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Fenchel Dual Gradient Methods for Distributed Convex

Optimization over Time-varying Networks

Xuyang Wu and Jie Lu

Abstract

In the large collection of existing distributed algorithms for convex multi-agent optimization, only a
handful of them provide convergence rate guarantees on agent networks with time-varying topologies,
which, however, restrict the problem to be unconstrained. Motivated by this, we develop a family of
distributed Fenchel dual gradient methods for solving constrained, strongly convex but not necessarily
smooth multi-agent optimization problems over time-varying undirected networks. The proposed algo-
rithms are constructed based on the application of weighted gradient methods to the Fenchel dual of the
multi-agent optimization problem, and can be implemented in a fully decentralized fashion. We show
that the proposed algorithms drive all the agents to both primal and dual optimality asymptotically under
a minimal connectivity condition and at sublinear rates under a standard connectivity condition. Finally,
the competent convergence performance of the distributed Fenchel dual gradient methods is demonstrated

via simulations.

I. INTRODUCTION

In many engineering scenarios, a network of agents often need to jointly make a decision so that a
global cost consisting of their local costs is minimized and certain global constraints are satisfied. Such
a multi-agent optimization problem has found a considerable number of applications, such as estimation
by sensor networks [1]], network resource allocation [2], and cooperative control [3].

To address convex multi-agent optimization in an efficient, robust, and scalable way, distributed
optimization algorithms have been substantially exploited, which allow each agent to reach an optimal or
suboptimal decision by repeatedly exchanging its own information with neighbors [1]-[32]]. One typical
approach is to let the agents perform consensus operations so as to mix their decisions that are updated
using first-order information of their local objectives (e.g., [4]-[14]]). Recently, rates of convergence to
optimality have been established for a few consensus-based algorithms. By assuming that the problem
is unconstrained and smooth (i.e., the gradient of each local objective is Lipschitz) and that the network
is fixed, the consensus-based multi-step gradient methods [8]-[11]] are able to achieve sublinear rates
of convergence, and also linear rates if the local objectives are further (restricted) strongly convex.
Unlike these algorithms, the Subgradient-Push method [12]], the Gradient-Push method [13]], the DIGing
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algorithm [14]], and the Push-DIGing algorithm can be implemented over time-varying networks
and still provide convergence rate guarantees. Specifically, Subgradient-Push converges to optimality
at a sublinear rate of O(Ink/v/k) for unconstrained, nonsmooth problems with bounded subgradients
[12]. In addition, when the problem is unconstrained, strongly convex, and smooth, an O(In k/k) rate is
established for Gradient-Push [13], and linear rates are provided for DIGing and Push-DIGing [14].

Another standard approach is to utilize dual decomposition techniques, which often lead to a dual
problem with a decomposable structure, so that it can be solved in a distributed fashion by classic
optimization methods including the gradient projection method, the accelerated gradient methods, the
method of multipliers, and their variants (e.g., [2]], [3]], [13]-[24]). Compared with the aforementioned
consensus-based primal methods, many distributed dual/primal-dual algorithms can handle more com-
plicated coupling constraints, yet still manage to achieve sublinear rates of convergence to dual and
primal optimality when the dual function is smooth, and achieve linear rates when the dual function is
also strongly concave. Despite this advantage, most of such methods require a fixed network topology.
Although the primal-dual subgradient methods in [[19], the primal-dual perturbation method in [21]],
and the proximal-minimization-based method in [24]] cope with time-varying agent networks, they only
guarantee asymptotic convergence to optimality and no results on convergence rate are provided. In
addition to the above two approaches, there are other lines of research on distributed optimization,
including incremental optimization methods (e.g., [1l], [25]], [26]), distributed Newton methods (e.g.,
[271-[29]]), and continuous-time distributed optimization algorithms (e.g., [30]-[32]).

This paper is motivated by the lack of distributed optimization algorithms in the literature that are
able to address constrained convex multi-agent optimization at a guaranteed convergence rate over time-
varying networks. We propose, in this paper, a family of distributed Fenchel dual gradient methods that are
able to solve a class of constrained multi-agent optimization problems at sublinear rates on time-varying
undirected networks, where the local objectives of the agents are strongly convex but not necessarily
differentiable and the global constraint is the intersection of the local convex constraints of the agents.

To develop such algorithms, we first derive the Fenchel dual of the multi-agent optimization problem,
which consists of a separable, smooth dual function and a coupling linear constraint. Additionally, the
gradient of the Fenchel dual function can be evaluated in parallel by the agents. We then utilize a
class of weighted gradient methods to solve the Fenchel dual problem, which can be implemented over
time-varying networks in a distributed fashion and can be viewed as a generalization of the distributed
weighted gradient methods in [33], [34]. We show that the proposed Fenchel dual gradient algorithms
asymptotically converge to both dual and primal optimality if the agents and their infinitely occurring
interactions form a connected graph. We also show that the dual optimality is reached at an O(1/k) rate
and the primal optimality is achieved at an O(1/ \/E) rate if the underlying agent interaction graph during
every B iterations is connected. Finally, the efficacy of the Fenchel dual gradient methods is illustrated
through numerical examples.

The outline of the paper is as follows: Section [[Il formulates the multi-agent optimization problem, and

Section[[Ill develops the distributed Fenchel dual gradient methods. Section[[V]establishes the convergence
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results of the proposed algorithms. Section [V] presents simulation results, and Section [VI| concludes the
paper. All the proofs are included in the appendix. This paper is a significantly improved version of an
earlier, 6-page conference paper [335].

Throughout the paper, we use || - || to represent the Euclidean norm and || - ||; the ¢; norm. For any set
X C RY int X represents its interior and |X| its cardinality. Let Py (z)=arg min,y ||z — y|| denote
the projection of = € R? onto X, which uniquely exists if X is closed and convex. The ball centered
at + € R? with radius 7 > 0 is denoted by B(z,r) := {y € R? : ||y — x| < r}. The floor of a real
number is represented by |-]. For any x € R", x = (27 ,... 217

el 1

means the even partition of x into
n blocks, i.e., z; € R? Vi = 1,...,n. For any function f : R? — R, df(z) denotes any subgradient of
fatz eRY e, f(y)— f(x)—0f(x)T(y —x) >0 Vy € RLIf £ is differentiable, then V f(x) denotes
the gradient of f at x € R%. In addition, 1; is the d x d identity matrix, Oy is the d X d zero matrix,
1, € R is the all-one vector, 0; € R? is the all-zero vector, and ® is the Kronecker product. For any
matrices M, M’ € R™", M < M’ and M’ = M both mean M’ — M is positive semidefinite. Also,
[M];; represents the (7, j)-entry of M, R(M) the range of M, and Null(A/) the null space of M. If M
is a block diagonal matrix with diagonal blocks Mj, ..., M,,, we write it as M = diag(M, ..., My,).
If M is symmetric positive semidefinite, we use /\f(M ) > 0 to denote its ith largest eigenvalue and M

its Moore-Penrose pseudoinverse.

II. PROBLEM FORMULATION

Consider aset V = {1,2,...,n} of agents, where each agent i € V possesses a local objective function
fi : RY — R and a local constraint set X; C R%. All of the n > 2 agents attempt to solve the constrained
optimization problem

mlgé%lﬁ}ze >iev fi(@)

subjectto = € ;e Xi,

(1)
which satisfies the following assumption.

Assumption 1. (a) Each f;, i € V is strongly convex over X; with convexity parameter 6; > 0, i.e., for
any x,y € X; and any subgradient 8f;(z) of f; at z, fi(y) — fi(x) — 0fi(x)" (y — x) > Olly — x||*/2.
(b) 0g4 € int ;o) Xi.

Assumption [I] ensures the existence of a unique optimal solution z* € (7, .,, X; to problem (I). Notice
that Assumption [Ia) is a common assumption for distributed optimization methods with convergence
rate guarantees (e.g., [2l], [3], [13], [14], [20], [22]). In addition, unlike many existing works that require
each f; to be continuously differentiable (e.g., [Z]-[11l, [13], [14], [17], [21], [22], [271-[30], [32]),
here each f; is not necessarily differentiable. Also, Assumption [I{b) can always be replaced with the
less restrictive condition int ﬂz‘ev X; # (), which is also assumed in [4]-[6], [24]. To see this, suppose
2’ € int();ey, X; for some 2’ # 04. Consider the change of variable z = x — 2/, and write each f;(x)
and X; as fi(z +2') and {z € R?: z 4+ 2’ € X;}, respectively. Then, the resulting new problem with

the decision variable z is in the form of and satisfies Assumption
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We model the n agents and their interactions as an undirected graph G* = (V, £F) with time-varying
topologies, where k € {0, 1, ...} represents time, ¥V = {1,2,...,n} is the set of nodes (i.e., the agents),
and £F C {{i,j} :i,j € V,i # j} is the set of links (i.e., the agent interactions) at time k. Without
loss of generality, we assume that gk # () Yk > 0. In addition, for each node i € V, let ./\ff ={jeV:
{i,7} € E*} be the set of its neighbors (i.e., the nodes that it directly communicates with) at time k.

To enable cooperation of the nodes, we need to impose an assumption on network connectivity, so that
the local decisions of the nodes can be mixed across the network. To this end, define £ = {{i,7} :

{i,j} € & for infinite many k& > 0}. Then, consider the following assumption.
Assumption 2 (Infinite connectivity). The graph (V,Ex) is connected.

Assumption 2lis equivalent to the connectivity of the graph (V, U2, ) for all k£ > 0. This is a minimal
connectivity condition for distributed optimization algorithms to converge to optimality, which ensures
every node to directly or indirectly influence any other nodes infinitely many times [4]. As Assumption 2]
does not quantify how quickly the local decisions of the nodes diffuse throughout the network, we need

a stronger connectivity condition to derive performance guarantees for the algorithms to be developed.

Assumption 3 (B-connectivity). There exists an integer B > 0 such that for any integer k > 0, the
graph (V, UEkI}BB ! &Y is connected.

Assumption 3] forces each node to have an impact on the others in the time intervals [kB, (k+1)B —1]
Vk > 0 of length B. Compared with Assumption 2, Assumption [3is more restrictive but more commonly
adopted in the literature (e.g., [4]-[6], [12]-[14], [19], [21], [24], [26], [32]).

III. FENCHEL DUAL GRADIENT ALGORITHMS

In this section, we develop a family of distributed algorithms to solve based on Fenchel duality.

A. Fenchel Dual Problem

We first transform into the following equivalent problem:

minimize  F(x) := Y ..y, fi(@i)

x€Rnd
subjectto x; € X;, VieV, (2)
x €5,
where x = (27,...,20)" and S := {x € R™ : xy = 33 = --- = z,}. Note that problem ) has
a unique optimal solution x* = ((z*)7,..., (x*)T) , where 2* € (1,cy, X; is the unique optimum of

problem (I)). In addition, its optimal value F™* is equal to that of problem (I).
Next, we construct the Fenchel dual problem [36] of (2). To this end, we introduce a function ¢; :
R? x RY — R for each i € V defined as

qz'(xivwl) - w Tq — fl(xl)
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The conjugate convex function d; : R — R is then given by
di(w;) = sup q;(x;, w;).
T, €X;
With the above, the Fenchel dual problem of can be described as

maximize —D(w):=—> ., d;(w;
cRnd ( ) ZZEV ( ) (3)

subjectto w € S+,

where w = (w!,...,w])T and St := {w € R™ : wy + wy + --- + w, = 04} is the orthogonal
complement of S. Note that (3) is a convex optimization problem. Also, with Assumption [Il it can be
shown that strong duality between and (@) holds, i.e., the optimal value —D* of (@) equals F*, and
that the optimal set of (3) is nonempty [36]. Moreover, w* = ((w})?, ..., (w2)T)T € S+ is an optimal
solution to @) if and only if Vd;(w}) = Vd;(w}) Vi,j € V [34, Lemma 3.1], i.e., VD(w*) € S.
Below we acquire a couple of properties regarding the Fenchel dual problem (3). Notice from As-

sumption [T(a) that for each i € V and each w; € R?, there uniquely exists
Ti(w;) := arg max,¢ y, ¢; (v, w;). “4)
Thus, d; is differentiable [37]] and
Vd;(w;) = Zi(w;). 5)
The following proposition shows that d; is smooth, i.e., Vd; is Lipschitz.

Proposition 1. [2| Lemma II.1] Suppose Assumption [I| holds. Then, for each i € V, Vd; is Lipschitz
continuous with Lipschitz constant L; = 1/0;, where 6; > 0 is defined in Assumptionl[l] i.e., ||Vd;(u;) —

de('Uz)H < LzHuz — ’UZH V’LLZ',’UZ' € Rd.

In fact, the strong convexity of f; on X; assumed in Assumption [I(a) is both sufficient and necessary
for the smoothness of d; [2].

Likewise, we can see that D(w) is differentiable and
VD(w) = %(w) := (Z1(w1)", ..., En(w,)")". (6)

According to and (@), if each w; is known to node 4, then the gradient of the Fenchel dual function D
can be evaluated in parallel by the nodes, while the Lagrange dual of (equivalent forms of) problem (2))
does not have such a favorable feature when the network is time-varying and not necessarily connected
at each time instance. Further, notice that F'(x) in problem (2) is strongly convex over X; x - -+ x X,
with convexity parameter fp, = min;ey 6;. Also note that D(W) = Supyex, x...xx, W' X — F/(x). Like

Proposition [Tl we can establish the Lipschitz continuity of VD.

Corollary 1. Suppose Assumption [I| holds. Then, NV D is Lipschitz continuous with Lipschitz constant
L =1/0min.

Finally, we show that the dual optimal set and the level sets of D on S+ are bounded.
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Proposition 2. Suppose Assumption [1] holds. For any optimal solution w* € S+ of problem (),
(2 iy maxy, ep(o,,r.) fi(wi)) — F* _

I < k
(&

00, (N
where 1. € (0,00) is such that B(04,r.) C (\;cy Xi. In addition, for any w € S, the level set

So(w) := {w' € S+ : D(w') < D(w)} is compact.

Proof. See Appendix [Al O

The boundedness of the dual optimal set relies on the nonemptyness of int ()., X; assumed by
Assumption [I(b), without which the dual optimal set can be unbounded (e.g., X; = {(z1,22)" € R?:
21 = O} Vi € V).

B. Algorithms

In [33], [34], a set of weighted gradient methods are proposed to solve a network resource allocation
problem, which can be cast in the form of (). Inspired by this, we consider a class of weighted gradient

methods as follows: Starting from an arbitrary w® € S, the subsequent iterates are generated by
whtl = wh — o*(Hge ® I;)VD(w®), Vk >0, 8)

where o > 0 is the step-size and Hgr € R™ " is the weight matrix that depends on the topology of
GF, defined as

S ORE, ifi=j,
seN}

[Hgk]ij = _h?jv if {Z,j} e gk7 Vi, j € V. )
0, otherwise,

We require hfj = h?i > 0 V{i,j} € E¥ Yk > 0. We also assume that there exists a finite interval [h, h]

such that
hy; € [h,h] C (0,00), Vk=>0, Vi€V, VjeN. (10)

Since £F # (0, Hg. # O, for any k > 0. Moreover, Hg: is symmetric positive semidefinite and
Hgk1,, = 0,,. Thus, using the same rationale as [33]], [34], the proposition below shows that as long as

w? is feasible, so are w* Vk > 1.
Proposition 3. Let (W), be the iterates generated by @®). If w° € St, then (w*)22, C S+

Remark 1. The weighted gradient method ) can be tuned to solve problems of minimizing Y icy di(w;)

subject to Y, w; = ¢, Ve € R To do so, we can simply replace the initial condition w° € S+ with
0 _
Diey Wi = ¢

Next, we introduce primal iterates to the weighted gradient method (8)) that is intended for the Fenchel
dual problem (3). Note from (@) and (€) that (8) can be written as

o} = &i(wf), Vie,
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wf“ =wF — ¥ Z hfj(:nf - $§), Viey,

JeENT
where wf € R? is the ith d-dimensional block of w* and Z;(wf) is defined in @). We assign each w}
and :nf to node ¢ as its dual and primal iterates, with xf being node ¢’s estimate on the optimal solution
2* of problem (). Thus, the above algorithm with both dual and primal iterates can be implemented in

a distributed and possibly asynchronous way on the time-varying network, as is shown in Algorithm [Il

Algorithm 1 Fenchel Dual Gradient Method

1: Initialization: Each node i € V selects w) € R? so that 3_. ), w) = 04 (or simply sets w = 0g), and sets
0 = g max, e, (w0) 77 — fi(x).

2: for k=0,1,... do

3:  Each node i € V with N} # () sends its z¥ to all j € NF.

Upon receiving 2% Vj € N, each node i € V with N # 0 updates w} ™" = wh —a* D jent Y (xk —ah).

»

7 i i
5. Each node i € V with N # () computes 2! = arg max, ¢ v, (wf™) Tz — fi().

Each node i € V with N = () takes no action, i.e., wi™ = w} and 2/ = zF.
end for

N

In Algorithm [T the initial condition w” € S+ can simply be realized by setting w? =04 Vi€ V.
k

Subsequently at each iteration, every node ¢ with at least one neighbor updates its dual iterate w; via
local interactions with its current neighbors and then updates its primal iterate acf on its own.

To implement Algorithm [I] each node i needs to select the weights hfj Vj € NF that satisfy hfj = h;?i
in a predetermined interval [k, h] C (0,00), where h and h may or may not be related with G¥ ¥k > 0.
This can be done through inexpensive interactions between neighboring nodes. Two typical examples of

Hgx are the graph Laplacian matrix

INE|, if i =,
[Hgrlij = [Lgrlij == § —1,  if {4,j} € &EF, (1)
0, otherwise,

and the Metropolis weight matrix [33]]

1 . .
EA:/k maxNFILL WAL L6 =J,
seN;

Horly = it {5, j} € &, 12

1
- max{JNF[L; INFIL, 1’
0, otherwise.
When Hgr is set to , each node ¢ does not need any additional efforts in computing the weights
hfj Vj € NF since they are 1 by default. When Hgx is set to (I2), each node i only needs to obtain

from every neighbor j € ./\/;k the product of node j’s neighborhood size |./\/']k| and Lipschitz constant
Lj = 1/9] of Vd]
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The remaining parameter to be determined is the step-size o*. Later in Section [V] we will show that
the following step-size condition is sufficient to guarantee the convergence of Algorithm [I} Suppose there

is a finite interval [a, @] such that
o € [a,a) C (0,2/8), Vk>0, (13)
where § > 0 can be any positive constant satisfying
Hg. < 0A;Y, Vk >0, (14)

with Ay := diag(Lq, ..., L,). Note that such § always exists because Azl is positive definite and Hgx
is positive semidefinite. For example, we may choose § = Lsup,> )\Jl/(Hgk), where L = 1/0;, =
max;cy L;. More conservatively, because Hgr < }_ngk and A%(Lgk) < n, we can always let § = Lhn
and thus

Since h can be predetermined and known to all the nodes, this condition only requires the nodes to obtain
the global quantities n and L = max;cy L;, which can be computed decentralizedly by some consensus
schemes (e.g., [38]). Below, we provide less conservative step-size conditions for the two specific choices

of Hgr in (II) and (I2)), which also can be satisfied by the nodes without any centralized coordination.

Example 1. When Hgx is set to the graph Laplacian matrix Lgx as in (L), in addition to the afore-

mentioned choice § = Lsup,~ )\%(Lgk), another option for § could be 6 = 2sup m%X|Mk|Li, so that
- k>0 1€

5A21 — Lg« is diagonally dominant and thus positive semidefinite for each k > 0. Therefore, ak

can be
selected in the interval [a, @] satisfying
1

min{ % sup A (Lgr), sup max INVEIL}

I<a<ax<
The above step-size condition can be simplified for some special interaction patterns. For instance, if the
nodes interact in a gossiping pattern, i.e., each E* contains only one link, then we may let 0 < o < & <
1/L. Even though the topologies of (g’f)gozo are completely unknown, since Ai/(Lgk) < n, we can adopt

a more conservative step-size condition 0 < a < & < 2/(nL).

Example 2. When Hg. is set according to (I12)), we can simply take 6 = 2, because 2AZ1 — Hgk is
diagonally dominant and thus 2A21 = Hgx. Hence, the step-sizes can be selected as

0<a<df<a<l, Vk>O0,

which requires no global information and is independent of the network and the problem.

The underlying weighted gradient method (8) in Algorithm [l can be viewed as a generalization of
the distributed weighted gradient methods in [33]], [34]. By assuming the (directed) network to be time-
invariant and connected, [33] proposes a class of weighted gradient methods in the form of (8) but with

a constant weight matrix. It is also shown in [33] that if the time-invariant network is further undirected,
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the constant weight matrix can be determined in a distributed fashion via or (I2). The step-size
conditions in [33] for fixed undirected networks and fixed weight matrices given by (II) and (I12)) are
extended here in Examples [1] and [2] to handle time-varying networks and time-varying weight matrices.
On the other hand, [34] considers time-varying undirected networks satisfying Assumption 3l By setting
Hgx to Lgw in (II) and o = 1/(2nL) Yk > 0, (8) reduces to the algorithm in [34]. Note from Example [II

that here we allow for a much broader step-size range for this particular weight matrix.

IV. CONVERGENCE ANALYSIS

This section is dedicated to analyzing the convergence performance of Algorithm

A. Asymptotic convergence under infinite connectivity

In this subsection, we show that Algorithm [1| asymptotically converges to the optimum of problem
under Assumption
We first show that the step-size condition ensures (D(wF))22, to be non-increasing.

Lemma 1. Suppose Assumption [Il holds. Let (Wk)zio be the dual iterates generated by Algorithm Il If
the step-sizes (o )22 satisfy (13), then for each k > 0,

D(wh*1) = D(wk) < —p¥ D(wh)T (Hge & 1)V D(w"),
where p := min{a — %6,07 - 5‘725} € (0,00), with a, & > 0 in and 6 > 0 in (14).
Proof. See Appendix O

Lemmal[I] along with Propositions 2land Bl implies that for each k > 0, w* € Sp(w") and ||wF —w*|| <
My, where w* is any optimum of problem (3)) and
My := max |lw —w*|| € [0, 00). (15)
weSo(w0), wreSL:D(w*)=D*
Another important consequence of Lemma [1] is that the differences of the primal iterates along the

time-varying links are vanishing. To see this, by adding the inequality in Lemma [l from k& = 0 to oo,

> M (Hge@Ia)xM) =) (VD(W), (Hgr©14)VD(w"))
k=0 k=0

< (D(w") ~ D*)/p < o,

where x* = ((z%)7,..., (#F)T)T. This implies that (x*, (Hgr®1;)x*) — 0 as k — oo. Since (x*, (Hgr®

L)x*) = Y0 iveer M ll2f — 2||* and B > h > 0 ¥{i, j} € E*, we have

li k_ 2% =o. 16
Jm | max i — gl =0 (16)

Because GF may not be connected at each k£ > 0, (I6) alone is insufficient to assert that the primal iterates

:L'f Vi € V asymptotically reach a consensus. Nevertheless, by integrating (I6) with Assumption 2] we

are able to show in Lemma [2] below that such an assertion is indeed true. The main idea of proving this
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can be summarized as follows: By (I6) we know that ||z¥ — :L"f|| V{i,j} € £ can be arbitrarily small
after some time 7' > 0. Then, instead of studying the differences ||z¥ — w?” Vi, j € V across the entire
network, we show that such differences within each connected component of the graph (V, Uf:Tgt)
become sufficiently small after some k& > T. Finally, note from Assumption 2] that the graph (V, Uf:TSt)

must be connected when k£ > T is sufficiently large. The dissipation of the differences among all the
k

x;’s can thus be concluded.

Lemma 2. Suppose Assumptions [I] and 2] hold. Let (Xk)zozo be the primal iterates generated by Algo-
rithm [ If the step-sizes (a*)32, satisfy (3, then klim max |z — xf” =0.
—00

,

Proof. See Appendix [Cl O

Since z¥ € X; Vi € V, x" is feasible if and only if x* € S. Thus, || Ps. (x*)| can be used to quantify
the infeasibility of x*. Note that [|Pg. (x")|[* = [|x* — Ps(x")||* = Yoy llaf — 23 ep @[] <
23 ey ey lzk — k|2 It follows from Lemma 2 that || Ps. (x¥)[|* — 0 as k — oo. This can further

be utilized to establish the asymptotic convergence to both dual and primal optimality, as is shown in

the theorem below.

Theorem 1. Suppose Assumptionslland 2 hold. Let (w*)$°  and (x*)%2, be the dual and primal iterates
generated by Algorithmll) respectively. If the step-sizes (a¥)%  satisfy (I3), then limy,_, o || P (xF)|| =
k

0, limy_,oo D(WF) = D*, limp_yo0 F'(x*) = F*, and limj,_,oo x* = x*.

Proof. See Appendix O

B. Convergence rates under B-connectivity

In this subsection, we offer sublinear rates of convergence for Algorithm [I] under Assumption [31

Inspired from [34]], we first provide a bound on the accumulative drop in the value of D over each
time interval [tB, (t + 1)B — 1], t € {0,1,...}, which depends only on the dual iterate at time ¢B and
the underlying interaction graph during these B iterations. To this end, for each k > 0, let G¥ = v, gk)
be any spanning subgraph of (V, Uf;rkB -1 &), which, owing to Assumption 3 is chosen to be connected
at k € {0, B,2B,...}. Also let w” be the maximum degree of G* and @ := SUDtef0,1,..} w!B. Clearly,

I1<oB<m<n-1Vvte{01,...}.

Lemma 3. Suppose Assumptions[Iland 3 hold. Let (Wk),;“;o be the dual iterates generated by Algorithm[Il
If the step-sizes (a*)%° ) satisfy (I3), then for each k € {0,B,2B, ...},

k+B—1
> VD(w')T(Hg ® I;)VD(w') > VD(W")" (Lg, ® I;)VD(w*)/n, (17)
t=k

where 1 := 3Bwa?SL + 3/h € (0,00), with & > 0 in (3), § > 0 in (I4), L > 0 in Corollary I} and
h > 0 in (10).

Proof. See Appendix [El O
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When Hgr = Lgr and of = 1/(2nL), [34, Lemma A.9] provides a similar bound to with 7
replaced by 3B/2 and G being a spanning tree. Lemma [3] improves this bound since n < 3B/4 + 3 for
such a particular choice of Hgx and oF, allows for more general selections of Hgr and o, and sheds
light on how the network topologies come into play.

Lemma [I] and Lemma [3] together bound the decrease in the value of D during every B iterations,
with which we are able to provide a rate for D(w*) — D*. Prior to doing that, we define a sequence
(Mk)zozo as follows: Let My € R be any positive constant and define

M, = max min [w'? — w*||, Vk > 1. (18)
t=0,....k—1w*eSL:D(w*)=D*

Notice that 0 < M, < M, < oo, where M is given by (13).
Theorem 2. Suppose Assumptions [l and Bl hold. Let (Wk)zo:0 be the dual iterates generated by Algo-
rithm [I If the step-sizes (a*)$° satisfy (I3), then for each k > 0,

nM?

|k/B| (D(WO) — D*)
+ pA(D(w) — D*)|k/B]’

D(wk) — D* < (19

2
My 5y
where M[k/BJ € [0, My] is defined in (I8) with Mo > 0 in (I3), A := infycqo,.y )\i_l(quB) € (0,00),

and n, p > 0 are given in Lemma [3 and Lemma[ll respectively.

Proof. See Appendix [H O

Theorem [2] says that Algorithm [Il or equivalently, the underlying weighted gradient method (8)),
converges to the optimal value D* of problem (3) at an O(1/k) rate. The derivation of this result requires
each d; to be smooth and the dual optimal set to be compact. These two conditions on problem (3) may
not hold if Assumption [Tlis not satisfied (cf. Section [TI-A)). Note that without the compactness of the dual
optimal set, still holds, but we cannot guarantee (w’“)i":0 and thus M |k/B| Vk > 0 to be bounded.

The distributed weighted gradient methods in [33], [34] also require the above two conditions on
problem (3) to establish their convergence to D*. By imposing an additional assumption that the Hessian
matrices of d; Vi € V are positive definite, the methods in [33] are proved to achieve linear convergence
rates on fixed networks. In contrast, Theorems [1| and [2| allow for time-varying networks and do not
even require the existence of the Hessian matrices of d; Vi € V. The algorithm in [34] is shown to
asymptotically drive D(w*) to D* and satisfy mins—;__ ||Ps=(VD(w!?))||? < C - n3B/k for some
C' > 0. Our results in Theorems [Il and 2| for the more general algorithm (8) are still stronger. We show
that limy_,oo D(W") = D* under the less restrictive Assumption 2] and that D(w*) converges to D* at
an O(1/k) rate under Assumption[3l Also, since V.D(w*) = x*, the first inequality in Theorem [3 below
is comparable to and slightly stronger than the aforementioned convergence rate in [34].

Based on Theorem 2] below we show that the primal errors ||x* — x*|| and |F(x*) — F*| in optimality
and || Ps. (x¥)]|| in feasibility all converge to zero at rates of O(1/+/k). Like many Lagrange dual gradient
methods (e.g., [3]l, [37]]), we do so by relating such primal errors with the dual error D(w*) — D*.
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Theorem 3. Suppose Assumptions [l and Bl hold. Let (x*)3<, be the primal iterates generated by
Algorithm 1| If the step-sizes (o), satisfy (I3), then for each k > 0,

2Lank/BJ (D(w0) — D¥)

ank/BJ‘i‘PA(D(WO)_D*) |k/B] ,

k k
[1Pse (x| < [Ix* = x| <

2L17Mfk /) (D(W0)—D*)

k * k
F(x®)—F*<||w"|| nM?2 , . +pA(D(w0)—D*)|k/B]|’

lk/B]
2LnM?, 5 (D(W?)—D*)
F(Xk)_F*Z_HW*H — Lk/B] - ,
nMpy g +PA(D(W?)—D*)|k/B]

where w* is any optimal solution of problem (), L is given in Corollary[ll and the remaining constants

have been introduced in Theorem

Proof. See Appendix [Gl O

Since w* € Sp(w®) Vk > 0 and So(w") is compact, the term ||w*| that appears in the convergence
rate of F(x*) — F* is uniformly bounded above by Mj + |[w*||. Consequently, the primal convergence
rates of Algorithm [Ilin Theorem [3 are all of order O(1/+/k), which commensurate with the convergence
rate of the classic (centralized) subgradient projection method [39]].

In the final part of this section, we compare the primal convergence rates of Algorithm [I] with those of
the existing distributed optimization algorithms that also have guaranteed convergence rates over time-
varying networks, including Subgradient-Push [12l], Gradient-Push [13]], DIGing [14], and Push-DIGing
[14]. Different from Algorithm [T that is developed by applying distributed weighted gradient methods to
the Fenchel dual, Subgradient-Push and Gradient-Push are constructed by incorporating the subgradient
method and the stochastic gradient descent method into the Push-Sum consensus protocol [40], DIGing
is designed by combining a distributed inexact gradient method with a gradient tracking technique, and
Push-DIGing is derived by introducing Push-Sum into DIGing.

The convergence rates of the aforementioned algorithms are all established under Assumption
For each of these algorithms, Table [Il lists its assumptions and convergence rate. Observe that only
Algorithm [I] is capable of solving problems with different local constraints of the agents, while the
remaining algorithms all require the problem to be unconstrained and their extensions to constrained
problems are still open challenges. Also, Gradient-Push, DIGing, and Push-DIGing require both strong
convexity and smoothness of the f;’s, leading to faster convergence rates than the O(1/vk) rate of
Algorithm [Il This is natural because we assume a weaker condition on f; Vi € V), which allows the
strongly convex f;’s to be nonsmooth. Subgradient-Push needs neither strong convexity nor smoothness
of each f;, and the resulting convergence rate O(In k/+/k) is slower than our O(1/+/k) result. Note that

"When it comes to Subgradient-Push, Gradient-Push, and Push-DIGing, “connected” in Assumption [3] is indeed “strongly
connected” since they consider directed networks.
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Algorithm unconstrained | strongly | Lipschitz bounded undirected convergence
problem convex gradient | subgradient links rate
Subgradient-Push [12]] Vi Vi O(Ink/Vk)
Gradient-Push [13]] V4 4 4 O(Ink/k)
DIGing [14] i i i i O(d"),0<qg<1
Push-DIGing [14] i i i O(d"),0<g<1
Algorithm [T] Vv Vv O(1/Vk)
TABLE I

Comparison of Algorithm [I] and related methods in assumptions and convergence rate. Here, 4/ means the assumption is

required.

the assumption on the f;’s for Algorithm [I] is not necessarily more restrictive than that for Subgradient-
Push, since Subgradient-Push requires the subgradients of each f; to be uniformly bounded over R¢ but
Algorithm [1] does not. Unlike Subgradient-Push, Gradient-Push, and Push-DIGing that admit directed
links, DIGing and Algorithm [1| are only applicable to undirected graphs. With that said, Algorithm
is guaranteed to converge to the optimum with the minimal connectivity condition, i.e., Assumption 2]

while the other methods have no such convergence results.

V. NUMERICAL EXAMPLES

In this section, we demonstrate the competent convergence performance of the proposed distributed
Fenchel dual gradient methods by comparing them with a number of existing distributed optimization

algorithms via simulations.

A. Constrained case

We first compare the convergence performance of a consensus-based subgradient projection method
[4], a proximal-minimization-based method [24], and Algorithm [l with Hg+ given by the graph Laplacian
matrix and the Metropolis weight matrix , respectively, in solving constrained distributed opti-
mization problems in the form of (). It has been proved that when each local constraint X; is compact,
the consensus-based subgradient projection method and the proximal-minimization-based method, with
diminishing step-sizes (e.g., 1/k), asymptotically converge to an optimum over time-varying networks
satisfying Assumption [3 [6], [24]. Thus, consider the following multi-agent ¢;-regularization problem
that often arises in machine learning:

migé%ize Siev(@T A + bz + ||z]1) 20)
subjectto z € ;ep{z € R? : p; <z < g},
where each A; € R%*5 is symmetric positive definite, b; € R>, and p; < = < ¢; with p;, ¢; € R® means
an elementwise inequality. In addition, for each ¢ € V), the convexity parameter of its local objective is
0; = AL (4;) > 0.
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Fig. 1. Primal errors in solving problem @0) (The grey dashed, blue dashed, black solid, and red solid curves correspond to
the consensus-based subgradient projection method, the proximal-minimization-based method, Algorithm [I] with Hgr in (I,
and Algorithm [l with Hgx in ({I2), respectively.).

For Algorithm [T, we adopt o = 1/(Ln) for Hgs in (IT) and o* = 1/2 for Hgr in (I2) to satisfy
the step-size condition (13). For the other two methods, we adopt the diminishing step-size 1/k and the
local (unweighted) averaging operation as the consensus scheme to guarantee convergence. We also let
the algorithms all start from the same initial primal iterate.

Figure [Tl presents the average primal errors produced by the aforementioned algorithms with different
values of n, B and 6; Vi € V. Observe that Algorithm [Il with the Metropolis weight matrix (12))
outperforms the others in all six cases. Moreover, although at early stage the subgradient projection method
and the proximal minimization method converge faster than Algorithm [I] with the Laplacian weight matrix
(1), their convergence gradually becomes much slower due to the diminishing nature of the step-size. By
comparing Figure versus and Figure [1(b)| versus [1(e), we can see that smaller B leads to faster

convergence of Algorithm [T} which is consistent with our convergence analysis in Section [Vl while the

impact of B on the subgradient projection method and the proximal minimization method is not apparent.

Besides, Figure versus and Figure versus suggest that Algorithm [I] with Hgx in (12)
is more scalable to the network size n than the others. Additionally, by comparing Figures and [T(T)]
with Figure it can be inferred that the larger the 6;’s are, the better Algorithm [I] performs.

B. Unconstrained case

In Section [V-Bl we have compared Algorithm [ versus Subgradient-Push [12], Gradient-Push [13]],

DIGing [14]], and Push-DIGing [[14] in the theoretical aspects. Here, we compare, via simulation, their
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convergence performance in solving the following unconstrained quadratic program that satisfies all the

assumptions in [13], [14]:
minimize,eps Y0y (27 Az + b ), (21)

where we let 6; = )\é(Ai) €(2,3) Vi € V and (n, B) = (50, 10). For fair comparison, we assume there
is no stochastic error in gradient evaluation for Gradient-Push. Then, Gradient-Push and Subgradient-
Push have the same algorithmic form when the local objectives are differentiable, and below we omit
Subgradient-Push.

Figure plots the evolution of the average primal error for Gradient-Push, DIGing, Push-DIGing,
and Algorithm [1| with the Laplacian weight matrix and with the Metropolis weight matrix (12). We
adopt the same step-sizes for Algorithm [Ilas in Section For the other three methods, we fine-tune the
step-sizes while satisfying the step-size conditions in [[13]], [[14] that theoretically ensure their convergence
rates. Observe that Gradient-Push, DIGing, and Push-DIGing almost stop making progress after a few
iterations with a non-negligible primal error, while Algorithm [1| achieves much better accuracy with the
above two choices of Hge.

As all the convergence rate results in [13]], [14] and this paper are derived from worst-case analysis, the
theoretical step-size conditions could be very conservative. Thus, in Figure 2(b)| we empirically choose
the step-sizes for these algorithms, whose values may violate the theoretical conditions but speed up
convergence. After some tuning, we select the step-sizes to be 1/(nL), 1.7, 0.15/k, 0.05, and 0.04 for
Algorithm [l with Hgx in (1)), Algorithm [Il with Hgx in (12), Gradient-Push, DIGing, and Push-DIGing,
respectively. Note that for Algorithm [I] with Hg: in (LI, the empirical step-size coincides with the
theoretical one in Figure 2(a)l By comparing Figure 2(b)] with Figure 2(a)l we can observe that with
the above empirically-selected step-sizes, Gradient-Push slightly accelerates its convergence, DIGing and
Push-DIGing exhibit prominently improved convergence performance, yet Algorithm [1l with Hgr in (12)

still performs best.

VI. CONCLUSION

We have constructed a family of distributed Fenchel dual gradient methods for solving multi-agent
optimization problems with strongly convex local objectives and nonidentical local constraints over time-
varying networks. The proposed algorithms have been proved to asymptotically converge to the optimal
solution under a minimal connectivity condition, and have an O(1/v/k) convergence rate under a standard
connectivity condition. Simulation results have illustrated the competitive performance of the distributed
Fenchel dual gradient methods by comparing them with related algorithms. In future, this work may
be extended in a number of directions such as problems with general convex objective functions and

networks with directed links.
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Fig. 2. Primal errors in solving problem (2I) (The red dashed, grey dashed, blue dashed, black solid, and red solid curves

correspond to Gradient-Push, DIGing, Push-DIGing, Algorithm [I] with Hgx in ([0}, and Algorithm [ with Hgx in (12,
respectively.).

APPENDIX
A. Proof of Proposition
Let w* = ((w)T, ..., (ws)T)T be an optimal solution of problem (3). Since Assumption[I(b) assumes

04 € int [,y X;, there exists r. € (0,00) such that B(04,7.) C [),c) X;. For each i € V, if w} # 0g4,

let 2 = rcﬁ; otherwise let 2, = 0,4. Clearly, x, € B(04,r.). Consequently,

D* = D(w*) = Z( sug (w) T a; — fi(xi))
iy L€t
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>3 (@il = fiah)) =D il = filah.

SY 1Y 1Y
This, along with |[w*|| < Y.y, [|w}| and D* = —F*, implies that [|[w*|| < ((3,cp fi(a})) — F*) /re.
Note that » 7y, fi(7}) < D0y maxy epo,,r,) fi(®i), where F* < 1%1(ax )fi(xi) < oo because
"l . T, € Odyrc
1€V

B(0g4,r.) is compact. Therefore, (7) holds, which suggests that the optimal set of problem (3) is compact.
Then, due to the convexity of D and S+, the level sets So(w) Yw € S+ are compact [41], proposition
1.4.5].

B. Proof of Lemmal Il
For convenience, let y* = (Hgr ® I;)VD(w"). Due to the Descent Lemma [36] and (),

D(WF1) — D(wF) < (VD(wh), wh ! — wh) 4 (wh! — wh)T AL ;59 Iq (whHl — wh)
Ap®1
= —a"(VD(wh).¥") + (o) = 5—"". (22)

Then, consider the following lemma.

Lemma 4. Suppose M, M € R"™ ™ are symmetric positive semidefinite and M < M. Then, for any
x € R™ and any y € R(M ® I),

(x, (M ® Ip)x) > (M @ Ip)x, (M @ I;)(M ® 1,)x).
Proof. Let x € R, Then,
(x,(M @ Ig)x) — (M @ I)x,(M" @ I;)(M @ I;)x) = x"[(M — MM'M) ® I;)x.  (23)

In addition, by Schur complement condition, M > O,, and M= M implies

M M
— i O2n
M M

and the inequality above leads to M — MMM = O,,. Combining this with (23)), the proof can be
completed. O

From Lemma [ (y*)*(A; ® I;)y* <6(VD(w*),y*). Combining this with @2)) leads to
a®)2s
2

Dw) — D(wky < (W0 kv D(wh). yh).

This, along with (I3)), completes the proof.

C. Proof of Lemma

We first consider the following optimization problem: For any Z C V, Z # (§ and any ¢ € R,
S di(w
R er i) @
subjectto > .z w; =c.
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Similar to problem (@), w; Vi € Z compose an optimum to (24) if and only if for any i,j € Z,
Vdi(w;) = Vd;(w}) [34, Lemma 3.1], or equivalently, Z;(w;) = Z;(w’). With the above setting, consider

the following lemma.

Lemma 5. Suppose Assumption [[] and the step-size condition hold. Let u,v € R™ be two feasible
solutions of problem @) such that u; Vi € I and v; Vi € T are feasible to problem @24). Suppose
12 (vi) — @ (v)|| < € Vi,j € L for some € >0, 3,7 di(u;) < ¥ ,c7di(v), and D(v) < D(w?),
where w® € S is the initial dual iterate of Algorithm Il Then,

12 (u;) — 25(u;)|| < 4/ LMo(|Z] — 1)¢/, Vi, j €T,
where My is defined in (13).

Proof. Let w' = (wi{, ..., w/I)T € R™ be such that w} € R? Vi € T compose an optimal solution to
@4) and w; =v; Vj ¢ Z. Due to the convexity of each d; and (5),

> di(vi) =Y di(w)) <> (Fi(vi),vi — wp).

ieT ieT ieT

Let T, := \Z\ > Ti(v;). Since wj Vi € T and v; Vi € T are feasible to (24), we have Y, wj = >, .7 vi,
i€l
which gives

Y (@i, vi = wh) = D (Fi(vi) = Tovi —wh) | Fi(vi) = T - fJoi = wil.

1€l 1€l 1€l

Also note that for each i € Z, ||Z;(v;) — T || = %H > jer(@i(vi) — 2(v)|| < 2] |1 ¢/. Combining the

above,
S diw) - Y ditul) < EELo S ol < (2 - €[S o — gl @)
. ; YT ; Wi
€T €L €L €T

Since Y ;e7 di(w)) < Y7 di(vi) and wi = v; Vj ¢ I, we have D(w') < D(v) < D(w?), implying
that w/,v € So(w?) and that for any optimum w* of problem (3)),

W' = vl < [|w" = w*|| + [[v — w*]| < 2M.

This inequality and 23) together yield

> di(vi) =Y di(wf) < 2My(|Z] - 1)e. (26)

i€l i€l
Due to the optimality of w; Vi € Z with respect to (24), we have Vd,;(w}) = Vd;(w}) Vi,j € Z. Also,
because of the feasibility of u; Vi € Z, D, .y u; = D, w;. Therefore, 3, 7 (Vd;(w}),u; — wj) = 0.
This, along with (), @6), and the inequality d;(u;) — di(w}) > (Vd;(wh),u; — wl) + 5 ||Vdi(w]) —
Vd;(u;)||? 139, Theorem 2.1.5], implies

D Ei () — E(wi)|> < 20 (di(us) — di(w)))

1€T i€l
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< 2L (di(v) — di(wf)) < ALMy(IZ] - )¢

1€l
Hence, for any i,j € Z, we have [|Z;(u;) — Z;(uy)ll < [|&i(ui) — &i(w))|| + [|25(uy) — &5(w})]] <
4\/LMy(|Z] — 1)€/, where the first inequality is from the optimality of w] Vi € Z and (). O

Next, we define the following: Arbitrarily pick € > 0. Due to (16), 37, > 0 such that
ok — k| <e, Wi, j} € £, vk > T.. 27)
Then, for each ¢ € V, let CffE = Vk € [0,T). For each k > T, let
Cf,e ={i} U{j € V : There exists a path between i and j in the graph (V,U;_, )} C V.

For each k > T, observe that in the graph (), Uf:Tsé’t), the subgraph induced by Cfe is the largest

connected component that contains node ¢. Thus, for any two nodes i and j, i # 7, Cfe and Cﬁ‘?e are either
k+1
i,

the number of distinct sets in the collection {C¥_};cy is non-increasing with k over [T, o0). In particular,

identical or disjoint. Additionally, for every s € C CQE is always contained in ijl. This implies that

from each k£ to k+1, Cﬁjl either equals Cffe or is the union of Cffe and some other C;?’e’s that are disjoint
from Cf’e. Also due to Assumption [2] there exists K € [T, o0) such that Cffg =V VieVVk>K. By
means of the Cf’e’s and Lemma [3] below we show that Vi € V, Vk > T,

k_ k k
Jrl}lgg |27 — 27|l < i (e). (28)

Here, ®¥(¢) Vi € V Vk > T, are defined recursively as follows: Initially at k = T, ®¥(e) = (|Cf€| —1)e.
At each subsequent £ > T, + 1,

4\/LM0(\C£E\ —1)dt" (e), it ¢, =ch-!

1,6

®; (€) _
(1+ 2thn)|C£fE|e + Y secr PF7l(e), otherwise,

where t* := max{t € [T, k] : Ci o # Ci~1}. Note that Cf’e =Cj Vte [t* k).

,€

k
J
®F(e) =0, i.e., @B is satisfied; otherwise for any j, ¢ € Cffg, J # £, there exists a path of length at most
ICF.| — 1 connecting j and £. It follows from that Hw? —zj| < (ICF| —1)e = ®f(e), ie., 28) also
ah — gl < ®i(e) Vi € V Vt € [T, k — 1] for some k > T, + 1. For
each i € V, to show that (28)) holds, consider the following two cases.

Case i Cffe = Cf’e_l. In this case, we have 7. < t* < k — 1. Also, Vt € [tk + 1,k], Vj € C1 we

1,6

We prove (28) by induction. At time k = T, for each i € V, if |C£f€| = 1, then max; jecr [l —ak|| =

holds. Next, suppose max; sec;

have ./\/'; C Cf;l = Cfe . Hence, using the same arguments as the proofs of Proposition [3] and Lemma
it can be shown that 3= cox wh = >sect, wh=1 = ... = > sect, w'" and that >seck, ds(wh) <
Zsecﬁé ds(wh=1) < ... < 28601‘,6 dy(wt’). Let T = Cfe and ¢ = Zsecﬁé w'" in problem 24). It then
follows from Lemma [I] and Lemma [3] with ¢ = (I)fk (), u=w", and v = w'" that (Z8) holds.

Case ii: C;fg #* Cf’;l. Pick any j,¢ € C;fg, j # ¢ and consider the following two subcases.

Subcase ii(a): Ci7" = C;7". Then, [[of — af|| < [laf — 2571 4 l2h ™" — 2 7Y + laf ™" — 2| <

(B x;?_lH + |k — 2 + (I)?‘l(e). Also, from (3)), Proposition [I, (8), and 27), we have

lah — kM < Lyl —wf M < Zall S B bt - ok )
qENF?
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Consequently, H:Eéf — xk|| < 2Lahne + @?_1(6).

Subcase ii(b): C]'-ie_l N CZE_I = (). Then, there exists a path from j to ¢ belonging to the subgraph
induced in the graph (V, Uf:TGSt) by Cf’e. Along the path are nodes p; = j,81,p2,52,---,Pr, 57 = ¥
such that (1) Ci~t = CE-lvr = 1,...,75(2) Ci7t Vr € {1,...,7} are disjoint from each other;
and (3) {s,,pr11} € E¥ Vr € {1,...,7 — 1}. Here, 7 € {2,...,|C’f75|} is an integer whose value is
no more than the number of distinct sets in the collection {Cé“,;l}secﬁe. Hence, fo — || < =k -
2k ||+ o0 (e~ ah |+ llzk  —aF |). Foreach r =1,...,7, since p,,s, € Ck~}, we obtain
from Subcase ii(a) that ||z} — 2% || < 2Lahne + @~ (e). It then follows from @7) that [« — 2| <
(t —1)e+27Lahne +>I_, @I;:l(e) <(1+ 2Ldl_m)|(3£fﬁ|e + 2 seck. dE=1(e).

Combining the above two subcases, we obtain (28]). This completes ’the proof of (28) for all 4 € V and
all k£ > T,. Further, notice that for each ¢ € V, <I>i?C (e) is updated only if either Cfe or Cfgl is changed.
Also note that Cﬁe can be expanded at most n times and remains unchanged since time K. Therefore,
for any k > K. + 1,

k_ k| _ E_ .k k 1/2n
g};gggl!xi wjll—rge%Xj%?eij wzllérgle%xfl%(E)éO(e )s

which implies max; jey ||zF — wa — 0 as k — oo.

D. Proof of Theorem[ll

Let w* be an optimal solution to the dual problem (3]). Due to the convexity of D, (3), and Proposition[3]
D(w*) — D* < (VD(w"),w* — w*) = (x* w" — w*)
< [|Pss (xM)|] - [lw* —w*|| < Mo|| Ps (x*)]],

where M is defined in (I3). As & — oo, we have shown in the paragraph below Lemma [2 that
| Ps. (x¥)|| — 0. This, along with the above inequality, implies D(w") — D*. In addition, since
Assumption [T guarantees zero duality gap, we have F(x*) — F*. Finally, for any w € S+, due to
Corollary [I} [39, Theorem 2.1.5], and (@),
1 1

D(w) = D* 2 (VD(w"),w = ") + o= [VD(w) = VD(w")|[* = o= [&(w) = x*|*,  (29)
where the last equality is because VD(w*) = x* € S and w, w* € S*. Thus, because limy, o, D(W¥) —
D*=0and L >0, |x* —x*||> = 0 as k — oo.

E. Proof of Lemma [3]
Letk € {0,B,2B,...}. Foreach {i,j} € £F, let tl{fi’j} € {k,...,k+B—1} be such that {7, j} € iy,
Then, note from Proposition [1] that
tl{cz‘,j}_l
|V di(ut) — Vi w; )P = | > (Vdi(wit!) = Vdi(w)))|?
t=k
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k+B—1 k+B—1
<B Z IVdi(with) = Vdi(w))[* < LEB Y wit — wi|f.

Thus,
> (IVdi(w)) = Vd;(w; )2 41V (w {”) Vd;(w})|?)

{i.jyeéx
k+B—1
<B Y Y (Billwftt = wfl? + L3 wf T — wi]?)
{ijyeér t=k
k+B—1
<Bw Y Y Lillwitt - wi|?
t=k i€V
k+B—-1
<Bma? Y (VD(W'),((Hg:A}Hg) ® 15)VD(W")).
t=k

Note that Hg:A2 Hg: < LHg: A Hg:. Also, from (I4) and Lemmadl Hg:ApHg: < §Hg:. Hence,

> (IVdi(wf) = Vei(w B2 4 1V (w “”) Vi (w)|*)

{i,jre&r
k+B—-1
< Bwa’sL Y VD(w)T(Hf® I;)VD(w). (30)
t=k

In addition,

o
+
U:J

S vt - Vet < LY S iV - v
{i,jre&F - t=k {ij}eé
1k-l—B—l
<5 VD(wHT(H; @ I;)VD(w'). (31)
- t=k

It follows from (30) and (1)) that
VD(WH T (Lge @ I))VD(wWh) = >~ |Vdi(wf) — Vd;(w})|>

{i,je€*
tk
<3 (IVd;(wf)—Vd;(w {”)H +(|Vd;(w {”) Vdj(lUf)||2+HVdi(w- N =Vd;(w; )%
{i,j}e&*

k+B—1

< Z VvD(wHT(HE ® 1;)VD(w?).
FE. Proof of Theorem
Let k£ > 0. By Lemmas [ and 3]
(k+1)B—1
(D(W(k—l—l)B) . D*) _ (D(ka) . D*) _ Z (D(Wt—H)—D(Wt))
t=kB
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(k+1)B—1
<-p > VDWW (Hg ®I)VD(w') < —EVD(w’fB)T(Lng ® I)VD(w*P)
t=kB
_@ kEByY (12
< -2 Ps (VD) (32)

where the last inequality is because G*Z is connected and thus Null(Lgis @ Ig) = S. Also, since Gtb
vVt = 0,1,... are connected, we have A\ > 0. From Proposition 3] we know that whB ¢ S Also, for

any optimal solution w* to (3)), because w* € S+, we have wFB — w* € S1. Then,
D(w*B) — D* <(VD(w"B), wkB — w*) = (Pg. (VD(W"P)), whB — w*)
<||Ps (VD(W"P)| - [wh? — w.
This, along with (32)), gives
(D7) = D7) = (D(wH?) = D) < ~pA (D) = D)/ min [ —w?).

Finally, using Lemma 6 in [42, Sec. 2.2.1], we obtain

D(w?) — D*
D(WkB) . D* § — (W )
1+ PA(D(W°)—D+) ( min [wtB — w*2)-1
n =0 wW*€SL:D(w*)=D*
D(w%) — D*

T 14 pA(D(W0) — D*)k/(nM?)

Note that the above inequality is equivalent to (I9) since (D(w*))%, is non-increasing.

G. Proof of Theorem
Let w € S+. Note that || Pg: (X(w))| = ||x(W) — Ps(X(w))| < ||x(w) — x*||. Thus, from (29),

[Ps+ (x(w)[| < [|%(w) = x*|| < \/2L(D(w) — D). (33)
Also note that
F(x(w)) — F* = (w,x(w)) — D(w) + D" < (w,%X(w)) = (W, Ps. (X(W))).

On the other hand, for any dual optimum w* € S+, we have —F* = D* > (w*, %x(w)) — F(X(w)),

which leads to
F(x(w)) — F* > (wW", Pgr (%(w))).
As a result,
— [[w*[| - [[Ps= (x(W))|| < F(x(w)) — F* < [[w] - || Ps+ (X(w))]. (34)

Combining (33) and (34) with Proposition 3] and Theorem 2] completes the proof.
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