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Nonlinear feedback systems

i N nonlinear static block
Ug + . Tt Wi 4 Yt _ _
o L I T L: linear dynamic subsystem
x¢, vy: NOt measurable inner signals
A u¢: Known input signal
y¢. Noise-corrupted measurement of wy

n
v =N (wy) = ) vwE with n: polynomial degree

k=1
B(q—l) _ A(q_l) = 1+ alq_l + ...+ angqg ™
YT A D™ with B(g™) = bo+b1g t + ...+ byg™ "
q ol = wy g
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Problem formulation

~ Aim: compute bounds on the parameters v ' = [v1, 7o ... ] and

- Prior assumption on the system:

— BIBO stability

— na and nb are known

— n is finite and known

— the steady-state gain of the linear subsystem is not zero

— a rough upper bound on the settling time of the system is known

- Prior assumption on the measurement uncertainty:
— n is UBB: [ ny |< Ay
— Any IS known
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Proposed solution

‘ee-stage procedure:

- First stage: computation of bounds on the nonlinear block parameters ~.

- Second stage: computation of bounds on the inner (unmeasurable) signal x;.

- Third stage: computation of bounds on the linear block parameters 6.
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Proposed solution: first stage
3ounds on the parameters ~ of the nonlinear block:

- Stimulate the system with square-wave of M different amplitude and get steady-state
measurements

- The feasible parameters set D-, of the nonlinear block is described as:
n
D’Y :{’YGRTL : (ys o ﬁs) +Z Vk(gs o ﬁs)k = Us,

k=1
|7 IS AT, s=1,...,M},

D, is the set of all parameters ~y consistent with the M given measurements, the error
bounds and the assumed model structure

- Bounds on parameter ~;.:

min : max
Y = min -~y y = max-y
k ’YEDV k k ’YGny k
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Proposed solution: first stage

omputation of 4" and ~"4%:

min max

Ve =, min VT = max
(7,1 E€D5 (v,1) ED5

ere:
o AT
=M1 72 .. 0]

n
n :{(77ﬁ)€Rn X RM :(ys — ﬁs) +Z 7]{(?3 _ ﬁs)k = Us,
k=1
|75 IS Ang; s=1,..., M}

.7 is a semialbegraic set over R TM

he above problems are semialgebraic (nonconvex) optimization problems
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Proposed solution: first stage

tandard nonlinear optimization tools can not be exploited to compute w,"{"m and ~;*4*
ce they can trap in local minima

The true value of v, could not lie in [ﬁcm'”, yl’gnaiv]

elax original identification problems to convex optimization problems

Y

Bounds on each parameter ~; can be obtained
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Convex relaxation

Ml relaxation for semialgebraic optimization problems:

- SOS decomposition

P. Parrillo, “Semidefinite programming relaxations for semialgebraic problems”, Mathematical Programming 2003

- Theory of moments

J. B. Lasserre, “Global optimization with polynomials and the problem of moments”, SIAM J. on Opt. 2001

-relaxed bounds 7,2”"”5 and 7,2”‘“’35 computed solving the following SDP problems:

) )
e’ = min f(a) AP = max (o)
reD) zeD)

ere;
LMI decision variables

¢) : linear function
. Convex set described by LMI constraints
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Tightness and convergence

yperty 1 — §-relaxed bounds become tighter as ¢ increases:

mz'n(S < min5 +1 min

Vi < Y < Vg

maac5+ 1 max

Vi > Vi

ma:c5 >

Tk

perty 2 — §-relaxed bounds converge to the true bounds as 6 — oo
5

lim main — man
d—00 Tk Tk

1)
lim ~maexr® — max
0—00 Tk Tk
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Computational complexity of the LMI relaxation

1 practice, due to an high computational complexity, LMI relaxation techniques can be
loited only for a small set of measurements

Y

A reduction of the complexity of SDP relaxed problems is necessary
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Reduced complexity of the relaxed problems

n
D’Yﬁ :{(Vaﬁ)eRn X RM : (ys - ﬁs) +Z ’Vk(ys - ﬁs)k = Us,
k=1
|7, <K A7, s=1,...,M}

perty 3 The variables 77, defining D7 are not correlated with each other

a In constructing moment matrix defining Dg do not consider the correlation between

lables 7,
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Reduced complexity of the relaxed problems

Value of M greater than 400 can be exploited in the identification (for 6 < 4)

perty 4 — Convergence to tight bounds is preserved
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Proposed solution: second stage

Bounds on the inner signal x;:

T = gy — e
Tl max man
. i — Ut — g
it 4+ . Tt|B(qg~l)| Wt 4t Yt t
Y A(g~1) min  __ : - k
yp o= min > v(ye —me)
(¥, €Dy | < Ame . =1
n
1%
N y = max > ey — )"
(Y €Dy Ine| <Ane ;=7

- Stimulate the system with a persistently exciting input signal
- Bounds on v; can be computed by means of LMI relaxation

~ Structure of the problem can be exploited to reduce the computation complexity
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Proposed solution: third stage

Bounds on the linear block parameters 6.

ner signal x; described in terms of its central value = and its perturbation dx;:

xr = xf + dx¢
N:
cr |< Axy, xzf =

maxr _ ,.min
Lt Lt

2

x?zin+x?1ax
2

9 Axt —

Jentification of a linear model with noisy output sequence {y;} and uncertain input se-
2nce {x:}

Tt B(q™1) Wy

A(g1)
oy — T Tt

Ty Yt

Errors-in-variables (EIV) problem with bounded errors
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Proposed solution: bounds on 6

oloiting previous results on EIV problems with bounded errors

“erone,” Feasible parameter set of linear models with bounded errors in all variables”, Automatica 1993)

U

Bounds on 6; are computed by means of linear programming
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Example

rameters of the simulated system
wy) = —1.5w; + 1.2wt2 - O.9wt3
g 1) =1-1.5193¢"1 +0.5326¢2
g 1) =0.1549¢1 — 0.1416¢ 2

asurements output errors
| < A7, {7,} random variables belonging to [—A7,, +A7,]
|< Ang, {n¢} random variables belonging to [—Any, +An]

ring the simulated experiment the SNR is about 25db.
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nlinear block parameters: central estimates and parameters bounds (M = 50, § = 3)

True — Aun Vi T A
Value

-1.5000 -1.5369 -1.4890 1.4410 0.0480
1.2000 1.1931 1.2072 1.2213 0.0141
0.9000 0.8898 0.9020 0.9141 0.0121

. ,ymax_,ymin
Ay, = -5 > :
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Linear block parameters: central estimates and parameters bounds

N True o 05 oo Ab;
Value

100 -1.5193 -2.0326 -1.6422 -1.2518 0.3904
0.5326 0.3046 0.6364 0.9681 0.3318
0.1549 0.1424 0.1579 0.1734 0.0155
-0.1416 -0.2201 -0.1232 -0.0264 0.0969

300 -1.5193 -1.8569 -1.5633 -1.2697 0.2936
0.5326 0.3265 0.5761 0.8256 0.2496
0.1549 0.1452 0.1555 0.1659 0.0104
-0.1416 -0.1951 -0.1348 -0.0746 0.0602

Qmax_emin
p—— | J

IN - Politecnico di Torino

17



membership identification of block-structured nonlinear feedback systems Dario Piga

Conclusion

- Three stage procedure to evaluate parameters bounds of a nonlinear feedback system

- Bounds on the nonlinear block parameters have been evaluated by means of LMI re-
laxation techniques

- The particular structure of the identification problems allows the reduction of the com-
plexity of the LMI relaxation

- Convergence to tight bounds is guaranteed

- Bounds on the parameters of the linear block has been computed through the evalua-
tion of bounds on the unmeasurable inner signal x+
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