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Abstract

This paper deals with a controller design problem
for time-varying nonlinear systems with nonparametric
uncertainties. A robust adaptive tracking control for
uncertain time-varying nonlinear systems with higher
order relative degree will be proposed based on the
high-gain adaptive output feedback and backstepping
strategies. The proposed method is useful in the case
where only the output signal is available.

1 INTRODUCTION

A nonlinear system is said to be OFEP (output feed-
back exponentially passive) [1] if there exists an output
feedback such that the resulting closed-loop system is
exponentially passive. The sufficient conditions for the

nonlinear system to be OFEP are that (1) the system

be globally exponential minimum-phase, (2) the sys-
tem has relative degree of 1 and (3) the nonlinearities
of the system satisfy the Lipschitz condition. Under
these conditions, there exists a static output feedback
such that the resulting closed-loop system is exponen-
tially passive[l]. It has also been shown that one can
stabilize uncertain nonlinear systems with OFEP prop-
erty by a high-gain feedback based adaptive control
with simple structure [2], [4]. Since the control meth-
ods utilize only the output signal in order to design the
controller and have strong robustness with respect to
bounded disturbances in spite of its simple structure,
these methods are considered powerful control tools for
uncertain nonlinear systems. Unfortunately the OFEP
conditions give very severe restrictions to practical ap-
plications of the above-mentioned adaptive schemes be-
cause most practical systems do not satisfy the OFEP
condition.

With this problem in mind, some alleviation methods
to the OFEP condition have been proposed [3], [4], [6].
The method by [3] and [4] alleviated the OFEP condi-
tion by introducing a parallel feedforward compensator
(PFC) in parallel to the controlled system. Although
this method can solve the restriction for relative degree,
since the controller is designed for an augmented con-
trolled system with PFC, the bias error from the PFC
output may remain. The method by [6] is a robust
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control scheme for non-OFEP systems with nonlinear
uncertainties but the method was for systems with rel-
ative degree of 1. :

In this paper, we will propose a robust adaptive track-
ing control, which is based on high-gain feedback based
adaptive control, for a class of uncertain time-varying
nonlinear systems with higher order relative degree.
We extend the robust adaptive control method by [6] to
uncertain time-varying nonlinear systems with higher
order relative degree by utilizing a backstepping strat-
egy. It is shown that if the upper limit of uncertain non-
linearities can be evaluated by a function of the output
signal then one can design an adaptive controller by
using only the output signal without a state observer.

2 PROBLEM STATEMENT

We consider the following nth order time-varying non-
linear system with relative degree of n.

& = fi(2,t) + gi(1)Ti1 (1 Li<n—1)
En = fu(x,1) + gn(t)u
y=1x (1)

where & = [z1,-++,%,])7 € R™ is the state variable,
v and y € R are the input and output, respectively.
fi(x,t) are uncertain nonlinearities and g;(¢), (1 <i <
n) are unknown time-varying functions. We assume
that the uncertainties satisfy the following assump-
tions.

Assumptions: (A-1) Uncertain nonlinear functions
fi(x,t) can be evaluated for all z € R™ and t € R

by
| fi(z, )] < duilhi(y)] +dos (1 <i <) (2)
with unknown positive constants dy;, dg; and a known

smooth function ¥;(y) which has the following property
for any variable y; and ys: e

[i(y1 + y2)| < |1y, y)llyal + [ai(y2) (3)

with a known smooth function 11; and a function »;
which is bounded for all bounded y,.
(A-2) Unknown functions g;(t) are smooth and
bounded with bounded derivatives for any ¢ > 0, and,
are positive functions such that g;(t) > go; > 0 with
positive constants go;.
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The control objective is to achieve the goal:
Jim [y(t) - y*(B)] < 6 @
—00

under the assumptions (A-1) and (A-2) for a given §
and a command signal y*(¢) such that |y*(¢)] < B,
|9*(t)| € /1 with positive constants Gy and 3.

3 ADAPTIVE CONTROLLER DESIGN

3.1 Virtual System

In order to design a robust adaptive controller based on
the high-gain feedback strategy, we must first consider
the virtual controlled system by introducing a virtual
control input filter.

Consider the (n — 1)th order virtual filter:
g, = —Aug, +ug,,, (1<i<n-2)
Uf y = —An-1Uf, , +U
A >0, (1<i<n-1) (5)

The virtual system, which is obtained by considering
uyy given from a virtual filter as the control input, can
be represented by the following form with appropriate
variable transformation using filtered signals uy;.

y(t) = a‘(ya 7 t) + gl,n(t)u.fl + fl (y1 uB t)
] (t) = q(ya 7, t) + F(ya 7 t) (6)

where y = ar:],'r) = [n2,*+ ;M| and n; are given as
follows:
For n=2 7 =02 —x2151201 —uf, (7)

For n>3(3<k<n-1)

M2 = G2,n%2 — X2,201,nT1 — Uf,

k
M = Gk,nTk — E Xk, l—10k~14+2,nTk—1+2
=3
—Xk,kJ1,nT1 — Ufy_y
. n—2
T = gnZn — § " Xn,iGn—inTn—i
i=1

—Xn,n—lgl,nml —Uf,_a (8)
with
X1,1 =0, Xi1 = X1+ Gindin (2< 1< 0)
Xn,n = _/\n~1Xn,n—1§1,n — Xn.n—191,n — Xn,n—lgl,n

n 1
Xi2 = ZXk,l - E)ck;l,l (2<i<n—-1,n2>3)
k=2 k=2

Xiitl = —Ai-1X4,i01n + Xi+1,n-1F1,n
—Xii1,n — Xiifin 2<i<n—1,n>3)
Xni = —An—1Xn,i-1 — Xn,i-1
_Xn,z‘——lgn+1—i,n§n+l—i,h
@<i<n-1, n>3)
Xk = —Ak=1Xk,i—1 + Xk+1,n+i-k—2
—Xkyi=1 = Xkyi-19n+1—i,ndn+1-in 9)
B3<k<n-1,3<i<n—-1,n>4)

where

Im.n(t) : H gi(t) , Gmn(t) ==

i=m

W

and gn = Gnn,Jn = On,n- Furtﬁer, a, q and F are
given by the following form:

Forn=2
a(y,n,t) = x2,1Y + g1,2M2 (11)
9(y,m2,t) = x2,20 ~ M2 (12)
F(y,m2,t) = gaf2 — x2,1G1,2/1 (13)
Forn >3
a(y, m,t)=x2.2¥ + g1,n702 (14)
X2,3
X3.,4
q(y,n,)=| xi+1 |y+Tn (15)
Xn—1,n
\ Xn,n
( ‘ §2,nf2 - X2,2§1,nf1 ) \
-2
Gnfi— Z Xt~ kJk+1,n fr+1
k=0
F(y,n,t)=
n—3
gn—l,nfn—l _Z Xn—l,n—k~lgk+l,nfk+1
|
K Gnfn — Z Xn,kGn—k ,nfn-—
k=1
(16)
-2 1 0 0
T=| @ . _xop -0 (17)
: . 1
0o - .. 0 —An_1

For the obtained virtual system, it is easy to confirm
that q(y,n,t) and a(y,n,t) are bounded with respect
to time ¢t and Lipschitz with respect to y,n so that
there exist positive constants L; and Lo such that
llg(y1, 1) =@ (2, mI<La(ly1 — yo| +llm —m2ll) .(18)
la(y1, m1) —a(yz, n2)I<L2(ly1 — g2l +lim —m2ll) (19)

Further, the uncertain vector function F'(y,7,t) can be
evaluated from assumption (A-1) by .

My
WF@,n, ) < pildi @) + po (20)

=1
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with unknown positive constants p; and pg and a known
smooth function ¢;(y) which has the following property
for any variable y; and ys:

[@:(y1 + y2)| < |o1:(y1, yo)llyr] + |b2:(y2)l (21)

with a known smooth function ¢;; and a function ¢o;
which is bounded for all bounded y,.

The obtained virtual controlled system (6) has the rel-
ative degree of 1 and the zero-dynamics given by (12)
or (15), which is obtained by a nominal system with
f1 and F as disturbances, is exponentially stable so
that from the converse theorem of Lyapunov [5], there
exists a positive definite function W(n) and positive
constants x; to x4 such that

o g(0m) < ~sallnOIP |25 1 < walin(o)
@I < W) < sl (22)

3.2 Controller Design

We first design a virtual input for the virtual system
(8) through a robust adaptive output feedback control.
The actual control input will be designed through the
backstepping procedure as follows:.

Step 1: Defining v(t) = y(t) — y*(¢) as the tracking
error, the virtual controlled system (6) can be rewritten
as the following error system

f/(t) = a(’/ + y*’ "777&) "I"gl,nuﬁ + fl(u +y*1"'at) —>
() = qv +y*,n,t) + F(v+y*,n,t) (23)

We design a virtual control input oy for the input uy;
in this error system (23) by

a1(t) = —[k(®)v(t) + ur(t)] (24)

.k(t) = kr(t) + kp(t) (25)

kr(t) = yiv(t)? — orkr(t), kr(0) >0  (26)
Mo .

kp(t) = Z%mﬁu(u, () (27)

ur(t) = Yr¥1(¥)*v(t) (28)

where 77, vpi, Yrand o are arbitrary positive con-
stants. Here consider a positive definite function
Vo(v,m, k):

1 m "
Vo = oW () + Sav(t)? + g k(1) = K717 (29)
where po and p; are any positi\;e constants and k* is
an ideal feedback gain to be determined later. g,, is a

positive constant such that 0 < g, < g1 .

The time derivative of Vy(v, 1, k) along the trajectories
(23) and (26) yields that

% = uoa%(?"—)h(wry*,n, t)+ F(v+y*,n,t)]
+urv fa(v + y*,m,t) + (v +y%, 1, t) — 9]
+uav [—g1n{kv + ur(t,v + y™)}]
+p1g1,nv(us, — 1)

ot i—’:[kl — k*)[yiv? — orki] (30)

It follows from assumptions (A-1), (A-2) and (18) to
(22) that we can evaluate the time derivative of V; by

dV;

.7170 < —upoka||n||? + pore||nl|L1(lv| + Bo)

M
+uorz|mll | Y pe{lon (@ y*)lIv] + g2s(y™)}

i=1
+pokz||nllpo + i La(|v| + |y*| + |Inl])|v|
+palvldi o (v + ¥*)| + padoa v} + pa fa|v]
—p191,0kV? = (11 9mk*V? + p1gmkrv?

~mg1a YR (v + ¥ — %‘UIU‘I — k*]k*
+p1g1,nv(ug —01) — %’?W[kz - k** (31)
Further since we have

~p191,nkV? + prgmk? < —pagmkpr®  (32)

from the fact that k(t) > 0 obtained from (26) and
(27), and since we also have

—mg1aRY (v +y*)20?
< —mgmyrR1 (v +y7)H, (33)
we obtain from (31) that ’

dVo M
—— < — |MoK1— p1 — P2 — E p3i| |Imlf?
dt i=1
~ [1gmk* — ko] [¥|* + H1g1,n0(ug — a1)

2 1 o . '
+4%1:(Lzﬂo +do1 + B1)% + —(ﬂg_m—L)% 2

a
i gm (1 = Ly, ) +1

M1 2
di
yr #19m0 YR

2
(Mziz) [L Bo +Ep1|¢2z(y I +P0]

i=1
M. 2
Zz 1 [(I‘LO'EZPI')z] ) (34)
7 4119m Vi 4psi '

with any posmve constants p; to ps and
1
ko = p1La+py + H(ﬂofﬁle +uL2)? . (35)

Finally the time derivative of V; can be evaluated by

M
_VO < - l:uolil - p1—p2— ZP:H:I ”"7“2

i=1
— [p1gmk* — ko] |¥|* — mgm—-(l - pe)lkr — k*)?
+p1g1.nvw1 + Ro (36)
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where w; = us; — o1, pf = ,ug 61 and
- = (L

Ro 49 — d11+4 (L2fo + doa + 1)*

2
K
(“Zp?) [L Bo +Egz¢2zM +90J
=1
2
+M19m01 *2 Z 1 |:(IL0”21’1')2]

4plvr 4#19m’sz 4p3;

$2inm in Ry is a positive constant such that j@q;(v*)| <
Pa:n- Since y* is bounded, such a constant exists from
the assumption that ¢o;(y2) is bounded for all bounded

Y2.

Step 2: In step 2, we consider an error system, wi-
system, between uy, and a;. wji-system is given from

(5) by

wy = —/\11‘&f1 + ug, - (37)
where 5
. (5] 8(11 . 3&1 .
= e * —-k
A=Vt oY T ot
60!1
= —()?[Xz""y + gin2 + f1 + g1nus)
8oy .,  Ooy 2
+6y"y + Ok [’yn/ o1ki] (38)

For this w;-system, we design the virtual input a» for
uy, as follows: :

2
ag = —clwl + Aug, — €102 w1 € 1(—) y

da da
a—y])zw —61,3(-511—) ug, 2wy

—e€1,2(
0 b]
—§1,4(§§1‘)2¢%w1 - 61,5(‘;—;)2%
Qﬂl)?
oy*

where c1, €10 and €11 t0 €1 6 are any positive constants.

do
—é1,6( wi+ (v — ork1) (39)
Okr

Consider the following positive definite function V; for
the obtained w;-system.

Vi=gwl+Vo

The time derivative of V; is obtained by .
V] = wl('LLfl - al) + VO

(40)

0a1
=wy [—Mug, +ws + oz — —(X2,2y + g1,n72

601
"~ kg

O,
3y*

- %

+f1+ g1,nus,) — ——[v? 01191}]

+Vo (41)

where wy = uy, — ao.
Since g3, and x2,2 are bounded from assumption (A-2),

we can evaluate the time derivative of V3 by applying
a9 given in (39) as follows:

4306

2
Vi € —cwi +wiws + g—M-|172|2 + Ry
de12

}\42
— fHok1 — p1 — p2 — me’ ||"7||2

i=1
— [H19mk* — ko] [v]?

—mw%ﬂ—%mrwv+m (42)

with positive constants gas and xar such as g1, < gar
and x2,2 < xa and

2
di;
de1,4

2
d5
de1 5

Je5i

de16

93

(H1gm )2 + X?M
461,3

Ry =
1 4deq10 de11

Step i (3 <i<n-—1): In step i, we consider the error
system, w;_1-system, between uys, , and a;_;, as is in
step 2, where w; = uy, — a;. w;-1-system is given from
(5) by

Wil = —Aj1uf_, F U — Qe (43)
where’
. Ooj_y1 .  Oa;_i . Ba, 1; aa,_
1= "' k
di-1 Oy vt 8* I+E 8uf,c
(44)

For this w;_i-system, the virtual input a; for uy, is
designed by

Q; = —Ci-1Wi—1 — W;—2
oo
+Ailquf,_, —€i-1( Qiz l)2y2wi—1
Oa;_ Oa;_

—€i—1,2( 8;; ! )2w'i—1v — €5-1,3( %y 1)2111%1(&'1'—1
Oa;_ Oa;_
—€i—1,4( 61 Ly ytwi 1 — €i1,5(—— l)zwiq

Yy
Oc; da;
€ 16( : 1)2 wi-1+ Bk Ly? —O'Ikl)
-2
Oa;—q )
Z = ( Akufk +ufk+1) (45)

k= k

where ¢;_ and €i—1,1 to €;_16 are any positive con-
stants. Here we consider the following positive definite
function V;_1:
1 .
Vier = 5%-2_1 + Vi
The time derivative of V;_; is then given by

(46)

_1 (Xz,zy + 91,272

8a,_
Okr

Vi = wig l:“)‘i—lu fig Fwi o —

Oa;_1 ok

oy*

+f1+ g1nug) - vt —orki]

—Z

It follows from the structure of a; given in (45) that
Vi—1 can be evaluated as

01

‘(—)\lefk +Ufk+1):|+f/i_2 47
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i-1 i-1 o i-1
y 2 Inm 2
Vieir < - &Ckwk + wi—1w; + ; Zq;[ﬂﬂ + ZR’“

k=1
M,
— [HoKk1 — P1— p2 — ZP&' ”7IH2
i=1
~ [1gmk™ = ko) |V
o3
—mgm—éu — pb)lkr — k*]* + Ro (48)
where
R, = X%\/[ + g%l d%l d%l + B3 (49)

- 4€lc,1 4Ek,3 46]@’4 46]6,5 4€k,6

Step n: This is the final step. In step n, we design the
actual control input as follows:

U=y (50)
using o; given in (39) or (45).

In this final step, we finally consider the following pos-
itive definite function V:

1
V=V-1=§w,2,_1+V_2 _ (51)

The time derivative of V' can be evaluated by

n—1
V<- chw,% ~ [B1gmk* — ko] ||
k=1

My n—1

2
9m 2
— |HoKk1 — p1 —p2— E P3i — =1 |In||
n=1 i dek2
0 *
—ulgm7—j(1 — p5)kr — k*)* + Rr (52)

using the same manner as in previous steps. Where
n-1
Ry =3%,"¢ Rx-
e _— — K p— K 1
Setting p1 = pp = Yk, p3i = i@t and py = 7 and

- 2
considering o such as po > 2019 e have

dek,2K1
n-1 K1
. 2 * 2
V- ,§Cka - %HOW("?) = [M19mk™ — kol |v|
g *
*ngmQ_I[kI — &+ Ry (53)
871

from the fact that ||n|[> > ;=W (n). Further by con-
sidering the ideal feedback gain k* such that

1 [k }
k* > ——— + ki 54
H19m [ 4"'53 0 ( )
it follows that
n—1 K 1
V<-— 21 Z i |v]?
< kzz:lckwk Srs [#OW(??) + gyl

1 Im %12
591t o [kr — K*]* + Rr

n—1

< - Z cxw? — emVo + Rr (55)
k=1

M 13
where ¢, = min [533-, 01].

Finally, the time derivative of V' can be evaluated by
V<-a,V +Rp (56)

where a,, = min [2¢1,- -+ ,2¢p-1,¢m].

It is apparent from (56) that all the signals in
the closed-loop system with the controller (50) are
bounded. We also obtain from (56) that

lim V < Ry /oy, (57)
i—o00

From the fact that |v|?> < 2V/u, it follows that
Jim [V|? < 2R7 /o (58)
—00 .

Thus the control objective (4) is achieved for § such
that 62 > 2Rr/a,u; and it is also easy to confirm
that an appropriate choice of ug, 1 and p4 and design
parameters i, Ypi, YR, €10 and €;,1 to €;6(1 < i < n—1)
ensure the control objective for any positive constant
6. As a conclusion we have the following theorem.

Theorem: Under assumptions (A-1) and (A-2) on the
controlled system (1), all the signals in the resulting
closed-loop system with controller (50) designed ac-
cording to each step with adaptive adjusting law (25) to
(27) and the robust control term (28) are bounded and
there exist appropriate design parameters vz, Ypi, YR,
€10 and €; 1 t0 €;,6(1 < @ < n—1) such that the tracking
error v(t) converges to any given bound |v(t)| < § as
t — oo.

4 NUMERICAL SIMULATION

Here the effectiveness of the proposed method will be
confirmed through a numerical simulation for a model
of a DC motor. The model considered here is given as
follows:

_Fl) K, _T()

==t Fm -
e 7 N 70 R 70
Y=o (59)

T, is the rotational velocity of the motor and z, is the
armature current. R(t) and L(t) are the resistance of
armature winding and the self-inductance, respectively,
which are assumed to be time-varying related to tem-
perature in the motor. Kj, Ki, T'(¢) and J are the
back-emf parameter, the torque motor parameter, the
load torque and the rotor inertia, respectively. F(z1)
is the friction given in the following form [7].

F(IL‘l) = Fo(xl) + 01‘1 (60)
Fo(a1) = Fesgn(@y) +(F, = Fo) exp{~(2)}sgn(zy).
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Table.1 Motor and friction model parameters.

Symbol | Values | units
J 0.2 kgm?
K. | 0306 | Nm/A
K, 3.15 | Vs/rad
0 0.4 Ns/m
Vg 0.001 rad/s
F, 1 Nm
F, 1.5 Nm

The parameters of the DC motor and the friction model
are shown in Table.1l. In this simulation we assumed
that R(t) and L(t) are varied as shown in Fig.l and
T(t) is given as shown in Fig.2.

In order to apply the proposed method, we consider
the following nonsingular transformation:

21 =T

2 = ;i(g)h + (61)
so that the system (59) can be represented by

i = fi(z1,t) + q122

#2 = fa(z1,t) + ga(t)u

y=2 (62)
where :

fi(z,t) = "% [FO(ZI) + 8z + JL}?g)Zl} - Z‘(]_tl
_ __R@) _T(®)R(®)

Plat) = ) - s
[i_d_(R(t)) _ OR(t) Kb]
kdt\L())  EK.L@#t) L@)|™

- K =L

Since the transformed system (62) satisfies the assump-
tions (A-1) and (A-2) with known functions as 91 (y)
= 12(y) = y, we can design the controller for the DC
motor according to the proposed procedure.

Figs 3 and 4 show the simulation results. A good con-
trol result is obtained in spite of the controlled sys-
tem having unknown nonlinearities and time-varying
unknown coefficients in control input term.

5 CONCLUSIONS

In this paper, we proposed a robust adaptive tracking
control, which is based on high-gain feedback based
adaptive control, for a class of uncertain time-varying

]
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Figure 1: Resistance: R(t) and inductance: L(t)
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Figure 2: Load torque : T'(t)
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Figure 4: Control input

nonlinear systems with higher order relative degree.
The effectiveness of the proposed method was con-
firmed through a numerical simulation for a model of
a DC motor.
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