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On Limit Cycles in Event-Based Control Systems

Anton Cervin and Karl JohaAstrom

Abstract— Event-based control is a promising alternative

. . . S Control
to time-triggered control, especially for systems with limited .. opserverf--—| signal Process Event |
computation and communication capacities. In the paper, the generato detector

architecture of a general structure for event-based controlis

presented. The resulting system has many interesting proper-
ties. For instance, a constant load disturbance will typically
make the process output oscillate according to a stable limit Fig. 1. A general event-based controller structure. Sdhed represent

cycle. Necessary conditions for the limit cycle are given and continyous signal transmission while dashed lines repteseent-based
its local stability is analyzed. Finally, a simple way to achieve sjgnal transmission.

integral action based on times between events is proposed.

I. INTRODUCTION The rest of the paper is organized as follows. In Section II,
Periodic, time-triggered control is the dominating® general structure for event-based control is presentdd an

is various components are discussed. Section Il gives the

success, there are some disadvantages. First, time+eiggeSyStem model. In Section IV, limit cycles in a double
control does not utilize the resources in an optimum wayl'tégrator process in studied. The general case is treated i
Sensor values and control actions are communicated e9€Ction V., and integral action is discussed in Section VI.
ery period regardless of whether anything significant hasinlly; the conclusions are given in Section VII.

occurred in the_system. By contrast, in an evgnt-based II. A GENERAL STRUCTURE

control system, signals are calculated and communicated “o

demand.” Analysis of first-order stochastic systems [32][1 i i
o . . shown in Fig. 1 [2]. The system consists of the process, an
indicates that event-based control may require only aifract .

event detector, an observer, and a control signal generator

of the computation and communication bandwidth comparephe event detector generates a signal when an event occurs;

to periodic control to achieve the same performance. T ; .
spare capacity could be used for other applications, or s mstgnce when the outpu_t passes certain levels. Thésleve
! are typically tuned according to a trade-off between the

developer could opt for a cheaper implementation platforrn'umber of events per time unit and the control performance.

Periodic control systems also have problems coping with.
. . . : ifferent events may be generated for the up- and down-
implementation effects such as multiple sampling rates,

o . crossings. The observer updates the estimates when an event
transmission jitter, and unsynchronized computers. eurth : ) .
there exist some applications where event-based samiin occurs and passes information to the control signal gemerat
Yhich generates the input signal to the process. The observe

inherent in the physics. Examples include wheel encoders . .
: . and the control signal generator run in open loop between
and accelerometers that deliver pulse trains rather than cq

. . . twe events. Note however that the absence of events is also
tinuous measurement signals. Queueing systems are another .
information that can be used by the observer.

application where the signals are updated in an event-base he control strategy is a combination of feedback and

rather than continuous fashion. feedforward. Feedback actions occur only at the events. The

It should be noted that event-based control as a teChmlo%tuator is driven by the control signal generator in op@plo

is not new. Mostly, however, it has been applied in an ad-h Setween the events. Design of the control signal generator

way. This can be attributed to the lack of a comprehensive . L . .
S : - IS therefore a central issue. It is interesting to comparth wi
theory, which in turn can be explained by the mathematica .

AT . _a conventional sampled-data system, where the events are
difficulties involved. Only recently have some analytical : .

A enerated by a clock and the behavior of the system is

results on event-based state estimation and control dtar marilv determined by the control law. Such a svstem can
to appear [3], [9], [10], [11], [4], [5]. e Y ' 4

Event-based control systems, being hybrid and nonlineéatéSO be represented by Fig. 1 with a block representing the

. . : . .“control law inserted between the sampler and the control

systems, can exhibit very interesting behavior. The retati _.
) L : signal generator and a clock to generate the events. For a
to nonlinear systems analysis is discussed in [2]. In this

paper we focus on limit cycles generated by constant Ioa%onventional sampled system the behavior of the closeg-loo
disturbances System is essentially determined by the control algorithm,

but in an event-based controller the behavior is instead
This work was partially supported by the Swedish Researcn€ib determined by the control signal generator. It therefor&esa
The authors are with the Department of Automatic Control LTHnd i i i
University, Box 118, SE-221 00 Lund, Sweden. sense to use a special name, even |f the control signal
generator can be regarded as a generalized hold [6], [13].

paradigm in computer-controlled systems. In spite of it

A block diagram of a system with event-based control is



Ill. SYSTEM MODEL
We assume that the process is given by

dz(t)
o = Ax(t) + Bu(t) + Buuwl(t)

y(t) = Cx(2),
wherez € R" is the statey € R is the control signaky € R
is a disturbance angd € R is the output. The control signal
is limited to |u| < 1.

Events are generated whenever the magnitude of the output ‘ ‘ ‘ ‘ ]
passes the threshodd We disregard the observer and assume 0 20 40 60 80 100
that the full system state can be obtained whenever an event t
occurs. Optimal event-based observers are studied in [8]. Fig. 2. Simula}tion of the double integrator process with émased control

. . . .. and random disturbance.

Design of the control signal generator is crucial in event-
based control systems. If a simple threshold detector id,use
it is important to ensure that disturbances cannot make the
output drift away from the detection band. We therefore
apply the full control signal

@)

u(t) = —sgn(y(t)), 2) 0 5 10 15 20 25 30

when we are outside the detection band. Upon entering the
detection band, we want the state to asymptotically reach
zero. One option would be to use optimal control. A simpler

alternative is to use a control signal generator in the form -1t ‘ ‘ ‘ ‘ ‘
d= () 0 5 10 15 20 25 30
= Az(t) + Bu(t) 3 ¢
dt ( ) Fig. 3. Simulation of the double integrator process with ¢éd@sed control
u(t) = —sat(Lz(t)), and constant disturbaneey = 0.05.

wherez € R™ is the generator state, and wherds chosen )
to give A — BL the desired eigenvalues. The generator jcauses the output to drift towards the upper threshold, her

initialized to z = = when the detection band is entered. 12 IMit cycle is quickly established. Increasing the load

there are no disturbances or model errors, the process stdtgturbance tavy = 0.5 in Fig. 4, the resulting oscillation
will follow the generator state without error. has a higher frequency while the limit cycle is establishied a

a slower rate.
IV. DOUBLE INTEGRATOR It is clear that the times between events contain infor-
We will first examine a special case where an analyticdnation about the magnitude of the disturbance. It is hence
solution can be obtained. Consider the double integratéiteresting to analyze the relationship between and the

process properties of the limit cycle. In the next step, this infotina
d (1) 0 1 0 0 could be used to design a simple disturbance observer and a
X
= t t t compensator.
at [o o]x(H[l]u(H[l}w()

y(t) =[1 0]=(t).
The event detection threshold is setdo= 1. The control
signal generator is given by (3) with the gain vector=
[1 2]. This choice ofL gives a critically damped response
and a control signal limited tou(t)| < 1 if ; = 1 and
—1 < z9 < 0 at the event.

A. System Response

To get a flavor for how the event-based control system
behaves, in Fig. 2 we show the system response when the

disturbancew(t) is a white noise process with intensity 0.01. 0 5 10 15 20 25 30

Note the shape of the control pulses. The deviation is t

basically kept within the limits even though the events areig. 4. Simulation of the double integrator process with ¢ased control
quite sparse. and constant disturbaneey = 0.5.

Next we simulate the system assuming a constant load
disturbancew(t) = wy = 0.05, see Fig. 3. The disturbance
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Fig. 5. Possible limit cycle for the double integrator. Thestued lines are
the detection thresholf | = 1. % 0.2 o4 0.6 0.8 B

1
B. Necessary Conditions for Limit Cycle
We will investigate the possibility of a limit cycle stargn = 05f
at the point A in Fig. 5. (Due to symmetry, we will only
consider limit cycles around the upper detection threshold 0 : : : :
. . A T 0 0.2 0.4 0.6 0.8 1
in this paper.) Letz(0) = z* = [1 b] , and assume that wo
w(t) = wp, 0< w0.< 1 Outside the detection band, theFig. 6. Parameters of the limit cycle as functions of the mageitaf the
closed-loop system is given by disturbance for the double integrator. Note that the limitleyperiodT is
not a monotonic function ofvg.
dz+ (t) ) dzo(t) 1
— = 220t), —/— = wo — L.
. dt . _ dt Being monotonic, these functions can easily be inverted
Integrating the equations gives numerically to obtainb and ¢, as functions ofw,. Finally,
21(t) = 1+ bt + (wo — 1)t2/2 the limit cycle period is given by
2a(t) = b+ (wo — 1L, Tty bty = —2 ity
1-— wo

Point B will thus be reached after a time = 2b/(1 — wy),

with z2(t1) = —b. Next consider the transition from B to A.
Letz(0) = 2B =[1 —b]". Assume that the control signal
is never saturated, meaning that— 2b| < 1. The state then

The limit cycle parameters,, t,, T and b as functions
of wy are shown in Fig. 6. We see that< b < 1 for all
valid values ofwy. Hence the assumptidih — 20| < 1 is not
violated. It is interesting to note th&t is not a monotonic

I ) ) X

evolves as 2(t) = B(t)2B +T(t)w function of wy. For large disturbances, the trajectory spends

R o more and more time outside the detection band. Obviously,
where for wg > 1, the process cannot be stabilized and the output

will diverge.
(I)(t) — e(AfBL)t _ |:1 + 1 t :| eit . g N
-t 1-t C. Sability of Limit Cycle
accounts for the influence of the control generator, and We will here investigate the local stability of the limit cy-
t £2/2 cle by computing the Jacobian of the Poiricarap according
I'(t) = / eA*Bds = [ } to the method given in [1]. Global stability can be analyzed
0

using quadratic surface Lyapunov functions [7].
accounts for the influence of the disturbance. The point A Consider a solution with a disturbed initial state0) =
will be reached after a timé, when o™ + 6z, wheredz is such thatC'z(0) = 1. According to the
) = Bt 2B + Tt A analy3|_s above, the dete_zcnon threshold will be reache_&f aft
z(t2) (£2)27 + D(t2)wo = 2 some timer = t; + d0t; with z(7) = 2B — §x. The transition

We hence have the system of equations from B to A is then given by
2
H - [1+t2 : }6‘” { 1 ] + P/z} wo. (4) 2(7+4) = (1) (¢° = ox) + T(t)uwo.
b —to 1-— lf2 —b t2

o ] ) . The threshold will be reached after some timet dto:
Here it is not possible obtain a closed-form expression for

to. However, the equations can be solved explicitly fay (T + t2 + 6t2) = ®(tz + bta) (a® — 6x) + T(ta + dta)wy.
andb if to is given, hence

—to _ ,—2to
wo = 2(1 — 2tpe ) o(T +ta + 0ta) = (I + (A — BL)5t2)D(t2) (2® — 6z)

21— (1+ty)et
31— (1 +ta)e ) + (I + Abto)T(ta)wo + Buwodts + O(62)

ﬁ —t2
_ 20— (4t t F)e™™) = 2™ — B(t)dx + vity + O(62),
to(1— (1 + ta)e )

Series expansions @ andI' give




where (a) (b)

b U u
v = AxA—BLq)(tg)wB—l—Bwo =

wo+ ((1—b)ta+2b)e "2 Lo - R R Wi
Ignoring O(6?) terms and multiplying both sides lfy gives \ 1

1=1- C@(fg)al’ —+ CU(StQ t t
Hence Co(t A - ot e e
Sty = (t2) Sz, — -
Cv t1 to t1 tsat to
and finally Fig. 8. Two cases of control signal saturation in the limit leyo(a)
vC The control is only saturated outside the detection band T control
.CE(T 4ty + 5t2) — A + <C’ — ]> @(t2)5;1;_ is saturated at = 1 for some timets,; upon entering the detection band.
v
The Jacobian of the Poinéamap of the limit cycle is hence A. Necessary Conditions for Limit Cycle
given by O First consider the transition from A to B. Let(0) = z*.
W = <C — I> (o) (5) In this region we have. = —1, and the solution is given by
v
_ A
and it follows that the limit cycle is locally stable if andlgn 2(t) = @1 (t)2” = T(t) + Lo (¢)wo,

if W has all eigenvalues inside the unit circle. Note that onghere
eigenvalue ofiV is always zero. The non-zero eigenvalue is

in our case equal to Oy (t) = e
t
_ ((w0+b)t2 —b+ ((1—=b)ta +2b— 1)t67t2)67t2 [T(t) Tw)]= / eASdS[B Bu].
b ' 0
A plot of \(wy) is shown in Fig. 7. The limit cycle is locally The condition for reaching B at timg is given by
stable for all admissible values af,. It is seen that the Ca® = Ca(tr) = d

convergence is very fast fary = 0.05 and moderately fast
for wy = 0.5. This agrees with the behavior displayed in Next consider the transition from B to A. Let(0) = .
Figs. 3 and 4. (@) No saturation. In the case of no saturation, the

V. THE GENERAL CASE trajectory from B to A is given by

We will now investigate the general case when the sys- z(t) = Bo(t)x” + Lo () wo,
tem (1) is controlled by an event-based controller with th?\/heretbg(t) — ¢(A=BL)t The condition for reaching A at
detection thresholdy| = d and the control signal genera- 4o to is given by
tor (3). The disturbance is given hy(t) = wp, 0 < wp < 1.

We assume that coordinates are chosen suchythatz;, 2(ty) = Pa(t2)a® + Dy (t2)wo = 2.
e, =1 _0 0]_' L . . Summarizing we obtain the following system of equations:
To determine a possible limit cycle we consider a trajec-
tory starting at the point A on the upper detection limit, see Ca®=d 6)
Fig. 5. The starting point is A = By (ty)x® 4 Ty (t2)wo,
A = {d} . beR™L where 5 N
b T = @1(t1)$ — F(tl) + Fw(tl)’wo.

The analysis is complicated by the possibility of controginced and w, are known we have: + 1 equations to
signal saturation inside the detection band. We will Onl}(:letermine ther + 1 UNKNOWNSty, £, andb

consider two possible cases, see Fig. 8'_ In case (a), the(b) Saturation. In the case the control signal saturation
control does not saturate inside the detection band. In CasRide the detection band. the equations must be extended
(b), the control' signal is satl_Jrated at= 1 for some time During saturation, the control generator state evolvestatc
tsat UpON entering the detection band. ing to

z(t) = ®1(t)z(0) + T'(¢),

where z(0) = zB. Let t4,; be the time during which the
~< 05} ] control is saturated, and let® be the state of the signal
generator when the saturation is released. We then have the
‘ ‘ ‘ ‘ condition u(ts) = —Lz® = 1. After the saturation, we
0 02 0.4 wo 0.6 0.8 1 exploit the fact that the effects of the control signal getar

and the disturbance can be superimposed to get

Fig. 7. Convergence rate (i.e., the non-zero eigenvaluéeflacobian of
the Poincag map) towards the limit cycle for the double integrator preces Z(tsar + 1) = Do (t)zc + Ty (tsat + ).



Summarizing we obtain the system of equations
C2® =d
—Lz¢ =1 @)
A = Dy (ty)2° + Doy (tear + t2),

where
a® =@y (t1)a* = T(t1) + Lo (t1)wo
ZC = (I)l(tsat)xB + P(tsat)'

We thus haven + 2 equations to determine the + 2 0 s o " 0 P 0

unknownsty, tgas, t2, andb. "
B. Sability of Limit Cycle Fig. 9. Simulation of the third-order system with constardgtaibance

wo = 0.1
First consider the transition from A to B. Let(0) =
x4+ 6. Carrying out the analysis as in the previous sectiong, Example

after some calculations we obtain . .
We apply the analysis above to the third-order, non-

B .
e(t + 8t1) = 2B + (I _ g g) O, (4o, minimum-phase process
v 2(4 — s)
wherev® = Az® — B + B,w. (s) = s(s +1)2
Next consider the transition from B to A. Let(0) = . .
2B 4 o with the state space representation
(a) No saturation. In the case of no saturation, we obtain 0 1 0 0
AC A=10 -1 1 B=|-2|,C=[1 0 0].
ty+0ty) = 2P + (I — 2= ) By(tn)d ’ ’
#ltz 1 0t) = @ +< OUA> 2(f2)0r, 0 0 -1 10

wherev® = Az — BL®,(t2)2® + B,w. Local stability The detection threshold is set tbh = 2, and the control
of the limit cycle is hence ensured if the eigenvalues of thgenerator gairl. is chosen such that the eigenvaluesof
matrix BL are placed inl.5e**7/4, k= 3,4, 5.

vAC vBC A simulation of the control system assuming a constant
W= (I C’vA> Do(t2) <I - ) ®1(t1)  (8)  disturbancauv, = 0.1 is shown in Fig. 9. It can be noted that
the control signal saturates after the down-events. Fyrtihe

areblnggte tr:_e unltl C':ﬁle' ¢ saturati the t i convergence towards the limit cycle is very fast.
(b) uration. In the case of saturation, the transition Next, we analyze the properties of the limit cycle for

from B to A must be divided into two parts. First consideringdhcferent wo. For each value ofuy, we solve the system of

the state of the control signal generator, we obtain equations (6) using nonlinear optimization. If the solatio
vCL o 5 does not fulfill the condition—L22 < 1 we proceed to
L€ 1(tsar)0, solve (7). As a measure of the convergence rate, we compute
the spectral radius (W) of either (8) or (9) for each value

of wg. The solutions are reported in Fig. 10. The control
'sighal saturates inside the detection band for disturtzairce
the range0.04 < wy < 0.63. The convergence is very fast
vAC) U Sa throughout and virtually immediate for some valuesugf.

Z(tsat + 6tsat> = ZC + (I -

wherev® = A42¢ + B.
Next, considering the complete transition from B to A
after some calculations we get

2t + St + ta + 5t2) = & + (1 _

CovA For wy = 0.1 for instance we have(1V) = 0.003.
where VI. INTEGRAL ACTION
C w
v L w¥ . . . .
T = By(ts) (I _ C> ®1 (tsar) — o D1 (tsar) Integral action is an essential feature in many feedback
Lv Lv control systems, since it allows robust regulation of con-
vA = Az® — BL®(t3)2C + Bywy stant load disturbances and error-free tracking of constan

w_ (AT (¢ ; B reference values. In event-based control systems, a ecansta
v ( wtsar +t2) + “’)wo' disturbance may cause a large number of extra events. These
Local stability of the limit cycle is hence ensured if the€xtra events potentially diminish the benefits of the event-
i ased approach. Hence, it would be useful to introduce some
eigenvalues of based approach. H t would b ful to introd
A B form of integral action also in these systems.
v C vPC - . . . .
W=(I-5)¥(I-+5% P, (1) 9) One way to achieve integral action is to introduce a
isturbance observer. e convergence towards the limi
Cu Cv disturb b If th towards the limit
are inside the unit circle.
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Fig. 11.
integral action. The process is disturbed both by a consianeleration
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Simulation of the double integrator with event-lthsentrol and

wp = 0.5 and by white noise. Once the disturbance estimateéhas
converged, much fewer events are generated.

cycle is fast, the time between events will contain accurate
information about the magnitude of the disturbance.

inspired the development of a simple disturbance observer,

Again consider the double integrator in Section IV. Inyhich only used the times between events as its inputs.

stationarity, the times between events are given by the
monotonic functiong; = fi(wp) andts = fo(wp) shown

in Fig. 6. After consecutive events on the same side of thei]
detection band, we can use either or both of the inverse
functions wy = f{l(tl) and wg = f;l(tz) to estimate

wg. We explore that approach here and let the disturbance)
observer be given by

ffl(t1)+f51(t2). 3]

2
The estimate is updated whenever there have been twdl
consecutive down-events on the same side. The gain
0 < k <1, is chosen as a trade-off between the convergence)
rate and the sensitivity to noise. The disturbance estinsate
subtracted from the control signal before it is applied te th [6]
process.

Fig. 11 shows a simulation where the process is disturbed
both by a constant acceleratia = 0.5 and by white noise 7]
with intensity 0.01. The observer gain was choseh as0.1.

The plot shows that the disturbance estimate convergegto th
correct value. Once the estimate has converged, much few%;]
events are generated.

wi=w+k

VIl. CONCLUSION [

Event-based control systems are nonlinear and hybrid
systems and may hence exhibit very rich behaviors. In thigo]
paper we first presented a general structure of an eventtba
control system. We then focused on limit cycles induce
by constant disturbances. The local stability of as well agz2]
the convergence rate towards the limit cycle were studied.
The analysis becomes complicated when there are control
signal saturations inside the detection band. In the ex@snpl [13]
it was seen that the convergence was often very fast. This

1]

REFERENCES

K. J. o/3\str'c')m. Oscillations in systems with relay feedback. In
K. J. Astrom, G. C. Goodwin, and P. R. Kumar, editoiglaptive
Control, Filtering, and Signal Processing, volume 74 ofl MA Volumes

in Mathematics and its Applications. Springer-Verlag, Jan. 1995.

K. J. Astrdom. Event based control. In A. Astolfi and L. Marconi,
editors, Analysis and Design of Nonlinear Control Systems. Springer
Verlag, 2007.

K. J. Astrom and B. Bernhardsson. Comparison of periodic and event
based sampling for first-order stochastic systems.Pigprints 14th
World Congress of IFAC, Beijing, P.R. China, July 1999.

L. Bao, M. Skoglund, and K. Johansson. Encoder—decoesigd for
event-triggered feedback control over bandlimited chasnbi Proc.
American Control Conference, pages 41834188, 2006.

R. Cogill, S. Lall, and J. P. Hespanha. A constant facppraximation
algorithm for event-based sampling. Rroc. Allerton Conference on
Communication, Control, And Computing, 2006.

A. Feuer and G. C. Goodwin. Generalized sample hold fonst—
frequency domain analysis of robustness, sensitivity, atetsample
difficulties. |EEE Transactions on Automatic Control, 39(5), May
1994.

J. Goncalves, A. Megretski, and M. Dahleh. Global anialy$ piece-
wise linear systems using impact maps and quadratic surfaparipa
functions. IEEE Transactions on Automatic Control, 48(12):2089—
2106, December 2003. .

T. Henningsson and K. JAstrom. Log-concave observers.
Proceedings of the 17th International Symposium on Mathematical
Theory of Networks and Systems, Kyoto, Japan, July 2006.

D. Hristu-Varsakelis and P. R. Kumar. Interrupt-baseatoal over
a shared communication medium. PFroc. IEEE Conference on
Decision and Control, 2002.

O. C. Imer and T. Basar. Optimal estimation with limited measu
ments. InProc. |IEEE Conference on Decision and Control, 2005.

O. C. Imer and T. Basar. Optimal control with limited cortgro In
Proc. American Control Conference, 2006.

E. Johannesson, T. Henningsson, and A. Cervin. Sporeaintrol
of first-order linear stochastic systems. Mmoc. 10th International
Conference on Hybrid Systems: Computation and Control, Pisa, Italy,
Apr. 2007.

K. Ohno, M. Hirata, and R. Horowitz. A comparative studfytbe
use of the generalized hold function for HDDs. Pnoc. 42nd |IEEE
Conference on Decision and Control, Maui, Hawaii, 2003.

In



