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A stable recursive state estimation filter for models with
nonlinear dynamics subject to bounded disturbances

Y. Becis-Aubry, M. Boutayeb and M. Darouach

Abstract

This contribution proposes a recursive and easily implementable online algorithm for state estimation of multi-output discrete-time
systems with nonlinear dynamics and linear measurements in presence of unknown but bounded disturbances corrupting both the state and
measurement equations. The proposed algorithm is based on state bounding techniques and is decomposed into two steps : time update and
observation update that uses a switching estimation Kalman-like gain matrix. Particular emphasis is given to the design of a weighting factor
that ensures consistency of the estimated state vectors with the input-output data and the noise constraints and that guarantees the stability
of the algorithm.

INTRODUCTION

State estimation of stochastic dynamical systems has been extensively studied during the last decades and the problem
is usually solved by assuming white and Gaussian noises on model and measurements (Kalman filter). However, when
the statistical properties of the noises are unknown or not satisfied, an alternative approach consists in considering that
only bounds on the possible magnitude of the disturbances are available, the so-called set-membership estimation was
first introduced by Schweppe [1] using ellipsoidal bounding techniques. The aim is to determine a set of state estimate
vectors compatible with the bounds on the process disturbance and measurement noise. Since these pioneer works, a
vast literature is dedicated to this subject in the context of state estimation of linear systems [2], [3], [4], [5], [6]. Some
interesting algorithms have been developed for nonlinear models like most of real-life problems : [7], [8], [9] [10], but
very few in the ellipsoidal context. The technique used here has also been developed for the identification of nonlinear
MIMO models [11] and the state estimation of linear models [12].

The goal of this paper is to outline a recursive algorithm for state estimation of discrete-time systems with nonlinear
dynamics and linear measurements in presence of unknown but bounded disturbances corrupting both the state and
measurement vectors.

The paper is organized as follows. In the first section, the problem is formulated and the aims of the designed

algorithm are set out. Then the two stages of the algorithm are detailed successively : the second section presents the
time update step that computes the predicted estimate and the predicted ellipsoid containing all possible values of the
state ; the third section details the observation update step which uses a switching estimation Kalman-like gain matrix
with a weighting parameter that ensures consistency of the estimated state vectors with the input-output data and the
noise constraints. In the forth section, some properties of the algorithm are established, especially, those expressed in
the aims and the Input to State stability is proved. Finally, the effectiveness of the developed algorithm is demonstrated
through a numerical example.determine a progression law for the ellipsoid & := &(&k, a,%Pk)
Notations : (i) For a square matrix M, M = Osxp, (resp. M = 04, ) means that M € R**" is symmetric and positive
definite (resp. semidefinite); (ii) £(c, P):={x € R’|(z — ¢)T P~(x — ¢) < 1} is an ellipsoid in R® (s € IN*), where
c € R’ is its center and P € IR**® is a symmetric positive definite matrix that defines its shape, size and orientation
in the R® space; (iii) ||| = ()2 is the Euclidean norm of the vector & and x|y = (@TWa)2 is its weighted
Euclidean norm (W > 0 of appropriate dimension); (iv) 0,x,, denotes a zero matrix of R"*™ and 0 denotes a zero
vector of appropriate dimension; (v) A;(M) denotes the i*Peigenvalue of a square matrix M, tr(M) = Y, \;(M) is its
trace and det(M) = [], \i(M) is its determinant ; (vi) the symbol := means that the RHS is defined to be equal to the
LHS.

I. PROBLEM FORMULATION

Let us consider the following discrete-time system written in the state space :

zp = o(Tp_;,Uk—1) + Wk—1 (1a)
Yk Fray, + vk (1b)

where 7 € IR" is the unknown state vector to be estimated ; ux € R"™ is the control input vector; yi € R” (p < n) is
a measurable system output vector; Fj, € RP*" is the output matrix of full row rank and wg € R™ and vi € RP are
unobservable bounded noise vectors with unknown statistical characteristics that may include modeling inaccuracies,

Y. Becis-Aubry is with Université d’Orléans, LVR UPRES-A 7038. 63 av. de Lattre de Tassigny 18000 Bourges, FRANCE.
Yasmina.Becis@bourges.univ-orleans.fr

M. Boutayeb is with Université Louis Pasteur - Strasbourg 1, LSIIT - CNRS. Bd Sébastien Brant Illkirch, 67400 Strasbourg FRANCE.

M. Darouach is with Université Henri Poincaré - Nancy 1, CRAN UMR 7039 CNRS. 186 rue de Lorraine, 54400 Cosnes et Romain,
FRANCE.



discretization errors or computer round-off errors. vy can represent the measurement noise and wg_; can be viewed as
unknown but bounded inputs. The only properties verified by v and wg_1 are

wy € E(0, W) & wip W, 'wy < 1,Vk € N* (2a)
v €£(0,V3) & v Vo <1,Vk € N* (2b)

The function ¢ : R" — R",  — k() := p(x, uk) is bijective, of class C! and, for all k£ € IN* and for all admissible
input vector ug, its Jacobian matrix is bounded on &(&g, 07 Py ), the ellipsoid containing all presumed values of the true
state vector xj, where the center of the ellipsoid £ € IR" is the estimate of xy, 0p > 0, Py = Opxn.

Our aim in the sequel is to design an estimation algorithm for the system (1), that is a progression law for the ellipsoid
& = E(Zk, a,%Pk), in light of the current measurements and noise constraints, such that
(i) a set that contains all possible values of the true state vector xj, is quantified at each time step & ;
(ii) the (a posteriori) output error vector y, — Frp&x is acceptable, i.e., it remains in the interior of the ellipsoid (2b)
enclosing all possible values of the disturbance vectors vy, i.e.

(yx — Fr@r) "V, H(yp — Frég) < 1, Vk € IN*; (3)

(iii) the estimator is input-to-sate stable (ISS).

Since there is not any information about the measurement noise vector vy, except the fact that (vy = yg — ka,:) S

£(0,V}), the best state estimate is each one for which the output error is acceptable, that is, (yx — Frp&x) € £(0, Vi).
It is assumed that the state vector xj, belongs to a known ellipsoid & (0,08 Py), where &g is the initial estimate of

x5, Po =0 and og > 0.

II. TIME UPDATE

At this stage, we compute, at each time step £, the ellipsoid &}/, containing the “reach set” from &1 of the current
state vector x, that evolves obeying to the plant dynamics described by (1a) and affected by the unknown noise vector
We—1: Epo1 2 {2 ER"| 2 = pp_1(x) + w,z € E—1, w € £(0,Wj,_1)}.This is done by performing the vector sum
of the ellipsoid £(0, W;_1) and a linear transformation of &_1.

Lemma 1: Let zj,_; € x_1 obeying to (1la) and (2a); if

Tr/k—1 = Pr—1(Tr—1), (4a)
1 2 A 1
Pyj1 = 17(@1@71 + A1) Pest (Prm1 4+ Apmy + —5— Wi, (4b)
—P POj_1
01%/1971 = Oi1; (4c)
) .
where V€ € R”, @1 (§) := (&, ug) = % and @y := ®y(£x) and where Ay, € R™*" is such that
v=¢
Ap + & — @4 (€) = Onxen, V€ € Epr (5)
then
Vp €10,1[, } € E(@k/k-1,00 k1 Pr/k—1) = Exjri- (6)
0
Proof. ¢f. the appendix. [

The optimal value of p is the one that minimizes, at each step k, either the squared volume of the ellipsoid & /51,
: ok : 2n : ; — 0 — :
i.e.,p = pj, = arg min(o;" det Py /1) or the sum of the squared lengths of its axes, i.e., p = pj, = arg min(og_1 tr Py/p_1).
These values and the methods of their obtention are given in details in [5].

III. OBSERVATION UPDATE

The observation equation (1b) and the inequality (2b) define an other bounding set for the vector w,";l. Indeed,
it is clear that zj € Si, where S := {a: e R"| (yx — ka)TVk_l(yk — Fyx) < 1}. Thus, it remains to perform, at
each iteration, the intersection between the ellipsoid £;/,—; (obtained in the previous section) and the set Si. This
intersection does not result, in general, in an ellipsoid and has to be circumscribed by an ellipsoid :

Lemma 2: If

T = Pr/p—1+ Ko, (7a)
P, = (I, — KpFy) Pyjp-q, (7b)
0"3 = Ulz/k—l +w(1—5£(kaPk/k,1Fg+Vk)_15k> (7¢)

where the gain matrix and the innovation are given by :

1The observation update stage of this algorithm is identical to that of the state estimation algorithm for linear systems [12].



—1
K, = WPk/k—ng (WFkPk/k—lF]?"‘Vk) ) (7d)

0k = Yr— Fir/n—1; (7e)

then Vw € Ry, (gk/k—l ﬂSk) - g(ﬁjk,U%Pk) =&. O

Now, we are interested in the derivation of the “optimal” value of w with respect to a criterion to be chosen. Contrary
to some algorithms of the literature [5], [6] that minimize the size of the ellipsoid &(&g, 07 P), the optimal value of w
chosen here is the one that guarantees the stability of the algorithm given by the equations (4) and (7).

Lemma 3: Thesolution of min ~ max #*—7*, where ¥*), = (z} — &) P, ' (z}—2x), is the solution of min o7,
wER L v, €E(0, Vi) weR ¢

0 if [|Okfly1 <1,

i where (the statements i and ii are equivalent)
w) otherwise;

which is wj, = {

p 2
Q;
t. wy is the unique real positive solution of the equation ﬂz ——— =1 in the unknown w,
i=1 (viw + 1)
ug,” ViOr 2 e .
where a; = ay, = ”‘;T’ B =0k = ||5kHV1;17 Yi =, € Ry, satisfying det (FyPyjp—1F — v, Vi) = 0, ug, € RP
k Vk,—1

_ _ _ I 1
are such that Vi, Fy, Py /i1 FiT VI uk, = viug, (i € {1,2,...,p}) and where V}, satisfies VIV, = V7! (e.g. Ve =V, 2).
4. wy, is the unique real positive eigenvalue of the matrix =), € R*P*?P .

0 1 0 0
0 0 1 0
S I S g
0 0 0 e 1 ®)
S R 7 T 7 . P
Ekay ko ko, ko,
where &, i € {0,...,2p}, are the components of the row-vector &, = Zak Qi * (Qry -+ * (@, * ((qr; — die)

*(qu_l ceex (q,%_1 *qr,)))))s Qe; = (e, 1) * (e, 1) = (7,31 27k, 1) dp = (0 0 f), * is the convolution operator?.0]

IV. ALGORITHM’S PROPERTIES AND STABILITY ANALYSIS

In this section, we show that the proposed algorithm with w = w; computed by the aid of Lemma 3 fulfills the
expectations 1—t1t expressed in the section I.

Definition 1 ([13]) The system zp = f(zp_1,ur—1) is input-to-state stable (ISS) if there exist a % Z-function®yu
Ry x Ry — R4 and a J-function ¥ : Ry — IRy such that, for each bounded input ug, it holds that
lzell < nlllzoll, &) + x([lul).

Theorem 1: Consider the state estimation algorithm (4) (where p = pr_1) and (7) for the model (1a). The following
propositions are true for all k € IN* and for all 0 < p < 1
i. if xf € & then o}, € & for all w € R4 ;

Furthermore, if w = wj;, we have the following properties

ii. the sequence (o), o~ — Which represents an upper bound on the weighted norm of the estimation error vector
||a:,"; — :i'kH Pt is decreasing and convergent on R ;

413. the a posteriori output error vector is always acceptable, i.e., ||yx — Fka?kHVk—l <1

Moreover, if there exists positive reals a1, az, by and by such that the following inequalities hold for a finite m € IN* and
forall k € IN :

aly = ST Bt Wil i 2 a2l ()
bl, < SEHET L FIViE®S e n) < bl (10)
where
‘5k+j,k = ‘5k+jk+j 1&)k+j 1,k+j— 2"'519-&-17!@7 (11)
Ppi1r = Pr, Progy = @kﬂ o and By g =1, (12)
2f @ = (zp---x0) and y = (ys---yo), then (assuming that r < s) 2 = @ % y = (2p4s 2r4s—1--20) Where z; = SI_ aiy;_; if

J <min(r,s) =7 and z; = >, ®;y;—; otherwise

3a function x Ry — IRy: is a #-function if it is continuous, strictly increasing and x(0) = 0; a function p : Ry x Ry — Ry is a
A Z-function if, for each fixed tg > 0, the function u(s,to) is a #-function, and for each fixed sgp > 0, the function u(so,t) is decreasing and
u(s,t) - 0ast— 1.



and sj(m) is such that?
CardN (Wy, Wig1s s Wiy omy—1) =M Yk, s ENT N(wp, oo wiyeq) = {1 € N[k <i <k +s,w7 >0} (13)

then
1v. the sequences (wZ)keN*, (a?:k — :ﬁk/k_l)kelN* and (Pk — Pk/k—l)kelN* are convergent in IR, IR" and IR"™" respec-
tively, with klim wy =0, klim T — Br/k—1 =0and lim Py — Py/p—1 = Opnxn;

—00 — 00

k—o0
v. the innovation vector tends to the interior of the ellipsoid £(0, V}), i.e., Ve > 0, Fko, € IN*,VE > ke, 5{ka16k < 1+e€;
vi. the volume and all the axes’ lengths of (&, 07 Px) are bounded for all k € IN*;
viti. the estimation error dynamic system of state vector &y = x}, — &y, is ISS. O
Remark 1: It is worth to mention that if wg = 0, the ISS-Lyapunov function becomes a decreasing Lyapunov function
for the estimation error, and the presented algorithm (in which P /,_; = i)ng_l i)k) is an asymptotic state estimator
for the system (la) (with wy=0) and this in spite of the presence of measurement noise vy and the nonlinearity.

V. APPLICATION TO AN INDUCTION MOTOR

The presented algorithm is applied to a fifth-order two-phase nonlinear model of an induction motor which was already
the subject of a large number of applications, especially in control designs (see [14]).

Using an Euler discretization of step size h and adding the disturbance vectors wyg and vg, the complete discrete-time
model in stator fixed (a,b) reference frame is given by :

Tl = 21, Hh(—gel, + T % T Kpzs, o, + Eulk) + wip
K 1
x;k+1 = x;k + h(_gl‘;k - prgkxgk + ?xzk + jUQk) + ka
T S
o, = T3+ h(?xlk ~ T % —pxs Ty )+ ws,
T s
* M * *
xzk+1 = x4k + h’(fok + pr)kx;k - fx4k) + w4k
pM Ty
T3, = 5+ h(TLT(iEaxSk -2, 21,) = ) tws,
Yy, = 1, +tvi,, Y2, = x5+,

Simulations are performed using the same numerical values as in [14]. The input signals are : wu;, = 325 cos(0.03k)

and us, = 325sin(0.003k). The noises vectors wg_; and vy verify (2), where Wy_1 = 0.052 diag z? and
k Te—1
i€{1,...,5}

Vi = 0.052 diag (yjzk) The parameter pg is chosen such that the trace of the matrix oﬁ / w—1Pk/k—1 1s minimized at each
je{1,2}
iteration ; and the weighting matrix Ay is chosen as follows :

1073 |18kl — 1)

3]y

I, if [8lly > 1,

Ag_1, otherwise.

where 0 = Yyr — Fi®r/k—1 and Ag = 10=3I5. The initial conditions are : &y = (200 200 50 50 300)T, Py = 7-10%1;
and o3 = 0.1 while the true initial state vector is : 2§ =1073(1 111 1)7. Because of important initial errors, and with

g & & 8 % 8

000 00

) a5, (b, () (©ak (i () (d) g —ae]

Fig. 1. Simulation results : estimated and true state components and error norm.

a view of precision, the first 5 samples were skipped from all the figures. This fact demonstrates that the estimation
error decreases sharply soon after the first iterations.

4In the sequence {WZ7WZ+17 Wl ,w,’;JrSk(m>71} of length s (m), there must be exactly m times w? # 0 (i.e. H‘siHkal > 1) and the

rest sp(m) —m of w} are zero.
Card S is the cardinal of the set S = {s1,...,sm} and is equal to the finite number m of its elements.



(a) \/dot(o ) (b) /o2 (¢) lye— Bl (@) [z - :ckH P)

Fig. 2. Simulation results : measures of (&, U%Pk) and weighted output and estimation error norms.

The figures show the satisfying performances of the proposed observer to track the true state with unknown bounded
noises, without the need for rotor speed measurement and even with bad initialisations. Indeed,
o the assertion (a:,"; — :f:k)T (o,%Pk)fl (m,’; — a?k) < 1 shown in the figure 2(d) guarantees that the statement
xy € E(&p,0iP;) is always verified : the aim 4 of Section 1 is fulfilled ;
« the (a posteriori) output error is always in the interior of the noise ellipsoid £(0, Vi) : the aim 3 is fulfilled (c¢f. fig.
2(c)):
« the estimation error norm is significantly decreasing in the first samplings and remains small during all the simulation
horizon ;
o the volume and the sum of the squared axes’ lengths are roughly decreasing;
o the observation updating is performed in 53% of samples, i.e., among the 2500 samples of the simulation, wy = 0 for
1173 of them ; this is why this algorithm is fast.

VI. CONCLUSION

A recursive state bounding technique for systems with nonlinear dynamics has been presented. An ellipsoid that
encloses all the possible values of the state vector and which is compatible with the bounds of the noises and the
linearization errors was determined at each sampling time. As the Kalman filter, the algorithm has been decomposed
into time update and observation update steps. During the time update stage, an ellipsoid that encloses the vector sum
of two ellipsoids, one containing the “predicted” state vector £x,x—1 of the previous sampling time and the other, the
process noises. During the observation update step the set of state vector compatible with the current measure and the
noise bound is isolated. The observation update stage may seem to entail heavy computations, but these operations are
skipped as soon as the a priori output error is acceptable, that is, when (yx — Fr&r/k—1) € £(0,V}), which happens
often and which makes the algorithm faster.

APPENDIX
I. PROOFS

Proof of the lemma 1. First, the following proposition is proved :
Proposition 1: There exists a bounded matrix Ay € R™*™ satisfying (5) such that for all x € &,

gok(w) €€ (gok(a“:k),a,%(fi)k + Ak)Pk(‘i)k + Ak)T). O
The existence of such a bounded matrix Ay, is guaranteed by the boundedness of the ellipsoid & (and thus of Pj;) which
will be proved later.

Let ¢ :[0,1] — R", 7+ ¢(7) = pr(®r + 7(x — T&)); when 7 € [0,1], &g + 7(x — &) € [z, £x]°. its derivative :
o(1) = (I)k(wk—l—T(iE—in a:—:vk)

30 €]0,1], ¢(1) / d(r)dr = ¢(8), so for this 0, @r(x) = pr(Er) + Pp(Zk + 0(x — &) (@ — &1). Let

=& +6(x— :ck) the latest can be rewritten as :
3 €le, &kl pr(®) = @r(@r) + (8 (z — Bk). (14)
Since & € & and an ellipsoid is a convez set,
x €& =z, BL[CE = & €& (15)
As @y is bijective, @y (€) is invertible ; then, using (14), it comes that
x € 5k<:>(w—if?k)T‘I’k(E)T(%(é)TPk‘I’k(E))_I‘I’k(ﬁ)(ﬂc—fck) <o}
& (u(@) — or(@)” (016 Pidi(€))  (pula) — oul@n)) < of. (16)

5a vector interval [a, b] is defined as follows[a, b] := {c € R"| c = (1 — 8)a + 0b, 6 € [0,1]}



. .o\l .
The inequality (5) means that V&€ € &, ((Ak + &) T Pe(Ak + <I>;€)) = (Pp(&)T P, ®r(&))  ; thus (15), (16) and the

latest inequality lead to

ze = (pnle)—or(@)" (et M) @it d0))  (prle) — prldn)) < of, a7

this proves the Proposition 1. Now, it only remains to determine the ellipsoid that contains the sum of two ellipsoids :

Proposition 2 ([15]) Let Py, P, € R**® Py, P, = 0 and let ¢1, ¢a € IR® be two vectors; let
Eler, P)®E(ea, Py) :={x € R’|x = ¢1+xo,x1 € E(c1, P1), T2 € E(co, P2)} and let ¢* = ¢;+¢5 and P* = 1P1—|— P2
(for any given 0 < p < 1); then Vu €]0, 1], E(c1, P1) ® E(ca, P2) C E(c*, PY). 0
This proposition is applied to the ellipsoids (17) and £(0, W), it can be deduced that for all

2 ~ ~

p €]0,1[, (pr(x) — pr(Zr) + wi)T (%(@k + Ap)T P (Pr + Ag) + %Wk) (pr() — pr(&k) + wi) < 1 and the Lemma
1 is proved.

Proof of the lemma 2. Using (7b) and (7d) and after some linear manipulations, we obtain :

Kk = kaFkTVkil (18)
Pit = Py +wF VI F (19)

(19) shows that Py = Opx, (since Py/p—1 > Opxpn). Substituting (18) in (7a) yields #x = ®p/p—1 + kaFkTkalék.
Letting ¥ := (x — a‘:k)TP,;l(w — &) and ¥ /1 = (T — ik/k—l)TP;;/}c,l(w — & /k—1), the use of (7a), (7b), (19) and
(7d) and some routine algebra leads to

-1 _ n
Vo = Vijho1 — Wi (WFPyjpr Fil + Vi) Ok +w (yr — Foe)" V7 (y — Frx), Yo € R™ (20)
By the aid of (7c) and (20), we can see that, for any w € R, on the one hand
x € & © V-1 + w(ye — Frz)” Vit (ye — Frz) < 013/;;-1 + w, On the other hand, it is obvious that
z € (Epypo1 NSK) = Yaypo1 +w (ye — Frz)" Vit (g — Frzx) < Th jp_q T, thus
Ve eR, x € (5k/k._1 ﬂSk) = x el
Proof of the lemma 3. To prove the first point of this lemma we need first to state the following proposition :

Proposition 3: The function Za 5~ : Ry — R, Fapgy(w) = w — wﬁz % has a global minimum on R4
-

. p
s . w lfﬂ > 1, - ) 2 4. .
for w = w* such that w* = { 0 otherwise; where @ = (a1 a2---0ap), a; € R such that Z;ai =1; 8 € Ry;
p ag
v = (M2 ), v € RY; and w is the unique real positive solution of the equation ﬁz (71) =1.0
i=1 \7iW +
p ag
Proof. (i) Zas, ~(w) =1~ ﬁz is strictly increasing on R . (ii) Z ﬁ < 1 for all w > 0.
. Yiw
=1

(iii) From (i) and (ii), it comes that the equatlon Faup, ~(w) = 0 has one and only one real strictly positive solution if
and only if 3> 1;andif 0 < g <1, Jaﬂ;y( w) > 0 which means that Fq g~ is increasing.

&
(iv) d— =0 E A/a >, Vw € RY. Finally, from (iii) and (iv), w* = arg (minger, Za.3,y(w)) and
a2
the result follows : 3 E ﬁ =1,ifFg>1,w = m>ir3w & w' =0, otherwise. [
* 4 w>
i=1

Proof of the Lemma 3. Using (20) and (1b), we can write
vV = %*k/k—l — wékT (kaPk/k,leT + Vk)_l o + w’ukTVk_l'vk. (21)
Let X, = VkaPk,leTVkT and 8 = V3.0y. By the aid of (2b) and (21) it holds that

=T 1=
m Y Y L we I 5 . -
neblovy F k/k—1 — WOk (WX +1Ip) " Ok +w (22)

From (7c¢), we have

oi -0, = w-— woi, " WXy + 1)~ " &y, (23)



Thus (22) and (23) lead to

arg min e (v*=vF) = ag min 0. (24)
As X}, is symmetric, there exists Up = (ug, Ug, ... Uk,) € IRP*P such that UkUkT =1, U,ZXkUk is diagonal and
Xpug, = Y, ug, for alli € {1,...,p}, where v;, and ug, are the i*" eigenvalue and the associated eigenvector of Xj,. It
is obvious that ug,” (Wi Xg + I,) " ug, = W+ 1)’ thus (23) becomes
o2—02, = w—wh UUT (wXi+ 1) UUT8

P T5 \2
2 (uki ‘sk)
Oy._ +LA} 1* _—
k-1 ( ; wyg, +1 )
p 04%
1-— — . 25
w ﬁk;kai+1 (25)

(i) as Py_1 = Opnxn, as Vi is non singular and as Fy is a full row rank matrix, X = Opxp so v, > 0,Vie{l,...,p};
p

(11) as Z(ukiTSk)Q = Sk,TUkUggk = ||Sk||2 we have Zak = W = 1; (111) ﬂk = ||Sk||2 2 0.
i=1 k

Consequently, the function .Z 5.~ (cf. Proposition 3) can be used to rewrite (25) as 07 = 0}_; + Fa,p,y(w); and it
is clear that

wy, = arg <g1>11& o%) = arg <g1>u(} Fopry (w)> .

Finally the Proposition 3 is used to deduce the value of wj, and the point i is proved.
Now, the proof of the point ii is straightforward by considering the previous point and the fact that the roots of a
polynomial are the eigenvalues of its companion matrix.

Proof of the theorem 1.

i. Let z,_, € E(a‘ck_l,a,%_lPk_l). The use of the Lemma 1 gives

(1 €8er e <ot y)= (T € Enr & P pr S 0fp s )

recalling that Xy = Vi Fj,Ps_1 FL VT, 8) = Vi.0k and VIV, = V!, (22) with (7c) yield to

vV < O']%/k_l — wng (wXg + Ip)f1 Ok +w= ai & xf € &

Consequently (mg c&ys ¥V < 08) = (7/*1 <ol&e x; € 51) A (m,‘;_l S Ek_1>:> (m; S Ek).

1. Consider o7 defined in (7c) and (4c¢) with w = w} given by the lemma 3. o7 = o7 ,, if 10klly,-+ < 1 and

p 2
Qg

O’i = a,%,_l + oy, (1 — B E w;yy;f—i—l)’ otherwise ; where ay,, Ok, vk, and wy, are defined in Lemma 3. As v, @i > 0,
1 i

P a2

the following inequality is true : G Z > Oy Z = 1. Thus we obtain 07 = o7_; if ||0x/|,,-1 < 1
=1 wk')/k + 1) §

and o7 < o7 _, otherwise; this means that the sequence (o7) kEIN*

is convergent on IR;. This proves the point 2¢. of the Theorem 1.

44%. The use of (7a), (7b), (7d), (7e) and after some manipulations, the a posteriori output error can be rewritten as

Tk Vk, +1

is decreasing, and since it is bounded below by 0, it

. X 1y 1
yk — Fedr = (I +wpFePop 1 V) Ok, (26)
the weighted norm (by kal) of which becomes, via some transformations,

_ - P a? 1 if ||Og|l,—1 >1
— Foan) Vo (g — Fudn) = 8k (I, + wiXe) 28, = S S Ve ’
L k) Vi (e kZx) e Ly Wi Xe) O = B = (Wi, + 1)2 ||6k||\2/k71 (1) otherwise;

2

P
— — «

. Let ¢ (w) ;=07 — o7_,. Using the fact that JkT (Wi Xk + Ip)_l Or = [ E ﬁ the point 43. allows to write
< Wk

Sk (wp) = wy (1 — 5" (WX +1,)7" Sk). Since the sequence (07(wf)), o is convergent (from is.), Jim Sk(wy) = 0.
—00
These relations require that at least one of the two following conditions holds : either (a) the sequence (W), - 18

convergent with klim wp =0;or (b) (ng (Wi Xk + L)™' Sk)k N is convergent, with klim 5 (WiXp+ 1) " 0 = 1;
—00 €N~ —®



or both. For all k € IN* such that wj > 0, 8 (Wi Xp+1,) 28, = 1 and 8" (Wi Xy, +1,) ' 8 > 1. Therefore, if
the condition (a) is not satisfied, i.e., w} # 0 when k — oo, then — assuming that the limit of 5 (WX + Ip)f1 Ok
exists — the condition (b) could be verified only if klim 5 (WX + 1) 0 = 5 (WiXy + I,) % 8k ; and this is
true only if klim wi Xk = Opxp. Now, it is shown that the conditions (9) and (10) assure that the matrix Py is
bounded above and below (the proof is inspired from that of [16] and is omitted here for lack of place). As Fj is a
full row rank matrix and Vj is invertible, the boundedness of Py implies that there exists a positive real ¢ such that
Vk € N*, Xy, = VipFyPo1 FIV,I > €I, > 0; this shows that the condition (b) can not hold, what guarantees the
satisfaction of the condition (a) ; the next two limits are direct consequences of this one. Indeed, by the aid of (7a), (7d)
and (7b) we ﬁndklim B — Br 1 = lin%)ka/k,leT(kaPk/k,leT + Vi) ', =0;

— 00 w—
klim Py — Pejp—1 = ].iII%J —ka/k,leT(kaPk/k,leT + Vk)_lePk/k,l = Opxn. This proves the point ¢v. of the
theorem.
v. Now, by the use of klim &y — & /p—1 and (7e) it is possible to write

— 00

klijélo Or — (yr — Frx) = klij)lo Fo(Zr — Th/i—1) = klgglo Fy k:llnclo(:ﬁk — &p/k—1) =0,
thus, klim ékTkalék — (yk — Fkik)TVkil(yk — Fkii'k) =0
& Ve > 0, Jko € IN¥, VE > koo, 5kTVk_15k < (yr — Fk:ik)TVk_l(yk — Fi&k) + ¢ and inserting the inequality
(yr — Fi@r) "V, Hyx — Fi#r) < 1 (according to 444.) achieves the proof of the point v.
vi. The sequence (07)ken~ is decreasing (according to ¢4.) and, as mentioned above, the matrix Py is bounded below

and above; it is also the case for each of its eigenvalues. Consequently, all the products oi);(Py) (i € {1,2,...,n})
corresponding to the squared semi-axes lengths of £(&x, oiPk) are also bounded and so it is for its volume

vol E(&g, 02 Py) = *71'0',@ H)\2 Py).

vit. To prove this point, the following proposition will be applied :
Proposition 4 ([13]) The system zr = f(zg—1,up—1) is ISS if it admits a continuous ISS-Lyapunov function
7* :IR" — R,, that is, there exists #4.-functions®a; and as such that for all z € R",
a1(]|z]]) < ¥*(z) < az(]|z]|) and there exists a J#-function ag and a J¢-function x such that for all z € R™ and all
u e R™, 7" (f(z,u)) — 7" (2) < —as(||z[]) + x([|u]). 0
It suffices then to show that ¥ = 5kTP,; 12, is ISS-Lyapunov function for the error estimation system.
||| ||
5 SV S 5
)\max(Pk) )\min(Pk:)
From the point #i. of the theorem, it is clear that wakT (wiXy + Ip)f1 O +w<0
Consequently, using (21) and (22), the following holds

First, we have

V%=V k-1 < w(l— & (WiXk+1,) " 8k) <0
Now
V%=V %1 < Vs — Vo1 = —Bre1’ Py Fke1 + Tryp—1 Py /k 1T /k—1

where Ty k1 :=T), — Ti/k—1 = Pr(Tj_1) — Pr(Br—1) + wrp—1 and T3 = x}_; — Trp_1.
By using the Proposition 2 the Lemma 1 it can be proved that

. . ~1
P i1 < (1= p)(en(@hog) = enl@r-1))” ((@xo1+ A1) Py (Bror + Ag1))
x (pr(@f_q) = r(@k—1))+poi_we—1" W wr—1
On the other hand, following the same reasoning that led to (16)—(17), it comes that
. . ~1
(r(@h_y) = on(@r-1)" (@51 + Ak ) Peoa(@pr + Ak1))  (or(@f_y) — @r(@r1)) < Booa” Pl Bns
Thus

~ 2
pllEe—1]® | poi_yllwk—a]
Amin(F)k—l) Amin(VVk—l)

—1
V=V o1 < —pV o1+ poi_jwi—1" Wi hwg—1 < —

This means that ¥* is an ISS-Lyapunov function for the system which state vector is estimation error Zj. This
completes the proof of the theorem.

6a : R4 — Ry is Hoo-function if it is a #-function and if a(s) — oo as s — oo.
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