UC Santa Cruz
UC Santa Cruz Previously Published Works

Title

Global Trajectory Tracking for Underactuated VTOL Aerial Vehicles using a Cascade
Control Paradigm

Permalink

https://escholarship.org/uc/item/3094b2jK

ISBN
9781467357173

Authors

Naldi, Roberto
Furci, Michele
Sanfelice, Ricardo G

Publication Date
2013-12-01

DOI
10.1109/cdc.2013.6760536

Peer reviewed

eScholarship.org Powered by the California Diqital Library

University of California


https://escholarship.org/uc/item/3094b2jk
https://escholarship.org/uc/item/3094b2jk#author
https://escholarship.org
http://www.cdlib.org/

Global Trajectory Tracking for Underactuated VTOL Aerial V ehicles
using a Cascade Control Paradigm

Roberto Naldi, Michele Furci, Ricardo G. Sanfelice and @@ Marconi

Abstract— This work proposes a feedback control strategy been proposed. In [16], almost-global stability results ar
capable of controlling the dynamics of an under-actuated achieved by considering geometric methods and then applied
Vertical Take-Off and Landing (VTOL) aerial vehicle totracka i the control of a quadrotor aerial vehicle. Backstepping

desired trajectory globally with respect to the initial conditions. - . .
The novelty of the proposed design is the idea of considering control design has been proposed in [17] in order to perform

a cascade control paradigm in which the attitude dynamics, aggressive maneuvers by considering the dynamics of a
which are governed by means of a hybrid controller capable small-scale helicopter. A global stabilizing controlleased

of overcoming the well-known topological constraints, andhe  on synergistic Lyapunov functions has appeared in [18].
position dynamics of the vehicle play respectively the rolef In [19], [20], inner-outer loop control strategies have ee

the inner and of the outer loop. The stability properties of | d to stabilize the d ical del of iniat
the proposed controller are then derived by analyzing the employed 1o stabilize the dynamical model or a miniature

interconnection between a hybrid system, namely the closed helicopter. The proposed methodology takes into account
loop attitude dynamics, and a continuous time system, given for the feedback interconnection between the inner atitud
by the closed-loop position dynamics. The proposed algohtms  and the outer position control loops. More recently, a syrve
are then demonstrated by means of simulations obtained yegcribing feedback control design for under-actuated MTO
considering a miniature quadrotor prototype. .

systems has appeared in [21].

. INTRODUCTION This work proposes an inner-outer loop control strategy
in order to let the dynamics of a miniature VTOL vehicle
to track a desired trajectory globally with respect to the
o . . ) . Mitial position and attitude configuration. This is achedv
ber of applications including surveillance, aerial phoirgny by considering recent results regarding attitude conwol f

and see]:rchthqntlj rescue opergtl(irr:s r[].l]’h allmo?gfothers. Oi d bodies [22] where the topological obstructions, vihic
reason or this farge success 1S the nigh 1evel ot Maneuvefre ot 1o obtain global stability considering continuous

?‘bg"-‘/' WIh'CT ?t”OW; to s_afely petrfo;m flight mt|SS|onfs ever:{eedback [23], are avoided by employing hybrid control
n enje ybctl.J frek er;V|anmen tSh[ ]d(;rr eve? 0 |?_er O{;m a echniques [24]. As a result, to analyze the stability prop-
vanced robotic tasks [3]. Among the different configurasion erties of the the proposed inner-outer controller, therinte

this class of systems include helicopters [4], ducted-én t connection of a hybrid system, modeling the closed-loop

sitters - [5], [6], [7] - and multi-propeller hellcopters 8l attitude dynamics, and a continuous time system, modeling
[9], .[101' To fully take_gdvantage of the_ potential of SuCh'[he closed-loop position dynamics, has to be taken into
vehicles, globally stabilizing control designs play a caht account. More specifically, a cascade control approach is

role. S . ... investigated. The proposed controller is based on the idea
Several contributions and seminal papers document diffe t “breaking the loop” between the attitude and the position

ent approaches to the control design for such a class Of“ndgfosed-loop dynamics through a suitable choice of the contr
actuated systems [11], [12], [13]. In [14], almost-global, o5 As an advantage, the overall stability analysis is

Etabll(;ty rehsu_lts areRdemlonerate_d b% meanbs of Lyapl:n%\{mplified since the closed-loop system can be considered as
ased techniques. Results therein show robustness also,ill,scade connection. Simulations obtained considerimg th

the presence of aerodynamic drag disturbances. Traject(H namical model of a miniature quadrotor prototype show
tracking in the absence of linear velocity measurements h e effectiveness of the proposed results

been considered in [15], where a hierarchical controller ha The paper is organized as follows. Section Il presents

The research of R. Naldi, M. Furci and L. Marconi is framedhivit the dynamical model for the class of under-actuated aerial
the collaborative project SHERPA (Smart collaborationweein Humans vehicles of interest. Section Il introduces the contrabtpr

and ground-aErial Robots for imProving rescuing actisitiin Alpine  |em which is then addressed in Section IV. Finally the
environments, ICT 600958) supported by the European Coritynunder ’

the 7th Framework Programme. Research by R. G. Sanfelicebaas application of the proposed algorithm to the control of a
partially supported by the NSF under CAREER Grant no. EC9306 quadrotor prototype is presented in Section V.
and by the AFOSR under YIP Grant no. FA9550-12-1-0366.
~R. Naldi, M. Furci and L. Marconi are with CASY-DEI, Univetdi A  Notation and Definitions
di Bologna, Bologna, 40133, Italyroberto. nal di @mnibo.it,
m chel e. furci @ni bo.it, |marconi @nibo.it. R.G. Throughout this papelF; andF;, denote, respectively, an

Sanfelice is with the Department of Aerospace and Mechanicgnertial reference frame and a reference frame attachdueto t
Engineering, University of Arizona, Tucson, AZ 85721

- A, . . .
sricardo@. ari zona. edu. Corresponding author: Roberto Naldi, center _Of graY'ty Of the _Veh'CIe'_ W'tl?iﬂ € R™*" we denote
roberto. nal di @mi bo.it. the n-dimensional identity matrix. Given sef§ and.S,, the



notation f : S; = S» denotes a set-valued map mappingd|u,|| < 7V > 0 with fY, 7¥ modeling respectively the
subsets ofS; onto subsets of,. With e;, e; andes we maximum attainable force and torques.

denote the unit vectors; := [1, 0, 0]7, ez := [0, 1, 0] Rotations can be parameterized by means of a unit quater-
andes := [0, 0, 1]7. For anyz € R3, we let nion ¢ € S through the mappin® : S; — SO(3) (known
as Rodriguez formula [25]) defined as
0 —xI3 i)
S(z) := T3 0 —x R(q) =1+2nS(e) + 25(6)2 .
—xy I 0 The mappingR is such thatR(q) = R(—gq), namely the

two quaterniong; and —¢q corresponds to the same rotation
matrix. By employing the quaternion parametrization, the
dynamics equation (1) is rewritten as

be a skew-symmetric matrix and we denote withthe
inverse operator such theff(z)® = x. Given a rotation
matrix R € SO(3), ©(R) := itracdls — R). With S,, we

denote the n-dimensional unit sphere definedas= {z € Mp = —uyR(q)es + Mges
R |jz]| = 1}. A unit quaterniong € S; is defined _ 1 0
as a pairg = [, €I]7 in whichn € R ande € R? are ¢ = 399 w )
denoted respectively as the scalar and vector part. Givign un )
quaternionsy; = [n1, ¢]']7 andgs = [12, €4]7, the standard Ju = S(Jw)w +u.
guaternion product is defined as I1l. CONTROL PROBLEM

m —T . The goal of the control law to be designed is to track a

41 ® g2 = iven time reference position and orientation
er miz+ S(er) €2 g P
. I . pr(t) €R?,  Rg(t) € SO(3) ®3)

With 1 = [1,0,0,0]" € S3 we denote the identity quaternion
element and, for a quaternign= [, €717 € Ss, with ¢! = assuming full knowledge of the state of the system. The
[, —€"]T the inverse, so thaf® ¢! = ¢ ' ®q = 1. desired references (3) must be chosen to satisfyfuhe-
We refer to asaturation functioras a mapping : R® — R  tional controllability constraints of the system which are
such that, fom = 1, described below. The first constraint derives from the under

actuated nature of system (1) which does not allow to choose
a reference position and orientation independently. More
specifically, by defining theeference control force vector

1) |o'(s)| := |do(s)/ds| < 2 for all s,
2) so(s)>0forall s#0,0(0) =0,
3) o(s) =sgn(s) for |s| > 1,

4) |s| < < 1for|s| < 1. Vg @S
Vsl =lot)] = 1 or 5] | V() = Mges — Miin, @
Forn > 1, the properties listed above are intended to hold
componentwise. the reference attitud&pr(t) € SO(3) must then satisfy
II. DYNAMICAL MODEL Rpes = M. (5)
vk (@R

The dynamics of a large class of miniature Vertical Take- ) ) . . :
Off and Landing (VTOL) aerial vehicles, including heli- From a geometrical viewpoint, the above constraint reguire

copters, ducted-fan and multi-propeller configuratioran ¢ the bodyz-axis of the vehicle to be aligned with the reference

be described by considering the so callegtored-thrusfsee control force vector. Note that, to compute a solution td,(5)
among others [21], [15]) dynamical model: the reference control force vector should be such that

Mp = —usRes+ Mges [vg ()] > 0", VE>0 (6)
R = RS(w) (1) for somewvl > 0. The force and torque control inputs
Ji = S(Jw)w+ur required to track asymptotically the desired position and

orientation are then given by
in whichp = [z, y, 2] € R?® denotes the position of the
center of gravity of the system expressed in the inertial
reference frame;, w = [w,, w,, w.]" € R? is the angular \ypere wr = RLRg" is the reference angular velocity.
d expressed in the body franfg, R € SO(3) is ;
Speed € : . Az _ From (5) it turns out that the reference angular speed and
the rotation matrix relating vectors i, to vectors ini,  acceleration along the bodyandy axis are functions of the

Ufp = HUJC%(pR)H’ Urp, = JWR — S(JwR)wRa (7)

3x3 H _ . . .
M € R and J € R* (with the property that/ = (eference control vector and its derivatives, namely
JT > 0) are the mass and the inertia matrix of the system, 4 o
uy € R>( denotes the control force generated by the aircraft [wr,, wg, |’ = Wy r— YR ’
own actuators (which, by construction, is directed alorey th ! dt ||lvgl

body ~ axis) and, finally,u, € R? is the control torque | _ . o
| der t del tuator limitations. the contro Note that solutions to (5) are nonunique. In fact the coigtia fixing
vector. In order to model actu imitati ’ !)nly two of the three degrees of freedom characterizing ¢t&tion matrix;

force and torques are required to satisfyy| < fU > 0, cf. [18].



lig,, i, )T = Wiy —S(wR)Rgi@+ Inspired by [20], we focus on the following nested saturatio

2 e dt [Jog feedback law

+ Rﬁ—Qv—ﬁ) k

dt? [lvgl Cli=p, G =p+ Mo ()\_141)
in which W,,, € R?*? has the first and second rows given by L ko ' (12)
[0, —1, 0], [1, 0, 0]. On the other hand, angular speed and ac- #(P,p) = Ao (/\_2@)
celeration along the body-axis, namelywr. andwg_, can
be chosen arbitrarily without affecting the position trimgk in which A\;, X, k; and ko are positive parameters to be
objective. Further constraints on the reference positigft)  tuned. Note that, from (6) and (10), the constrdint(-)|| >
and the reference orientatiddly must be chosen to let the ( can be satisfied by choosing sufficiently small.
control force and torques computed in (7) satisfy actuator Finally, the control input; is designed as
limitations, namely

a0 < V. Jur@ <77 W20, (@) ur = Eeie) = eesa)l. (13)
In summarypr(t) and Rx(t) are required to be sufficiently B. Attitude Control Law
smooth functions of time satisfying appropriate bounds on

. L Let us denote wit . S3, where R =R
high order derivatives. u withgr, ¢. € Sz, W (qr) R

and R(q.) = R. for all ¢ > 0, the referenceand control
guaternion respectively. In particulagr and ¢. can be
obtained by lifting trajectories i80(3) to trajectories inSs
by employing the path-lifting mechanism proposed in [26].
In this section a control design capable of addressing/ith the control quaternion at hand, it is possible to define

IV. INNER-OUTER LOOPCONTROL STRATEGY :
CASCADE APPROACH

the control problem defined in Section Il is presentedthe following attitude error coordinates
The proposed solution is based on the idea of obtaining a
hierarchical control structure in which the attitude dyimesn G=q,' ®q, 0:=w— W, (14)

of the vehicle is designed as amner loop to govern the

position dynamics of the system. To achieve this goal theith @, := R(7)7w. and then rewrite the attitude dynamics
solution proposed in following subsection aims at obtajninin (2) as

a cascade connection between the attitude and the position

subsystems through a suitable design of the control inputs. L 0
= 39 _
A. Position Control Law . L w_ o 7
_ ) N o Jw = X(w,w.)w + S(Jwe)w. — JR(q)" e + ur ,
As a first step, let us consider the position dynamics in (1). (15)

By considering the following error coordinatgs= p —pr,  having definedS(w, w.) := S(Jw) + S(Jw.) — (S(w.)J +
p:=p — pr, the position error dynamics can be written as.7S(w..)). Inspired by [22], we consider then the following
hybrid controller:

Mﬁ:—UfRe3+Mg€3—MﬁR. (9)
_ , FF = . FB(~ — T
To stabilize the origin of (9), we define theontrol force Ur = Uy (g, We, We) +uz ™ (G, w, h) (16)
vectoras ,
with
v°(p, 0, Br) = vR(Br) + K(P, D), (10)
) uf (g weie) = JR@) e~ S(Jw)we o
with x(p, p) a static state feedback law such th@, 0) = 0. uFB(g,w,h) = —kyhe — kqw (17)
From (10) it is possible to compute the control orientation
Re := RpR.(p, p), with R;(p, p) € SO(3) such that in which k,, k. are positive gains and whefee {1, 1}
(s 5o is obtained through the following hybrid system
RL0.0)=Is, Rpp)es = Ry LPPR) g
||1) (papva)H T T _
h=0 hn > —0 18
Moreover, following Section Ill, it is also possible to dedin He Wt esgn) hil < —6 (18)

the control angular speed as := RCTRCA. Note that, when
p = p = 0 the control orientation?. coincides with the \neres (0, 1) is the hysteresis threshold asgn : R =

reference_ attlFudeRR _o_lefm_ed in Sectlon. . _ {—1,1} is the outer-semicontinous set-valued map
To avoid singularities in (11), a suitable design of the

position control lawx(p, p) is required so as to guarantee { sgris)  |s| >0

that the magnitude of the force control vector (4) is non Sgn=

vanishing regardless the current position and velocitgrerr {-1,1} s=0.



C. Closed-Loop Position Error Subsystem « for each maximal solution t6{,, given A > 0 there
existsTa > 0 such thatO(R(q(t,7))) < A for all

The closed-loop position error dynamics in (9) can be
t+j>Tha, (t,j) € domzs.

written by means of thé(;, ¢») coordinates defined in (12)

as
) by Remark. By applying the result in [22][Theorem 5.2] it is

G = —Ao /\—C1 possible to show that the attitud@(g(¢)) of the vehicle

) ki ki . converges asymptotically t®(q.(t)) globally with respect
Mg = —Xo /\—Cz + k1o’ ()\—Cl) +T(p,p,q,4c), to the initial attitude position and angular velocity. Gébb
! ! (19) stability is obtained by considering a hybrid controlleteab
in which to overcome the topological obstruction affecting glopall

_ . stabilizing continuous feedback o%10(3). In addition, the
(D, 0,4, qc) = uy, (5, b, Pr) (R(gc ® ) — R(ge)) es (20)  presence of the hysteresis (which can be varied by a suitable

. : . . I%hoice of §) ensures robustness to nonzero measurement
is considered here as an exogenous input modeling the e -

influence of the attitude error on the position of the system.
For the above closed-loop system, the following properté .
holds true. . Inner-Outer Loop Analysis
The overall closed-loop system turns out to be given by a
Proposition 1 Consider the closed-loop position error sub-cascade interconnection (see Figure 1) in which the ad#itud

system (19). Leky, k2, A1, A2 be chosen as error dynamics (23) influences the position error dynamics
(1) L (19) through the signdl defined in (20). For the closed-loop
Ai =€ Ajs k= ek, i€ {1, 2} (21) system the following property holds true.
whereky, A7 are chosen such that
. ) ) ) Proposition 3 Let the referencesr(t), Rr(t) be such that
22 - ﬁ7 Ak < A le 1 (22) (5)- (8) hold. Then, there exists > 0 such that by tuning

* ? Tx <357 - . - .
k3 4 4 k3 24 the position controller as in Proposition 1 with < ¢*

for all ¢ > 0. Then the system (19) is Input-to State Stabland the attitude controller as in Proposition 2, then every
(ISS) with nonzero restrictiénA,, (¢) on the inputl” and no maximal solution to the hybrid system corresponding to the

restriction on the initial conditions. interconnection is complete ahd
: T
D. Closed-Loop Attitude Error Subsystem Jim (R(q)(t)" Rlgr)(t), p(t) = pr(t)) = (I3, 0)

By considering (15) with the control torque given byglobally with respect to the initial conditions.
(16), the following closed-loop attitude error subsystem i

obtained:
- F(z ]fL— >4 attitude position
w, § S e @3) :
zteG(@) hp<-—6 (23) 144 (19
wherez = [¢7, w”, h]",
Fig. 1. The interconnection between the closed-loop dtitand position
1 0 error dynamics.
209
F(z) = 7 . . -
JH(S(w, We)w — kphe — kqw) Remark. Since the control force vectaf in (10) is given by
0 the sum of the reference control vectd in (4), which is
required to satisfy (6), and the saturated position cottéral
and G(z) = [ ¢, @" sgn(n)” ]¥. For the hybrid by choosing small asin the statement of the proposition it is
systemH,,, applying [22][Theorem 5.2], the following result possible to ensure that the magnitudeybis non vanishing.
holds true. <

Proposition 2 Consider the hybrid systefd,, given by (23). V. APPLICATION TO THE CONTROL OF A QUADROTOR
Then for allk, > 0, kg > 0, ¢ € (0, 1) the following results AERIAL VEHICLE

hold true In order to test the proposed control strategy, the problem

i 5 o b 3 . .. . .
« the compact seid given by (q,w.h) € S3 x R® X of controlling a miniature quadrotor aerial vehicle hasrbee
{—=1,4+1} s.t. g = h1,w = 0 is globally asymptotically ~qnsidered.
stable;
3For the definition of the domain dom of a solution to a hybrigteyn,

2For a definition of Input-to-State-Stability with restiims the reader is the reader is referred to hybrid systems literature, e4j [2
referred to [20][Appendix B] 4By passing from hybrid time domains to ordinary time.



Following [8], the dynamics of the system can be de- _ . ‘ ‘ ‘ ‘ ‘ ]
scribed by means of (1) in which the resultant force and ~ A DN
torques can be computed as a function of the four thrusts % E 0 s » % »
T;, i = 1,2,3,4, generated by the four different propellers, zi o ‘ \ ‘ :
namely e T - ’ 7
oo S
0 —d 0 d T . —— i
= 2@ ) 1
Ur d O — d O T3 -20; ; 1\0 1\5 Z‘O 2‘5 J
Ktm _Ktm Ktm _Ktm T4 time [s]

The position trajectory of the quadrotor during thevdring

whereb denotes the distance of the propeller spin axis frorﬁaneuver

the center of gravity of the system, aihd,,, is a parameter
which relates the thrust of a single motor to the aerodynamic - .
torque produced along the spin axis of the propeller. The 7%

parameters of the specific prototype ave =1 Kg, J = os lf

10 15 20 25 30
T T T

diag(0.0082, 0.0082, 0.0164) Kgm?, d = 0.29 m, K, = =

0026 B 72:20 % 1:0 1:5 z:o z:s 30
In the first simulation, the quadrotor is required to hover at = ,l

a fixed position starting from an initial attitude configuoat ¥ s} L - o - % o

in which the system is overturned, namely it has a large & °‘z | | ‘ ‘ ‘ ‘
initial attitude error. To govern the position dynamicseth = r

-05

controller (12) has been employed by choosing, according ’ wne's

it H *
to Proposition 1, the control gains d$ =1, )‘ =5, Fig. 4. The control force and torques applied to the quadrdtwing the
k3 = 150 and X5 = 150. For the attitude Ioop, the hovering maneuver.

controller in (16)-(18) has been employed with = 40,

kq = 10. Finally the value ofe has been selected equal
to 0.2. Figures 2 and 3 show the attitude and the position

of the vehicle during the simulation. Note that, despite the
large initial attitude error, the final desired configuratis T
recovered asymptotically. Figure 5 shows the value of the
hybrid variableh. Observe that, due to the initial conditions ;
close to the jump set, at timé =~ 0.05, the value of (S
h jumps and a different unit quaternion, representing thg 5 The hvbrid staté of th g q heh
same desired hovering orientation, is stabilized. Fintiky 9 @ hybrid staté of the quadrotor during the hovering maneuver.
force and torque control inputs applied to the quadrotor are

depicted in Figure 4.

is required to follow a circular trajectory along theand
P : : z inertial axis at constant speed. For the above references,
s o ] condition (6) holds withw’ = /(27)* + ¢ — 2¢(27)? and
*‘o\/"‘s = - > = % hence the constraint requiring that the magnitude of (4pts n
vanishing is satisfied sincg3\;¢ < v”. For this simulation,
the attitude controller in (16) is employed witf), = 40,
! ‘ ‘ ‘ : : kq = 8. The actual position trajectory and the reference one
¢ < are depicted in Figure 8, showing how the system converges
o 5 0 s 0 > ) to the desired path. Figure 6 shows the attitude of the system
. ] during the aggressive maneuver. Note that, to compensate fo
L . L L L L J the high centrifugal force, the quadrotor has to continlyous
me el rotate (“flip”) around the body: axis. Finally, Figure 7 shows
Fig. 2. The attitude trajectory of the quadrotor during theveting the control force and torques applied to the vehicle during
maneuver. the maneuver.

The second simulation considers an aggressive maneuver VI. CONCLUSION
to be accomplished by the vehicle. In particular the desired This work has focused on the design of a cascade feedback
time reference signals are given by;(t) := 0, yg(t) := control strategy able to let the dynamics of an under-aetliat
cos(vt), zr(t) := —sin(yt), wherevy := 27 rad/s. The VTOL aerial vehicle to track a desired trajectory globally
degree of freedom in the choice &y is selected in order with respect to the initial conditions. This is achieved by
to maintain the vehicle at a constant heading. The quadrotoonsidering a hybrid attitude controller, able to overcome



G
o
T

;
)
)

time [s]

Fig. 6.
maneuver.

The attitude trajectory of the quadrotor during thggrassive

L IN/m)

u

u, (N/m]

u, IN/m]

6
time [s]

Fig. 7. The control force and torques applied to the quadrdtming the

aggressive maneuver.

z [m]
o
(%)

y [m]

Fig. 8.
aggressive maneuver.

x [m]

The position trajectory followed by the quadrotorridg the

the well known topological obstructions affecting contiis
stabilizing control laws, and by analyzing the intercortizat
between the attitude and the position closed-loop dynam-
: A 72
ics. The proposed solution is shown to lead to a cascadé
connection between a hybrid ad a continuous time system.
Simulations are finally presented to show the effectivene$®’]
of the proposed approach by considering the problem of

controlling a miniature quadrotor prototype.
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