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A µ-Synthesis Approach to Robust Control of a Wind Turbine

Mahmood Mirzaei, Hans Henrik Niemann and Niels Kjølstad Poulsen

Abstract— The problem of robust control of a wind turbine
is considered in this paper. A set of controllers are designed
based on a 2 degrees of freedom linearized model of a wind
turbine. An extended Kalman filter is used to estimate effective
wind speed and the estimated wind speed is used to find the
operating point of the wind turbine. Due to imprecise wind
speed estimation, uncertainty in the obtained linear model
is considered. Uncertainties in the drivetrain stiffness and
damping parameters are also considered as these values are
lumped parameters of a distributed system and therefore they
include inherent uncertainties. We include these uncertainties
as parametric uncertainties in the model and design robust
controllers using the DK-iteration method. Based on estimated
wind speed a pair of controllers are chosen and convex combina-
tion of their outputs is applied to the plant. The resulting set of
controllers is applied on a full complexity simulation model and
simulations are performed for stochastic wind speed according
to relevant IEC standard.

I. INTRODUCTION

In the recent decades there has been an increasing interest
in green energies of which wind energy is one of the most
important ones. Wind turbines are the most common wind
energy conversion systems (WECS) and are hoped to be
able to compete with fossil fuel power plants on the energy
price in near future. However this demands better technology
to reduce electricity production price. Control can play an
essential part in this context because control methods on one
hand can decrease the cost of energy by keeping the turbine
close to its maximum efficiency. On the other hand reduce
structural fatigue and therefore increase lifetime of the wind
turbine. There are several methods for wind turbine control
ranging from classical control methods [1] which are the
most used methods in real applications to advanced control
methods which have been the focus of research recently [2].
Gain scheduling [3], adaptive control [4], MIMO methods
[5], nonlinear control [6], robust control [7], model predictive
control [8], DK-iteration [9] just to mention a few. Advanced
control methods are thought to be the future of wind turbine
control as they can employ new generations of sensors on
wind turbines (e.g. LIDAR [10]), new generation of actuators
(e.g. trailing edge flaps [11]) and also conveniently treat the
turbine as a MIMO system. The last feature seems to become
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more important than before as wind turbines become bigger
and more flexible which make decoupling different modes
and designing controller for each mode more difficult. The
wind turbine in this paper is treated as a MIMO system
with pitch (θin) and generator reaction torque (Qin) as
inputs and rotor rotational speed (ωr), generator rotational
speed (ωg) and generated power (Pe) as outputs. Parametric
uncertainties considered and DK-iteration method [12] is
used to solve the control problem. DK-iteration is a method
that takes structured uncertainty into account in order to
reduce conservativeness of the H∞ procedure. A set of
controllers each of which responsible for a specific region
of the operation range are designed. We use wind speed
estimation to choose pair of controllers and also to calculate
convex combination of controller pair outputs to apply to
the plant. This paper is organized as follows: In section II
modeling of the wind turbine including modeling for wind
speed estimation, linearization and uncertainty modeling
is addressed. In section III controller design is explained.
Finally in section IV simulation results are presented.

II. MODELING OF THE WIND TURBINE

For modeling purposes, the whole wind turbine can be
divided into 4 subsystems: Structural subsystem, aerodynam-
ics subsystem, electrical subsystem and actuator subsystem.
The dominant dynamics of the wind turbine come from
its structure which includes drivetrain, tower and blades.
Several degrees of freedom could be considered to model the
structure, but for control design mostly just a few important
degrees of freedom are considered. In this work we only con-
sider two degrees of freedom, namely the rotational degree
of freedom (DOF) and drivetrain torsion. The aerodynamics
subsystem gets effective wind speed (ve), pitch angle (θ) and
rotational speed of the rotor (ωr) and returns aerodynamic
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Fig. 1: Wind turbine subsystems



torque (Qr) and thrust (QT ). The aerodynamic subsystem is
responsible for the nonlinearity in the wind turbine model.
More details are presented in section II-B.

A. Modeling for Estimation

Wind can be modeled as a complicated nonlinear stochas-
tic process, however for practical purposes it could be
approximated by a linear model [13]. In this model the wind
has two elements, mean value term (vm) and turbulent term
(vt):

ve = vm + vt

The turbulent term is modeled by the following transfer
function:

vt =
k(vm)

(p1(vm)s+ 1)(p2(vm)s+ 1)
e; e ∈ N(0, 1)

And in the state space form:(
v̇t
v̈t

)
=

(
0 1

− 1
p1(vm)p2(vm) −p1(vm)+p2(vm)

p1(vm)p2(vm)

)
(
vt
v̇t

)
+

(
0

k(vm)
p1(vm)p2(vm)

)
e

(1)

This is a second order approximation of the wind power
spectrum [13]. For wind speed estimation, a one DOF
nonlinear model of the wind turbine is augmented with the
wind model given above. An extended Kalman filter uses
this model to estimate the effective wind speed. This wind
speed is used to find the operating point of the wind turbine
and to calculate appropriate control signals.

B. Nonlinear Model

Blade element momentum (BEM) theory [14] is used to
calculate aerodynamic torque and thrust on the wind turbine.
BEM theory explains how torque and thrust are related to
wind speed, blade pitch angle and rotational speed of the
rotor with the following formulas:

Qr =
1

2

1

ωr
ρπR2v3

eCP (θ, ω, ve)

Qt =
1

2
ρπR2v2

eCT (θ, ω, ve)

(2)

In which Qr and Qt are aerodynamic torque and thrust, ρ
is air density, ωr is rotor rotational speed, ve is effective
wind speed, CP is the power coefficient and CT is the
thrust force coefficient. Absolute angular position of the rotor
and generator are of no interest to us, therefore we use the
drivetrain torsion ψ = θr − θg instead. Having aerodynamic
torque the whole system equation with 2 degrees of freedom
becomes:

Jrω̇r = Qr − c(ωr −
ωg
Ng

)− kψ

(NgJg)ω̇g = c(ωr −
ωg
Ng

) + kψ −NgQg

Pe = Qgωg

(3)

In which Jr and Jg are rotor and generator moments of
inertia, ψ is the drivetrain torsion, c and k are the drivetrain
damping and stiffness factors respectively lumped in the low
speed side of the shaft and Pe is the generated power. For
numerical values of these parameters and other parameters
given in this paper, we refer the reader to [15]. These
equations give a nonlinear model. However we need to
linearize the nonlinear model of the system. This could be
easily achieved using Taylor expansions around the operating
points:

∆Qr = a∆ωr + b1∆θ + b2∆ve

∆Pe = Q∗g∆ωg + ω∗g∆Qg
(4)

Q∗g and ω∗g are the nominal values of torque and generator
speed. For the sake of simplicity in notations we use variables
without ∆ from now on.

C. Uncertain model

As it was mentioned, for control design we need to have
a linear model of the system and the following model of the
wind turbine is used: ẋ

y∆

y

 =

 A B1 B2

C1 D11 D12

C2 D21 D22

 x
u∆

u

 (5)

In which states, inputs and outputs are:

x =
(
ωr ωg ψ θ Qg ve v̇e

)T
u =

(
θin Qin

)T
y =

(
ωr ωg Pe

)T (6)

ωr is rotational speed of the rotor, ωg is rotational speed of
the generator, ψ is drivetrain deflection, θ pitch of the blade,
Qg is the generator reaction torque, ve and v̇e are wind model
states, θin is the reference value for pitch actuatorm, Qin
is the reference value for the generator torque actuator and
Pe is the electrical power. Having all the equations, system
equations become:

ω̇r =
a− c
Jr

ωr +
c

Jr
ωg −

k

Jr
ψ + b1θ + b2ve (7)

ω̇g =
c

NgJg
ωr −

c

N2
g Jg

ωg +
k

NgJg
ψ − Qg

Jg
(8)

ψ̇ = ωr −
ωg
Ng

(9)

θ̇ = − 1

τθ
θ +

1

τθ
θin Q̇g = − 1

τg
Qg +

1

τg
Qin (10)

Pe = Qg0ωg + ωg0Qg (11)

v̈e = − 1

p1p2
ve −

p1 + p2

p1p2
v̇e +

k

p1p2
e (12)

τθ and τg are time constants of the first order actuator
models (see equ. 10). Uncertainties for the parameters of
the equations 7-8 are:

a = ā(1 + paδa) Linearized model
b1 = b̄1(1 + pb1δb1) Linearized model
k = k̄(1 + pkδk) Drivetrain stiffness
c = c̄(1 + pcδc) Drivetrain damping

(13)
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Fig. 2: System interconnections

In which:

|δa| ≤ 1, |δb1 | ≤ 1, |δk| ≤ 1, |δc| ≤ 1 (14)

And ā, b̄1, k̄ and c̄ are the nominal values and pa, pb1 , pk
and pc represent the relative perturbations. Uncertainty in the
linearized model could be a result of approximate CP curve
calculations, wrong wind speed estimation which results in
picking the wrong operating point or aerodynamic changes
due to blade flexibility or ice coatings on the blades. Using
the equation 13 to represent uncertainties, the uncertainty
matrix (∆) becomes a diagonal matrix which connects y∆

and u∆:

u∆ = diag(δa, δb1 , δk, δc)y∆

y∆ =
(
ya yb1 yk yc

)T
u∆ =

(
ua ub1 uk uc

)T (15)

D. Simulation Model

The FAST (Fatigue, Aerodynamics, Structures, and Tur-
bulence) code [16] is used as the simulation model and the
5MW reference wind turbine is used as the plant [15]. In the
simulation model 10 degrees of freedom are enabled which
are: generator, drivetrain torsion, 1st and 2nd tower fore-aft,
1st and 2nd tower side-side, 1st and 2nd blade flapwise, 1st
blade edgewise degrees of freedom.

III. CONTROLLER DESIGN

A. Control Objectives

The most basic control objective of a wind turbine is to
maximize captured power and prolong life time of the wind
turbine. The second objective is achieved by minimizing
the fatigue loads. Generally maximizing power capture is
considered in the partial load and minimizing fatigue loads
is mainly considered above rated. As we are operating in the
full load region in this work, we have considered the second
objective. Control objectives are formulated in the form of
weighting functions on input disturbances (d) and exogenous
outputs (z). In order to avoid high frequency activity of the
actuators, we have put high pass filter on control signals to
penalize high frequency actions. Also we have setup low
pass filters to penalize only low frequency of some of the
system outputs as their high frequency dynamics are outside
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Fig. 3: Bode plots for performance specifications(y-axis is in
dB and x-axis is in rad/s)

of our actuator bandwidth and we can not control them.
For regulating power and rotational speed,

∫
Pe − P ∗e and∫

ωg − ω∗g and for minimizing fatigue loads on the drivetrain
ωg −Ngωr are penalized.

B. Nominal Performance Problem

1) Theory: H∞ control theory [12] is used to solve
the nominal performance problem. In this problem the ∆
matrix is considered zero (no perturbation) and the following
problem is solved:

K(s) = arg min
K∈K

‖WoFl(P,K)Wi(jω) ‖H∞ (16)

In which Fl(P,K) is the lower LFT of plant P (figure 2) and
controller K. Wi and Wo are frequency dependent weighting
matrices on disturbances and exogenous outputs respectively
of the form:

Wo = diag(Wo1, . . . ,Wo5)

Wi = diag(Wi1,Wi2)
(17)

Bode plots of the weighting functions are given in the figure
3. Input disturbances (d) and exogenous outputs (z) are (see



figure 2)
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The optimization problem suggests that we are trying to find
a controller in the set of stabilizing controllers that minimizes
H∞-norm of weighted sensitivity function. This means we
try to minimize the peak frequency of WoSWi(jω). The
resulting controller guarantees nominal performance if:

‖WoFl(P,K)Wi(jω) ‖H∞< 1 (18)

2) Implementation: The robust control toolbox [17] is
used to solve the above problem. The controller is found
trying to minimize transfer function from the disturbances
(vector d) to the exogenous outputs (vector z). The
controller that is designed here is used in Simulink on the
full complexity FAST model of the 5MW reference wind
turbine [15] (explained in section II-D) .

C. Robust Performance Problem

1) Theory: Robust performance means that the perfor-
mance objective is satisfied for all possible plants in the
uncertainty set. The robust performance condition can be cast
into a robust stability problem with an additional perturbation
block that defines H∞ performance specifications [12]. The
structured singular value µ is a very powerful tool for the
analysis of robust performance with a given controller. How-
ever this is an analysis tool, in order to design a controller, we
need a synthesis tool. A scaled version of the upper bound of
µ is used for controller synthesis. The problem is formulated
in the following form:

µ∆(N(K)) ≤ min
D∈D

σ(DN(K)D−1) (19)

Now, the synthesis problem can be cast into the following
optimization problem in which one tries to to find a controller
that minimizes the peak value over frequency of this upper
bound:

min
K∈K

(min
D∈D

‖ DN(K)D−1 ‖∞) (20)

This problem is solved by an iterative approach called
DK-iteration. For detailed explanations on the method and
notations the reader is referred to [12].

2) Implementation: We have used the DK-Iteration algo-
rithm of the µ-Synthesis toolbox [18] to design controllers.
Figure 4 shows robust performance problem setup. W∆ is
used to scale the ∆ matrix. We have taken uncertainty
of 10% of the nominal values for the drivetrain stiffness
and damping coefficients and 20% for the linearization
parameters therefore the weighting matrix becomes:

W∆ = diag(0.2, 0.2, 0.1, 0.1) (21)

PWi Wo

K

∆ W∆

∆P

z′d′
u∆ y∆

yu

N(K)

Fig. 4: System setup for robust performance problem
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Fig. 5: Mixed µ for one of the controllers (ve = 16m/s)

∆P scaled by Wi and Wo matrices defines performance of
the system in the form of a complex perturbation matrix. The
resulting mixed-µ for one of the controllers is given in figure
5 and the iteration summery in table I. Order of the resulting
controllers (only one is shown in the table I) are between
21 to 27, and since high order controllers are problematic
in the implementation phase, we have used balanced order
reduction to reduce order of all the controllers to 15.

D. Control Signal Calculation

Wind turbines are highly nonlinear plants and one single
controller which is designed based on a linear model of an
operating point is not able to handle the whole operating
region unless we give away too much performance in favor
of robustness of the controller. One way to avoid this problem
is to design a set of controllers each of which is responsible
for a specific range of operation. We employ the estimated
wind speed to choose a pair of controllers that are closest
to the operating point and then use a convex combination
of their outputs to calculate control signals to the plant. The

Iteration number 1 2 3
Controller Order 21 23 25
γ Acheived 9682006.84 24.327 4.726
Peak µ-Value 1355.81 0.527 0.475

TABLE I: DK-iteration summery for one of the controllers
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following formula is used to calculate the control signal:

α(v̂e) = v̂e − vk vk ≤ v̂e < vk+1

u = (1− α(v̂e))ξk + α(v̂e)ξk+1

(22)

v̂e is the estimated wind speed, vk ∈ V which:

V =
{

12, 13, . . . , 25
}

(23)

And ξk’s are defined as:

ξ1,2 = C1 ξ3,4 = C2

ξ5,6 = C3 ξ7,8,9 = C4

ξ10,11,12 = C5 ξ13,14 = C6

(24)

In which Ci’s are controllers outputs. In order to reduce the
number of controllers, controllers are designed only for wind
speeds of 12, 14, 16, 18, 21, 24(m/s). As the aerodynamic
gains do not change much in the high wind speeds and one
controller can cover a bigger range of operating points, we
have made the control grid larger in that area. Figure 6 shows
the diagram of control signal calculation. In this figure, the
block Σ gets control signals from all the controllers and
based on the estimated wind speed v̂e calculates control
signal u. Figure 12 shows the controller selection sequence
(uk).

IV. SIMULATION RESULTS

In this section simulation results for the obtained con-
trollers are presented. The controllers are implemented in
MATLAB and are tested on the full complexity FAST model
of the reference wind turbine [15]. Kaimal model is used as
the turbulence model and in order to stay in the above rated
region, a realization of turbulent wind speed from category
C of the IEC turbulence categories with 18m/s as the mean
wind speed is used.

A. Wind Speed Estimation

An extended Kalman filter is used to estimate the wind
speed. Figure 7 shows the effective and the estimated wind
speeds.
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dashed) (m/s)
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B. Stochastic Simulations

In this section simulation results for a stochastic wind
speed is presented. Control inputs which are pitch reference
θin and generator reaction torque reference Qin along with
system outputs which are rotor rotational speed ωr and elec-
trical power Pe are plotted in figures 8-11. As it could be seen
in figure 7 the estimated wind speed is inaccurate and the
controller is designed such that it can handle the uncertainties
which arise from this inaccuracy. Simulation results show
good regulations of generated power and rotational speed,
however one can get an even better regulation by making the
controllers more aggressive which results in higher fatigue
loads on the actuators and the drivetrain.

V. CONCLUSION

In this paper we solved the problem of robust control
of a wind turbine using DK-iteration technique. Parametric
uncertainties are considered in the uncertain model and
then we have used µ-synthesis toolbox to design a set of
controllers. Estimated wind speed is used to calculate control
signal from outputs of controllers. The final controller is
implemented on a FAST simulation model with 10 degrees
of freedom and simulation with stochastic wind speed based
on IEC standard is done. The results show good regulation
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of generated power and rotational speed for a big range of
wind speed changes.
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