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Pure Gaussian quantum states from passive Hamiltonians and an
active local dissipative process

Shan Ma, Matthew J. Woolley, Ian R. Petersen, and Naoki Yamamoto

Abstract—We investigate the problem of preparing a pure
Gaussian state via reservoir engineering. In particular, we con-
sider a linear quantum system with a passive Hamiltonian and
with a single reservoir which acts only on a single site of the
system. We then give a full parametrization of the pure Gaussian
states that can be prepared by this type of quantum system.

I. INTRODUCTION

Recently, the problem of deterministically preparing a pure
Gaussian state in a linear quantum system has been studied in
the literature [1]—[|6]. The main idea is to construct coherent
and dissipative processes such that the quantum system is
strictly stable and driven into a desired target pure Gaussian
state. This approach is often referred to as reservoir engineer-
ing [7]], [8]]. Let us consider a linear open quantum system that
obeys a Markovian Lindblad master equation [9]:

where P is the density operator, H = H* represents the system
Hamiltonian, and ¢; is a Lindblad operator that represents a
system—reservoir interaction. Let L £ [¢) &, --- éK}T be the
vector of Lindblad operators and for convenience, we call L the
coupling vector. The Lindblad master equation describes
the dynamics of a quantum system that interacts with many
degrees of freedom in a dissipative environment. Under some
conditions, the Lindblad master equation (I) can be strictly
stable and has a unique steady state lim;_,.. P (#) = p(e0). Based
on this fact, it was shown in [1]] that any pure Gaussian state
can be prepared in the above dissipative way by selecting a
suitable pair of operators (FI , ﬁ). However, for some pure
Gaussian states, the quantum systems that generate them
are hard to implement experimentally, mainly because the
operators (H, L) have a complex structure.

This paper complements our previous work [6]]. In this
paper, we consider linear quantum systems subject to the
following two constraints. (i) The Hamiltonian H is of the form

N N
H= Azlk 8k (@jq+ pjpi)s where g €R, 1 < j<k<N.
This Jtype Jof Hamiltonian describes a set of passive beam-
splitter-like interactions. (ii) The system is locally coupled
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to a single reservoir. In other words, the coupling vector
consists of only one Lindblad operator which acts only on a
single site of the system. It is relatively simple to implement
a quantum system subject to the two constraints (i) and (ii).
We parametrize the class of pure Gaussian states that can be
prepared by this type of quantum system.

Notation. R denotes the set of real numbers. R”*" denotes
the set of real m x n matrices. C denotes the set of complex
numbers. C"™*" denotes the set of complex-entried m X n
matrices. I, denotes the n x n identity matrix. 0,,x, denotes
the m x n zero matrix. The superscript * denotes either the
complex conjugate of a complex number or the adjoint of an
operator. For a matrix A = [A ;] whose entries A j; are complex
numbers or operators, we define AT = [Ay;], AT = [A} ;|- For a
matrix A=AT € R™", A > 0 means that A is positive definite.
diag[Aj,---,A,] denotes a block diagonal matrix with diagonal
blocks Aj, j=1,2,---,n. det(A) denotes the determinant of
the matrix A.

II. PRELIMINARIES

Consider an N-mode continuous-variable quantum system.
Let g; and p; be the position and momentum operators for
the jth mode, respectively. Then they satisfy the following
commutation relations (= 1)

[9j,p6] = i8jx,  [dj,4] =0, and [p;, ] =0.
define a column vector of
pn]". Then we have

Let us
=G gn p1 -

.
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operators

Let p be the density operator of the system. Then
the mean value of the vector £ is given by (£) =
[tr(G1p) -+ tw(Gnp) tr(p1p) --- tr(pyP)] and the covariance
matrix is given by V = J(A#A%" + (A%A%T)T), where
AX=4%—(%£). A Gaussian state is entirely specified by its mean
vector (£) and its covariance matrix V. Since the mean vector
(%) contains no information about noise and entanglement, we
restrict our attention to zero-mean Gaussian states. The purity
of a Gaussian state is defined by p = tr(p?) = 1/,/22N det(V).
A Gaussian state with covariance matrix V is pure if and only
if det(V) =272V, In fact, when a Gaussian state is pure, its
covariance matrix V always has the following decomposition

1[y! Y-lx

V=3 XYy lx+v|’ @)

2 |xy~!
where X =XT e RVN y = yT e R¥*N and Y > 0 [10]. For
the N-mode vacuum state, we have X =0 and Y = Iy. Let
Z 2 X +iY. Given Z, a covariance matrix V can be constructed



from it using (3). Thus, the matrix Z fully characterizes a
pure Gaussian state. We refer to Z =X +iY as a Gaussian
graph matrix [|10]]. Note that, a basic property of Z is Re(Z) =
Re(Z)" and Im(Z) =Im(Z)" > 0. This property guarantees
physicality of the corresponding state.

Suppose that the system Hamiltonian in (I)) is a quadratic
function of %, ie., A = 38TGE, with G=G' € R*V, the
coupling vector is a linear function of X, i.e., L = CX, with
C € CK*2N and the dynamics of the density operator p obey
the Lindblad master equation (I). Then the corresponding
dynamics of the mean vector (£(¢)) and the covariance matrix
V(t) can be described by

aEn)
O = (5(), (4)
d‘;iﬁ’) — VO +V () +9, 5)

where &7 =X (G+1Im(C'C)), 2 =ZRe(C'C)L' [9, Chapter
6]. The linearity of the dynamics indicates that if the initial
system state p(0) is Gaussian, then the system will always be
Gaussian, with mean vector (£(¢)) and covariance matrix V(r)
evolving according to and (9), respectively. We shall be
particularly interested in the steady state of the system with the
covariance matrix V(). Recently, a necessary and sufficient
condition has been derived in [1], [2] for preparing a pure
Gaussian steady state via reservoir engineering. The result is
summarized as follows.

Lemma 1 ( [1f, [2]). Let Z =X +iY be the Gaussian graph
matrix of an N-mode pure Gaussian state. Then this pure Gaus-
sian state is generated by the Lindblad master equation (I if
and only if

_ [XRX+YRY -TY !X -XY~'I'" —XR+TY!
- —RX+Y'TT R ’
(6)

G

and
C=P'[-Z Iy], (7

where R=R" e RVN T'= —T'T ¢ RV*N and P € CV*K are
free matrices satisfying the following rank condition

rank ([P QP OV 'P)) =N, 02 —iRY+Y'T. (8)

Remark 1. A pair of matrices (Aj, Az), where A; €
C™m and A, € C™™ is said to be controllable if
rank ([A2 A1Ar A’l’_lAg]) =n [[11, Theorem 6.1]. There-
fore, the rank constraint (§)) is equivalent to saying that (Q, P)
is controllable.

III. CONSTRAINTS

According to Lemma [I] for some pure Gaussian states, the
quantum systems that generate them are hard to implement
experimentally because the operators H = %)ETG)E and L= C%
have a complex structure. Here we discuss another route. We
restrict our attention to a class of linear quantum systems that
are relatively simple to implement. Then we see which pure
Gaussian states can be prepared by this type of system. We

consider linear quantum systems subject to the following two
constraints.

@ TAllleN Hamiltonian H is of the form H =
Zl kZ'é’jk (4G + Pjpr), where gjp €R, 1< j<k<N.
j=lk=j

@ The system is locally coupled to a single reservoir. That
is, the coupling vector L is of the form [ = c14e+capo,
where ¢; €C, cpeCand L€ {1, 2, ---, N}.

Remark 2. The Hamiltonian in [Of can be rewritten in terms
of the annihilation and creation operators as

N N

A=Y Y ¢u(@Ga+aja;), gxeR, 1<j<k<N,
j=1k=j

where d; = X i and a; = are the annihilation and cre-

ation operators for the jth mode, respectively. A Hamiltonian

H of this form is called passive and describes beam-splitter-

like interactions [[12]], [[13]].

4j—ipj

Remark 3. The constraint [@| implies two crucial features of
the system. First, the system is coupled to a single reservoir,
i.e., K=1in (I). Second, the corresponding Lindblad operator
acts only on a single mode of the system.

To illustrate this type of linear quantum system, we consider
two examples.

Example 1. We consider a ring of three quantum harmonic
oscillators (N = 3), as depicted in Fig. [I] The quantum har-
monic oscillators are labelled 1 to 3. Suppose the Hamiltonian
H is given by

A~

H =

e

8jj (@5 +55) + 812 (q1d2+ P12
1

J
+813(9143 + P153) + 823 (4293 + P2P3)

where g € R, 1 < j <k < 3. In addition, the system-reservoir

coupling vector L consists of only one Lindblad operator

which acts on the third mode of the system. It is given by

L =c143+c2p3, where ¢; € C and ¢, € C. This linear quantum

system satisfies the constraints [0] and

Reservoir

Fig. 1. Aring of linearly coupled quantum harmonic oscillators. The system-
reservoir coupling vector L consists of only one Lindblad operator which acts
on the third mode of the system.

Example 2. We consider a chain of three quantum harmonic
oscillators (N = 3), as depicted in Fig. 2| The quantum har-
monic oscillators are labelled 1 to 3. Suppose the Hamiltonian
H is given by

3
A=Y g;i(45+p;)+812(41G2+ p172)
=1



+ 823 (4243 + p2p3),

where g11, 822, 833, &12, &23 € R. In addition, the system-
reservoir coupling vector I consists of only one Lindblad
operator which acts on the second mode of the system. It
is given by L= c1g2 + c2p2, where ¢; € C and ¢, € C. This
linear quantum system satisfies the constraints (3] and

2
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Fig. 2. A chain of linearly coupled quantum harmonic oscillators. The
system-reservoir coupling vector L consists of only one Lindblad operator
which acts on the second mode of the system.

The class of linear quantum systems subject to (0| and
can be split into three disjoint subclasses (I, II, and III).
The subclass I consists of all the unstable linear quantum
systems subject to the constraints (| and For any system
in the subclass I, there does not exist a steady state. The
subclass II consists of all the linear quantum systems with the
constraints and that are strictly stable, and that evolve
toward a mixed Gaussian steady state. The subclass III consists
of all the linear quantum systems with the constraints (Jjand
that are strictly stable, and that evolve toward a pure Gaussian
steady state.

In the following section, we are particularly interested in
the subclass III. Our objective is to characterize the class of
pure Gaussian states that can be generated by linear quantum
systems subject to[@]and[@] In other words, we characterize all
of the pure Gaussian states for which there exist a Hamiltonian
H of the form [@|and a system-reservoir coupling vector L of
the form |[@| such that the state is the unique steady state of
the corresponding linear quantum system (T)).

IV. PARAMETRIZATION

We give the main result. The following theorem provides
a full mathematical parametrization of the pure Gaussian
states that can be generated by systems subject to the two
constraints (3] and |@] For clarity, we distinguish two cases: N
is odd and N is even.

Theorem 1.

+ An N-mode pure Gaussian state (where N is odd) can be
generated by a linear quantum system subject to the two
constraints (3] and |@) if and only if its Gaussian graph
matrix Z can be written as

< 01><(1\£71)
O(N71)><l QTZQ

Z= dlag[Zl, az%]v

Z=2" P, )

where &2 ¢ RVN is a permutation matrix, 2 €
RWV=Dx(N=1) s a real orthogonal matrix, 7 € A, and
ZieA 1< j< L

« An N-mode pure Gaussian state (where N is even) can
be generated by a linear quantum system subject to the
two constraints (U] and [@)|if and only if its Gaussian graph
matrix Z can be written as

z 01><(N1):|
= L,
Onv_1yx1 222

Z: diag[Zl,~~~ ,Z%],

Z=p" (10)

where &2 € RVN is a permutation matrix, 2 €
RWV=1)x(N=1) i5 a real orthogonal matrix, Z € A, Z; = —%,
and Z;eA 2<j< 8.

Here A2 {z | z€C and Im(z) >0}, and A2 {Z ’ z=2"¢
2x2 : 2 _ 17y
C>2,Im(z) >0, (diag[l,—1]2)" = —b, and det(z+ 11,) =
')
The proof of Theorem [I] is provided in the Appendix. We
give some remarks to explain Theorem [I]

Remark 4. Multiplying a Gaussian graph matrix Z on the left
by a permutation matrix &2 and on the right by & simply
corresponds to a relabeling of the N modes. Therefore, the
role that the matrix & plays in Equations (9) and (T0) is not
important from a practical point of view. It simply amounts to
a relabeling of the N modes so that the first mode is the one
that is coupled to the reservoir.

Remark 5. If 7= in Equations (©) and (I0), then from
the condition that Zj € A, we can deduce that Zj =il. In
this case, the whole state is a trivial pure Gaussian state,
i.e., the N-mode vacuum state. It then follows from (]ZI) that
the system-reservoir coupling vector L must be passive, i.c.,
L=c(g,+ip;) = V2cay, where c € C and a; = L\/g’[ is an
annihilation operator.

Remark 6. The constraint Im(z) > 0 in the definition of
A must be satisfied for the corresponding Z to be a valid
Gaussian graph matrix. For the same reason, the constraints
z=2z" €C?? and Im(2z) > 0 in the definition of A must be
maintained. See the definition of the Gaussian graph matrix Z
in Section [ for details.

Remark 7. Theorem [I] tells us that by choosing a per-
mutation matrix & € RV*N_ a real orthogonal matrix 2 €
RWV-1x(N-1) "3 complex number Z € A and several complex
matrices Z i € A, we can construct a pure Gaussian state that
can be prepared by a system subject to the two constraints
and

Remark 8. As an extreme case, let us consider a one-mode
pure Gaussian state (N = 1). According to Theorem [I] a
one-mode pure Gaussian state can be generated by a linear
quantum system subject to the two constraints [D] and [@] if and
only if its Gaussian graph matrix Z satisfies Z = # ' 79 =z,
where Z € A. Since the set A characterizes all of the one-mode
pure Gaussian states, so we conclude that all of the one-mode
pure Gaussian states can be generated by a linear quantum
system subject to the two constraints [D] and



Remark 9. Let us consider the two-mode case (N = 2).
According to Theorem 1} a two-mode pure Gaussian state can
be generated by a linear quantum system subject to the two
constraints (3] and |@)| if and only if its Gaussian graph matrix
»7 {8
the role of the permutation matrix Fis not important here, it
follows that the Gaussian graph matrix of the two-mode state

Z can be written as Z = P, where Z € A. Since

is of the form Z = , where Z € A. The structure of the

z 0
0o —1

.2 . R
system that generates this state is shown in Fig. [3] It follows
from the form of the matrix Z that the two modes are not

entangled [35].

O‘WM‘WO
L]

Reservoir
Fig. 3.  The structure of a quantum system that generates the two-mode
: : : . z 0
pure Gaussian state with Gaussian graph matrix Z = 0 1]-
4

Remark 10. Let us consider the three-mode case (N = 3). Ac-
cording to Theorem [T} a three-mode pure Gaussian state can be
generated by a linear quantum system subject to the two con-
straints [@] and [2] if and only if its Gaussian graph matrix Z can

Z 01x2
Or1 217, Qi P, where 7€ A, and

Z; € A. As mentioned, the constraint defining A, i.e., Im(z) >
0, comes from the definition of a Gaussian graph matrix. Simi-
lar constraints (i.e., {Z z" € C*>*? and Im(2) > 0}) apply
to the set A. Let us analyze the other two constraints in A. One
s (diag[l,~1]2)* = —b, i.., zdiag[l,—1]2 = —diag[1, 1],
which is similar to what we have obtained in Theorem 1 of [6]].
This should not be surprising, since we can think of the mode
coupled to the reservoir as an auxiliary mode. Then the other
two modes are coupled to a single reservoir. This is indeed
the case considered in [6]. The other constraint deﬁning A,
ie., det(z+ :h) =0, is equivalent to saying that —? is an
eigenvalue of the matrix Z This constraint comes from the
locality requirement on the 0r1g1na1 system-reservoir coupling.

be written as Z= " [

Lemma 2. Given Z € A, then the set A contains only two
matrices, i.e.,

.

The proof of Lemma [2] is provided in the Appendix. Using
Lemma [2] we have an equivalent version of Theorem [I}

27 27

Theorem 2.

« An N-mode pure Gaussian state (where N is odd) can be
generated by a linear quantum system subject to the two
constraints [@] and [@)] if and only if its Gaussian graph

matrix Z can be written as

Z 0
z:gﬂ[ ¢ ‘X(’Y”] 2, 11
Oy 11 222 an
Z:diag[Zl, ZNT]
where & € RV*N is a permutation matrix, 2 €

RWV-1Dx(N-1) s a real orthogonal matrix, 7€ A, and

2-1 241 2-1  _z +1 N .
7. — 2 27 z <j<
Zi=lgn Za| o _Zu 22—1 lsjs

2 27 27
o An N-mode pure Gaussian state (Where N is even) can
be generated by a linear quantum system subject to the
two constraints [@] and [@]if and only if its Gaussian graph

matrix Z can be written as

Z le(Nl)]
)| 5,
Onv_1)x1 222

Z: diag[21,~~~ ,Z%],

Z=2" [ (12)

where &2 ¢ RVN is a permutation matrix, 2 €
RON=Dx(N=1) j5 a real orthogonal matrix, 7€ A, Z; = —

2=

21 £41 £-1 241 N

7. 27 27 27 27 AR

and Z;=| 53 g5 lor| F, 25 [L25j=7.
A 27 27 2z

Remark 11. Once we obtain a pure Gaussian state using
Theorem [2| we can immediately construct a linear quantum
system that generates such a state and also satisfies the
constraints and The construction method is given as

follows.
_ 2-1 2+l
Case 1 (N is odd). If Z; = [%Zrl _2211]
B 27 27
choose Ii’zl,j = {T%}, where 7; € R and 7T; # 0.
)
Otherwise, choose Ry ; = E’}, where 7; € R
J
_ = pT 5T T
and 7; % 0. Let Ry = |:R21,1 ”'R21 (N-1) Let
)
Ry, = diag [rl, —ri, T2, =Ry, e, P, <P where

ri €R, rj #0 and |r;| # |rx| whenever j ;é k. In Lemma' 1] let
0 R, 2
us choose R = 227 TRy, QTZIézze@i 2, I = XRY and
pP=2oT [Tp le(N,])]T, where 7, € C and 7, # 0. Then
calculate the matrices G and C using (6) and (7)), respectively.
The resulting linear quantum system with Hamiltonian
H= %)ETG)? and coupling vector L = C# is strictly stable and
generates the pure Gaussian state. It can be shown that this
quantum system also satisfies the two constraints [Df and
Case 2 (N is even). Choose Ry1 = Tj, where T; € R and

-1z 241 T

T #£0.If Z; = _2+1 22 , j > 2, choose Ry j = ii’i’
2z 22 _]

where 7; € R and 7; # 0. Otherwise, choose Ry j = {;/},
j

1

where ’l_fj € R and ’I_Tj 75 0. Let RZl = |:R2T171 RZTI ﬁ:|
Let Ry; = diag {O I, Ty, e, TN, TN, where r; € R,
rj #0, j>2, and |rj| # |r| whenever j 75 k. In Lemma [1}

0 R1,.2
1 hoose R=22" . 21 I'=XRY
et us choose P 9TRy D R Qi P, and



P=2"[1 Oin-1] . where 7, € C and 7, # 0. Then cal-
culate the matrices G and C using () and (7), respectively. The
resulting linear quantum system with Hamiltonian A = %)ET Gx
and coupling vector L = C% is strictly stable and generates the
pure Gaussian state. It can be shown that this system also
satisfies the two constraints [@] and

V. EXAMPLE

~ We consider the five-mode pure Gaussian state generated
in [[14]. The Gaussian graph matrix of this pure Gaussian state
is given by

7=
cosh(2¢t) 0 0 sinh(2ct)
0 cosh(2a) 0 —sinh(2c) 0
i 0 cosh(20) + sinh(2a) 0 0 , (13)
0 - smh(Z(x) 0 cosh(20t) 0
sinh(2a) 0 0 0 cosh(2c)
where o € R. Let us choose a permutation matrix
001 00
1 00 0O
Y = (0 0 0 0 1 and a real orthogonal
01 0 0O
00 010
-1 0 -1 0
matrix 2 = ? 8 _11 8 } . Then we
-1 0 1 0
have Z = 27T {0411 QO.}XZ‘:@] P, 7 = diaglZ,,2,),
where  z = i(cosh(2a)+sinh(2a)), and Z; =
. cosh(2ar) (—1)/~Tsinh(20) 12 It
"I (=1)/'sinh(2cx) cosha) |© 7 = 0
can be verified that 7 € A and Z; € A, j =1, 2.

According to Theorem [I] this pure Gaussian state can

be generated by a linear quantum system satisfying
the two constraints and Next, we construct
such a system. Let Ry = \/i[—l 1 1 I]T and
Ry, = diag[1, —1, 3, —3]. Then in Lemma let us choose

-1 2 0 0 O

2 -1 2 00

0 R}, 2

R=2"|_+5 T4 0 2 0 2 of,

Q'R 2'Rp2 0 0 2 1 2

0 0o 0 2 1

cosh(a)—si T

I = 0Osys, and p:li“”"(“)f;‘“h(“) [0 0 1 0 0] It can

be verified that YRY = R and
rank ([P QP QP Q°P
=rank ([P —iRYP
=5.

0*P))
—R*P iR’YP R'P))

Therefore, the resulting linear quantum system is strictly stable
and generates the target pure Gaussian state given in (I3).
Substituting R, T’ and P into (6) and (7), we obtain the
Hamiltonian of the system

L v o 0 4
Pi+a3+p3) + 5 (G3+pi+45+53)
A1p2 + 4243 + p2p3)
P3P4+qads + paps),

= |
'Q)
+ + _|_

and the coupling vector

7 icosh(a) —sinh(a) 8
V2
cosh(a)+sinh(@) ,  .cosh(a) —sinh(a) ,

= +l
\/Q q3 \/E p3
= cosh(e)d3 + sinh(ct)d;

i((cosh(20) +sinh(2ax)) §3 + p3]

The coupling operator L represents a standard dissipative
reservoir that acts only on the third mode. The eigenstate
corresponding to the zero eigenvalue of L is a squeezed
state. The third system mode is then prepared in a squeezed
state, while other modes are coupled via passive interactions.
This leads to entanglement across the system, in a similar
way to which the interference of a squeezed optical mode
with a vacuum at a beam splitter results in entangled output
modes [I5]. The structure of the system is shown in Fig. [
It is a chain of quantum harmonic oscillators with nearest—
neighbour Hamiltonian interactions. Only the central oscillator
is coupled to the reservoir.

@ @@l

Reservoir

Fig. 4. The pure Gaussian state given by (I3) can be generated in a chain
of linearly coupled quantum harmonic oscillators with nearest-neighbour
Hamiltonian interactions. Only the central oscillator is coupled to the reservoir.

The oscillators of the system are entangled in pairs. The
first oscillator is entangled with the fifth oscillator and the
second oscillator is entangled with the fourth oscillator. The
central oscillator is not entangled with the other oscillators.
The amount of entanglement can be quantified using the
logarithmic negativity & [16]-[18]]. The values are given by
&1,5) = 62,4y = 2|a|. For a more detailed discussion of this
example, we refer the reader to [14].

VI. CONCLUSION

In this paper, we consider linear quantum systems subject
to constraints. First, We assume that the Hamiltonian H is
of the form H = Z Z gjk(qjdx+ PjPk), where gj € R,

J=lk=j
1 <j<k<N. Second, we assume that the system is locally

coupled to a single reservoir. Then we give a full mathemat-
ical parametrization of the pure Gaussian states that can be
prepared using this type of quantum system.

VII.

In this section, we provide the proof of Theorem m First,
we provide some preliminary results which will be used in the
proof of Theorem [T}

APPENDIX

Lemma 3 ( [5]). Suppose that an N-mode pure Gaussian state
is generated in a linear quantum system with a single dissipa-
tive process and that the corresponding Lindblad operator acts
only on the /th mode of the system, then

Zujy=Zijn =0, Vji#FL,



where Z, ;) denotes the (£, j) element of the Gaussian graph
matrix Z. In addition, the ¢th mode is not entangled with the
other modes.

Lemma 4 ( [11]]). If a pair of matrices (A}, Ay) is controllable,
where A; € C"™" and Ay € C"™™, then (F~'AF, F~'Ay) is
controllable where F € C"*" is a non-singular matrix.

Lemma 5. Suppose A = Au An , where A1 €C, Ajp €
Ay Az

CX0=1) Ay e C=DX1 “and Ay € Cl=Dx0=1) apd & =
[7: le(n,l)]T € €™, where 7 € C and 7 # 0. Then the
pair (A, &) is controllable if and only if the pair (A2, A2p) is
controllable.

Proof: If (A, &) is controllable, then the matrix
[A—AL, &] has full row rank for all A € C [19, Theorem
. A=A A T
3.1]. That is, rank( Aa Avs — AL, 0(n—1)><1 =n
for all A € C. It follows that rank ([Ap; Ay —AlL,—1]) =n—1
for all A € C. Therefore, (A, A1) is controllable [19,
Theorem 3.1]. Conversely, if (A2, Ap;) is controllable, then
rank ([Ay — Al,—1 Azj]) =n—1 for all A € C. Since 7 #0,

A — A Ap T o
Axi A — Al 0(n—1)><1:|> -
for all A € C. That is, the matrix [A — A, &] has full row rank
for all A € C. Therefore, (A, &) is controllable. |

it follows that rank

Lemma 6. Suppose A = diag[A;;, A2, -+, Apm], Where
Ajj€Cw i, 1< j<m and &=[& & &’
where §; € C*!, 1 < j < m. Then the pair (A, &) is
controllable if and only if all the pairs (A;;, §;), 1 < j <m,
are controllable and A;; and Ay, j # k, have no common

eigenvalues.
Proof: Necessity. If the pair (A, &) is controllable, then

the matrix A—AIZI}«:I,I]. 5} has full row rank for all A €
C [19, Theorem 3.1]. That is,

A — A[nl 51
Ay — Aly, &
rank . .
Amm - )Llnm ém
m
=Y n; (14)

J

Then it follows that the matrix [A jj —l[,,j 13 j] has full row
rank for all A € C. Therefore, all the pairs (A}, §;), 1 < j<m,
are controllable [[19, Theorem 3.1].

To prove the second part of necessity, without loss of gener-
ality, we assume that Aj; and A,, share a common eigenvalue
An

A. Then the matrix 0 Ay

is a derogatory matrix [20],

A 0] [é
0 Axn|'|&
cannot be controllable. But we already know from the previous
result that if the pair (A, &) is controllable then the pair

[

An|’ &
reach a contradiction. We conclude that A;; and Ay, j # k,
have no common eigenvalues.

[21]. Using Lemma 6 in [6], the pair (

must be controllable. Therefore, we

Sufficiency. To show (A, &) is controllable, we need to prove
that the matrix [A - AIZZ‘LI nj 5} has full row rank for all A €

C. That is, we need to prove that the matrix [A — l]z»;z:] n; <§J

has full row rank for any eigenvalue A of A. Now suppose

is an arbitrary eigenvalue of A. Since A;; and Ay, j # k, have
no common eigenvalues, it follows that A is an eigenvalue of
only one block. Without loss of generality, we assume that
A is an eigenvalue of Aj;. Then we have det(Aj; —Al,,) =0
and det(A; fllnj) #0,2 < j<m. Since (A, &) is control-
lable, it follows that [Aj; — Al,, &;| has full row rank. Then

A — AL, &1
Axp — 7LI,,2 0
we have
Apm— AL, 0
has full row rank. As a consequence, it can be shown
Al — AL, &1
Ax — AL, &
that ) . has
Amm - llnm 'ém

full row rank. Therefore, we conclude that the matrix
{A—AI):?:I,U é} has full row rank for any eigenvalue A of
A. Hence (A, &) is controllable. [ |

Proof of Theorem [I|

Proof: Necessity. Suppose an N-mode pure Gaussian
state is generated by a linear quantum system subject to
the two constraints and and Z is the corresponding
Gaussian graph matrix for this pure Gaussian state. We
will show that the Gaussian graph matrix Z of this pure
Gaussian state can be written in the form of Equation (9)
or Equation (I0). According to the Hamiltonian of the

linear quantum system is A = 1% R Owan £, where
2% |Oyxy R
211 812 gIN
g2 282 8N .
R = . . . Using Lemma |1} we have
8IN &N 28NN
{ XRX+YRY —TY 'X —xy~'I'T =R, (15)
—XR+TIY '=0. (16)

It follows from (T6) that I' = XRY. Substituting this into (T3]
gives

YRY — XRX =R. (17)

Recall from Lemma [1] that T+T" =0, i.e., XRY +YRX =0.
Combining this with gives

ZRZ = —R. (18)

Suppose that the fth mode of the linear quantum system is
locally coupled to the reservoir. Then using Lemma [3] we
have Z ;) = Zj ) =0, Vj # £. This fact implies that there
exists a permutation matrix 22; € RV*N such that

0 -
< lx%\/ 1) P,

Z=2/
P 0v=1)x1



where z=Z( ) and Z € CW-1x(N-1) Obviously, Z € A. Let
RE 2R . Then Equation (T8) is transformed into

z le(y—l)}ﬁ[ Z 01X(£V—1>]:_1é. (19)

Ov—1)x1 zZ Ov—1)x1 z
5 5T
If we write R in block form as R = {ISU 1321], where
Ry1 Ro

Ry €R, Ry :Iész e RW=Dx(N=1) "and Ry; € RV-Dx1 then
Equation (I9) becomes

R1Z=—R1,
ZR»Z = —Ry, (20)
ZRyZz=—Ry. (21)
Since Ry = % it can be dlagonahzed by a real orthogonal
matrix 2; € RW~ . That is, R22 = 2[R»n2, where

Ry, is a real dlagonal matrix. Let Z £ 91221 , and Ry £
21Ry. Then the equations and are transformed into

{ ZR»Z = —Ro, (22)
ZRy1z=—Roy. (23)

Since the /th mode of the linear quantum system is lo-
cally coupled to the reservoir, it follows from Lemma
that the matrix P in (/) must be of the form P =

[lew 1) T OlX(N [)] , Where Tp € C and Tp %0 The
matrix Q in (@) is given by Q = —iRY + Y~ ' = —iRY +

Y- (=YRX) = —RZ = —2TR| ° Y@y ]}%
Ov—1)x1 z
From (8], we observe that the pair (Q, P) is controllable. Using

Lemma , it follows that (—R [ . le(fv_l)} , ,921P)

Ov—1)x1 z
is controllable. Note that PP = [‘cp OIX(N,l)]T
3 { z le(}l\lfl) _ {an R21Z
Ov—_1)x1 Z Rz RpnZ
Lemma 5| that (—RyZ, —R;;Z) is controllable. That is,
(fo@rﬁzzz,@l, —Qrﬁzlz) is controllable. Again using
Lemma 4| it follows that (—ﬁzzz, —Rglz) is controllable.
Since —Ry;ze Cn=x1 by Lemma 6 in [6]], the matrix —RynZ
is a non-derogatory matrix. Then following similar arguments
as in the proof of Theorem 1 in [6]], we have the following
preliminary result.

* If N is odd, then
2=2)72,,

and

} It follows from

7ZM}7
2

Z = diag[Zy,- -

where 22, € RV=1>*(V=1) j5 a permutation matrix, Z
(MUE), and Z; € 2,2 < j< &
* If N is even, then
1=2)22,,

Z:diag[zl,m ,Z%],

where 22, € RV-Dx(N=1) j5 3 permutation matrix, Z; €
Aand Z;€E,2< j< 5.
Here 1 £ {diag[z, ] | z € C and Im(z) > 0}, and E
{z ’ z=2" €C>2, Im(2) >0, and (diag[l,~1]2)’ =

_,2},

(1>

Let Ry, = yzﬁzzt@; and Ry £ @21&21. Then the equa-
tions and are transformed into

{ ZR»Z = —Rn, 24)
ZRnZ=—Ry. (25)
Since (—1“2222, —Rzlz) is controllable, ie.,
(—@; R»nZ P, —2) Ry Z) is controllable, it follows

from Lemma 4| that (—RxZ, —R»17) is controllable.
First, if N is odd, we partition Ry, and Ry as Ry =

Lo = BT 5T T
d1ag[R22,1,~~~ R22 (N 1)] and Ry = [RZI 177 R 2—1) s
where ﬁzz’j € R¥*2 and 1?21’] e Rl 1< j< ( ) . Then
the equations and become

{ ZiR»,jZj = —Rn, (26)
ZiRy jz=—Ro1 . 27

where 1 < j < # Since (—Rx»Z, —R»1Z) is control-
lable, it follows from Lemma that (fﬁzzd-zj, flézl, jZ),
1<j< (Ngl), is controllable. Note that 1322,] is a real
diagonal matrix. If Z; € IT and Z; # il, solving 26) gives
0 0 0

TJ where 7; € R. Then R22]Z1 [O —Tli}

Since ( R22 1Z1, —Ryy. 1z) is controllable, it follows that
Ry =[m 13] , with 7,73 # 0. Substituting this into (27)
yields Z =i and Z; = il>. This contradicts the assumption that
7 = il;. Therefore, we know that if 7, €11, then Z; = ib,.
Note that il, € E. Hence Z; € E. Since (—Ry,;Z;, —R21 Z)
is controllable, it follows that Ryj ; # 021, 1 < j < N%U
Then by 27), — is an eigenvalue of Z;, i.e., det (Z + = ) 0,
1<j< (UWand)} Combmmg thls fact with Z € E, we conclude
that Z; eA1<J<( .Let =2, and 2 = 2,9,
in (9). Obv10usly, 2 is an orthogonal matrix and Equation (9)
holds. This completes the first part of the necessity proof.
Second, if N is even, we partition Ryy and Ry, as Ry =
5 5 pT 5T
’R22,%} and Ry = R2171 R

21,%} >
Ry €R, R ER, Ry j €R¥ 2 and Ry j e R¥>1, 2 < j< 4.
Then the equations (24) and (23)) become

{ ZiRyn iZi=—Rn;,
ZjRo1,jZ= —Ra j,

~ 0
Ry = {0

diag [1?22,1 e where

(28)
(29)

where 1 < j < % Recall that (—RyZ, —R;;Z) is controllable.
Then it follows from Lemmal%]that (=Rx,jZj, —R21j2), 1 <
j <%, is controllable. Hence we have Ry;; # 0 and Ry ; #
021, 2<j < % Then by [29), —% is an eigenvalue of Z;,
i.e., det (Zj + %) =0,1<;< % Therefore, we obtain Z; = —%
and Z; €A, 2< j< 5. Let # =2, and 2 = 9,2, in (10).
Obviously, 2 is an orthogonal matrix and Equation (I0) holds.
This completes the second part of the necessity proof.
Sufficiency. Suppose the graph matrix Z of an N-mode pure
Gaussian state (where N is odd) satisfies Equation (@). We
now construct an N-mode linear quantum system subject to
the two constraints (@] and such that the state is obtained
as the unique steady state of this system We see from
Equation (@) that Z; €A, 1 < j < 1 Using Theorem 2

in [6], it can be shown that &, = [1 ] and&p=[1 —1]"



are two eigenvectors of Z 1<j< =1 Since Z 6 C2x2
and —1 is an eigenvalue of 7, we have Zi&y = — §v1 or
Z J

Zi&n= _z§v2- Using this fact, we choose Ry ; = T; [l 1] T
where 7; € R and 7; # 0, if Zj [1 I}T:—%[l I]T and
- _ T :
Ry =71 —1]
( 1) R, ---RT
_R21 g 1<j< . Let Ry = M1

otherwise. Then we have Z;Ry; =

2l
21’(1\/;1)} and

let Ry, = diag [rl, —ry, ra, —Frp, +-+, Fn-1, —Fn_1|, Where
ri €R, rj #0, and |r;| # |rx| whenever j# k. Then it can be

verified that ZR»»Z = —Ry), and ZR>1Z = —R»;. In Lemma l

0 R, 2
9T Ry, QTR223:| P, I'=XRY and

P=2"[1, OIX(N_I)]T where 7, € C and T, # 0. Then it
can be verified that R=R" € RV*¥ and ZRZ = —R. It then
follows that YRY — XRX = R and XRY + YRX = 0. Hence
I'+I'" =0, ie., s a skew symmetric matrix. Substituting R
and I into (6) gives G = diag[R, R]. Therefore, the Hamilto-

let us choose R= 2T

nian is B = %)?TG)E, which satisfies the first constraint @ We
have
Q=-RZ
_ —@T |: O_ R;lg :l |: Z 01><(1\1]):| P
QTRzl QTRQQ O(Nfl)x] 2729
_ [0 R}, Z2
QTRMZ QTRHZ,@

We now show that (Q,P) is controllable. Let Ry ; =
diag[r;, —r;j]. We have
rank ([Ry1,;Z R jZiRo1 jZ])
=rank ( [Rgl jZ —R22 jR21 j])
=rank ([Ra1; R jRo1j])

—rank([ rﬂ’_ }) or rank([ g
_r] j i

=2, 1< <7

)

rjT;

Then it follows that (R ;Z;, R jz) 1<j< w == -1 s con-
trollable. In addition, we have (R ;jZ;)* = R, ; = —r3h.
Using Lemma 2 in [6f], it follows that the matrix Rzz’ij
is diagonalizable and its eigenvalues are either r;i or —rji.
Hence Ry jZj, 1< j< WD have no common eigenval-
ues. By Lemma E], we have (Rzzz R17) is controllable. By
Lemma 4, (2"R»Z2,2 Rzlz) is controllable. According

to Lemma 0 R 22 r is con-
'\ |2 Rz 2'RnZ2| |Ov-1)x1
trollable. Based on Lemma [} we conclude that (Q,P) is

controllable. Therefore, by Lemma E], the resulting linear
quantum system is strictly stable and generates the desired
target pure Gaussian state specified by Equation (9). The
system-reservoir coupling vector L is given by

ﬁ:Cf:PT[—Z Iy %
—[®%Z O] 2 [ ]!
+[Tp 01« (v—1)] 2 [P1 ﬁ ﬁN}T

= —TpZq1 + Tp Py,

where £=[1 O, (v_p] 21 2 - NJT It can be seen
that the system-reservoir coupling vector L consists of only
one Lindblad operator which acts on the /th mode of the sys-
tem. Hence it satisfies the second constraint[2} This completes
the first part of the sufficiency proof.

Suppose the graph matrix Z of an N-mode pure Gaussian
state (where N is even) satisfies Equation (I0). We now
construct an N-mode linear quantum system subject to the
two constraints [@] and such that the state is obtained
as the unique steady state of this system. We see from
Equation that Z; = —% and Zj eEA2<j< % Using
Theorem 2 in [6], it can be shown that &, = [1 1]T and
éo =1 fl]l are two eigenvectors of Z;, 2 < j <%
Since Zj e C**? and —% is an eigenvalue of Zj, we have
Zi&n=—1&1 or Zi&o=—16p.2< j < 5. Let Ry 1 =71,
where 7 € Rand 7y #0. For2< j < ¥ let Ry ;= 7, [1 1],
where 7 € R and 7; #0, if Z;[1 1] =—-1[1 1]"
Ry =71 —lf otherwise. Then we have Z;Ry ; =
*%Rm.j, 1 <j< % Let Ry = |:R2Tl,l k;%r and

—}’g}, where r; € R,

and

let Rzz = diag |:0 ry, —Iz, -,
rj #0, j>2, and [rj| # [re| whenever j # k. Then it
can be verified that ZR»Z = —Ry and ZR, 1z = —Ry;.
Let R =27 L@T()Rzl gl%éfg] P, T =XRY and P =
e [T,, O]X(N,])]T where 7, € C and 7, # 0. Then it can be
verified that R=R" € RV*N and ZRZ = —R. It then follows
that YRY —XRX =R and XRY + YRX =0. Hence T+T'T =0,
i.e., I is a skew symmetric matrix. Substituting R and I'
into (6) gives G = diag[R, R]. Therefore, the Hamiltonian is
H= %)?TGJG, which satisfies the first constraint We have

0=-RZ

ry,
2

—_pT| O R, 2 z Orxv—1)] 5
2Ry 2TR»n2 O(Nfl)xl 2729

[ 0 Rzo

- QTR21Z QTRZZZQ

We now show that (Q,P) is controllable. Let R22,1 =0 and
Ry = dlag[r], rjl, 2 < j < 5. First, it can be seen that

21,1-2 Rzz,/Zijl,jZ])
21,;2 —Ezz,jRZI,j])
21,j RZZ,J‘RZI,J‘])

:rank< fj rjrf_l) or rank([ T’; rj/f’})
T =T T

Then it follows that (R, ;Z;,Rx1 ;Z), 2 < j < %, is control-
lable. In addition, we have (1?227 jZ j)z = —R%z = —r?lz, 2<
j < 5. Using Lemma 2 in [6], it follows that the matrix R» ;Z;
is diagonalizable and its eigenvalues are either r;i or —r;i,
2<j< < > Bearmg in mind R22 1Z, =0, it follows that Ry, JZis
1< < 5, have no common eigenvalues. By Lemrna
(R22Z R21z) is controllable. It then follows from Lemma ﬂ



that (2'Ry»Z2,2"Ry %) is controllable. It follows from
0 R),Z2 0 T
QTRmZ QTRZQZQ ’[Tp IX(Nil)]

is controllable. According to Lemma we conclude that
(Q,P) is controllable. Therefore, by Lemma |1} the resulting
linear quantum system is strictly stable and generates the
desired target pure Gaussian state specified by Equation (I0).
The system-reservoir coupling vector L is given by

Lemma |5 that

I::C)E:PT[—ZIN])E
=%z Onw-n] 2@ 4 - @N]T
+[Tp Oxvny] Z[P1 P2 -+ ﬁzv}T

= —TpZqv+ Tppu,

where £=[1 O, (v_p] Z[1 2 NJT It can be seen
that the system-reservoir coupling vector L consists of only
one Lindblad operator which acts on the /th mode of the sys-
tem. Hence it satisfies the second constraint This completes
the second part of the sufficiency proof. ]

Proof of Lemma )|

Proof: Suppose Z € A. Then it follows from Theorem 2
21 22

in [[6] that Z has the form Z =
212 211

, where z11 € C and

2
z12 € C. Substituting this into the equation (diag[l , —I]Z) =

—I gives
Z—a =1 (30)
The constraint det(z+ %12) =0 is equivalent to
1\ 2
<le +Z> —z3, =0. (€29)

24 2
Combining (30) and (31) ylelds 1 = ? and Z]z = i%.

2-1 241 1271 _ 241
_ 27 27 2z 2z 1
Therefore, z = A Ao | oor P 25 Since

2z 2z 2z 2z
z = 2z', it can be easily seen that Re(Z) = Re(z)" and
Im(z) = Im(z)". To prove Im(z) > 0, we have to show
Im(z11) > 0 and (Im(z11))* — (Im(z12))* > 0. Suppose Z =
x+iy, xR, yeR, and y > 0. Then

Z—-1 1/_ 1 1 L x—iy
= —— = — _ = — X y— ——m .
M= T2\ ) T2 YT

Hence Im(zy1) = % (y+ )@)Tyz) > 0. Since

52
2411/ 1 1/ . x
m=t——=4% <Z+Z>:i<x+ly+x

27 2

we have

Therefore, =~ we  have Im(z) > 0. Combining
the results above, we conclude that A =
21 2+l 2-1 P41
27 27 2z 27 3
ExtEET R Z 25 This  completes
27 27 27 27
the proof.
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