reduces the error between model and
actual plant outputs and substantially improves control performance relative to existing
non-adaptive controllers.

This study extends the relationships between the apex state errors and the legs’
physical parameters. The complexity of these relations mainly arises from the coupled
effects of the parameters on gait behavior. We inferred how parameter calibration
affects the apex states with an experimental investigation. Using the presented
approach in this paper, we can now generalize this experimental design procedure to
different systems which are not suitable for analytical calculations of indirect adaptive
control. In addition, we proved local exponential stability of the closed-loop system
under the adaptive rule via computing linearized (numerical) Poincaré return map
around the emergent fixed-points and checking the associated eigenvalues [39}/46].

Inspiration from the different animals’ natural ability for varying gaits draws
attention to legged systems. Employing controllers that mimic various motions allows
robots to exploit different advantages, such as energy efficiency, large jumping heights,
or speeds. Through adaptation, robots can now take a further step to embark on an
important biotic characteristic to increase the feasibility of the existing theoretical
controllers and practice in more complex places. In the future, we intend to scale this
process to different robotic platforms with unmeasurable (directly) inner or
environmental parameters. Online adaptive parameter update rule can create a
relatively simple yet powerful and practical approach for legged robotic platforms. As a
result, the applicability of the theoretical controllers to the actual physical systems will
be foreseen to rise significantly.
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